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AbstractA highly 
exible nonparametric regression model for predicting a re-sponse y given covariates x is the projection pursuit regression (PPR) modelŷ = h(x) = �0 +Pj �jfj(�Tj x), where the fj are general smooth functionswith mean zero and norm one, and Pdk=1 �2kj = 1. With a binary responsey, the common approach to �tting a PPR model is to �t ŷ to minimizeaverage squared error without explicitly considering the binary nature ofthe response. We develop an alternative logistic response projection pursuitmodel, in which y is take to be binomial(p), where log( p1�p) = h(x). Thismay be �t by minimizing either binomial deviance or average squared error.We compare the logistic response models to the linear model on simulateddata.In addition, we develop a generalized projection pursuit framework forexponential family models. We also present a smoothing spline based PPRalgorithm, and compare it to supersmoother and polynomial based PPRalgorithms.



1 IntroductionAn important problem in statistics and machine learning is classi�cation. Inthe simplest form of classi�cation, we have some information on an objectand want to classify it as being in one of two classes based on this informa-tion. Formulating the problem mathematically, we have a vector of observedinformation x on an individual and a response y which we de�ne as being 1if the individual is in class A and 0 if the individual is in class B. Using a setof known (x; y) combinations we want to develop a method for classifying anew individual as A or B based on the individual's x values.A standard way to formulate this classi�cation problem is as one of esti-mating p = P (indiv in class A jx) = P (y = 1jx) = E(yjx). We then classifyan individual as being in class A if our estimate p̂ for this individual is greaterthan 0.5, otherwise we classify the individual as being in class B.The canonical way to predict p given x is through the logistic regressionmodel. In this model, we suppose that p is related to x by:log p1 � p! = �0 + dXj=1�jxj (1)Here d is the number of predictors xj. The lefthand side of the equation isknown as the logistic link function, and is abbreviated logit(p). The abovemodel thus assumes that logit(p) is approximately a hyperplane in the x's.The parameters � are �t by maximum likelihood, where y is distributedBinomial(p), with p speci�ed by (1). That is, the parameters � are foundwhich minimize the binomial deviance:D(y; p̂) = �2 NXi=1(yi log(p̂i) + (1� yi) log(1� p̂i)) (2)This is the binomial response case of the generalized linear models (GLM)described by McCullagh and Nelder (1989).Often, the underlying relationship between x and p is not well modelledby a hyperplane in the x's. Thus the model is modi�ed to the more generalform log p1� p! = h(x) (3)1



where h(x) is some nonlinear function of the x's. Simple forms of h(x) includepolynomials in the x's, or sums of transforms of the x's.Viewed in this form, a major issue in model speci�cation is determininga suitable function h(x). If we have little subject-area based information onthe expected relationship between x and y, we may want to use a 
exiblemodelling procedure which will let the data guide the speci�cation of h(x).One such procedure is Hastie and Tibshirani's generalized additive models(Hastie and Tibshirani, 1990), in which logit(p) is taken to be additive insmooth functions of the predictors:h(x) = �0 + dXj=1 fj(xj) (4)The smooth functions fj are estimated using scatterplot smoothers, and areusually restricted to have mean zero for identi�ability.Although the generalized additive models (GAM) approach has a numberof attractive properties, not all possible functions h(x) can be modelled as asum of smooth functions as in (4). The GAM procedure can at best �nd theadditive function closest to the true h in function space. In particular, an ad-ditive model is not invariant to rotations of the predictor space. The additivemodel may be thought of as a special case of a more general model in whichthese concerns are addressed. This is the projection pursuit regression (PPR)model (Friedman and Stuetzle, 1981), in which the response is modelled asa sum of smooth functions of linear combinations of the predictors:h(x) = �0 + MXj=1�jfj ��Tj x� (5)with Pdk=1 �2kj = 1, E(fj) = 0, and E(f2j ) = 1. The PPR model has theproperty that, asymptotically in the number of linear combinations M , itcan approximate any smooth function (Diaconis and Shahshahani, 1984).The usual approach to �tting a PPR model to binary response datais to think of the problem as one of estimating a conditional expectationp = E(yjx) by a PPR model. The binary nature of the problem is henceconsidered immaterial, and a model of the form p̂ = h(x) is �t to minimizethe residual sum of squares RSS = NXi=1(yi � p̂i)2 (6)2



where h(x) is the PPR model (5). This procedure works remarkably well(Ripley, 1992). However, it does not use the information that the responseis binary, and does not restrict the �tted values to be between zero and one.Other methods for classi�cation using PPR have been proposed. Fried-man has developed a version of PPR for classi�cation based on a Bayes Riskmeasure of error (Friedman, 1984a). Flick et al. (1990) use PPR in a classi�-cation procedure based on estimating the likelihood ratio when the densitiesare unknown. Hastie, Tibshirani, and Buja's 
exible discriminant analysis(1993) could also be used with PPR for classi�cation.This paper explores the use of a logistic regression framework with thePPR model, with the thought that a procedure speci�cally tailored to binaryresponse may more successfully approximate the underlying surface relatingx and y. We describe a generalized projection pursuit procedure analogous toGLM, and use it to compare three PPR-based procedures for binary responsedata.2 Generalized Projection Pursuit2.1 Basic FrameworkA generalized linear model has three basic components. The random com-ponent describes the probabilistic structure of y, e.g. yi � N(�i; �2). Thesystematic component gives the relationship between the covariates x and thepredictor �(x). In a GLM, the systematic component is the linear function�(x) = �0 + �Tx. The link function, g(�i) = �(xi), relates the random andsystematic components.Many common models can be formulated within this framework. Forinstance, the standard multiple regression model assumesyi = �0 + �Txi + �iwhere �i � N(0; �2). This is a GLM with random component yi � N(�i; �2),systematic component �(x) = �0 + �Tx, and the identity link function �i =g(�i) = �(xi). Note that this model reformulates the linear least squaresproblem as a GLM through a Gaussian error model.The logistic linear regression model parameterizes the mean by pi ratherthan �i. The random component is yi � Bin(pi), the systematic component3



is again �(x) = �0+�Tx, and the link function is the logistic link log( p1�p) =�(x). The logistic additive model replaces the systematic component by theadditive function (4).In a generalized projection pursuit (GPP) model, the systematic compo-nent is set to be �(x) = h(x), where h(x) is the projection pursuit func-tion (5). The standard PPR model attempts to �nd the least squares �tto the observed y's. PPR is thus a GPP model with a random componentyi � N(�i; 1), a systematic component which is a projection pursuit function,and an identity link function.A logistic projection pursuit (LPP) model parallels a logistic regressionmodel, in that it has a random component yi � Bin(pi), a systematic compo-nent which is a projection pursuit function, and a logistic link. This di�ersfrom the standard PPR model in two important ways. The �rst is that itconstrains the �tted values to be between zero and one. The second is thatit attempts to minimize the binomial deviance (2) rather than the residualsum of squares (6). By minimizing deviance, the method attempts to �tthe projection pursuit model h(x) using maximum likelihood for a binaryresponse model as formulated above.Friedman (personal communication, 1993) argues that for the classi�ca-tion problem, it is preferable to minimize squared error rather than binomialdeviance. This suggests a third model, in which we use a logistic link andprojection pursuit systematic component, but have a Gaussian random com-ponent. We refer to this as the squared error logistic response model (SELR).This is analogous to the binary response model usually used with feedforwardneural networks, in which the �nal response is mapped to [0; 1] by a sigmoidalfunction, and the error criterion is squared error on the [0; 1] scale.Before making additional comparisons between the PPR, LPP, and SELRmodels, it is useful to develop the parameter estimation method for GPP.2.2 Parameter and Function Estimation2.2.1 Iteratively Reweighted Least SquaresA common procedure for �tting the �'s in a GLM is the IterativelyReweightedLeast Squares (IRLS) algorithm (McCullagh and Nelder, 1989, pp. 40{43).This uses a Fisher scoring method, which in an exponential family with thecanonical link is equivalent to the Newton-Raphson method. In the IRLS4



procedure, we alternate between forming an adjusted dependent variable zwith estimated variance w�1, and regressing z on fxjgdj=1 with weights w.Let �0 be the current estimate of the linear predictor, with �tted value �0 de-rived from the link function � = g(�). Then the adjusted dependent variableis z = �0 + (y � �0) d�d�!0where the derivative of the link is evaluated at �0. The estimated varianceof z is w�1 =  d�d�!20 V 0where V 0 is the variance function for y evaluated at �0.Note that z is the �rst-order Taylor series approximation to g(y) about�. Schematically, the IRLS algorithm is:Loop until convergence of �1. Calculate z and w given the current values of � and �2. Use weighted regression of z on fxjgdj=1 with weights w to get newestimates �.3. Update the estimates of � and � given the new �'s.End LoopIn the Gaussian case with identity link, we get z = y and w�1 = �2, sothe IRLS procedure consists of a single regression of y on fxjgdj=1.In the logistic regression case, g(p) = log( p1�p) and hence dg(p)dp = 1p(1�p).Also, V 0 = p(1 � p). The response z is thus:z = � + (y � p)p(1� p)with weights w = p(1� p). 5



2.2.2 Transformations of the Additive ModelA method for optimizing over both functions f and coe�cients � withinthe IRLS context is provided in Hastie and Tibshirani's GAM Tech Report(1984, pp. 30{32) as \Transformations of the Additive Model". This sectiondescribes the method for a linear predictor.In the basic GLM model we impose a particular link function g(�) = � =�Tx. Here g is a known link function, and � the �tted linear combinationcoe�cients. A more general model is g(�) = f(�) = f(�Tx), where f isan unspeci�ed smooth function. The motivation for this approach was thatwe can examine whether the link g is correctly speci�ed by �tting this moregeneral model and examining whether the �tted f is essentially the identityfunction. If f departs signi�cantly from the identity, then the validity of thespeci�ed link g is brought into question.Hastie and Tibshirani modify the IRLS algorithm to include two alternat-ing �t updates, one each for estimating � and f . As before, the results forexponential families reduce conveniently. Let �0 and �0 denote the current�ts. The current estimate of Var(yi) is V 0i .We estimate � with f �xed using a Gauss-Newton step. To obtain new�k's, perform regression through the origin with response�0(x)f 0(�0) + (y � �0) � dg(�)d�0 (7)weights w�1 = (dg(�)d�0 )2V 0, and predictors fxkf 0(�0)gdk=1. It is often preferableto solve instead for the change in the coe�cients �k = �1k � �0k. To do so,we use regression through the origin with the same weights and predictors,but with response (y � �0)dg(�)d�0 . Note that we need derivative estimatesf 0(�0) evaluated at the current linear combinations. These are easily obtainedfor smoothers with a basis function representation. For other smoothers,such as the supersmoother, a derivative estimation technique based on �rstdi�erences is typically used.To estimate f with � �xed, let v = �Tx. The update is thenf1(v) = Smooth "f0(v) + (y � �0)dg(�)d�0 # (8)with weights w�1 = (dg(�)d�0 )2V 0, and predictor v.6



2.2.3 Projection Pursuit RegressionConsider a PPR model with a single linear combination, i.e. M = 1. Themodel we wish to �t is then g(�) = �0+�1f1(�Tx), where g(�) = �. We cancombine the location coe�cient �0 and scale coe�cient �1 with the functionf1(v1) to get a model g(�) = f(�Tx). Now for the PPR model V 0 = 1 anddg(�)d�0 = 1. Using the updates from the previous section, we get � given fby regression through the origin with response (y � �0), weights w = 1, andpredictors fxkf 0(v)gdk=1. To get f given �, we smooth y on v with weightsw = 1.Those familiar with PPR will note that this updating procedure agreeswith the standard PPR algorithm (Friedman, 1984a). For M > 1, a back�t-ting procedure is used, so that we only really consider one term at a time. Acomplete algorithm for �tting a PPR model is described in Section 3.1.2.2.4 Logistic Response Projection Pursuit ModelsAgain, for a single-term model, we wish to �t g(p) = f(�Tx). In the logisticcase we have g(p) = log( p1�p). So dg(�)d�0 = 1p(1�p). In the LPP model V 0 =p0(1� p0). We get � given f by regression through the origin with response(y�p0)p0(1�p0) , weights w = p0(1�p0), and predictors fxkf 0(v)gdk=1. We get f given� by smoothing f0(v) + (y�p0)p0(1�p0) on v with weights w = p0(1� p0).The only change when using SELR is that the variance V 0 changes. WithV 0 = 1, the predictors and responses are identical to those in LPP, but theweights are now w = [p0(1 � p0)]2.The next question is how to combine these updates with the IRLS loop.In particular, how often do we recalculate p0? One approach would be tocalculate p0 after every change in f . However, this does not give the algorithma chance to converge in � and f before changing the response. A moreconservative approach is to update � and f until convergence at each p0value. Essentially, we replace the linear regression step in the IRLS loopwith an iterative procedure which adjusts � and f until convergence for thecurrent p0. Section 3 elaborates upon this looping structure, and discussesthe incorporation of multiple terms into a projection pursuit model.7



3 The Smoothing Spline Projection PursuitAlgorithmThis section describes a version of the projection pursuit algorithm whichutilizes smoothing splines as the scatterplot smoothers. Smoothing splinesperform penalized least squares with a smoothness penalty proportional toR (f 00)2dx. This penalizes for large curvature, and hence for changes in slope.The �tting criterion is:RSS� = nXi=1(yi � f(xi))2 + � Z (f 00)2dxThe parameter � controls the smoothness of the �tted function. For smallvalues of � more weight is given to �tting the squared error portion of thecriterion, and a rough �t results. As � increases, more weight is given tokeeping the curvature small, and a smoother �t results. For a �xed valueof �, this reduces to a least squares regression problem in which the basisfunctions are a complicated function of � and the xi's.In this implementation, the user speci�es an approximate number of de-grees of freedom dfss to use in each fj(vj), where we de�ne the degrees offreedom for a smooth as the trace of the smoother matrix (Chambers andHastie, 1992, p. 574). The parameter � is then set to give approximately thespeci�ed degrees of freedom per smooth function.The overall algorithm is based on the projection pursuit algorithm de-scribed by Hwang et al. (1993), which is in turn based on the projectionpursuit algorithm of Friedman (1984a). Section 3.1 describes the overall al-gorithm for the standard PPR case. Section 3.2 describes the GPP algorithmobtained by introducing local scoring loops into this PPR algorithm.3.1 Projection Pursuit RegressionThis section presents a smoothing spline version of the PPR algorithm. Ourmodel is ŷ = h(x) where h(x) is the PPR model speci�ed by (5). Forthe present discussion y is taken to be a continuous response, although thesame algorithm applies for y in f0; 1g. The general approach is to �t theterms in a stepwise manner, with a good deal of back�tting between theaddition of terms. A total of Mmax � M terms are �tted, and a backwards8



selection procedure is then used to prune the �t down to M terms. Theoverall algorithm structure is presented, after which the components of thealgorithm are described.3.1.1 PPR Algorithm StructureINITIALIZE VARIABLES�0  �y.�kj 's random uniform [-0.5,0.5], normalized so that jj�jjj = 1.fj(vj) 0.�j  1.ADD TERMSFor (j in 1 to Mmax) fCalculate Partial Residual r  y � �0 �Pj�1m=1 �mfm(vm).Update Term j with response r.Back�t Terms 1 to j.gPRUNE TERMSFor (j in Mmax to M + 1) fDrop Term of least importance.Back�t Terms 1 to (j-1).gCLEAN UPAdjust fj(vj)'s to have mean zero, changing �0 accordingly.9



3.1.2 Update TermThe Update Term routine is the primary �tting component in the algorithm.It �ts a single term PPR model to the partial residual r using the updatesspeci�ed by (7) and (8). If an initial fj(vj) has not been �t, the �rst step isto �t a smooth function to r with predictor vj. The routine then alternatesbetween changing �j and changing fj(vj), until the percent change in erroris less than a speci�ed tolerance �.Note that the � update (7) is guaranteed to be in a descent direction,but may be too large a change. One approach is to perform a line searchfor the appropriate step size. However, for each new value of � we havenew predictors vj, and hence must reevaluate the function fj(vj) in order tocalculate the error. Rather than putting this e�ort into a line search, we pute�ort into a back�tting routine. If the step determined by (7) results in anincrease in error after re�tting fj(vj), we discard the step and stop updatingthis term. Due to the back�tting, we will have the opportunity to updatethe term later with a di�erent response.Some bookkeeping details are that after getting the new �j, we normalize�j to norm one before recalculating vj. After �tting fj(vj), we adjust the�tted values to have norm one, changing the �j scale coe�cient to keep theoverall �t the same. At this point we also recalculate our derivative estimatesf 0j(vj).This same Update Term routine is used in the GPP model, with the inputresponse r depending on the other terms in the model and on the currentworking response for local scoring. Weights are introduced to the regressionand smoothing, and the weighted squared error is monitored for convergence.3.1.3 Back�t TermsThe Back�t Terms algorithm uses a back�tting procedure to adjust the jterms previously �tted. As in Update Term, the procedure is repeated untilthe percent change in error is less than the tolerance �. The �rst step inback�tting is to recalculate the �'s by regressing y on ffm(vm)gjm=1. Thesecond step is to loop over the j terms, where for the mth term we call UpdateTerm with response r the partial residual r = y � �0 �Pj 6=m �jfj(vj). Notethat the �rst step cannot increase the error, as the current �'s are a validchoice for the �tted parameters, and the second step cannot increase the10



error, as the Update Term routine does not change a term if doing so wouldincrease the error.In the GPP algorithm, the working response z from local scoring is usedin place of y, weights are used in the regression and smoothing, and theweighted squared error is monitored for convergence.3.1.4 Drop TermThe magnitude of the scale coe�cient �j is used as a proxy for the importanceof term j to the overall �t. In the pruning step, the term with smallest abso-lute �j is selected as the term to drop from the �t. This is the approach takenby Friedman (1984a) and Hwang et al. (1993). Another approach (which wehave not yet implemented) would be to select the term to drop based on itst-statistic from the regression of y on ffm(vm)gjm=1. This approach wouldtake into account information on correlations between the fj(vj)'s which isignored when considering merely the magnitude of the scale coe�cients.3.2 Generalized Projection Pursuit ModelsThe GPP algorithm adds local scoring loops around the back�tting loops. Sothe procedure is analogous to the GLM procedure with the linear regressionreplaced by a call to Back�t Terms, and some additional work done in gettinginitial values and pruning.3.2.1 GPP Algorithm StructureINITIALIZE VARIABLES�0  g(�y).�kj 's random uniform [-0.5,0.5], normalized so that jj�jjj = 1.fj(vj) 0.�j  1.ADD TERMSFor (j in 1 to Mmax) fCalculate Adjusted Dependent Variable z with weights w.11



Calculate Partial Residual r  z � �0 �Pj�1m=1 �mfm(vm).Update Term j with response r.Back�t Terms 1 to j within Local Scoring.gPRUNE TERMSFor (j in Mmax to M + 1) fDrop Term of least importance.Calculate Adjusted Dependent Variable z with weights w.Back�t Terms 1 to (j-1) within Local Scoring.gCLEAN UPAdjust fj(vj)'s to have mean zero, changing �0 accordingly.3.2.2 Calculate Adjusted Dependent VariableIt is in calculating the adjusted dependent variable and weights that di�eringerror and link structures come into play. As speci�ed in Section 2.2.1, wecalculate the working responsez = �0 + (y � �0) d�d�0!0and weights w�1 = �d�0d�0 �20 V 0, where V 0i is the current variance estimate foryi, �0 is the �t h(x) on the PPR scale, and �0 = g�1(�0) is the �t on themean scale. For the three models which we are considering, the z and wupdates are: Model z wPPR y 1LPP � + (y�p)p(1�p) p(1 � p)SELR � + (y�p)p(1�p) [p(1 � p)]2where � = h(x) and p = 11+exp�� . 12



3.2.3 Back�t Terms within Local ScoringIn the GPP algorithm, we imbed the Back�t Terms routine within a localscoring loop. That is, we alternate updating z and w based on the current �tas described above, with adapting the �t to this new response using Back�tTerms. Again, we iterate until the percent change in weighted squared erroris less than �.3.2.4 General CommentsThe current version of GPP only implements these three particular mod-els. To implement other single-response GPP models, the only part of thealgorithm which needs to be changed is the procedure for updating z andw. For a multiple-response model, a GPP algorithm could be based on amultiple-response PPR algorithm. Friedman (1984a) presents a multiple-response PPR algorithm based on having di�ering scale coe�cients �cj foreach response yc.In PPR mode, the GPP procedure does slightly more optimization thandoes the PPR algorithm described in Section 3.1. This is due to an extrapass through the Back�t Terms loop when using local scoring.4 Simulation Studies4.1 Comparing Smoothing Spline PPR with Super-smoother and Polynomial PPRThe original version of PPR proposed by Friedman and Stuetzle (1981) uti-lized Friedman's supersmoother (1984b). Since then, versions of PPR havebeen developed using other smoothers. Flick et al. (1990) develop an algo-rithm suitable for use with a variety of basis functions. Hwang et al. (1993)use polynomial basis functions. As Hwang et al. have already used super-smoother and polynomial based PPR algorithms on a number of functions,their work provides a valuable test bed in which to examine the smoothingspline PPR algorithm. 13



4.1.1 Simulation ProtocolsNonlinear Functions: Hwang et al. investigate the supersmoother andpolynomial PPR algorithms on �ve nonlinear functions g(j) : [0; 1]2 ! R.The functions are scaled to have standard deviation 1 and translated to havenonnegative range. They are plotted in Figure 1, and their equations aregiven below:� Simple Interaction Functiong(1)(x1; x2) = 10:391((x1 � 0:4) � (x2 � 0:6) + 0:36)� Radial Functiong(2)(x1; x2) = 24:234(r2(0:75� r2)); r2 = (x1 � 0:5)2 + (x2 � 0:5)2� Harmonic Functiong(3)(x1; x2) = 42:659((2 + x1)=20 +Re(z5))where z = x1 + ix2 � 0:5(1 + i), or equivalently, with ~x1 = x1 � 0:5,~x2 = x2 � 0:5,g(3)(x1; x2) = 42:659(0:1 + ~x1(0:05 + ~x41 � 10~x21~x22 + 5~x42))� Additive Functiong(4)(x1; x2) = 1:3356(1:5(1 � x1) + e2x1�1 sin(3�(x1 � 0:6)2)+e3(x2�0:5) sin(4�(x2 � 0:9)2))� Complicated Interaction Functiong(5)(x1; x2) = 1:9(1:35 + ex1 sin(13(x1 � 0:6)2)e�x2 sin(7x2))14



Training Data: Hwang et al. generate a single set of 225 pairs (xi1; xi2) witheach component an independent uniform random variable on [0; 1]. They thentrained the algorithms twice for each function, once in the noiseless situationy(j)i = g(j)(xi1; xi2); i = 1; : : : ; 225; j = 1; : : : ; 5and once in the slightly noisy situationy(j)i = g(j)(xi1; xi2) + 0:25"i; i = 1; : : : ; 225; j = 1; : : : ; 5where the "i's are i:i:d: N(0; 1). They appear to use a single set of x'sand "'s, running the algorithm once for each smoother/function/noise-levelcombination.We employ the same basic setup, but perform multiple runs in order toget information on the variability due to the location of the x's. We generateten sets of 250 pairs (xi1; xi2), each with a corresponding 250 "i's.Parameter Settings: We examine the M = 3 case, in which Mmax = 5.The tolerance on the percent change in error was set to � = 0:005. To obtainapproximately the same number of degrees of freedom per projection as wasdone in the polynomial model, we used dfss = 10 in the noiseless case, anddfss = 8 in the noisy case. This corresponds to polynomials of degree 9 and7 respectively. (A single run of the algorithm was also performed at dfss = 9and dfss = 7 respectively, with results superior to the averages over 10 runspresented below. However, as a single case provides little information on theoverall performance of the algorithm, those results are not presented here.)Evaluation of the Fit: To test the accuracy of the �tted surface, a testset of size N = 10; 000 was generated over a regularly spaced grid on [0; 1]2,with xir = (2i� 1)=200; i = 1; : : : ; 100; r = 1; 2:The error measure employed is the fraction of variance unexplained (FVU),which is given by FVU = E(ĝ(xi)� g(xi))2E(g(xi)� �g(xi))2 :where g(xi) is the true value of the function and ĝ(xi) is the �tted value. Weevaluate the FVU for a �t by replacing the expectations with averages over15



the grid of test set values. Note that the FVU is the mean squared error forthe estimate ĝ(x) scaled by the variance of the true function g(x).For the smoothing spline results, the FVU was calculated for each of theten runs, then averaged to get a mean FVU and standard error of the meanfor each function/noise-level combination.4.1.2 ResultsResults for the noiseless and noisy situations are presented in Tables 1 and2 respectively. The smoothing spline columns include the mean FVU, andse(mean FVU), with the latter in parenthesis. The FVU values for super-smoother and polynomial PPR calculated by Hwang et al. are replicated herefor comparison (from Tables 1 and 2 of (Hwang et al., 1993)).Across the board, the smoothing spline and polynomial algorithms dobetter than the supersmoother, although the di�erence is not always statisti-cally signi�cant. If we take either 2 or 3 standard errors as a rough cuto� forsigni�cance, polynomial PPR does signi�cantly better than the other meth-ods on the Simple Interaction, Harmonic, and Complex Interaction functionswith noiseless data. It is able to �t the Simple Interaction exactly. On thenoisy data, polynomial PPR does signi�cantly better than the other meth-ods on the Harmonic function. However, the smoothing spline PPR doessigni�cantly better than the other methods on the Additive and ComplexInteraction functions. This suggests that polynomials are useful in a lownoise setting, but in the presence of noise, a locally adaptive smoother maydo better.One thing to note is that the smoothing spline and polynomial meth-ods require the user to set the degrees of freedom in the smoother. Thesupersmoother picks the amount of smoothing to perform automatically. Ifthe underlying functions had sharper local changes in curvature, the super-smoother might perform better. A current research topic of the authorsis automatic smoothing parameter selection for the smoothing spline PPRmodel. 16



Noiseless Training DataFunction Smoothing Splines Supersmoother PolynomialsSimp Int 0.00007 0.00035 0.00000(0.00001)Radial 0.00669 0.00973 0.00860(0.00231)Harmonic 0.14982 0.35454 0.07478(0.00615)Additive 0.00069 0.00101 0.00076(0.00015)Comp Int 0.08315 0.13459 0.04891(0.00927)Table 1: FVU for Linear Response (M = 3, Mmax = 5,dfss = 10)Noisy Training DataFunction Smoothing Splines Supersmoother PolynomialsSimp Int 0.00686 0.00896 0.00767(0.00063)Radial 0.02471 0.03162 0.03072(0.00317)Harmonic 0.21517 0.36352 0.09885(0.01216)Additive 0.01049 0.33414 0.01841(0.00135)Comp Int 0.10819 0.26950 0.14633(0.00968)Table 2: FVU for Linear Response (M = 3, Mmax = 5,dfss = 8)17



4.2 Comparing PPR, LPP, and SELR for Binary Re-sponseAs the smoothing spline version of PPR performs satisfactorily, we may moveon to examining the e�ect of di�erent model structures when �tting binaryresponse data.4.2.1 Simulation ProtocolsNonlinear Functions: In the binary case we havelog  pi1 � pi! = �(g(j)(xi)� cj)where g(j)(xi) is one of the nonlinear functions described in the previoussection. The parameter � is a scale coe�cient used to control the spread ofthe p's, and cj is a constant selected to give a mean p of about 0.5 usingfunction g(j). The values of cj used are f3:6; 2:3; 4:4; 2:15; 2:7g respectively.Our observed value yi is binary with probability pi of being 1. We obtainpi using pi = logit�1(�(g(j)(xi)� cj)) = 11 + e��(g(j)(xi)�cj) : (9)Those familiar with the neural networks literature will recognize this functionas a common sigmoidal nonlinearity used in neural net models.Training Data: The same ten sets of 250 pairs of x's were used. For eachset of x's, probabilities pi were obtained at two scale levels: � = 5 and � = 1.The �rst value leads to relatively pure regions of 0's and 1's, while the secondleads to a \noisier" classi�cation problem. For each set of pi's we generateda training set of yi's as random binomials. The randomness in the trainingdata arises due to the random design of the x's, and the random generationof the y's. As before, we have ten runs at each of the ten function/purity-level combinations. A single sample with � = 5 is plotted in Figure 2, alongwith contour lines indicating the true decision boundaries at which p = 0:5.A corresponding plot with � = 1 is presented in Figure 3. (The *'s indicatevalues for which y = 1, and the 0's indicate values for which y = 0.)Parameter Settings: For each set of test values, we ran the PPR, LPP,and SELR algorithms with M = 3, Mmax = 3, � = 0:005, and dfss = 7.18



Evaluation of the Fit: The function (9) was evaluated on the same gridof test values x as before, to obtain ptrue. For each of the three models,predicted values ppred were obtained at the test values x. Two error measurewere calculated. The �rst was the FVU, comparing the �tted probabilityppred to the true probability ptrue.The second error measure was a proxy for the test set misclassi�cationerror. Each test value was said to have ytrue = 1 if ptrue > 0:5, and ytrue = 0otherwise. Similarly, the prediction ypred = 1 if ppred > 0:5, and ypred = 0otherwise. The misclassi�ed observations are those for which ytrue 6= ypred.We report percent misclassi�ed over the 10,000 test observations.4.2.2 ResultsResults for the three algorithms on �ve functions with two purity levels arepresented in Tables 3 and 4. On two of the � = 5 runs, the SELR algorithmhad numerical di�culties and did not converge on at least one of the ten datasets (as indicated by -'s in the tables). This is due to the familiar problemin logistic regression and logistic additive modelling of instability when theregions of 0's and 1's are disjoint (Hastie and Tibshirani, 1990, pp. 161{165).Using 3 standard errors as a rough cuto� for signi�cance, the LPP methodhas a signi�cantly lower FVU on the Radial, Harmonic, and Additive func-tions in the \purer" case. On this case LPP also has a signi�cantly lowerpercent misclassi�cation with the Radial and Additive functions. Note thatthese are the two cases on which SELR had numerical problems, suggestingthat they were particularly pure. On the \less pure" case, there are no sig-ni�cant di�erences between the three methods. The PPR model did tend tohave lower FVU values, but the di�erences are not signi�cant.These results suggest that LPP may be of use when the underlying func-tion is very pure, in the sense of having p's primarily at the extremities ofthe range. In a noisier situation, regular PPR does just �ne, with much lesscomputational e�ort. The main advantage of the PPR algorithm is speed. Afaster version of the LPP algorithm might start with a PPR �t of M terms,and then back�t with local scoring from this starting point.19



Purer (� = 5) Less Pure (� = 1)Function PPR LPP SELR PPR LPP SELRSimp Int 0.083 0.079 0.093 0.471 0.514 0.544(0.009) (0.007) (0.008) (0.047) (0.043) (0.055)Radial 0.133 0.062 - 0.422 0.443 0.511(0.007) (0.006) - (0.034) (0.038) (0.063)Harmonic 0.300 0.240 0.278 0.975 1.066 1.013(0.016) (0.015) (0.018) (0.085) (0.096) (0.075)Additive 0.207 0.105 - 0.523 0.560 0.605(0.011) (0.014) - (0.047) (0.041) (0.058)Comp Int 0.277 0.257 0.362 0.687 0.722 0.810(0.013) (0.012) (0.034) (0.037) (0.053) (0.080)Table 3: FVU for Binary Response (M = 3, Mmax = 3,dfss = 7)Purer (� = 5) Less Pure (� = 1)Function PPR LPP SELR PPR LPP SELRSimp Int 6.4 6.6 6.9 17.0 17.9 18.6(0.7) (0.4) (0.5) (1.2) (1.2) (1.0)Radial 5.9 4.5 - 15.6 15.7 16.9(0.3) (0.3) - (1.2) (1.1) (1.2)Harmonic 10.7 10.5 10.3 26.5 26.8 26.3(0.8) (0.7) (0.8) (1.8) (2.1) (1.6)Additive 8.7 6.9 - 19.8 20.1 19.7(0.4) (0.6) - (1.3) (1.7) (1.3)Comp Int 13.5 12.3 14.9 25.3 25.8 26.5(0.7) (0.8) (0.1) (1.6) (1.9) (1.6)Table 4: % Misclass Error for Binary Response (M = 3, Mmax = 3,dfss = 7)20



5 Concluding RemarksA preliminary step in building the binary response models was constructinga basic linear response PPR model using smoothing splines. The smoothingspline method developed in this paper has shown itself to be competitive withsupersmoother PPR and polynomial PPR. On the functions examined, bothsmoothing splines and polynomials tend to perform better than the super-smoother. In noiseless situations polynomials tend to dominate smoothingsplines, while in higher noise situations the smoothing splines usually do aswell as or better than polynomials.For the binary response problem, the LPP model performs better thanthe PPR model when the true p values are near 0 and 1, and hence theregions of 0's and 1's in the predictor-space are relatively pure. In the lesspure case, PPR actually seems to �t the underlying function slightly better,although the di�erence is not signi�cant. In neither case does the SELRmethod signi�cantly outperform the other methods, and in two of the �vepurer binary response examples the SELR method failed to converge on atleast one of the ten data sets.AcknowledgementsThe authors thank Jerome Friedman for useful discussions regarding thismaterial, the Statistics and Data Analysis Research Department of AT&TBell Laboratories, and the Stanford University Department of Statistics, forsupport during the performance of this research.References[1] Chambers, J. M. and Hastie, T. J. Eds. (1992) Statistical Models in S.Paci�c Grove, CA: Wadsworth & Brooks/Cole.[2] Diaconis, P. and Shahshahani, M. (1984) On Nonlinear Functions ofLinear Combinations. SIAM J. Sci. Statist. Comput., 5, 175-191.[3] Flick, T. E., Jones, L. K., Priest, R. G. and Herman, C. (1990) PatternClassi�cation Using Projection Pursuit. Pattern Rec., 23, 1367-1376.21
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Figure 1:  Nonlinear Functions
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Figure 2:  Contour Lines for p=0.5 with Purer Binary Data
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Figure 3:  Contour Lines for p=0.5 with Less Pure Binary Data
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