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tClassi�
ation of patient samples is an important aspe
t of 
an
er diagnosis andtreatment. The support ve
tor ma
hine (SVM) has been su

essfully applied to mi-
roarray 
an
er diagnosis problems. However, one weakness of the SVM is that givena tumor sample, it only predi
ts a 
an
er 
lass label but does not provide any esti-mate of the underlying probability. We propose penalized logisti
 regression (PLR)as an alternative to the SVM for the mi
roarray 
an
er diagnosis problem. We showthat when using the same set of genes, PLR and the SVM perform similarly in 
an-
er 
lassi�
ation, but PLR has the advantage of additionally providing an estimate0



of the underlying probability. Often a primary goal in mi
roarray 
an
er diagnosisis to identify the genes responsible for the 
lassi�
ation, rather than 
lass predi
tion.We 
onsider two gene sele
tion methods in this paper, univariate ranking (UR) andre
ursive feature elimination (RFE). Empiri
al results indi
ate that PLR 
ombinedwith RFE tends to sele
t less genes than other methods and also performs well in both
ross-validation and test samples. A fast algorithm for solving PLR is also des
ribed.Keywords: 
an
er diagnosis, feature sele
tion, logisti
 regression, mi
roarray, supportve
tor ma
hines.
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1 Introdu
tionClassi�
ation of patient samples is an important aspe
t of 
an
er diagnosis and treatment.Conventional diagnosis of 
an
er has been based on examination of the morphologi
al appear-an
e of stained tissue spe
imens under light mi
ros
opy. However, this method is subje
tiveand depends on highly trained pathologists. Mi
roarrays o�er hope that 
an
er 
lassi�
ation
an be obje
tive and highly a

urate, providing 
lini
ians with the information to 
hoosethe most appropriate forms of treatment. See Golub et al. (1999), Khan et al. (2001), Lee& Lee (2002), Ramaswamy et al. (2001), Tibshirani et al. (2002) and referen
es therein forre
ent work.The support ve
tor ma
hine (SVM) is one of the methods that has been su

essfullyapplied to the 
an
er diagnosis problem in previous studies (Lee & Lee (2002), Mukherjeeet al. (1999), Ramaswamy et al. (2001)). In two-
lass 
lassi�
ation, the linear SVM �ts amodel f(~x) = b0 +Ppj=1 bjxj that minimizesnXi=1 (1� yif(~xi))+ + �2 (kb1k2 + � � � kbpk2): (1.1)The 
lassi�
ation de
ision is then made a

ording to sign[f(~x)℄. However, one weaknessof the SVM is that it only estimates sign[p(~x) � 1=2℄, while the probability p(~x) is oftenof interest itself, where p(~x) = P (C = 1jX = ~x) is the 
onditional probability of a pointbeing in 
lass 1 given X = ~x. In going from two-
lass to multi-
lass 
lassi�
ation, theone-vs-rest s
heme is often used: given K 
lasses, the problem is divided into a series of Kone-vs-rest problems, and ea
h one-vs-rest problem is addressed by a di�erent 
lass-spe
i�
SVM 
lassi�er (e.g., \
lass 1" vs. \not 
lass 1"); then a new sample takes the 
lass of the
lassi�er with the largest real valued output 
 = argmaxk=1;:::Kfk, where fk is the real valuedoutput of the kth SVM 
lassi�er. Re
ently, Lee & Lee (2002) extends the two-
lass SVM tomulti-
lass 
ase in a more dire
t way and estimates argmaxkP (C = kjX = ~x) dire
tly, butit still la
ks the estimates of P (C = kjX = ~x) themselves.In this paper, we use penalized logisti
 regression (PLR) 
lassi�er to address the 
an
erdiagnosis problem. The motivation for the use of PLR is pointed out in Zhu & Hastie(2002). PLR not only performs as well as the SVM in two-
lass 
lassi�
ation, but 
an also2



naturally be generalized to the multi-
lass 
ase. Furthermore, PLR provides an estimate ofthe underlying 
lass probabilities p(~x).Maximum likelihood and the Newton-Raphson algorithm is the traditional way to solvePLR numeri
ally. However, the 
omputation is prohibitive when the number of variables islarge. We use a transformation tri
k to make the 
omputation feasible, but the 
omputational
ost 
an still be high. To further redu
e the 
omputation, we use a sequential minimaloptimization (SMO) algorithm (Platt (1998)) to solve PLR in this paper. This method was�rst proposed in Keerthi et al. (2002) for two-
lass 
lassi�
ation; we generalize it to themulti-
lass 
ase.Besides predi
ting the 
orre
t 
an
er 
lass for a given tumor sample, another 
hallengein mi
roarray 
an
er diagnosis is to identify the relevant genes whi
h 
ontribute most to the
lassi�
ation. We 
onsider two feature (gene) sele
tion methods in this paper, univariateranking (UR) (Dudoit et al. (2002), Golub et al. (1999)), and re
ursive feature elimination(RFE) (Guyon et al. (2002)), and 
ompare their performan
e when used with both PLRand the SVM on three 
an
er diagnosis data sets.Our analysis of these data sets indi
ates that penalized logisti
 regression and the supportve
tor ma
hine perform similarly when 
ombined with either univariate ranking or re
ursivefeature elimination; the re
ursive feature elimination method seems to perform better thanthe univariate ranking method; penalized logisti
 regression tends to sele
t less genes thanthe support ve
tor ma
hine. Overall, penalized logisti
 regression with re
ursive featureelimination seems to perform the best in both predi
ting the 
an
er 
lass and redu
ing theredundant genes.The formulation of PLR is given in se
tion 2. In se
tion 3, we des
ribe the two genesele
tion methods, UR and RFE. In se
tion 4, we apply both PLR and the SVM to threemi
roarray 
an
er data sets. How to solve PLR using the SMO algorithm is des
ribed in theappendix.
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2 Penalized Logisti
 RegressionIn standard K-
lass 
lassi�
ation problems, we are given a set of training data (~x1; 
1),(~x2; 
2), : : : (~xn; 
n), where the input ~x is a p-ve
tor ~xi = (xi1; xi2; : : : xip)T , the output 
i isqualitative and assumes values in a �nite set f1; 2; : : :Kg. We wish to �nd a 
lassi�
ationrule from the training data, so that when given a new input ~x, we 
an assign a 
lass labelk from f1; 2; : : :Kg to it. Usually it is assumed that the training data are an independentlyand identi
ally distributed sample from an unknown probability distribution P (X;C). The
onditional probability of a point being in 
lass k given X = ~x is denoted as pk(~x) = P (C =kjX = ~x). The Bayes 
lassi�
ation rule is given by:argmaxk2f1;2;:::Kgpk(~x)2.1 PLR FormulationThe logisti
 regression model arises from the desire to model the 
onditional probabilities ofthe K 
lasses via linear fun
tions in ~x, while at the same time ensuring that they sum toone and remain in [0; 1℄. The model has the formp1(~x) = ef1(~x)PKk=1 efk(~x) ;p2(~x) = ef2(~x)PKk=1 efk(~x) ;...pK(~x) = efK(~x)PKk=1 efk(~x) ;where fk(~x) = bk0 + pXj=1 bkjxj = bk0 +~bTk ~x; k = 1; 2; : : :K: (2.1)Noti
e that f1(~x); f2(~x); : : : fK(~x) are unidenti�able in this model, for if we add a 
ommon b0+Ppj=1 bjxj to ea
h fk(~x), p1(~x); p2(~x); : : : pK(~x) will not 
hange. To make fk(~x) identi�able,
4



we 
onsider the symmetri
 
onstraint PKk=1 fk(~x) = 0, or more expli
itlyKXk=1 bk0 = 0 (2.2)KXk=1~bk = 0: (2.3)Logisti
 regression models are usually �t by maximum likelihood. Sin
e pk(~x) 
ompletelyspe
i�es the 
onditional probabilities, the multinomial distribution is appropriate. Giventhe training set (~x1; 
1), (~x2; 
2), : : : (~xn; 
n), the negative multinomial log-likelihood is� nXi=1 log p
i(~xi)= KXk=1X
i=k[�fk(~xi) + ln(ef1(~xi) + � � �+ efK(~xi))℄:With expression arrays, it is typi
al that p� n (e.g. n = 35, p = 7000). The 
onsequentimpli
ations on the logisti
 regression model are:� The 
lasses are usually linearly separable.� The log-likelihood a
hieves a maximum of 0.� The parameters bkj's are not uniquely de�ned, and indeed many will be in�nite.To avoid this problem, we 
onsider the quadrati
ally-regularized negative log-likelihood (seeHastie et al. (2001) for motivation):H = nXi=1 [�~yTi ~f(~xi) + ln(ef1(~xi) + � � �+ efK(~xi))℄ + �2 KXk=1 k~bkk2; (2.4)where ~yi is a binary K-ve
tor that re-
odes the response 
i, with values all zero ex
ept a 1in position k if the 
lass is k, and ~f(~xi) = (f1(~xi); f2(~xi); : : : ; fK(~xi))T .It 
an be shown that in this quadrati
ally-regularized model, the 
onstraint (2.3) is notne
essary anymore, for at the minimum of (2.4), PKk=1~bk = 0 is automati
ally satis�ed.In the mi
roarray 
an
er diagnosis problem, xij denotes the expression for gene j =1; 2; : : : p and sample i = 1; 2; : : : n. Sin
e p is often very large (in the thousands), minimizing5



(2.4) dire
tly is 
omputationally prohibitive. To redu
e the 
omputation, we noti
e that thes
ore equation of (2.4) is given by:�H�~bk = �~bk �XTn�p (~yk � ~pk) (2.5)= 0; k = 1; : : :K (2.6)where Xn�p is a matrix with xij as the (i; j)th element, ~yk is a n � 1 ve
tor 
ontainingyik; i = 1; : : : n, and ~pk is also a n � 1 ve
tor 
ontaining pk(~xi); i = 1; : : : n. The s
oreequation (2.5)-(2.6) indi
ates that ~bk is in the row spa
e of Xn�p, or equivalently ~bk 
an bewritten as ~bk = nXi=1 aik~xi; k = 1; : : :K: (2.7)Let the Eu
lidean inner produ
t h~x; ~x0i = pXj=1 xjx0j:Then fk(~x) whi
h minimizes H also has the formfk(~x) = bk0 + nXi=1 aikh~x; ~xii; aik 2 R (2.8)and k~bkk2 =Xi;i0 aikai0kh~xi; ~xi0i: (2.9)Thus (2.4) be
omesH = nXi=1 [�~yTi ~f(~xi) + ln(ef1(~xi) + � � �+ efK(~xi))℄ + �2 KXk=1Xi;i0 aikai0kh~xi; ~xi0i: (2.10)The penalized logisti
 regression model is �t by �nding the aik's that minimize (2.10),then bkj's 
an be obtained using (2.7). The number of parameters is redu
ed from the(p + 1)K of (2.4) (pK bkj's and K bk0's) to the (n + 1)K of (2.10) (nK aik's and K bk0's),making the 
omputations feasible for reasonably small n.In two-
lass 
lassi�
ation (i.e. K = 2), we showed in Rosset et al. (2002) that if thetraining data are separable, then as � ! 0, the probability estimates pk(~x) ! f0; 1g andthe 
lassi�
ation boundary given by PLR 
onverges to that of the SVM. Therefore, like theSVM, PLR 
an also be viewed as a te
hnique for �tting a maximum margin 
lassi�er.6



2.2 Computational IssuesSin
e (2.10) is 
onvex, it is natural to use the Newton-Raphson method to minimize H. Inorder to guarantee 
onvergen
e, suitable bise
tion steps 
an be 
ombined with the Newton-Raphson iterations. Operational details 
an be found in Zhu & Hastie (2002). The drawba
kof the Newton-Raphson method is that in ea
h iteration, an nK � nK matrix needs tobe inverted. Although this 
an be approximated by a one-step Gauss-Seidel or Ja
obianapproa
h (redu
ing the 
omputation to inverting K n�n matri
es), the 
omputational 
ostis still high when n or K is large.Re
ently Keerthi et al. (2002) proposed a dual algorithm for two-
lass PLR whi
h avoidsinverting huge matri
es. It follows the spirit of the popular sequential minimal optimization(SMO) algorithm (Platt (1998)). Preliminary 
omputational experiments show that thealgorithm is robust and fast. Keerthi et al. (2002) des
ribes the algorithm for two-
lass
lassi�
ation; we have generalized it to the multi-
lass 
ase. A detailed des
ription of themulti-
lass 
ase algorithm is given in the Appendix.3 Feature Sele
tionBesides predi
ting the 
orre
t 
an
er 
lass for a given tumor sample, another 
hallenge inmi
roarray 
an
er diagnosis is to identify the relevant genes whi
h 
ontribute most to the
lassi�
ation. In this se
tion, we des
ribe two feature (gene) sele
tion methods.3.1 Univariate RankingSeveral proposals have been made for ranking genes in terms of their 
lassi�
ation perfor-man
e. Golub et al. (1999) �rst introdu
ed a ranking 
riterion for ea
h gene in two-
lass
lassi�
ation. The 
riterion is de�ned as:�j = ����� �x(1)j � �x(2)j�(1)j + �(2)j ����� ;where �x(k)j and �(k)j indi
ate the average and standard deviation of the gene expression levelsof gene j for all samples of 
lass k. Later on Dudoit et al. (2002) used the ratio of between-7



to within-sum-of-squares of ea
h gene for the multi-
lass 
ase:�j = �����PKk=1 nk(�x(k)j � �xj)2(n�K)�2j ����� ; (3.1)where �xj is the overall mean expression levels of gene j, nk is the number of training samplesbelonging to 
lass k, and �j is the pooled within-
lass standard deviation for gene j:�2j = 1n�K KXk=1(nk � 1)�(k)2j :The idea is to rank the genes a

ording to the value of �j, and then use the largest m asfeatures in the PLR model. m would then be regarded as a nuisan
e parameter that has tobe determined.Re
ently, Tibshirani et al. (2002) proposed the shrunken 
entroids method for 
lassi�
a-tion. Their soft thresholding approa
h uses shrinkage and gene sele
tion, integrated into anaive Bayes 
lassi�er. It also e�e
tively uses univariate gene sele
tion, based on t-statisti
sfor ea
h gene of ea
h 
lassThese 
riteria all impli
itly assume orthogonality among the features (genes), be
auseea
h �j is 
omputed with information about a single gene and does not take into a

ountmutual information between genes.3.2 Re
ursive Feature EliminationGuyon et al. (2002) des
ribed another gene sele
tion method based on re
ursive featureelimination (RFE). At ea
h step of the iterative pro
edure, a 
lassi�er is �tted with all the
urrent features, a ranking 
riterion is 
omputed for ea
h feature, and the feature with thesmallest ranking 
riterion is removed. A 
ommonly used ranking 
riterion is de�ned as:�Pj = 12 �2P�b2j b2j ; (3.2)where P is a loss fun
tion 
al
ulated on the training data, and bj is the 
oeÆ
ient 
orre-sponding to feature j. �Pj roughly approximates the sensitivity of P to feature j. For themean-squared-error 
lassi�er (P = ky � ~bT~xk2) and linear SVMs, �Pj = b2jkxjk2 whi
h issimilar to a t-statisti
, where xj is the n-ve
tor of sample values for gene j. Assuming that8



the values of ea
h feature have similar ranges, �Pj = b2j is also often used. For 
omputa-tional reasons, it may be more eÆ
ient to remove a large number of features at a time, atthe expense of possibly degrading the 
lassi�
ation performan
e.4 ResultsIn this se
tion, we �t both PLR and the SVM models to three 
an
er diagnosis mi
roarraydata sets. We use the two feature sele
tion methods in se
tion 3 to redu
e the number ofgenes. For the univariate ranking method (UR), we �rst use (3.1) to 
ompute a ranking (inthe des
ending order of �j) of all the genes. Then we employ an iterative pro
edure that goesas the following: we start with �tting both PLR and the SVM models using all the genes,then we remove 10% of the genes in the model that are at the bottom of the ranking, were�t the models with the remaining genes, and iterate. For the re
ursive feature elimination(RFE) with PLR, at ea
h step of the iteration, we �t the model as in (2.1) and (2.8):fk(~x) = bk0 + nXi=1 aikh~x; ~xii= bk0 + pXj=1 bkjxjand eliminate the genes with the overall smallest 10% b2kj values. So at ea
h step we mayeliminate di�erent number of genes for di�erent k. For the SVM RFE, sin
e we use theone-vs-rest s
heme as des
ribed in se
tion 1, the b2kj's are not 
omparable for di�erent k,hen
e at ea
h step, we remove the genes with the smallest 10% b2kj values for ea
h 
lass k.The number of genes in the �nal model is sele
ted by 
ross-validation and the performan
eof the �nal model is evaluated on test samples.Before applying PLR, we standardize ea
h sample as is usually done in mi
roarray studies,e.g. Dudoit et al. (2002) and Guyon et al. (2002), so the mean and standard deviation ofthe expression levels of ea
h sample are 0 and 1 respe
tively.
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4.1 Choosing �The regularization parameter � in (2.4) and (2.10) is 
hosen by 
ross-validation without genesele
tion. The 
ross-validated devian
e is used as the 
riterion. For example, Figure 1 showsthe result for the SRBCT data. The SRBCT data is des
ribed in more detail in se
tion4.3. The minimum 
ross-validated devian
e 
orresponds to � = 1=1024, hen
e � = 1=1024 is
hosen as the regularization parameter. The right panel of Figure 1 plots the values of ranking
riterion for ea
h gene of ea
h 
lass based on (3.2) for PLR model. The 
hosen � = 1=1024 isused and all the genes are in the model. We 
an see the distribution of the ranking 
riterionvalues is highly skewed: most of the genes are 
lustered in the bottom (with small ranking
riterion values), only a few are s
attered in the top (with large ranking 
riterion values).This indi
ates that most of the genes are redundant genes for the 
lassi�
ation. The pointswith red 
ir
les 
orrespond to the genes sele
ted by PLR RFE, whi
h is going to be des
ribedin se
tion 4.3. For 
omparison, we set the regularization parameter for the SVM models thesame as that for the PLR models.
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BL EWS NB RMSFigure 1: Choosing �. SRBCT data. Left plot: 
ross-validated devian
e versus �. All the genesare used. Right plot: ranking 
riterion values for ea
h gene of ea
h 
lass. The ones with red 
ir
les
orrespond to the genes sele
ted by PLR RFE.
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Table 1: Comparison of leukemia 
lassi�
ation methodsMethod 10-fold CV error Test error No. of genesSVM UR 2/38 3/34 22PLR UR 2/38 3/34 16SVM RFE 2/38 1/34 31PLR RFE 2/38 1/34 264.2 Leukemia DataThis data set 
onsists of 38 training samples and 34 test samples of two types of a
uteleukemias, a
ute myeloid leukemia (AML) and a
ute lymphoblasti
 leukemia (ALL) (Golubet al. (1999)). Ea
h sample is a ve
tor of 7,129 genes. 10-fold 
ross-validation and � = 1=16are used.The results are plotted in Figure 2 and summarized in Table 1. Noti
e that for UR, therankings of genes only depend on the gene expression levels and do not depend on the �ttedmodel, so PLR and the SVM use the same set of genes at ea
h step. However in the RFE,the b2kj values depend on the �tted model, so that at ea
h step, PLR and the SVM removedi�erent genes. In the upper part of the Figure 2, we 
an see that when using the sameset of genes (i.e. using the UR), PLR and the SVM give similar 
lassi�
ation results, whi
hagrees with the �ndings of Rosset et al. (2002) and Zhu & Hastie (2002).The minimum 
ross-validation error for PLR o

urs at 135 genes and 60 genes in the URand the RFE respe
tively. To obtain a more manageable set of genes, we sa
ri�
e one more
ross-validation error (whi
h only in
reases the 
ross-validation error from 1 to 2 in boththe UR and the RFE) and yields 16 genes and 26 genes. The estimated probabilities fromthe PLR model of the test samples are plotted in the lower part of Figure 2. The ones withred 
ir
les are the mis
lassi�ed test samples. Apart from the mis
lassi�ed one, most othersamples have good separation between the two 
lasses (i.e. the estimated probability is 
loseto either 1 or 0).
11
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Figure 2: Leukemia 
lassi�
ation. Upper plots: 
ross-validation and test errors of the SVM andthe PLR using the UR and the RFE. Lower plots: estimated probabilities for the test data. Theones with red 
ir
les are mis
lassi�ed ones. The horizontal line is the 0:5 
lassi�
ation de
isionboundary.4.3 SRBCT DataThis data set 
onsists of mi
roarray experiments of small round blue 
ell tumors (SRBCT)of 
hildhood 
an
er (Khan et al. (2001)). The tumors are 
lassi�ed as Burkitt lymphoma(BL), Ewing sar
oma (EWS), neuroblastoma (NB), or rhabdomyosar
oma (RMS). A totalof 63 training samples and 25 test samples are provided. Five of the test samples are a
tuallynon-SRBCT. Ea
h sample 
onsists of expression measurements on 2,308 genes. 10-fold 
ross-validation and � = 1=1024 are used.The results are plotted in Figure 3 and summarized in Table 2. As with the leukemia12



Table 2: Comparison of SRBCT 
lassi�
ation methodsMethod 10-fold CV error Test error No. of genesSVM UR 0/63 0/20 21PLR UR 0/63 0/20 15SVM RFE 0/63 0/20 32PLR RFE 0/63 0/20 8data, we observe that when using the same set of genes (i.e. using the UR), PLR and theSVM give similar 
lassi�
ation results, while using the RFE, PLR tends to redu
e more genesthan the SVM. The PLR model 
hoose 14 genes for using the UR and 8 genes for using theRFE. The estimated probabilities from the PLR model of the test samples are plotted in thelower part of Figure 3. The test error is zero. The ones with violet 
ir
les are the maximumestimated probabilities of the �ve non-SRBCT test samples. Apart from these �ve samples,most other samples have good separation.4.4 Ramaswamy DataThis data set was des
ribed in detail by Ramaswamy et al. (2001). It 
onsists of 144 trainingtumor samples and 54 test tumor samples, spanning 14 
ommon tumor 
lasses that a

ountfor 80% of new 
an
er diagnoses in the U.S. Among these 54 test samples, 8 are metastati
samples. There are 16,063 genes for ea
h sample. 8-fold 
ross-validation and � = 1=4 areused.The results are plotted in Figure 4 and Figure 5 and summarized in Table 3. Thepredi
tion results for this data set are not as good as for the other two data sets. Thismay be due to the relatively large number of 
an
er 
lasses (K = 14), making it harder todistinguish between 
lasses.It is worth noting that all four methods 
hoose a large number of genes when 
ompared tothe other two data sets, but the RFE method 
hooses mu
h less genes than the UR method.The estimated probabilities of the test samples are plotted in Figure 5. The ones with bla
k13



Table 3: Comparison of Ramaswamy data 
lassi�
ation methodsMethod 8-fold CV error Test error No. of genesSVM UR 19/144 12/54 617PLR UR 20/144 12/54 617SVM RFE 17/144 9/54 315PLR RFE 17/144 9/54 294Table 4: Comparison of leukemia 
lassi�
ation methodsMethod 10-fold CV error Test error No. of genesGolub et al. (1999) 3/38 4/34 50Tibshirani et al. (2002) 2/38 2/34 21PLR RFE 2/38 1/34 26
ir
les are the mis
lassi�ed test samples and the ones with violet 
ir
les are the mis
lassi�edmetastati
 test samples. The maximum probabilities of many of these mis
lassi�ed samplesare not far away from their se
ond highest probabilities. We 
an also see that the breast,renal and pan
reas tumor samples are the most diÆ
ult samples for 
lassi�
ation.4.5 Dis
ussionPLR with RFE found 26 genes that distinguished a
ute mylogenous leukemia (AML) froma
ute lympho
yti
 leukemia (ALL) with a lower error rate than the methods employed inGolub et al. (1999) and Tibshirani et al. (2002). The results of Golub et al. (1999)and Tibshirani et al. (2002) are summarized in Table 4. Our list of 26 genes in
ludesmyeloperoxidase and barely missed terminal deoxynu
leotidyl transferase. These two geneswere not identi�ed in Golub et al. (1999) but are known to be ex
ellent markers for AMLand ALL, respe
tively (Tibshirani et al. (2002)).In the SRBCT data set, PLR using RFE found 2 genes for ea
h 
lass, hen
e a total14



Table 5: Comparison of SRBCT 
lassi�
ation methodsMethod 10-fold CV error Test error No. of genesKhan et al. (2001) 0/63 0/20 96Tibshirani et al. (2002) 0/63 0/20 43PLR RFE 0/63 0/20 8of 8 genes were identi�ed. This result seems far superior to that of the neural networkmethod of Khan et al. (2001), whi
h required 96 genes to obtain zero test error (Table 5).Of our 8 genes, 7 were also found by the neural network method, ex
ept for \
old sho
kdomain protein A". Comparing our 8 genes to the 43 genes found in Tibshirani et al. (2002),the 8 gene are all in the list of Tibshirani et al. (2002). This may imply that the simplelinear model used by PLR 
aptures the intera
tions among genes better than the shrunken
entroids model.The Ramaswamy data set has 14 
lasses. PLR using RFE identi�ed 294 genes. Giventhe relatively large number of 
lasses (K = 14) and the large number of original genes(p = 16; 063), this is a sizable redu
tion. The biologi
al meanings of the genes that wereidenti�ed need further investigation. Note Ramaswamy et al. (2001) utilized all 16; 063genes in their study to a
hieve an error rate (12=54).The tenden
y that PLR sele
ts less genes than the SVM for the studied data sets maybe understood heuristi
ally. For the mi
roarray 
an
er diagnosis problems under study, thetraining sets are usually linearly separable down to just a few genes. Therefore the solution ofthe SVM is rather insensitive to the value of the regularization parameter � in (1.1). A
tuallywhen � is small enough (� = 1=128 is usually adequate), the solution of the SVM will bethe same for di�erent � values, whi
h indi
ates that the regularization does not have mu
hof an e�e
t. This is not the 
ase for PLR. Regularization always shrinks the 
oeÆ
ients bkj,no matter what the value of � is, and makes the irrelevant genes more likely to be removed.This 
an be also understood from a fundamental di�eren
e between the SVM and PLR. Aspointed out in se
tion 1, the SVM estimates sign[p(~x)� 1=2℄ asymptoti
ally, hen
e f(~x) is15




lose to �1 or 1, and PLR estimates the logit of probabilities, hen
e f(~x) is in the range of�1 and 1. Therefore, the shrinkage of PLR seems to be more e�e
tive.Although PLR provides an estimate of the 
lass probability, we need to be 
autiouswhen using these probability estimates. In the above numeri
al results, we observe thatthe mis
lassi�ed test samples tend to have smaller estimated 
lass probabilities than the
orre
tly 
lassi�ed test samples (see Figure 2 and Figure 5). However, a probability estimate
lose to 1 does not mean we 
an be sure about the 
lassi�
ation. For example, in Figure3, we would have expe
ted that the 5 non-SRBCT samples have relatively small probabilityestimates (some indeed do), sin
e they do not belong to any of the four tumor 
lasses; butsome of these samples have re
eived probability estimates very 
lose to 1. In some sense,estimating the 
lass probability is more diÆ
ult than doing 
lassi�
ation itself. For example,if we know the true 
lass probability, then we 
an do 
lassi�
ation optimally, but the reverseis not true.It is also worth to note that in our paper, the regularization parameter � is 
hosen withoutgene sele
tion. Hen
e it may not be the optimal regularization when we redu
e the numberof genes. To sear
h for the optimal regularization parameter �, we need to 
onsider a mu
hbigger set of possible models, and the number of all possible models grows exponentiallyfast as the number of iterations in
reases, whi
h in
urs extremely high 
omputational 
ost.Our approa
h is a simpli�ed sear
h that redu
es the 
omputational 
ost, i.e., the number ofmodels we 
onsider grows linearly as the number of iterations in
reases. An improvement toour approa
h might be the following: start with a regularization parameter � 
hosen usingall the genes, redu
e the number of genes, then sear
h for a better regularization parameterusing the remaining genes and iterate. We leave this as an open issue that we will investigatein our future work.5 Con
lusionWe have proposed penalized logisti
 regression (PLR) for the mi
roarray 
an
er diagnosisproblem. The empiri
al results on three data sets show that when using the same set ofgenes, PLR and the SVM perform similarly in 
lassi�
ation, but in addition PLR provides an16



estimate of the underlying probability. When using the re
ursive feature (gene) eliminationmethod to sele
t relevant genes for 
an
er 
lassi�
ation, PLR tends to redu
e more genesthan the SVM.A
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A Appendix: an SMO algorithm for solving multi-
lass PLRThe spirit of the multi-
lass SMO algorithm follows that of the two-
lass SMO algorithmKeerthi et al. (2002), but the details are di�erent.To minimize (2.4) under (2.2), we 
an re-write it as:min P = C nXi=1 g(~�i) + 12 KXk=1 k~bkk2; (A.1)subje
t to : �ik = bk0 +~bTk ~xi; 8i; k; (A.2)KXk=1 bk0 = 0; (A.3)where C = 1=� is the regularization parameter, andg(~�i) = �(yi1�i1 + : : :+ yiK�iK) + ln(e�i1 + : : :+ e�iK ):The Lagrangian for this problem is:L = C nXi=1 g(~�i) + 12 KXk=1 k~bkk2 + KXk=1 nXi=1 aik[�ik � bk0 �~bTk ~xi℄ + a0 KXk=1 bk0; (A.4)where aik's and a0 are the Lagrangian multipliers. Therefore the KKT optimality 
onditionsare given by: �L�bk0 = a0 � nXi=1 aik = 0; 8k; (A.5)r~bkL = ~bk � nXi=1 aik~xi = 0; 8k; (A.6)�L��ik = C(�yik + e�ikPKk0=1 e�ik0 ) + aik = 0; 8i; k; (A.7)whi
h allow us to express ~bk and �ik as fun
tions of aik's:~bk = nXi=1 aik~xi; 8k; (A.8)�ik = ln(yik � aikC )� 1K KXk0=1 ln(yik0 � aik0C ); 8i; k: (A.9)19



Here we enfor
e PKk=1 �ik = 0; 8i. Note (A.7) also indi
ates:KXk=1 aik = 0; 8i: (A.10)Hen
e we have a0 = 0 and Pni=1 aik = 0; 8k.Now we apply Wolfe duality theory to (A.1). The Wolfe dual 
orresponds to the maxi-mization of L subje
t to (A.5), (A.6) and (A.7). Using (A.8) and (A.9) we 
an simplify theWolfe dual as: min D = C nXi=1 G(~aiC ) + 12 KXk=1 k~bkk2; (A.11)subje
t to : KXk=1 aik = 0; 8i; (A.12)nXi=1 aik = 0; 8k; (A.13)where ~ai = (ai1; : : : aiK)T , ~bk is given by (A.8), andG(~aiC ) = KXk=1(yik � aikC ) ln(yik � aikC ):On
e the dual problem is solved for aik's, the primal variables ~bk's and �ik's 
an be obtainedusing (A.8) and (A.9).To solve (A.11), we �rst repla
e aiK with �PK�1k=1 aik, hen
e (A.11) be
omesmin D = C nXi=1 G(~aiC ) + 12 K�1Xk=1 k~bkk2 + 12k~bKk2; (A.14)subje
t to : nXi=1 aik = 0; k = 1; : : :K � 1; (A.15)where ~bK = �Pni=1 �PK�1k=1 aik� ~xi andG(~aiC ) = K�1Xk=1 (yik � aikC ) ln(yik � aikC ) (A.16)+ "1� K�1Xk=1 (yik � aikC )# � ln"1� K�1Xk=1 (yik � aikC )# : (A.17)20



Now we 
an write down the optimality 
onditions for (A.14). The Lagrangian for (A.14)is then ~L = C nXi=1 G(~aiC ) + 12 K�1Xk=1 k~bkk2 + 12k~bKk2 � KXk=1[�k nXi=1 aik℄:De�ne Fik � ~bTk � ~xi �~bTK � ~xi + C �G�aik= (~bk �~bK)T � ~xi � ln(yik � aikC )� ln"1� K�1Xk=1 (yik � aikC )#! :Then the KKT 
onditions for (A.14) are:� ~L�aik = Fik � �k = 0 i = 1; : : : n; k = 1; : : :K � 1: (A.18)De�ne i up(k) = argmaxiFik; k = 1; : : :K � 1;i low(k) = argminiFik; k = 1; : : :K � 1:Then the optimality 
onditions will hold at given aik's if and only ifFi up(k);k = Fi low(k);k k = 1; : : :K � 1: (A.19)Note to make the Fik's appropriately de�ned, the aik's must satisfy:8<: 0 < aik < C if yik = 1�C < aik < 0 if yik = 0; (A.20)and 0 < K�1Xk=1 (yik � aikC ) < 1 (A.21)If there exists an index pair (i; i0) su
h thatFik 6= Fi0k (A.22)21



for some k, then we 
an de
rease D (A.14) (while maintaining the equality 
onstraintPni=1 aik = 0 (A.15)) by adjusting aik and ai0k only. To see this, we de�ne~aik(t) = aik + t;~ai0k(t) = ai0k � t;~ai0k00(t) = ai0k00 for all others.Then one 
an verify that dDdt = Fik � Fi0k;where Fik and Fi0k are evaluated at t. Sin
e by (A.22), Fik � Fi0k 6= 0 at t = 0, a de
rease inD is possible by 
hoosing t suitably away from 0.The SMO algorithm 
an now be des
ribed as follows:(B1) Choose a0 satisfying 
onditions (A.15) and (A.20). Set r = 1.(B2) If ar satis�es (A.19), stop. If not, letai low;k� = ari low;k� + t; (A.23)ai up;k� = ari up;k� � t; (A.24)ai;k = ari;k for other i; k: (A.25)Find t� whi
h minimizes the dual D (A.14).(B3) Update ar+1 a

ording to (A.23), (A.24) and (A.25). Go ba
k to step (B2).Noti
e that the step (B2) is a univariate optimization problem, and updating formulas
an be used to 
al
ulate Fik's and D.
22



Number of Genes

E
rr

or

1 5 10 50 500

0.
0

0.
2

0.
4

0.
6

0.
8

Use UR

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
••

•
••

•

•

•

•

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
••

•

•
•

•

•

•

•

•••
••

•
••••••

•••

•

••••••••••••••••••••••••••••••••
•
••••

•••

•
•
•••

•
•

•
•

•

•

••••••••••••••••••••••••••••••••••••••••••••••••
•••••••

•

•
•••

•

•

•

•

•

•

•

CV PLR
CV SVM
TE PLR
TE SVM

Number of Genes
E

rr
or

5 10 50 500

0.
0

0.
2

0.
4

0.
6

0.
8

Use RFE

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

••

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
•

•••••••••••••••••••••••••••••••••••••••••
••

•
•
••••

••••
••••••

•••
•••

•

CV PLR
CV SVM
TE PLR
TE SVM

Test Samples

P
ro

ba
bi

lit
y

5 10 15 20 25

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

PLR with UR
(With 15 Genes)

•

•

•

•

•

•••

•

•••

•

•

•

•

•

•••

•

••• •

•

•• •

•

•• •

•

•• •

•

•• •

•

•

•

•

•

•• ••

•

• ••

•

• ••

•

• ••

•

• ••

•

•
••

•

• •••

•

•••

•

•••

•

•••

•

•••

•

•••

•

•••

•
BL EWS NB RMS

Test Samples

P
ro

ba
bi

lit
y

5 10 15 20 25

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

PLR with RFE
(With 8 Genes)

•

•••

•

•••

•

•••

•

••• •

•

••

•

•

•

•

•

•

••

•

••

• •

•

•• •

•

•• •

•

•

•

•

•

•• ••

•

• ••

•

• ••

•

• ••

•

• ••

•

• ••

•

• •••

•

•

•

•

•

•••

•

•

•

•

•

•••

•

•••

•

•••

•
BL EWS NB RMS

Figure 3: SRBCT 
lassi�
ation. Upper plots: 
ross-validation and test errors of the SVM andthe PLR using the UR and the RFE. Lower plots: estimated probabilities for the test data. Thesamples are partitioned by the predi
ted 
lass. All 20 of the test samples are 
orre
tly 
lassi�ed.The 5 non-SRBCT test samples are marked with a 
ir
le with its maximum estimated probability.They are below the minimum probabilities of the other test samples in ea
h 
lass.
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Figure 4: Ramaswamy 
lassi�
ation: 
ross-validation and test errors of the SVM and the PLRusing the UR and the RFE.
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Figure 5: Ramaswamy 
lassi�
ation: estimated probabilities for the test data. The samples arepartitioned by the true 
lass. The mis
lassi�ed test samples are marked with bla
k 
ir
les withtheir maximum estimated probabilities and the 2 mis
lassi�ed metastati
 test samples are markedwith violet 
ir
les. The 14 
lasses 
orrespond to: Breast, Prostate, Lung, Colore
tal, Lymphoma,Bladder, Melanoma, Ulterus, Leukemia, Renal, Pan
reas, Ovary, Mesothelioma and CNS tumors.
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