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Abstract

Margin maximizing properties play an important role in thmalysis of classifi-
cation models, such as boosting and support vector machiegin maximiza-
tion is theoretically interesting because it facilitatesgralization error analysis,
and practically interesting because it presents a cleangg interpretation of
the models being built. We formulate and prove a sufficiemtdition for the
solutions of regularized loss functions to converge to mamgaximizing separa-
tors, as the regularization vanishes. This condition cotrez hinge loss of SVM,
the exponential loss of AdaBoost and logistic regressies.l@Ve also generalize
it to multi-class classification problems, and present imamgaximizing multi-
class versions of logistic regression and support vecta@hinas.

1 Introduction

Assume we have a classification “learning” samfete, y; }7* ; with y; € {—1,+1}. We
wish to build a modeF'(x) for this data by minimizing (exactly or approximately) ados
criterion . C(y;, F'(x;)) = >, C(y:F(x;)) which is a function of thenarginsy; F'(x;)

of this model on this data. Most common classification madgtipproaches can be cast
in this framework: logistic regression, support vector hiaes, boosting and more. The
modelF'(x) which these methods actually build ifiear combinatiorof dictionary func-
tionscoming from a dictionary{ which can be large or even infinite:

F(x)= Y Bihj(x)

h;€H
and our prediction at poirk based on this model is sgtix).

When|#| is large, as is the case in most boosting or kernel SVM apjiics, some regu-
larization is needed to control the “complexity” of the mbdi&x) and the resulting over-
fitting. Thus, itis common that the quantity actually mink®d on the data is a regularized
version of the loss function:

(1) B =mind_ Cyif'h(xi)) + MBIl

where the second term penalizes for thenorm of the coefficient vectas (p > 1 for
convexity, and in practice usuallye {1,2}), and\ > 0is a tuning regularization parame-
ter. Thel- and2-norm support vector machine training problems with slaak loe cast in
this form ([6], chapter 12). In [8] we have shown that boagi@pproximately follows the



“path” of regularized solutions traced by (1) as the regmégion parametek varies, with
the appropriate loss and &npenalty.

The main question that we answer in this paper is: for what fasctions doesé()\)
converge to an “optimal” separator as— 0? The definition of “optimal” which we will
use depends on thg norm used for regularization, and we will term it thi,“targin
maximizing separating hyper-plane”. More concisely, wé imvestigate for which loss
functions and under which conditions we have:

(2) lim ﬂ:o\) =
A= IBII

arg max
l181l,=1

min y; 3" h(x;)

(3
This margin maximizing property is interesting for two dist reasons. First, it gives us
a geometric interpretation of the “limiting” model as weaelthe regularization. It tells
us that this loss seeks to optimally separate the data bymiwirg a distance between a
separating hyper-plane and the “closest” points. A thedrgmangasarian [7] allows us
to interpret/,, margin maximization ak, distance maximization, with/p + 1/¢ = 1, and
hence make a clear geometric interpretation. Second, frgaraing theory perspective
large margins are an important quantity — generalizatioordsounds that depend on
the margins have been generated for support vector macfiiit§s— usingl, margins)
and boosting ( [9] — using; margins). Thus, showing that a loss function is “margin
maximizing” in this sense is useful and promising inforroatiegarding this loss function’s
potential for generating good prediction models.

Our main result is a sufficient condition on the loss functisich guarantees that (2)
holds, if the data is separabla.e. if the maximum on the RHS of (2) is positive. This
condition is presented and proven in section 2. It coverdithge loss of support vector
machines, the logistic log-likelihood loss of logistic regsion, and the exponential loss,
most notably used in boosting. We discuss these and othendeain section 3. Our result
generalizes elegantly to multi-class models and loss fomst We present the resulting
margin-maximizing versions of SVMs and logistic regreasiosection 4.

2 Sufficient condition for margin maximization

The following theorem shows that if the loss function vaeshquickly” enough, then it
will be margin-maximizing as the regularization vanishdsprovides us with a unified
margin-maximization theory, covering SVMs, logistic regsion and boosting.

Theorem 2.1 Assume the datéx;, y; }1- , is separable, i.e38 s.t. min; y;8'h(x;) > 0.
LetC(y, f) = C(yf) be amonotone non-increasing loss function depending om#rgin
only.

If 37 > 0 (possiblyT = co ) such that:

. Ct-[1—¢])
3) th/n} C(t)
ThenC' is a margin maximizing loss function in the sense #ratconvergence point of the
normalized solution?‘g((TA))”p to the regularized problems (1) & — 0 is anl, margin-
maximizing separating hyper-plane. Consequently, iftdggin-maximizing hyper-plane
is unique then the solutions converge to it:

im ?(7” = arg max miny;3 h(x;)
A= BN I 1511p=1

=00, Ve >0

(4)

Proof We prove the result separately fbr= oo and7’ < oc.



a.T = oo:

Lemma 2.2 ||B(\)]], 229 00

Proof SinceT = oo thenC'(m) > 0 Vm > 0, and lim,, ,, C(m) = 0. Therefore, for
loss+penalty to vanish @s— 0, [|3())]|, must diverge, to allow the margins to diverge.

Lemma 2.3 Assumes,, (- are two separating models, witfB: ||, = ||82|l, = 1, and 5,
separates the data better, i.8.:< o = min; y;h(x;)'f2 < m1 = min; y;h(x;) B1.
Then3U = U(my, my) such that

vt > U, S Clyih(x:) (t61) < 3 Clysh(x:)' (t52))
In words, if 5; separates better thafi, then scaled-up versions ¢f will incur smaller
loss than scaled-up versions @f, if the scaling factor is large enough.
O(t’n’LQ)

Proof Since condition (3) holds witli = oo, there existd/ such thaw't > U, Clema) >
n. Thus fromC being non-increasing we immediately get:

vt > U, ZC(yih(xi)'(tﬂl)) <n-C(tmy) < C(tmz) < ZC(yih(x@')'(t&))

Proof of case a.;Assume3* is a convergence point |BB((>\A))|| asA — 0, with ||3*]|, = 1.

Now assume by contradictioh has||B||p = 1 and bigger minimal,, margin. Denote the
minimal margins for the two models by* andrm, respectively, withn* < 7.
By continuity of the minimal margin irf?, there exists some open neighborhoogtfon

thel, sphere:
Ng= ={B:11Bll, =1, I8 = B[l < 0}
and are > 0, such that:
min y;8'h(x;) < m —e, VB € Ng-

Now by lemma 2.3 we get that exists = U (172,77 — €) such that 3 incurs smaller loss
thantg for anyt > U, 5 € Ng-. Therefores* cannot be a convergence point| ((AA))H .

b. T <
Lemma 2.4 C(T) = 0andC(T —4) > 0, V4 > 0.

C(T Te) _

Proof From condition (3); )

= oo. Both results follow immediately, with = T'e.

Lemma 2.5 lim_,¢ min; ylﬂ( Yh(x;) =T

Proof Assume by contradiction that there is a sequekgce\z,... \, 0 ande > 0 s.t.
Vj, min, yiB(Aj)’h(xi) <T-—e

Pick any separating normalized model.e. ||3]l, = 1 andri := min; y;5'h(x;) > 0.
Then forany A < m? CZ-<) we get:

- T
Zi: C(yi%ﬁ h(xi)) + Al — Bl < C(T —¢)



since the first term (loss) is 0 and the penalty is smaller $i@h — ¢) by condition on\.
But djp s.t. \j, < mP$ and so we get a contradiction to optimalityﬁbﬂ‘)\jo), since
we assumethin; y;3(\j, ) h(x;) < T — e and thus:

> CiBNa)' h(xi)) > C(T =€)

We have thus proven thhtn inf ¢ min; yiB(/\)’h(x,v) > T. Itremains to prove equality.
Assume by contradiction that feomevalue of A we havern := min; y; 5(\)'h(x;) > T.
Then the re-scaled mod%}B(A) has the same zero loss A6)\), but a smaller penalty,
since||%ﬁ()\)|| = %HB(/\)H < |IB(N)]|- So we get a contradiction to optimality Gf)).

Proof of case b..Assume3* is a convergence point \BB((;;)H asA — 0, with ||3*]|, = 1.

Now assume by contradictiof has||B||p = 1 and bigger minimal margin. Denote the
minimal margins for the two models by* andri, respectively, withn* < .

Let Ay, Ao, ... N\, 0 be a sequence along wh|e (A’))‘ — (*. By lemma 2.5 and our

assumption||3(A\)|l, — L > I Thus,3j, such thatvj > jo, 1B > L and
consequently:

D2 CluBO o) + MBI > A = 32 Clas e + Al

So we get a contradiction to optimality ﬁ()\j).
Thus we conclude for both casas andb. that any convergence point :((AA))H must

maximize thel, margin. Since| 2 Il = 1, such convergence points obviously exist.

HB(A)H
If the [,-margin-maximizing separating hyper-plane is uniquentive can conclude:
ﬁ()\) = B= arg max miny;3 h(x;)
1B, I8ls=1 ¢

2.1 Necessity results

A necessity result for margin maximizatiom any separable datseems to require either
additional assumptions on the loss or a relaxation of cand({B). We conjecture that if we
also require that the loss is convex and vanishing {ir@,,,—,..C () = 0) then condition
(3) is sufficientand necessaryHowever this is still a subject for future research.

3 Examples

Support vector machines

Support vector machines (linear or kernel) can be descabedregularized problem:
(5) min > _[1 = yif'h(x))+ + MBI

wherep = 2 for the standard (“2-norm”) SVM ang = 1 for the 1-norm SVM. This
formulation is equivalent to the better known “norm mini@tibn” SVM formulation in
the sense that they have the same set of solutions as thaniegtibn parametex varies
in (5) or the slack bound varies in the norm minimization fatation.



The loss in (5) is termed “hinge loss” since it’s linear forngias less than 1, then fixed
at O (see figure 1). The theorem obviously holdsfos 1, and it verifies our knowledge
that the non-regularized SVM solution, which is the limittbe regularized solutions,
maximizes the appropriate margin (Euclidean for standaid S; for 1-norm SVM).

Note that our theorem indicates that the squared hinge k€& (runcated squared loss):
Clyi, F(xi)) = [1 — yiF(x0)]3
is also a margin-maximizing loss.

Logistic regression and boosting

The two loss functions we consider in this context are:

(6) Exponential : C.(m) = exp(—m)

(7 Log likelihood :  Cj(m) = log(1 + exp(—m))

These two loss functions are of great interest in the comteto class classification?;

is used in logistic regression and more recently for boggui, while C. is the implicit
loss function used by AdaBoost - the original and most fanmesting algorithm [3] .

In [8] we showed that boosting approximately follows theulegized path of solutions
B()\) using these loss functions amdregularization. We also proved that the two loss
functions are very similar for positive margins, and thaithegularized solutions converge
to margin-maximizing separators. Theorem 2.1 providesmapreof of this result, since
the theorem'’s condition holds withi = co for both loss functions.

Some interesting non-examples

Commonly used classification loss functions which are nagmamaximizing includeny

polynomial loss functionC'(m) = L, C'(m) = m?, etc. do not guarantee convergence of

regularized solutions to margin maximizing solutions.

Another interesting method in this context is linear disgnant analysis. Although it does
not correspond to the loss+penalty formulation we haverdsst, it does find a “decision
hyper-plane” in the predictor space.

For both polynomial loss functions and linear discriminamalysis it is easy to find exam-
ples which show that they are not necessarily margin maximian separable data.

4 A multi-class generalization

Our main result can be elegantly extended to versions ofiftlal$s logistic regression and
support vector machines, as follows. Assume the respomsmisnulti-class, withi' > 2
possible values i.ey; € {ci, ..., cx }. Our model consists of a “prediction” for each class:

Fex)= Y 8" h;(x)
h;EM

with the obvious prediction rule at beingarg maxy, F(x).
This gives rise to d& — 1 dimensional “margin” for each observation. kpe ¢y, define
the margin vector as:

8) m(cp, fi, - fr) = (fk = froeo fio = Frm1s fio = Frtts oo Ji — [K)'

And our loss is a function of thi& — 1 dimensional margin:

C(Z-/:fl;---:fK) = Zl{y = Ck}C(m(ck7f17"'7fK))
k
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Figure 1: Margin maximizing loss functions for 2-class problemstjleind the SVM 3-class loss
function of section 4.1 (right)

Thel,-regularized problem is now:

3(\) = i , /31 1y 3K) (k)P
©) AN =arg  min Zijc(yz,h(xz) BY, e i) B + A; 181
Where3(\) = (BD(N), ..., B (N)) e RE M,

In this formulation, the concept of margin maximization re@ponds to maximizing the
minimal of alln - () — 1) normalized,,-margins generated by the data:

10 max min min h(x;) (3@ — k)

(10) IBDIE+..+18EF =1 @ yiFcw Ge:) (8 )

Note that this margin maximization problem still has a natgeometric interpretation, as
h(x;)' (%) — BR)) > 0 Vi, k # y; implies that the hyper-plangx)’ () — 5*)) = 0
successfully separates clasgesdk for any two classes.

Here is a generalization of the optimal separation theordnia?multi-class models:
Theorem 4.1 AssumeC'(m) is commutative and decreasing in each coordinate, then if
3T > 0 (possiblyT = oo ) such that:

C(t[]. - 6], tul, ...t’LLKfz) o
C(t,tvl,...,t’l}K_Q) B
Ve>0, u; >1,..,ug_2>1v;>1, . ..vg_2>1

(11) limy g

’

ThenC is a margin-maximizing loss function for multi-class madéi the sense that any

convergence point of the normalized solutions to (?\A))H , attains the optimal separa-
P
tion as defined in (10)

Idea of proof The proof is essentially identical to the two class case, comsidering the
n - (K — 1) margins on which the loss depends. The condition (11) irslet as the
regularization vanishes the model is determined by them@hmargin, and so an optimal
model puts the emphasis on maximizing that margin.



Corollary 4.2 In the 2-class case, theorem 4.1 reduces to theorem 2.1.

Proof The loss depends of(!) — 3(2), the penalty orj|3™M ||z + [|3)||2. An optimal
solution to the regularized problem must thus haeé + 3(2) = 0, since by transforming:

L) + 53 AL + 53
2 2

we are not changing the loss, but reducing the penalty, bseieninequality:

s 5 g — , B 53—

AL + 53 AL + 5 gL — B2
18 — — I+ 18%) — — =2l < 1815 + 118215
So we can conclude that!) (\) = —3()(\) and consequently that the two margin maxi-

mization tasks (2), (10) are equivalent.

4.1 Margin maximization in multi-class SVM and logistic regression

Here we apply theorem 4.1 to versions of multi-class logiggression and SVM.

For logistic regression, we use a slightly different foratidn than the “standard” logistic
regression models, which uses cla$ss a “reference” class, i.e. assumes tH&t) = 0.
This is required for non-regularized fitting, since withduthe solution is not uniquely
defined. However, using regularization as in (9) guararttesshe solution will be unique
and consequently we can “symmetrize” the model — which alow to apply theorem
4.1. So the loss function we use is (assume ¢, belongs to class):

elk
12 Cy, fr, - fx) = —log pr—rp =

— log(efl—fk 4o+ efk—1— 1k 414+ efk+1—fx 4+ o+ efK_fk)

with the linear modelf;(x;) = h(x;)'3Y). Itis not difficult to verify that condition (11)
holds for this loss function witfl" = oo, using the fact thatog(1 + ¢) = € + O(¢?). The
sum of exponentials which results from applying this fireder approximation satisfies
(11), and ag — 0, the second order term can be ignored.

For support vector machines, consider a multi-class logstwik a natural generalization
of the two-class loss:

K-1

(13) C(m) = Y [1—myl;

=1

Wherem; is the j'th component of the multi-margim as in (8). Figure 1 shows this loss
for K = 3 classes as a function of the two margins. The loss+penattydtation using 13
is equivalent to a standard optimization formulation of tincllass SVM (e.g. [11]):

max ¢
st h(x) (BY) = BM)) > (1 —&4), i€ {l,.n}, k€ {1,..K}, cx # v
Ek>0, > &k <B, > [IBWp=1
ik k

As both theorem 4.1 (usirifj = 1) and the optimization formulation indicate, the regular-
ized solutions to this problem converge to thenargin maximizing multi-class solution.



5 Discussion

What are the properties we would like to have in a classificalbss function? Recently
there has been a lot of interest in Bayes-consistency offloegions and algorithms ([1]
and references therein), as the data size increases. # dutrthat practically all “rea-
sonable” loss functions are consistent in that sense, wdthoconvergence rates and other
measures of “degree of consistency” may vary.

Margin maximization, on the other hand, is a finite samplénoglity property of loss func-
tions, which is potentially of decreasing interest as sangjfte grows, since the training
data-set is less likely to be separable. Note, however,ithagry high dimensional pre-
dictor spaces, such as those typically used by boostingroek&€VM, separability of any
finite-size data-set is a mild assumption, which is violaiely in pathological cases.

We have shown that the margin maximizing property is shayesbime popular loss func-
tions used in logistic regression, support vector machares boosting. Knowing that
these algorithms “converge”, as regularization vanisteeth)e same model (provided they
use the same regularization) is an interesting insight. f@ogxample, we can conclude
that 1-norm support vector machines, exponential boostimj, -regularized logistic re-
gression all facilitate theamenon-regularized solution, which is &rmargin maximizing
separating hyper-plane. From Mangasarian’s theorem [7kwasv that this hyper-plane
maximizes thé, distance from the closest points on either side.

The most interesting statistical question which arisesars: these “optimal” separating
models really good for predictigror should we expect regularized models to do better in
practice? Statistical common sense, as well as the emgsience, seem to support the
latter, for example see the margin-maximizing experimbgtBreiman [2] and Grove and
Schuurmans [5]. Accepting this view implies that margipeledent generalization error
bounds cannot capture the essential elements of predfatinge performance, and that the
theoretical efforts should rather be targeted at the lasstions themselves.
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