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Abstract

This thesis studies two problems in modern statistics. First, we study selective inference, or
inference for hypothesis that are chosen after looking at the data. The motiving application
is inference for regression coefficients selected by the lasso. We present the Condition-on-
Selection method that allows for valid selective inference, and study its application to the
lasso, and several other selection algorithms.

In the second part, we consider the problem of learning the structure of a pairwise
graphical model over continuous and discrete variables. We present a new pairwise model
for graphical models with both continuous and discrete variables that is amenable to struc-
ture learning. In previous work, authors have considered structure learning of Gaussian
graphical models and structure learning of discrete models. Our approach is a natural gen-
eralization of these two lines of work to the mixed case. The penalization scheme involves
a novel symmetric use of the group-lasso norm and follows naturally from a particular
parametrization of the model. We provide conditions under which our estimator is model

selection consistent in the high-dimensional regime.
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Chapter 1

Introduction

This thesis is split into two parts: selective inference and learning mixed graphical models.

The contributions are summarized below:
e Selective Inference:

— Chapter 2: This chapter studies selective inference for the lasso-selected model.
We show how to construct confidence intervals for regression coefficients corre-
sponding to variables selected by the lasso, and how to test the significance of
a lasso-selected model by conditioning on the selection event of the lasso. The

results of this chapter appear in Lee et al. (2013a).

— Chapter 3: This chapter shows how the Condition-on-Selection method devel-
oped in Chapter 2 is not specific to the lasso. In Chapter 3.1, we show that
controlling the conditional type 1 error implies control of the selective type 1
error, which motivates the use of the Condition-on-Selection method to control
conditional type 1 error. Chapter 3.2 studies several other variable selection
methods including marginal screening, orthogonal matching pursuit, and non-
negative least squares with affine selection events, so we can apply the results
of Chapter 2. Motivated by more complicated selection algorithms that do not
simple selection events,such as the knockoff filter, SCAD/MCP regularizers, and
{1-logistic regression, we develop a general algorithm that only requires a black-
box evaluation of the selection algorithm in Chapter 3.3. Finally in Chapter 3.4
we study inference for the full model regression coefficients. We show a method

for FDR control, and the asymptotic coverage of selective confidence intervals
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in the high-dimensional regime. The results of Chapter 3.2 appear in Lee and

Taylor (2014) and the rest will appear in a future publication.
e Learning Mixed Graphical Models:
— We propose a new pairwise Markov random field that generalizes the Gaussian

graphical model to include categorical variables.

— We design a new regularizer that promotes edge sparsity in the mixed graphical

model.

— Three methods for parameter estimation are proposed: pseudoliklihood, node-

wise regression, and maximum likelihood.

— The resulting optimization problem is solved using the proximal Newton method
Lee et al. (2012).

— We use the framework of Lee et al. (2013b) to establish edge selection consistency
results for the MLE and pseudolikelihood estimation methods.

— The results of this chapter originally appeared in Lee and Hastie (2014).



Part 1

Selective Inference



Chapter 2

Selective Inference for the Lasso

2.1 Introduction

As a statistical technique, linear regression is both simple and powerful. Not only does it
provide estimates of the “effect” of each variable, but it also quantifies the uncertainty in
those estimates, paving the way for intervals and tests of the effect size. However, in many
applications, a practitioner starts with a large pool of candidate variables, such as genes
or demographic features, and does not know a priori which are relevant. The problem is
especially acute if there are more variables than observations, when it is impossible to even
fit linear regression.

A practitioner might wish to use the data to select the relevant variables and then make
inference on the selected variables. As an example, one might fit a linear model, observe
which coefficients are significant at level «, and report (1 — «v)-confidence intervals for only
the significant coefficients. However, these intervals fail to take into account the randomness
in the selection procedure. In particular, the intervals do not have the stated coverage once
one marginalizes over the selected model.

To see this formally, assume the usual linear model
y=p+e p=XpB" e~ N(0,0%I), (2.1.1)

where X € R™ P is the design matrix and 8% € RP. Let M C {1,...,p} denote a (random)
set of selected variables. Suppose the goal is inference about 5;-). Then, we do not even

form intervals for B? when j ¢ M, so the first issue is to define an interval when j ¢ M



in order to evaluate the coverage of this procedure. There is no obvious way to do this so
that the marginal coverage is 1 — a. Furthermore, as M varies, the target of the ordinary

least-squares (OLS) estimator B]?;[LS is not 8%, but rather
BXZ = Xj\;[;uv

where X]E denotes the Moore-Penrose pseudoinverse of X ;. We see that X Mﬁ;?] = Pyp,
the projection of u onto the columns of X, so 6}[ represents the coefficients in the best
linear model using only the variables in M. In general, ﬁhj =+ ﬁ? unless M contains the
support set of 8°, i.e., M O S := {j: ﬂ? # 0}. Since B]?/[ZS may not be estimating ﬁ?
at all, there is no reason to expect a confidence interval based on it to cover B;-). Berk
et al. (2013) provide an explicit example of the non-normality of BAA(ZL]S in the post-selection
context. In short, inference in the linear model has traditionally been incompatible with

model selection.

2.1.1 The Lasso

In this paper, we focus on a particular model selection procedure, the lasso (Tibshirani,
1996), which achieves model selection by setting coefficients to zero exactly. This is accom-

plished by adding an ¢; penalty term to the usual least-squares objective:
. 1 )
B e argmin ly — XBI3 + Al (212
BERP

where A > 0 is a penalty parameter that controls the tradeoff between fit to the data and
sparsity of the coefficients. However, the distribution of the lasso estimator B is known only
in the less interesting n > p case (Knight and Fu, 2000), and even then, only asymptotically.
Inference based on the lasso estimator is still an open question.

We apply our framework for post-selection inference about 77]7\:4;1 to form confidence
intervals for B;\Z,j and to test whether the the fitted model captures all relevant signal

variables.

2.1.2 Related Work

Most of the theoretical work on fitting high-dimensional linear models focuses on consis-

tency. The flavor of these results is that under certain assumptions on X, the lasso fit B
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is close to the unknown (% (Negahban et al., 2012) and selects the correct model (Zhao
and Yu, 2006; Wainwright, 2009). A comprehensive survey of the literature can be found
in Bithlmann and van de Geer (2011).

There is also some recent work on obtaining confidence intervals and significance testing
for penalized M-estimators such as the lasso. One class of methods uses sample splitting
or subsampling to obtain confidence intervals and p-values. Recently, Meinshausen and
Bithlmann (2010) proposed stability selection as a general technique designed to improve
the performance of a variable selection algorithm. The basic idea is, instead of performing
variable selection on the whole data set, to perform variable selection on random subsam-
ples of the data of size (g) and include the variables that are selected most often on the
subsamples.

A separate line of work establishes the asymptotic normality of a corrected estimator
obtained by “inverting” the KKT conditions (van de Geer et al., 2013; Zhang and Zhang,

2014; Javanmard and Montanari, 2013). The corrected estimator b usually has the form
b=f+ 1032,

where Z is a subgradient of the penalty at B and O is an approximate inverse to the Gram
matrix X7 X. This approach is very general and easily handles M-estimators that minimize
the sum of a smooth convex loss and a convex penalty. The two main drawbacks to this

approach are:
1. the confidence intervals are valid only when the M-estimator is consistent
2. obtaining © is usually much more expensive than obtaining A.

Most closely related to our work is the pathwise signficance testing framework laid out
in Lockhart et al. (2014). They establish a test for whether a newly added coefficient is
a relevant variable. This method only allows for testing at A that are LARS knot values.
This is a considerable restriction, since the lasso is often not solved with the LARS algo-
rithm. Furthermore, the test is asymptotic, makes strong assumptions on X, and the weak
convergence assumes that all relevant variables are already included in the model. They do
not discuss forming confidence intervals for the selected variables. Section 2.5.2 establishes
a nonasymptotic test for the same null hypothesis, while only assuming X is in general

position.



In contrast, we provide a test that is exact, allows for arbitrary A, and arbitrary design
matrix X. By extension, we do not make any assumptions on n and p, and do not require
the lasso to be a consistent estimator of 5°. Furthermore, the computational expense to
conduct our test is negligible compared to the cost of obtaining the lasso solution.

Like all of the preceding works, our test assumes that the noise variance o2 is known

2 can be estimated from the

or can be estimated. In the low-dimensional setting p < n, o
residual sum-of-squares of the saturated model. Strategies in high dimensions are discussed
in Fan et al. (2012) and Reid et al. (2013). In Section 2.8, we also provide a strategy for

estimating o2 based on the framework we develop.

2.1.3 Outline of Paper

We begin by defining several important quantities related to the lasso in Section 2.2; most
notably, we define the selected model M in terms of the active set of the lasso solution.
Section 2.3 provides an alternative characterization of the selection procedure for the lasso
in terms of affine constraints on y, i.e., Ay < b. Therefore, the distribution of y conditional
on the selected model is the distribution of a Gaussian vector conditional on its being in
a polytope. In Section 2.4, we generalize and show that for y ~ N(u, ), the distribution

of nTy | Ay < b is roughly a truncated Gaussian random variable, and derive a pivot for

7]
and hypothesis tests of the selected model as special cases of n’ . Section 2.6 presents an

n” 1. In Section 2.5, we specialize again to the lasso, deriving confidence intervals for BXZ

example of these methods applied to a dataset.
In Section 2.7, we consider a refinement that produces narrower confidence intervals.
Finally, Section 2.8 collects a number extensions of the framework. In particular, we demon-

strate:

e modifications needed for the elastic net (Zou and Hastie, 2005).

different norms as test statistics for the “goodness of fit” test discussed in Section 2.5.

estimation of o2 based on fitting the lasso with a sufficiently small .

composite null hypotheses.

fitting the lasso for a sequence of A values and its effect on our basic tests and intervals.
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2.2 Preliminaries

Necessary and sufficient conditions for (3, 2) to be solutions to the lasso problem (2.1.2) are
the Karush-Kuhn-Tucker (KKT) conditions:

XT(XB-y)+r2=0, (2.2.1)
5, sign(f;)  if 5z #0 ‘ (2.2.2)
[-1,1] i B =0

where 2 := 8|| - ||1(3) denotes the subgradient of the ¢; norm at 3. We consider the active
set (Tibshirani, 2013)
M={ie{l,...,p}: |z =1}, (2.2.3)

so-named because by examining only the rows corresponding to M in (2.2.1), we obtain the

relation
XT(y—XB) = A2y,

where X is the submatrix of X consisting of the columns in M. Hence
X5y —XB) =,

i.e. the variables in this set have equal (absolute) correlation with the residual y — X B.
Since z; € {—1,1} for any BZ # 0, all variables with non-zero coefficients are contained in
the active set.

Recall that we are interested in inference for n? i in the model (2.1.1) for some direction
n = ny; € R", which is allowed to depend on the selected variables M. In most applications,
we will assume 1 = X 3%, although our results hold even if the linear model is not correctly
specified.

A natural estimate for n” 1 is n”'y. As mentioned previously, we allow 1 = 71 1y to depend

on the random selection procedure, so our goal is post-selection inference based on
T .
my [ {M = M}.

For reasons that will become clear, a more tractable quantity is the distribution conditional



on both the selected variables and their signs
77T1/ ‘ {(M7 73]\}[) = (M> zM)}

Note that confidence intervals and hypothesis tests that are valid conditional on the finer
partition {(M,QM) = (M, zp)} will also be valid for {M = M}, by summing over the

possible signs z,;:

PO+ | M =M) =3 P(- | (M, 25) = (M, 2a1)) P&y = 20 | M = M).

ZM

From this, it is clear that controlling P( - | (M, Zy) = (M, zpr)) to be, say, less than o (as
in the case of hypothesis testing) will ensure P( - ’ M=M)<a.

It may not be obvious yet why we condition on {(M, Zy) = (M, zp)} instead of {M =
M?}. In the next section, we show that the former can be restated in terms of affine
constraints on y, i.e., {Ay < b}. We revisit the problem of conditioning only on {M =M}

in Section 2.7.

2.3 Characterizing Selection for the Lasso

Recall from the previous section that our goal is inference conditional on {(M V) =
(M, zpr)}. In this section, we show that this selection event can be rewritten in terms of

affine constraints on y, i.e.,

{(M, 2;) = (M, 2a)} = {AM, zar)y < b(M, 2p1)}

for a suitable matrix A(M, zpr) and vector b(M, zpr). Therefore, the conditional distribution
y | {(M, Zy) = (M, zap)} is simply y | {A(M, zp)y < b(M, z7)}. This key theorem follows

from two intermediate results.

Lemma 2.3.1. Without loss of generality, assume the columns of X are in general posi-

tion. Let M C {1,...,p} and zpy € {—1,11M be a candidate set of variables and signs,

10
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respectively. Define

U=U(M,zy) = (X5Xu) YXLy— \ay) (2.3.1)

1
W =W(M,zy) = XL (XT) T2 + XXTM(I — Pu)y. (2.3.2)

Then the selection procedure can be rewritten in terms of U and W as:
{(M, 2y;) = (M, z2n)} = {sign(U(M, zn)) = zar, |[W (M, 201) | o < 1} (2.3.3)

Proof. First, we rewrite the KKT conditions (2.2.1) and (2.2.2) by partitioning them ac-

cording to the active set M:

XL (X By —y) + Ay =0
XTM(XMBM — y) + )\271\2 =0

A~

sign(BM) = Zy, 2y € (—1,1).

Since the KKT conditions are necessary and sufficient for a solution, we obtain that

{(M, Zy) = (M, zpp)} if and only if there exist U and W satisfying:

X3 (XpU —y)+ Az =0 (2.3.4)
XT (XU —y) + AW =0 (2.3.5)
sign(U) = 2y, W € (—1,1). (2.3.6)

Solving (2.3.4) and (2.3.5) for U and W yields the formulas (2.3.1) and (2.3.2). Finally, the
requirement that U and W satisfy (2.3.6) yields (2.3.3). O

Lemma 2.3.1 is remarkable because it says that the selection event {(M, 2 ) = (M, zar)}
is equivalent to affine constraints on y. To see this, note that both U and W are affine func-
tions of y, so {sign(U) = zur, ||W]|,, < 1} can be written as affine constraints { A(M, zps)y <
b(M, zpr)}. The following proposition provides explicit formulas for A and b.

Proposition 2.3.2. Let U and W be defined as in (2.3.1) and (2.3.2). Then:

fsign(U) = 2ar, W]l < 1} = {(jf% - ;) y< (Z?% - ;) } (23.7)



where Ag, by encode the “inactive” constraints {|W ||, < 1}, and Ay, by encode the “active”

constraints {sign(U) = zp}. These matrices have the explicit forms:

1( XT,,(I - Py) 1-XT (XT)*z
Ao(M,za) = 3 (-XZA“;([ - 1—%)) bo(M, 2a1) = <1 + XTZ(Xg)UZ)

Ay (M, zpp) = — diag(zp) (X LX) 72 XE by(M, 2pp) = =N diag(za) (X5 X0) "2

Proof. First, we write
{sign(U) = zp} = {diag(zas)U > 0}.

From here, it is straightforward to derive the above expressions from the definitions of U
and W given in (2.3.1) and (2.3.2). O

Combining Lemma 2.3.1 with Proposition 2.3.2, we obtain the following.

Theorem 2.3.3. The selection procedure can be rewritten in terms of affine constraints on
y:
{(M, 2y;) = (M, 201)} = {A(M, 2ar)y < (M, zp1)}.

To summarize, we have shown that in order to understand the distribution of y ~
N(u, %) conditional on the selection procedure {(M, Zy) = (M, zpr)}, it suffices to study
the distribution of y conditional on being in the polytope {Ay < b}. The next section
derives a pivot for n” i for such distributions, which will be useful for constructing confidence

intervals and hypothesis tests in Section 2.5.

2.4 A Pivot for Gaussian Vectors Subject to Affine Con-

straints

The distribution of a Gaussian vector y ~ N(u,Y) conditional on affine constraints { Ay <
b}, while explicit, still involves the intractable normalizing constant P(Ay < b). In this
section, we derive a pivot for one dimensional projections of x (i.e., 7 1), which will allow
us to form tests and intervals for n” . That pivot is F[ i T]En(n y), which has a Unif(0, 1)
distribution conditional on Ay < b.

The key to deriving this pivot is the following lemma:

12
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Lemma 2.4.1. The conditioning set can be rewritten in terms of n'y as follows:

{Ay <b} ={V (y) <n"y <V (), (y) >0}

where
A¥m
—_— W (2.4-1)
V- — V() = max (AT any (2.4.2)
J: a;<0 a;
Vi =V"(y)= min b = (Ay); + o’ Y, (2.4.3)
j: a;>0 Qj
VO =V0%y) = min b; — (Ay); (2.4.4)
J: a‘]_

Furthermore, (V, V=, V) is independent of nTy. Then, n'y conditioned on Ay < b and
Vt(y),V (y)) = (vF,v7), has a truncated normal distribution, i.e.

Ty | {Ay <o,V (y) = v,V (y) =v~} ~ TN (", n" Sy, 0, v).

However, before stating the proof of this lemma, we show how it is used to obtain our

main result.

Theorem 2.4.2. Let F[a "l denote the CDF of a N (i, %) random variable truncated to the

interval [a,b], i

[a,b] ®((z —p)/o) — ((a—p)/o)
F = 2.4.5
1o = G 10)/0) — Bla— p)/o) 249
where ® is the CDF of a N(0,1) random variable. Then FTE 7, nT]Zn(nTy) s a pivotal
quantity, conditional on {Ay < b}:
Fy . ‘;T]En (n"y) | {Ay < b} ~ Unif(0,1) (2.4.6)

where V= and VT are defined in (2.4.2) and (2.4.3).

Proof. By Lemma 2.4.1, "y | { Ay < b, V' (y) = v,V (y) = v~} ~ TN(n" p,n" S, 0™, 0T).
We apply the CDF transform to deduce

El vl ) [{ Ay < b, V) = ot V() = v}



is uniformly distributed. By integrating over (V*(y) = v*, V" (y) = v™), we conclude

Y @™y | {Ay < b} ~ Unif(0,1). Let G(v+,v7) = P(V* < v, V™ <o~ | Ay <),

P(F[Vf,VH (nTy) <s } Ay < b)

nTu, nTEn
— + _ _
= [P (Bl s, ") < 5 | Ay < bV ) =0tV () =)
dG(vT,v7)
= /s dG(vT,v7)
=s.
O
We now prove Lemma 2.4.1.
Proof. The linear constraints Ay < b are equivalent to
Ay —E[Ay [ n7y] <b—E[Ay | n"y]. (24.7)
Since conditional expectation has the form
Adin
E[Ay |n"y] = Au+a(n’y —n" ), a = :
Ay | 7y ( ) a= o
(2.4.7) simplifies to Ay — b — anTy < —an’y. Rearranging, we obtain
T 1 T
my = — (b — (Ay); +a;n"y) a; <0
J
1
"y < — (b — (Ay); + ajn’y) a; >0
J
Ogbj—(Ay)j CLJ’:O.
We take the max of the lower bounds and min of the upper bounds to deduce
max —(b; — (Ay); +amn"y) < 0Ty < min —(b; — (Ay); + a;n"y).
J:a;<0 a; J J J - T ;>0 ay J J J
V*V(y) VH(y)
Since y is normal, b; — (Ay); + ajnTy, j = 1,...,m are independent of nTy. Hence

14
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(V*(y), V™ (), V°(y)) are also independent of n”y.
To complete the proof, we must show 7y given Ay < b, (V*(y),V " (y)) = (vF,v7) is

truncated normal.

P(n'y<s|Ady <o, VT(y) =0T,V (y) =v",)
=Py <sfom <ply <ot V() =0T,V (y) = v,V (y) 2 0)
P(nfy <s,v” <nly <ot|[Vi(y) =ot,V (y) =v=,V(y) >
P (v <nTy <ovt|VFH(y) = vt V- (y) = v, ()20)
CP(Ty<sv <nply<ot)
P~ <nTy <wvT)

=P(nTy<s|v <nly<ot)

where the second to last equality follows from the independence of (V*, V=, V%) and n'y.
This is the CDF of a truncated normal. O

Although the proof of Lemma 2.4.1 is elementary, the geometric picture gives more
intuition as to why V1t and V~ are independent of n’y. Without loss of generality, we
assume ||n|l2 = 1 and y ~ N(u,I) (since otherwise we could replace y by 2_%y). Now we
can decompose y into two independent components, a 1-dimensional component 7’y and

an (n — 1)-dimensional component orthogonal to 7:
y=n"y+Py.

The case of n = 2 is illustrated in Figure 2.1. V= and V% are independent of Ty, since
they are functions of P, 1 only, which is independent of ny.
In Figure 2.2, we plot the density of the truncated Gaussian, noting that its shape

depends on the location of pu relative to [a, b] as well as the width relative to o.

2.4.1 Adaptive choice of 7,

For the applications to forming confidence intervals and significance testing, we will need
choices of n that are adaptive, or dependent on y. We will restrict ourselves to functions
n that are functions of the partition, n(y) = f(M(y)). This choice of functions includes

n(y) = XJI\;IJ(r €3 which is used for forming confidence intervals in Section 2.5.



5

e

.
ks
R

<
_|_

{Ay < b}

Figure 2.1: A picture demonstrating that the set {Ay < b} can be characterized by {V~ <
n"y <V} Assuming ¥ = I and |[n]|; = 1, V™ and V7 are functions of P,y only, which

is independent of n7'y.
Theorem 2.4.3. Let n: R" — R be a function of the form n(y) = f(M(y)), then

V=)Vt () T .
Fn(y)Tyu, n(yl)/TEn(y) (n(y) y) ~ Unif (0, 1).

Proof. We can expand F' with respect to the partition,

V= (), ()] T _ V=),V () T y _
P (Fn(y)Tm n(y)TEn(y) (n(y) y) < t) o (;) P <Fn(y)Tu7 n(y)TEn(y) (n(y) y) <t M(y) = M)

o A A
= > P (EY W (1)) <t NIy) = M) P (M (y) = M)

(M,s)
V= (y),VT ~ R
-2 (ERsn ihyesson (FONT) < 1]¥(y) = M) P (3(y) = M)

16
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o) (@)

fy,o‘

| = w>v

| — n<vt

| — vt <p<v?

-1 0 1

2 3
z/o=n"y/o

-t
Figure 2.2: The density of the truncated Gaussian with distribution FF[LUUQ’W ] depends on

the width of [v™,v™] relative to o as well as the location of p relative to [v™,v"]. When p is
firmly inside the interval, the distribution resembles a Gaussian. As p varies drifts outside
[v™,vT], the density begins to converge to an exponential distribution with mean inversely
proportional to the distance between u and its projection onto [v™, v].

. - + ~
Using Theorem 2.4.2, P (Fjy, SV W1, (F(M)Ty) < t[N(y) = M) =t. Thus

V=), V) T . - B
P (Fn(y)TyM, n(y?TEn(y) (n(y) y)) < t) - Z tP (M(y) = M)

(M,s)
=ty P(M@):M)
(M,s)
=1t.
. V= (y),V* .
This shows that Fg(y)gﬁ 77(?5?);%}277(1/) (n(y)Ty) ~ Unif (0, 1). O

2.5 Application to Inference for the Lasso

In this section, we apply the theory developed in in Sections 2.3 and 2.4 to the lasso. In
particular, we will construct confidence intervals for the active variables and test the chosen

model based on the pivot developed in Section 2.4.



300 1

250 0.8
200
0.6
150
0.4
100
50 0.2 empirical cdf |1
— — = Unif(0,1) cdf
0 0 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 2.3: Histogram and empirical distribution of Fqgg;"ﬁ;zn(nipy) obtained by sampling

y ~ N(u, X) constrained to {Ay < b}. The distribution is very close to Unif(0,1) as shown
in Theorem 2.4.2.

To summarize the developments so far, recall that our model says that y ~ N(u,o21).
The distribution of interest is y | {(M, 2 1) = (M, zp) }. By Theorem 2.3.1, this is equivalent
toy | {AM, zp)y < b(M,zp)} defined in Proposition 2.3.2. Now we can apply Theorem
2.4.2 to obtain the (conditional) pivot

V= v

0T, 02||n\|§(nTy) ‘ {(M’ 2]\?[) = (M, ZM)} ~ Unif(o’ 1) (2'5'1)

for any 1, where V= and VT are defined in (2.4.2) and (2.4.3). Note that A(M, zy) and
b(M, zpr) appear in this pivot through V= and V*. This pivot will play a central role in all
of the applications that follow.

2.5.1 Confidence Intervals for the Active Variables

In this section, we describe how to form confidence intervals for the components of B}[ =

X]"Zu. If we choose
n = (XL)*e,, (2.5.2)

h 1 T = *A
then 7; p M5
th

7" variable in the model M. Note that this reduces to inference about the true B? if

M>S:={j: B8 # 0}, as discussed in Section 2.1. The conditions under which this holds

so the above framework provides a method for inference about the

is well known in the literature, cf. Bithlmann and van de Geer (2011).

18
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By applying Theorem 2.4.2, we obtain the following (conditional) pivot for ﬁXZ]

v- vt .
FB[ JLHW nFy) | {1, 2,) = (M, zar)} ~ Unif (0, 1).
Note that j and n; are both random—but only through M , a quantity which is fixed after
conditioning—so Theorem 2.4.2 holds even for this “random” choice of 7. The obvious way

to obtain an interval is to “invert” the pivot. In other words, since

i (2 < B ) < 1= 5 [ {0V 2) = (MaZM)}> =a

MJ’

one can define a (1 — @) (conditional) confidence interval for 57, . as

»J

{B* L % F[Z’.?}lelml\?("ﬂ y)<1- Z}

In fact, F' is monotone decreasing in ﬂ}%j’ so to find its endpoints, one need only solve for

the root of a smooth one-dimensional function. The monotonicity is a consequence of the

fact that the truncated Gaussian distribution is a natural exponential family and hence has
monotone likelihood ratio in . The details can be found in Appendix 2.10.1.

We now formalize the above observations in the following result, an immediate conse-

quence of Theorem 2.4.2.

Corollary 2.5.1. Let n; be defined as in (2.5.2), and let Ll = Lgx(nj,M,éM) and Ul =
Ug;(nj,]\}[, Zy) be the (unique) values satisfying

V=.vi]
L, o2||n;][?

TN _ 1 _ V=Vt T,y —
(773 y) =1 « FU[J,;, U2H77j||2(77] y)—Oé

Then, [LY, U] is a (1 — ) confidence interval for n]-Tu, conditional on (M, Zy):

P( b € LA UAL [ LM, 2) = (M, ZM)}) —1-a. (2.5.3)

The above discussion has focused on constructing intervals for a single j. If we repeat
the procedure for each j € M , our intervals in fact control the false coverage rate (FCR) of
Benjamini and Yekutieli (2005).



Corollary 2.5.2. For each j € M,
P <ﬁ}4j e (L, Ug]) =1-a. (2.5.4)

Furthermore, the FCR of the intervals {[L&, U&]} is o

JEM
If n”'y are not near the boundaries [V~, V*], then the intervals will be relatively short.
This is shown in Figure 2.4. Figure 2.5 shows two simulations that demonstrate our intervals
cover at the nominal rate. We leave an exhaustive study of such intervals for the lasso to
future work, noting that the truncation framework described can be used to form intervals

with exact coverage properties.

— Adjusted — Adjusted
- Unadjusted --- Unadjusted

« 5

Upper and lower confidence limits

Upper and lower confidence limits

z/o

Figure 2.4: Upper and lower bounds of 90% confidence intervals based on [a,b] = [-30, 30]
as a function of the observation /0. We see that as long as the observation x /o is roughly
0.50 away from either boundary, the size of the intervals is comparable to an unadjusted
confidence interval.

2.5.2 Testing the Lasso-Selected Model

Having observed that the lasso selected the variables M, another relevant question is

whether it has captured all of the signal in the model, i.e.,

Hy: 8%, =0. (2.5.5)

20
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Figure 2.5: 90% confidence intervals for n{ u for a small (n = 100, p = 50) and a large
(n = 100, p = 200) uncorrelated Gaussian design, computed over 25 simulated data sets.
The true model has five non-zero coefficients, all set to 5.0, and the noise variance is 0.25.
A green bar means the confidence interval covers the true value while a red bar means
otherwise.

We consider a slightly more general question, which does not assume the correctness of the
linear model 1 = X3° and also takes into account whether the non-selected variables can
improve the fit:

Hy: X" (I—Py)n=0. (2.5.6)

This quantity is the partial correlation of the non-selected variables with p, adjusting for
the variables in M. This is more general because if we assume pu = XY for some 4% and
X is full rank, then rejecting (2.5.6) implies that there exists i € supp(3°) not in M, so we
would also reject (2.5.5).

The natural approach is to compare the observed partial correlations X ZM(I — Par)y to
0. However, the framework of Section 2.4 only allows tests of ¢ in a single direction n. To
make use of that framework, we can choose 1 such that it selects the maximum magnitude
of XT,,(I — Py)y. In particular, this direction provides the most evidence against the null
hypothesis of zero partial correlation, so if the null hypothesis cannot be rejected in this

direction, it would not be rejected in any direction.



Letting j* := argmax; |eJTXTM(I — Pyr)y| and s == sign(e?XzM(I — Prr)y), we set
7’/j* = Sj* (I - PM)X_Mej*’ (257)

and test Hy : 77}{ 1 = 0. However, the results in Section 2.4 cannot be directly applied to
this setting because j* and s;« are random variables that are not measurable with respect
to (M, 2,;).

To resolve this issue, we propose a test conditional not only on (M ,Zyy), but also on the

index and sign of the maximizer:

{(M,2y,) = (M. zm), (5, 55+) = (4, 9)}- (2.5.8)

A test that is level a conditional on (2.5.8) for all (M, zpr) and (j, s) is also level « conditional
on {(M, 2y) = (M, zun)}.

In order to use the results of Section 2.4, we must show that (2.5.8) can be written in the
form A(M, zpg, 7, 8)y < b(M, zpr, j, s). This is indeed possible, and the following proposition

provides an explicit construction.

Proposition 2.5.3. Let Ag, by, A1,b1 be defined as in Proposition 2.3.2. Then:

Ao(M, ZM) bo(M, ZM)
{(M, 25) = (M, 2m1), (7%,852) = (4, 8)} = | Av(M, za0) |y < | b1(M, zpr)
AQ(M7j7 8) 0

where Ay(M, j,s) is defined as

D;(M)

As(M,j,s) = —s (S(M)
J

> XT,,(I = Pyy)

and Dj and S; are (|M|—1) x |M| operators that compute the difference and sum, respec-

tively, of the j™ element with the other elements, e.g.,

1 -1 1 1
1 -1 1 1
D, = S1 =
1 —1 1 1
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Proof. The constraints {Apy < bp} and {A1y < b1} come from Proposition (2.3.2) and
encode the constraints {(M, Zy) = (M, zp)}. We show that the last two sets of constraints
encode {(j*, 5;+) = (j, )}

Let r := XT,,(I — Py)y denote the vector of partial correlations. If s = +1, then
|rj| > |rs| for all i # j if and only if 7; —r; > 0 and rj +r; > 0 for all i # j. We can write
this as Djr > 0 and Sjr > 0. If s = —1, then the signs are flipped: Djr < 0 and S;r < 0.
This establishes

{(7%,554) = (J,8)} = {—s (?) r< 0} = {42y < 0}.

J

O

Because of Proposition 2.5.3, we can now obtain the following result as a simple con-
-yt

sequence of Theorem 2.4.2, which says that F(%Qim*]HQ(nﬂy) ~ Unif(0, 1), conditional on
) J

the set (2.5.8) and Hy. We reject when Féi;ﬁ;jﬂ‘z(nﬂy) is large because ng;éﬁ;*]w(.) is
o 1n; > ol

monotone increasing in the argument and n;;* w is likely to be positive under the alternative.

Corollary 2.5.4. Let Hy and 1 be defined as in (2.5.7). Then, the test which rejects

when
v, vt
{F& 02H77;1||2(77;‘-F*y) >1- a}
(

is level o, conditional on {(M, Zy) = (M, 2n1), (5%, 85+) = (4,8)}. That is,
aVas s - .
P(FY 2 anf) > 1= a | {0 2) = (M, 2a0), (%, 550) = (o)} 1 Ho) = o

In particular, since this holds for every (M, zps,j,8), this test also controls Type I error
conditional only on (M, Zyr), and unconditionally:
y—- vt N
P(FY ) anfi) > 1= a [ {(M, 2) = (M, 20)} 0 Ho) = a

P (F[V_’V+] (n]T*y) >1—a| H0> = a.

0, o2Im;«I[?

Figures 2.6 and 2.7 show the results of four simulation studies that demonstrate that
the p-values are uniformly distributed when Hj  is true and stochastically smaller than
Unif(0, 1) when it is false.
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Figure 2.6: P-values for Hy ) at various A values for a small (n = 100, p = 50) and a large
(n = 100, p = 200) uncorrelated Gaussian design, computed over 50 simulated data sets.
The true model has three non-zero coefficients, all set to 1.0, and the noise variance is
2.0. We see the p-values are Unif(0, 1) when the selected model includes the truly relevant
predictors (black dots) and are stochastically smaller than Unif(0,1) when the selected
model omits a relevant predictor (red dots).

2.6 Data Example

We illustrate the application of inference for the lasso to the diabetes data set from Efron
et al. (2004). First, all variables were standardized. Then, we chose A according to the
strategy in Negahban et al. (2012), A = 2 E(|| X7 €|/« ), using an estimate of o from the full
model, resulting in A &~ 190. The lasso selected four variables: BMI, BP, 83, and S5.

The intervals are shown in Figure 2.8, alongside the unadjusted confidence intervals
produced by fitting OLS to the four selected variables, ignoring the selection. The latter is
not a valid confidence interval conditional on the model. Also depicted are the confidence
intervals obtained by data splitting; that is, if one splits the n observations into two halves,
then uses one half for model selection and the other for inference. This is a competitor
method that also produces valid confidence intervals conditional on the model. In this case,
data splitting selected the same four variables, and the confidence intervals were formed
based on OLS on the half of the data set not used for model selection.

We can make two main observations from Figure 2.8.
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Figure 2.7: P-values for Hy ) at various A values for a small (n = 100, p = 50) and a large
(n =100, p = 200) correlated (p = 0.7) Gaussian design, computed over 50 simulated data
sets. The true model has three non-zero coefficients, all set to 1.0, and the noise variance is
2.0. Since the predictors are correlated, the relevant predictors are not always selected first.
However, the p-values remain uniformly distributed when Hj  is true and stochastically
smaller than Unif(0, 1) otherwise.

1. The adjusted intervals provided by our method essentially reproduces the OLS inter-
vals for the strong effects, whereas data splitting results in a loss of power by roughly

a factor of v/2 (since only n/2 observations are used in the inference).

2. One variable, 83, which would have been deemed significant using the OLS intervals, is
no longer significant after adjustment. This demonstrates that taking model selection

into account can have substantive impacts on the conclusions that are made.

2.7 Minimal Post-Selection Inference

We have described how to perform post-selection inference for the lasso conditional on both
the active set and signs {(M, Zy) = (M, zpr)}. However, recall from Section 2.1 that the
goal was inference conditional solely on the model, i.e., {M = M}. In this section, we extend
our framework to this setting, which we call minimal post-selection inference because we

condition on the minimal set necessary for the random 7 to be measurable. This results in
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Figure 2.8: Inference for the four variables selected by the lasso (A = 190) on the diabetes
data set. The point estimate and adjusted confidence intervals using the approach in Section
2.5 are shown in blue. The gray show the OLS intervals, which ignore selection. The yellow
lines show the intervals produced by splitting the data into two halves, forming the interval
based on only half of the data.

more precise confidence intervals at the expense of greater computational cost.

To this end, we note that {M = M} is simply

{(M, 2) = (M, za0)},
ZME{*LI}‘E|

where the union is taken over all choices of signs. Therefore, the distribution of y conditioned

on only the active set {M = M} is a Gaussian vector constrained to a union of polytopes

y | U {AWM, zm)y < 0(M, 20)},
zp€{—1,1}7I

where A(M, zpr) and b(M, zps) are given by (2.3.2).
To obtain inference about n’ p, we follow the arguments in Section 2.4 to obtain that

this conditional distribution is equivalent to

zpe{—1,1}1%
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where V-, V+ V0

ZM? T EM? ZM

are defined according to (2.4.2), (2.4.3), (2.11.4) with A = A(M, zp)
and b = b(M, z57). Moreover, all of these quantities are still independent of n”y, so instead

of having a Gaussian truncated to a single interval [V~, V1] as in Section 2.4, we now have

Vo Vi

M [ ZM’ T ZM

a Gaussian truncated to the union of intervals J ]. The geometric intuition is

illustrated in Figure 2.9.

Figure 2.9: A picture demonstrating the effect of taking a union over signs. The polytope
in the middle corresponds to the (M ,Zy;) that was observed and is the same polytope as
in Figure 2.1. The difference is that we now consider potential (M, zps) in addition to the
one that was observed. The polytopes for the other (M, zy;) which have the same active
set M are red. The conditioning set is the union of these polytopes. We see that for y to
be in this union, 77y must be in U.,, Vo V} ]. The key point is that all of the V —and
VZ\ , are still functions of only P, 1y and so are independent of nTy.

Finally, the probability integral transform once again yields a pivot:

U., Vo) VW) ¢

nT, nTSn (n"y) | {M = M} ~ Unif(0,1).

It is now more useful to think of the notation of F' as indicating the truncation set C' C R:

O((—o0,z]NC)

FP,C:UQ(LE) = (I)(C) )

(2.7.2)

where @ is the law of a N (0, 1) random variable. We summarize these results in the following
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Figure 2.10: Comparison of the minimal and simple intervals as applied to the same simu-
lated data set for two values of A\. The simulated data featured n = 25, p = 50, and 5 true
non-zero coefficients; only the first 20 coefficients are shown. (We have included variables
with no intervals to emphasize that inference is only on the selected variables.) We see that
the simple intervals are virtually as good as the minimal intervals most of the time; the
advantage of the minimal intervals is realized when the estimate is unstable and the simple
intervals are very long, as in the right plot.

theorem.

Theorem 2.7.1. Let FB;L““*’” be the CDF of a normal truncated to the union of intervals
U;lai, bil, i.e., given by (2.7.2). Then:

Uz, Vo @)V, )]

e, 0TS (n"y) | {M = M} ~ Unif(0, 1), (2.7.3)

where V, (y) and V

. (y) are defined in (2.4.2) and (2.4.3) with A = A(M,zp) and b =
b(M, zpr).

The derivations of the confidence intervals and hypothesis tests in Section 2.5 remain
valid using (2.7.3) as the pivot instead of (2.5.1). Figure 2.10 illustrates the effect of minimal
post-selection inference in a simulation study, as compared with the “simple” inference
described previously. The intervals are similar in most cases, but one can obtain great
gains in precision using the minimal intervals when the simple intervals are very wide.

However, the tradeoff for this increased precision is greater computational cost. We
computed V; —and V} for all zj; € {-1, 1M1 which is only feasible when |M] is fairly
small. In what follows, we revert to the simple intervals described in Section 2.5, but

extensions to the minimal inference setting are straightforward.

28



CHAPTER 2. SELECTIVE INFERENCE FOR THE LASSO 29

2.8 Extensions

2.8.1 Elastic net

One problem with the lasso is that it tends to select only one variable out of a set of
correlated variables, resulting in estimates which are unstable. The elastic net (Zou and

Hastie, 2005) adds an ¢ penalty to the lasso objective in order to stabilize the estimates:
pe 1 2 Y 2
B = arg;mn 9 ly = XBI5+ AlIBl, + 9 18113 - (2.8.1)

Using a nearly identical argument to the one in Section 2.3, we see that necessary and
sufficient conditions for {(M, Zy) = (M, zpr)} are the existence of U(M, zar) and W (M, zr)
satisfying

(XT X +9DU — XLy + Az =0
sign(U) = zp, W e (—1,1).

Solving for U and W, we see that the selection event can be written

T\ - B AQ(M, ZM) bQ(M, ZM)
{(M,2y) = (M,zm)} = { (AI(M’ ZM)) y < (bl(M’ ZM))} (2.8.2)

where Ao, A1, by, and by are the same as in Proposition 2.3.2, except replacing (X1, X)L,

which appears in the expressions through Py, and (X AT4)+, by the “damped” version (X A:C[X M+

oZ0hns
Having rewritten the selection event in the form (2.8.2), we can once again apply the

framework of Section 2.4 to obtain a test for the elastic net conditional on this event.

2.8.2 Alternative norms as test statistics

In Section 2.5.2 we used the test statistic



and its conditional distribution on {(M, Zy) = (M, zp)} to test whether we had missed
any large partial correlations in using M as the estimated active set. If we have indeed
missed some variables in M there is no reason to suppose that the mean of X7, (I — Py)y
is sparse; hence the £, norm may not be the best norm to use as a test statistic.

In principle, we could have used virtually any norm, as long as we can say something
about the distribution of this norm conditional on {(M, 2 1) = (M, zp)}. Problems of this

form are considered in Taylor et al. (2013). For example, if we consider the quadratic
Ty = | XT3 (I = Par)ylla

the general approach in Taylor et al. (2013) derives the conditional distribution of T» con-
ditioned on

ns = argmaxn’ (X7 (I — Pa)y).
lrlla<1

In general, this distribution will be a x? subject to random truncation as in Section 2.4
(see the group lasso examples in Taylor et al. (2013)). Adding the constraints encoded by
{(M, Zyr) = (M, zp)} affects only the random truncation [V=, V7).

2.8.3 Estimation of o2

As noted above, all of our results rely on a reliable estimate of o2. While there are several
approaches to estimating o2 in the literature, the truncated Gaussian theory described in
this work itself provides a natural estimate.

Suppose the linear model is correct (u = X3%). Then, on the event {M =MED> S},
which we assume, the residual

(I — Py
is a (multivariate) truncated Gaussian with mean 0, with law

Peo2:(B)=P(Ze€B|ZeC), Z~N(0,0°I).

As o2 varies, one obtains a one-parameter exponential family with density

P o

= e—llzl3—Ac(a) 1o(z)
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and natural parameter o = 02/2. On the event {(M, Zy) = (M, zpr)}, we set
C={y: AM,znm)y <b(M,2m)},
and then choose a (or equivalently, o2) to satisfy the score equation

Ecs(1Z113) = (1 — Par)yll3. (2.8.3)

This amounts to a maximum likelihood estimate of o?. The expectation on the left is
generally impossible to do analytically, but there exist fast algorithms for sampling from
Po o2, c.f. Geweke (1991); Rodriguez-Yam et al. (2004). A rough outline of a naive version
of such algorithms is to pick a direction such as e; one of the coordinate axes. Based on the
current state of Z, draw a new entry for the Z; from the appropriate univariate truncated
normal determined from the cutoffs described in Section 2.4. We repeat this procedure to

evaluate the expectation on the left, and use gradient descent to find &2.

2.8.4 Composite Null Hypotheses

In Section 2.5, we considered hypotheses of the form Hy : n]-T* @ = 0, which said that the
partial correlation of the variables in —M with y, adjusting for the variables in M, was
exactly 0. This may be unrealistic, and in practice, we may want to allow some tolerance
for the partial correlation.

We consider testing instead the composite hypothesis
Hy : ]an*,u| < dp. (2.8.4)

The following result characterizes a test for Hy.

-yt
Proposition 2.8.1. The test which rejects when F(s[: ;;HA,*HQ
) j

(nTy) > 1 — « is exact level

Q.



. )NV
Proof. Let § := 77]7-1,% Define T5, := \51|I£5 Fé[7 JQHnj}*Hz(nTy). Then:
00

Type I error := sup Ps(T5, > 1 — )
6]<éo

Next, we have that Tj5, = Jalanas

do, o2[|n;« |2
calculating T}, is a simple matter of evaluating Fgs,. This follows from the fact that Fj is

(nTy), i.e., the infimum is achieved at § = dg, so

monotone decreasing in ¢ (c.f. Appendix 2.10.1).

Finally, the Type I error is exactly a because the reverse inequality also holds:
Type I error > Ps, (T5, > 1 — o) = .

O]

Although the test is exact level «, the significance level of a test for a composite null
is a “worst-case” Type I error; for most values of u such that |n?u| < g, the Type I error
will be less than «, so the test will be conservative. Of course, what we lose in power, we

gain in robustness to the assumption that n’ = 0 exactly.

2.8.5 How long a lasso should you use?

Procedures for fitting the lasso, such as glmnet (Friedman et al., 2010b), solve (2.1.2) for a
decreasing sequence of \ values starting from A; = || X7y||oo. The framework developed so
far provides a means to decide when to stop along the regularization path, i.e., when the
lasso has done enough “fitting.” In this section, we describe a path-wise testing procedure
for the lasso,

The path-wise procedure is simple. At each value of A:
1. Solve the lasso and obtain an active set M) and signs 2]%.

2. Test Hyy : X;‘g (I — Pg,)(n) = 0 at level . Rather than being conditional on only
“ A
(MN'QMA)’ this test is conditional on the entire sequence of active sets and signs
{(M™, z™) = (M™, ™)}, as we describe below.
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As X decreases, we expect to reject the null hypotheses as the fit improves and stop once
the first null hypothesis has been accepted.

To understand the properties of this procedure, we formalize it as a multiple testing
problem. For each value Ai,..., A\, we test Hp y,. We test these hypotheses sequentially
and stop after the first hypothesis has been accepted. Implicitly, this means that we accept
all the remaining hypotheses.

Our next result shows that this procedure controls the family-wise error rate (FWER) at
level a. Let V' denote that number of false rejections. Then FWER is defined as P(V > 1).
The practical implication of this result is the model selected by this procedure will be larger

than the true model with probability a.
Proposition 2.8.2. The path-wise testing procedure controls FWER at level a.

Proof. Let M™ and 2™ denote the complete sequence of active sets and signs at A1,..., Ap,

ie.,

M™={M,,,...,My,}

am o — {QMM,...,ZAJMAM}.
We seek to control the family-wise error rate (FWER) when testing the hypotheses
Hoy,,---,Hop,,, ie, P(V > 1). We partition the space over all possible sequences M™

and z™:

PV=1= Y P (v > 1] (M™,2m) = (Mm,zm)) P ((Mm,;zm) - (Mm,zm)) .
(M zm)

Since E(Mm’zm) P <(Mm, 2y = (M™, zm)> =1, we can ensure FWER < «a by ensuring
P (V >1 | (M™, ™) = (Mm,zm)) < « for any (M™,z™).

Let A\ denote the first A\; for which Hy ), is true. Then the event V' > 1 is equivalent to

the event that we reject Hy ), because the preceding hypotheses Hg y,,...,Hp )y, , are all

k:th

false so we cannot make a false discovery before the hypothesis. Thus

p (V > 1| (W™, 2m) = (Mm,zm)) —p (reject Hoy, | (M™, ™) = (Mm,zm)) .



Therefore, we can control FWER at level a by ensuring
P (reject Ho | (M™, ™) = (Mm,zm)> <

for each A € {\1,..., \c}. O

To perform a test of Hg , conditioned on {(M™, 2™) = (M™, 2™)}, we apply the frame-
work of Section 2.4. Let
{A(MZ, si)y < b(Mi, S,)}

be the affine constraints that characterize the event {(My,, 2y,) = (M;, z;)} from Proposition
2.3.2. The event {(M™,2™) = (M™, ™)} is equivalent to the intersection of all of these

constraints:
A(Ml,zl) b(Ml,Zl)
. y < .
A(Mp,, 2m) b( Mo, 2m)
A(Mm7zm) b(Mm’Zm)

Now Theorem 2.4.2 applies, and we can obtain the usual pivot as a test statistic.

2.9 Conclusion

We have described a method for making inference about 7%y in the linear model based
on the lasso estimator, where 7 is chosen adaptively after model selection. The confidence
intervals and tests that we propose are conditional on {(M, Zy) = (M, zpy)}. In contrast
to existing procedures on inference for the lasso, we provide a pivot whose conditional
distribution can be characterized exactly (non-asymptotically). This pivot can be used to
derive confidence intervals and hypothesis tests based on lasso estimates anywhere along
the solution path, not necessarily just at the knots of the LARS path as in Lockhart et al.
(2014). Finally, our test is computationally simple: the quantities required to form the test

statistic are readily available from the solution of the lasso.
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2.10 Appendix

2.10.1 Monotonicity of F

[a,b]

Lemma 2.10.1. Let Fj,(x) := F () denote the cumulative distribution function of a

w0
truncated Gaussian random variable, as defined as in (2.4.5). Then F,(x) is monotone
decreasing in (.

b]

Proof. First, the truncated Gaussian distribution with CDF F), := F;[l% 5 is a natural expo-

o

nential family in g, since it is just a Gaussian with a different base measure. Therefore, it

has monotone likelihood ratio in p. That is, for all p; > po and 1 > xg:

fun (1) _ i (@0)
f,uo(xl) fuo(xo)

where f,, := dF),, denotes the density. (Instead of appealing to properties of exponential
families, this property can also be directly verified.)

This implies

fu1 (xl)fuo(mo) > fm (-TO)qu (331) T1 > Zo.

Therefore, the inequality is preserved if we integrate both sides with respect to xp on

(—o0, ) for x < x;. This yields:
/_; fur (1) fuo (w0) dzo > /_; fur (%0) fuo (1) dzo T <1
fun (1) Fuo () > frp(21) Fpy (@) r<n
Now we integrate both sides with respect to x1 on (x,00) to obtain:
(1= Fuy () Fuo () > (1 = Fyo(2)) Fpuy (2)

which establishes F), (x) > F),, (x) for all 1 > po. O

2.11 Lasso Screening Property

In this section, we state some sufficient conditions that guarantee support(3°) C support(B).

Let M = support (%) and M C support(@). The results of this section are well known in



the literature and can be found in (Biithlmann and van de Geer, 2011, Chapter 2.5).

Definition 2.11.1 (Restricted Eigenvalue Condition). Restricted eigenvalue condition re-
quires that X satisfy

2 2
[ Xvlly = m[|vll;
for allv e {z: |z_plly < 3llzmll}-

Definition 2.11.2 (Beta-min Condition). The beta-min condition requires that for all j €
M,

Theorem 2.11.3. Let y = XB3° + €, where € is subgaussian with parameter o, and B be
the solution to 2.1.2 with A = 404/ lo%. Assume that X satisfies the restricted eigenvalue

condition, (0 satisfies the beta-min condition with Bpmin = 52 slogp , and X is column

m n
normalized, |||, < /n. Then M C M.

Proof. From (Negahban et al., 2012, Corollary 2),

A 8 1
16— 80|, < =24/ o2

m n

Assume that their is a j such that j € M, but j & M. We must have

3 80 [slogp
1800l > 181 2 e = 27/ 7282

This is a contradiction, so for all j € M we have j € M. O

Lemma 2.11.4. The conditioning set can be rewritten in terms of n’y as follows:

{Ay < b} ={V~(y) <0y < V'),V (y) >0}
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where
A¥n
= 2.11.1
(A T
V™ =V (y) = max bi = (Ay); + ey (2.11.2)
J: ;<0 Qa;
(A T
VF V) = min 2 (Ay); + aymy. (2.11.3)
J: a;>0 Q;
VO =V0(y) = min_ b; — (Ay); (2.11.4)
Jr aj=

Moreover, (VT,V~,V°) are independent of nTy.

Proof. Although the proof of Lemma 2.11.4 is elementary, the geometric picture gives more
intuition as to why V* and V'~ are independent of n”y. Since ¥ is assumed known, let §j =
E_%y so that y ~ N (Z_%,u, I). We can decompose ¢ into two independent components: a
one-dimensional component along 7 := 2%7] and a (p—1)-dimensional component orthogonal
to 7
Y =yq+ gﬁi-

From Figure 2.1, it is clear that the extent of the set {Ay < b} = {AZ%Q < b} (ie, VT
and V~) along the direction 7 depends only on g5+ and is hence independent of g =nTy.
We present a geometric derivation below. The values VT and V™ are the maximum and
minimum possible values of 77, holding g1 fixed, while remaining inside the polytope
AE%Q < b. Writing § = ¢n + g1 where ¢ is allowed to vary, VT and V™ are the optimal

values of the optimization problems:

max. / min. 7§ = ¢||7|[3

subject to AZé(cﬁ +Jz1) < b
Rewriting this problem in terms of the original variables n and y, we obtain:

max. / min. ¢(n’ Xn)

A¥n

subject to ¢(AXn) < b— Ay + n'y
(4n) e

Since c is the only free variable, we see from the constraints that the optimal values VT and

V™~ are precisely those given in (2.4.2) and (2.4.3). O



Chapter 3

Condition-on-Selection Method

In the previous chapter, we focused on selective inference for the sub-model coefficients
selected by the lasso by conditioning on the event that lasso selects a certain subset of
variables. However the procedure we developed is not restricted to the sub-model coef-
ficients, nor is it restricted to the lasso. In Lee and Taylor (2014), we used the same
Condition-on-Selection (COS) method for marginal screening, orthogonal matching pur-
suit, and screening+lasso variable selection methods.

In this chapter, we first discuss some definitions and formalism, which will help us
understand how to generalize the results of Chapter 2 to other selection procedures. In
Section 3.1, we see that the COS method results in tests that control the selective type 1
error. Then in Section 3.2, we show how the selection events for several variable selection
methods such as marginal screening, and orthogonal matching pursuit are affine in the
response y. For non-affine selection events, we propose a general algorithm in Section 3.3.
We then describe inference for the full model regression coefficients, provide a method for
FDR control and establish the asymptotic coverage property in the high-dimensional setting
in Section 3.4. Finally in Section 3.5, we show how to construct selectively valid confidence

intervals for regression coefficients selected by the knockoff filter.

3.1 Formalism

This section closely follows the development in Fithian et al. (2014), which in turn uses the
COS method developed in earlier works Lee and Taylor (2014); Lee et al. (2013a); Taylor

et al. (2014). Our main result of this section is to show that tests constructed using the
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COS method control selective type 1 error. This is the original motivation of Lee and Taylor
(2014); Lee et al. (2013a) for designing tests with the COS method.
We start off by defining a valid test in the classical setting.

Definition 3.1.1 (Valid test). Let H € H be a hypothesis, and ¢(y; H) € {0,1} is a test
of H meaning we reject H if ¢(y; H) = 1. ¢(y; H) is a valid test of H if

Pr(op(y; H)=1) <a

for all F' null with respect to H, meaning F' € Ny , where Ny is the set of distributions
null with respect to H.

For selective inference, there is an analog of type 1 error.

Definition 3.1.2 (Selective Type 1 Error ). ¢(y, H(y)) is a wvalid test of the hypothesis
H{(y) if it controls the selective type 1 error,

Pr(o(y; H(y)) =1| F € Ny(,) < a.

The framework laid out in Chapter 2 proposes controlling the selective type 1 error
via the COS method. As we showed in the case of confidence intervals for regression
coefficients and goodness-of-fit tests, by conditioning on the lasso selection event, we are
guaranteed to control the conditional type 1 error by design, and this implies the control of
the unconditional type 1 error. We now show that this is not specific to the lasso; in fact
controlling the conditional type 1 error always controls the unconditional type 1 error in

Definition 3.1.2.

Definition 3.1.3. Let H be the hypothesis space. The selection algorithm H : R" — A
maps data to hypothesis. This induces the selection event S(H) ={y: H(y) = H}.

The following definition motivates the construction in Equation (2.5.3).

Definition 3.1.4 (Condition-on-Selection method). A test ¢ is constructed via the Condition-
on-Selection (COS) method if for all F € Np,

Pr(o(y; Hi) =1| H(y) = H;). (3.1.1)



This means that ¢(y; H;) controls the conditional type 1 error rate.

By a simple generalization of the argument in Theorem 2.4.3, we show that using the
COS method to design a conditional test 3.1.1 implies control of the selective type 1 error
3.1.2.

Theorem 3.1.5 (Selective Type 1 Error control). A test constructed using the COS method,

i.e. satisfies (3.1.1), controls the selective type 1 error meaning

Pr(o(y; H(y)) =1| F € Nyy) < a.

Proof.

|H]
Pr(é(y; H(y)) = 1| F € Niy) = 3 P(ély: H(y) = LH(y) = H;) | F € Nyy)
=1

= > Po(y;H(y) =1, H(y)=H; | F € Ng))+

i:FGNHi
Z P(¢(y»H(y)) = 17H(y) = H; | Fe NH(y))

:FENg,

= Y P(b(y;H(y) =1,H(y) = Hi | F € Ny()) +0
i:FENHi

= Y P(é(y:H(y)) = 1| F € Ny, H(y) = H)P(H(y) = H; | F € Nyy))
i:FGNHZ.

= Z P(o(y; Hi) = 1| H(y) = H;))P(H(y) = H; | F' € Npy))
i:FENy,

= Z aP(H(y) = H; | F € Ngy))
i:FGNHi

< o

where all of the previous probabilities are with respect to the distribution F'. The first equal-
ity is the law of total probability, and the second equality is breaking the sum over disjoint
sets. Since I' ¢ Ny, implies Pr(H(y) = H; | F' € Ng(y)) =0, 50 32, papy, P(o(y; H(y)) =
1,H(y) = H; | F € Ny(,) = 0, which establishes the third equality. The fourth equal-
ity is the definition of conditional probability, and the fifth follows from noticing that
{F € Np),H(y) = H;, F € Ny,} = {H(y) = H;, ' € Np,}. The sixth equality uses the
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COS property of ¢: Pr(¢(y; Hi) = 1| H(y) = H;) < a for any F' € Np,. Finally, the result

follows since probabilities sum to less than or equal to 1. O

This result allows us to interpret the tests constructed via the COS method as uncon-

ditionally valid.

3.2 Marginal Screening, Orthogonal Matching Pursuit, and

other Variable Selection methods

In lieu of the developments of the previous section, it is clear that the COS method de-
veloped for affine selection events in Chapter 2 is not specific to the lasso. By changing
the variable selection method, we are simply changing the selection algorithm and the se-
lection event. The main work is in characterizing the selection event {y : M(y) = M},
the event that the variable selection methods chooses the subset M. In this section, we
characterize the selection event for several variable selection methods: marginal screening,
orthogonal matching pursuit (forward stepwise), non-negative least squares, and marginal

screening+lasso.

3.2.1 Marginal Screening

In the case of marginal screening, the selection event M (y) corresponds to the set of selected

variables M and signs s:

~

M(y) = {y csign(aly)zly > :l::l:jTy for alli € M and j € Mc}
= {y : §zxZTy > j:xJTy and §ixiTy >0 foralli € M and j € Mc}

- {y L A(M, 8)y < 0} (3.2.1)
for some matrix A(M, 3).

3.2.2 Marginal screening + Lasso

The marginal screening+Lasso procedure was introduced in Fan and Lv (2008) as a variable
selection method for the ultra-high dimensional setting of p = O(e”k). Fan et al. Fan and
Lv (2008) recommend applying the marginal screening algorithm with £ = n — 1, followed

by the Lasso on the selected variables. This is a two-stage procedure, so to properly account



for the selection we must encode the selection event of marginal screening followed by Lasso.
This can be done by representing the two stage selection as a single event. Let (Mm, Sm)
be the variables and signs selected by marginal screening, and the (M L, 21,) be the variables
and signs selected by Lasso. In Proposition 2.2 of Lee et al. (2013a), it is shown how to
encode the Lasso selection event (ML,éL) as a set of constraints {Ary < by} !, and in
Section 3.2.1 we showed how to encode the marginal screening selection event (Mm, Sm) as
a set of constraints { A,y < by, }. Thus the selection event of marginal screening+Lasso can

be encoded as {Ary < br, Ay < 0}.

3.2.3 Orthogonal Matching Pursuit

Orthogonal matching pursuit (OMP) is a commonly used variable selection method 2. At
each iteration, OMP selects the variable most correlated with the residual r, and then
recomputes the residual using the residual of least squares using the selected variables. The

description of the OMP algorithm is given in Algorithm 1.

Algorithm 1 Orthogonal matching pursuit (OMP)

1: Input: Design matrix X, response y, and model size k.
2: for: i =1to k

3 p; =argmaxj—i,.p |r;fx]|
4: S; = Uz‘:l {pz}
5 Tit1 = (I — XSZX;{)y

6: end for ' R

7. Output: S := {p1,.-.,pr}, and Bg = (XgXS)’ngy

The OMP selection event as a set of linear constraints on y.

M(y) = {y: sign(agri)ay,ri > ]y, for all j # pi and all i € K]}
= {y : §z$z€ (I B XMi—lXJ\JEIFl)y = ix?(l o XMi—lX]—\;[ifl)y and

§ix£(l - XMilej\Zi_l)y > 0, for all j # p;, and all ¢ € [k] }

:{y:A(Ml,...,Mk,§1,...,§k) Sb(M17---;Mk7§17~--;§k)}~

!The Lasso selection event is with respect to the Lasso optimization problem after marginal screening.
20MP is sometimes known as forward stepwise regression.

42



CHAPTER 3. CONDITION-ON-SELECTION METHOD 43

The selection event encodes that OMP selected a certain variable and the sign of the cor-
relation of that variable with the residual, at steps 1 to k. The primary difference between
the OMP selection event and the marginal screening selection event is that the OMP event
also describes the order at which the variables were chosen. The marginal screening event
only describes that the variable was among the top k most correlated, and not whether a

variable was the most correlated or kth most correlated.

3.2.4 Nonnegative Least Squares

Non-negative least squares (NNLS) is a simple modification of the linear regression estimator

with non-negative constraints on f:
1 2
in - |ly— X3|°. 3.2.2
arg min o [ly — X6 (3.2.2)

Under a positive eigenvalue conditions on X, several authors Slawski et al. (2013); Mein-
shausen et al. (2013) have shown that NNLS is comprable to the Lasso in terms of prediction
and estimation errors. The NNLS estimator also does not have any tuning parameters, since
the sign constraint provides a natural form of regularization. NNLS has found applications
when modeling non-negative data such as prices, incomes, count data. Non-negativity con-
straints arise naturally in non-negative matrix factorization, signal deconvolution, spectral
analysis, and network tomography; we refer to Chen and Plemmons (2009) for a compre-
hensive survey of the applications of NNLS.

We show how our framework can be used to form exact hypothesis tests and confidence
intervals for NNLS estimated coefficients. The primal dual solution pair (B , 5\) is a solution
iff the KKT conditions are satisfied,

i for all i

N = —xT(y—XA) >0
B> 0.

AV

Let M = {i: —al(y— X,é’) = 0}. By complementary slackness B,M = 0, where —M is

the complement to the “active” variables M chosen by NNLS. Given the active set we can



solve the KKT equation for the value of B i

XL (y—XB)=0
~XT(y— XyBy) =0
BM = X]\Zy,

which is a linear contrast of y. The NNLS selection event is

M(y) ={y: X} (y—XB) =0, X" (y — XB) > 0}
={y: X5y —XB) 20, -X L (y— XB) >0, X" (y - XB) > 0}
={y: X5 - XX )y>0,-Xp(I - XX )y>0X"0 (I - X Xy >0}

= {y: A(M)y < 0}.

The selection event encodes that for a given y the NNLS optimization program will select

a subset of variables M (y).

3.2.5 Logistic regression with Screening

The focus up to now has been on the linear regression estimator with additive Gaussian
noise. In this section, we discuss extensions to conditional MLE (maximum likelihood esti-
mator) such as logistic regression. This section is meant to be speculative and non-rigorous;
our goal is only to illustrate that these tools are not restricted to the linear regression. A
future publication will rigorously develop the inferential framework for conditional MLE.

Consider the logistic regression model with loss function and gradient below,

UB) = % (—yTXﬂ + > log(1 + eﬁ%))
=1

VI(B) = X" (y — 5(XD))

where s(Xf3) is the sigmoid function applied entrywise. By taylor expansion, the empirical
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estimator is given by

B~ B0 — (V2U(8%) " Ve (8°)
= 8%+ (V2U(8%) " X" (y - s(XB))

By the Lindeberg CLT (central limit theorem), ﬁXT(y—s(XﬂO)) — N(0,E(V2(8%))),
and thus w := ﬁX T4 converges to a Gaussian. The marginal screening selection procedure
can be expressed as a set of inequalities {sign(w;)w; > +wj,i € M,j € M°} = {Aw <
b}. Thus conditional on the selection, w is approximately a constrained Gaussian. The
framework in Chapter 2.4 and 3.1 can be applied to w, instead of y, to derive hypothesis
tests and confidence intervals for the coefficients of logistic regression. The resulting test
and confidence intervals should be correct asymptotically. However, this is the best we can
expect for logistic regression and other conditional MLE because even in the classical case
the Wald test is only asymptotically correct. For other conditional maximum likelihood
estimator similar reasoning applies, since the gradient V{(/3) converges in distribution to a
Gaussian.

For logistic regression with ¢; regularizer,
X+ 3 tog(t + ) ) 4 A8
" i=1 :

the selection event cannot be analytically described. However, the COS method can still

be applied using the general method presented in Chapter 3.3.

3.3 General method for Selective inference

In this section, we describe a computationally-intensive algorithm for finding selection
events, when they are not easily described analytically.

We first review the construction used in Chapter 2 for affine selection events. Let

Pin(y) =(- ?ﬁg;)y Recall that y can be decomposed into two independent components
y = (nTy) n?gn + (I — fﬂg)y This is derived by defining § = X~/2y ~ N(0,I) and




i = ©1/2y. § can be orthogonally decomposed as § = (77 7) ”Z” + (I - @Hq;)g, SO

R e 21/2,'7] ,'7]77]T ~
y=3"5= (") "= + =21 - =)

7] 7]

2 Sn”

T
=My + - Y.
( )nTEn nTEn)

Lemma 2.4.1 shows that
77Ty|{Ay < ba Piny = yO} ~ TN(nTlua 02 ||77||2 ) v (yOa Aa b)v v+(y07 Aa b))

We can generalize this result to arbitrary selection events, where the selection event is
not explicitly describable. Recall that H is a selection algorithm that maps R™ — H. The
selection event is S(H) = {x : H(z) = H}, soy € S(H) iff H(y) = H. In the upcoming
section, it will be convenient to work with the definition using H(-), since the set S(H)
cannot be described, but the function H(-) can be efficiently computed. Thus we can only
verify if a point y € S(H).

For testing slices 77 11, we only need the distribution of n”y|{S, Pin(y) =0}

The following Theorem is a straightforward generalization of Theorem 2.4.2 from poly-

hedral sets to arbitrary sets S.

Theorem 3.3.1 (Arbitrary selection events). Let y be a multivariate truncated normal, so
L(y) < e(=3(y — )" (y — )1y € S(H)). Then

d 21
n"yHy € S(H). Py = yob = TNGr 0" S, UH, o, —50))

and U(H, yo, 7)) = {e: H(yo + c;rd) = H}.

d
Proof. We know that n7y|{y € S(H)’Piny =y} = TNy, ||In||*, UH, yo,%)), o
nTy|{y € S(H), Piny = 1o} is a univariate normal truncated to some region U. The goal is
to check that U(H,yo,¥n) = {c: H(yo + chEgn

) = H}. We can describe the conditioning
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set as

{y:yeSH),Pgy=y}={y:H(y) = H Pg,y=yo}

2 X L
n il 2n
{y Yo + CnTEn ¥ = Yo, C € ( 7907077T2n)}

by
—fy-PL . — T n
_{y'PE,ny_y07n yeU(Hay()vchEn)}

Thus we have that

X
[nTyl{y € S(H), Pg,y = yo}} [nTylnTy € U(H, yo, m), P,y = yo}}

T T >n
" yln y € UCH, yo, v }
[ | ( UTEW)}

"
~TN(n" p,n" Sy, U(H, yo, W»

where the second equality follows from independence of 77y and lemy. O

3.3.1 Computational Algorithm for arbitrary selection algorithms

In this section, we study the case of where the set S(H) cannot be explicitly described,
but the function H(-) is easily computable. Our goal will be to approximately compute the
p-value F(nTy;n™ u, U(H, yo, nTE—gn)), where F is the cdf of TN (n™ u,n" S0, U(H, yo, n?—gn)

Algorithm 2 is the primary contribution of this section. This allows us to compute
the pivotal quantity for algorithms H(-) with difficult to describe selection events. This
includes linear regression with the SCAD/MCP regularizers, and logistic regression with
l1-regularizer, where the selection events do not have analytical forms.

Let ¢(z;v,0) = #(%%) be the pdf of a univariate truncated normal with mean v and
variance o2. Algorithm 2 gives an approximate p-value for the null hypothesis Hy : 7 ju = ~.

The advantage of this algorithm is it does not need an explicit description of the set S, nor

the set U. It runs the selection algorithm H(-) at the grid points d;, and determines if the
n

n'¥n

truncated normal by a discrete truncated normal.

point yg +d is in the selection event. Then it approximates the CDF of the univariate

Conjecture 3.3.2. Let D,, be a set of grid points 2m? grid points that is equispaced on



Algorithm 2 Compute approximate p-value

Input: Grid points D = {ds,...,d,} and empty set C' = ()
Output: Approximate p-value p
for all d; € D do

Compute H; = H(yo + dn§gn).

if H; = H then

C=Cud;.

end if
end for
Return:

. ZCEC,CSﬂTy (;(67 ’77 nTEn)
ZCGC ¢(C, ’Y? VITEW)

[-m,m|. Let U C R be an open interval, and p,, be the p-value from Algorithm 2 using
D,,. We have

. Xn
im py = F(n"y;v, U(H, o, W»'

m—0o0

3.4 Inference in the full model

In Chapter 2, we focused on inference for the submodel coefficients 83, = X 1\+4M' In selective
inference, the choice of the model M is selected via an algorithm e.g. the lasso, and the

COS method constructed confidence intervals
P(Br eC)=1-a

One possible criticism of the selective confidence intervals for submodel coefficients is
the interpretability of the quantity ﬁ; 0 Since this is the population regression coefficient
of variable j within the model M. The significance of variable j depends on the choice of
model meaning variable j can be significant in model M7, but not significant in Ms, which
makes interpretation difficult.

However, this is not an inherent limitation of the COS method. As we saw in the
previous two sections, the COS method is not specific to the submodel coefficients. We
simply need to change the space of hypothesis H and the selection function H to perform
inference for other regression coefficients.

In many scientific applications, the quantity of interest is the regression coefficient within
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the full model M = [1...p]. We first discuss the case of n > p. Let us assume that
y ~ N(p,0?I). In ordinary least squares , the parameter of interest is 3° = X Ty, and a

classical confidence interval guarantees
P(BYeCj)=1-q.

In the case of least squares after variable selection, we only want to make a confidence
interval for the j € M , or variables selected by the lasso. This corresponds to inference for
a subset 6%4 = EMﬁO, where E); selects the coordinates in M. The interpretation of BRZ
for j € M is clear; this is the regression coefficient of the least squares coefficient restricted
to the set selected by the lasso.

For each coefficient j € M, Equation (2.5.1) provides a valid p-value of the hypothesis

A~

pi=FY (B, ), (3.4.1)

¥, o213

where 7; = (XJZ\;[)*ej. By inverting, we obtain a selective confidence interval
P (ﬁfM € Cj) ~1-a (3.4.2)

3.4.1 False Discovery Rate

In this section, we show how to combine selective confidence intervals with the Benjamini-

Yeuketieli procedure for FDR control. False discovery rate (FDR) is defined as,

ik
where V' is the number of incorrectly rejected hypotheses and R is the total number of
rejected hypotheses. We will restrict ourselves to the case of the well-specified linear model,
y = XpB" 4+ ¢ and n > p with X having full rank. In the context of linear regression, there
is a sequence of hypotheses Hy ; : BJQ = (0 and a hypothesis is considered to be incorrectly
rejected if Hy ; is true, yet the variable is selected.
Given p-values, we can now apply the Benjamini-Yekutieli procedure (Benjamini et al.,

2001) for FDR control. Let Pa) < pe) < - < Py be the order statistics, and h|M| =



Zlfll 1. Let k be
k
k = max {k (P < Aa} , (3.4.3)
|M|h|z\7[\
then reject p(y), ..., p(r)-

Theorem 3.4.1. Consider the procedure that forms p-values using Equation (3.4.1), chooses

k via Equation (3.4.3), and rejects p(y, .. .,pu)- Then FDR is controlled at level a.

Proof. Conditioned on the event that variable j is in the lasso active set, j € M , then p;
is uniformly distributed among the null variables. Applying the Benjamini-Yekutieli pro-
cedure to the p-values p(y),. .., Py guarantees FDR, since the null p-values are uniformly
distributed. O

3.4.2 Intervals for coefficients in full model

In this section, we present a method for selective inference for coordinates of the full-model

parameter 3°. We will assume the sparse linear model, namely,
_ 0
y=XpB"+¢

where € ~ N(0, 02 and 8° is s-sparse. Since n < p, we cannot use the method in the previous
section since 80 # X+ X 9. Instead, we will construct a quantity 5% that is extremely close
to Y and show that ﬂ]d = an(X B°%) + h;. We do this by constructing a population version
of the debiased estimator.

The debiased estimator presented in Javanmard and Montanari (2013) is

B=f+ 6XT(y - XP)

_ %éXTer(I—é) )3

11T S—1,
HEMXMy_AEMSM

1 . on
= -0XxTy+(I-0n)
n 0
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where ¥ N %X]EX yy and O is an approximate inverse covariance that is the solution to
min Z (;)ff)(:) j
J
A A lo
subject to HE@ — IH <C 8P
[e¢) n

Define the population quantity ¢ by replacing all occurrences of y with g

1. .
BHM, s) = H@XTM + (I —0Y)

(3.4.4)

_59]\/[
1 . . . .
= (@XT + (I - @E)FMZMlXJ\T/I> pw—MNI—ON)FyX)}s
n
= Bu + h,
where F is the matrix such that it takes an | M| vector and pads with 0 to make a p vector.

By choosing 7 as a row of B, COS framework provides a selective test and confidence

interval,

Hy: BHM,8) =~ —n"h
P(ﬁg(M,g) €C)=1-a.

The next step is to show that Bd(M ,8) is close to 8°, so by appropriately widening C},

we cover 3°.

Theorem 3.4.2. Assume that lasso is consistent in the sense HB — ﬁOH <crs lo§p7 ©
1

n

satisfies H@ﬁl —IH < cor/ B2 and X has the sparse eigenvalue condition (S, k) :=
[o¢]

. 1 . A ~
M|y ||, <k,|[v]|;=1 7 H’UTSUH > 0, and the empirical sparsity § :== |M| < cps, then

HBd(M,é) - 50HOO < CBd‘Sk;gp.



Proof. Starting from Equation (3.4.4), we have

1$v—1yT ,, _ ys—1,_ 50
[3d—ﬁ0:(1—92) EEMXM'M )\EMS BM

1

)

+le-21,)

_58]\2
11T, _ys—1._ 20
e <r-s] ||
oo oo _691\;1
< oy 08P (|| 1e-1xT a5t - 32
/logp | RS S —1 0
< cor/ 08P (| Loy ) asm1g g0

/1
1 n

where we used the lasso consistency assumption, 0L —1 < coy/ lo%n, and the second

to last inequality uses the fact that B—M =0, so HB — BOHI = HBM - 6%“1 + H—ﬂﬂMHl >

=22l
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‘We now show

1=1yT ,, _ ys—1._ 30 logp
LSXT p = a8 pls - 6% || < s/,

]‘A—l T —1 0

1. . .
< [ Eexta- agii - by

+ B~ 8%
1 1 M Ml

leiyr &1 le1yr S log p
la i or log p
< EZMXME 1+c s -
N le_q o1 log p
<3 EZMXME 2+CLSH -
A 1 [logp
A 1 T
S\/g EM ) HXMe 2—|—cLs -
A 1 1
<VEI2 Vil=xTe +crs &P
M l2 n o n
1 A 1
_é\/@ EﬂH +CLS\/@
n M i2
1 1 I
A ng—l—c gp

<
" Amin(5 X T X )

1 logp
——cCpm +cL | S
n(X, enrs) n

, where § = | M|,and /\min(%X?\;{XM) > u(8) > plears).

IN

Plugging this into the expression for Hﬁd — B

)

Hﬂd—ﬁOH gce\/@(< - ! cM+cL> sy/lng%—cLS\/@) (3.4.5)
0o n w(2, cars) n n

slogp

<

Cp o+ 26L09> (3.4.6)

co
/‘(2’ CM ‘9)
O
Lemma 3.4.3 (Assumptions hold under random Gaussian design with additive Gaussian
noise). Assume that the rows of X ~ N(0,X) and n > csslogp. Then the estimation

consistency property, existence of a good approximation @, empirical sparsity § < cprs, and

u(f},cMs) > %IM(E,CMS) with probability tending to 1.



Proof. The estimation consistency property follows from Negahban et al. (2012). The bound

20 -1 H < \/@ is established in Javanmard and Montanari (2013). The empirical
oo

sparsity result § < ¢jprs is from Belloni et al. (2011, 2013).

The condition on concentration of sparse eigenvalues can be derived using Loh and
Wainwright (2012, Lemma 15, Supplementary Materials). Lemma 15 states if X is a zero-
mean sub-Gaussian matrix with covariance ¥ and subgaussian parameter o2, then there is

a universal constant ¢ > 0 such that

1 ot
P ( sup | =0T XT X0 —vT'S0| > t) < 2exp <—cn min(—;, —) + Slogp> . (3.4.7)
ot o

vllg<s,llvll,=1 ™

With high probability and for all v € K(s) := {v: ||v], < s,]||v|ly = 1},

WIS — TS| < ¢
ISy —t < o'

min w'Yw —t < vT 3w
weK (s)

(=, s) —t < vl

¥,s)—t< min v'S
w(3,s) Ug}é?s)v v
,U(E, S) —t< /’L(ga 5)'

We now use this to show (3, Cpps) > (S, ears). Let t = Lu(X,cars), then by the

previous argument and Equation (3.4.7),

- 1
w(X, eprs) > §M(E,CMS)
with probability at least

M(Ev CMS)2 H(Ea CMS)
404 7 202

1—2exp (—cn min( )+ cMslogp> :

2cprslogp . .1
For n > cmin(“(z’c%s)Q TEEYEN we have with probability at least,
4o ’ 20

1 . IU(Z7CM5)2 M(E¢CMS)
1—2exp (—2cn min( tod T 992 )] -
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Corollary 3.4.4. Under the assumptions of Lemma 3.4.3, and n > s%log? p,

|, 9) - % < jﬁ
for any 6 > 0.

Proof. Lemma 3.4.3 ensures that ,u(f], s) > %u(Z, s), and plugging this into Equation (3.4.6)

gives

2 1
Hﬁd - BOH < <C@ cM + 20Lc®> oeP
00 w(3, enrs) n

Since n > s%log? p, we have

2c slo
Hﬁd a ﬁUHOO = <,u(2 c@MS)CM * 2CLC®> ngp
2co > 1
< | ———cpy + 2¢yc o(—=
(i gy 2en00 ) of 7o)
<

Bl

O]

Corollary 3.4.5. Let C; be a selective confidence interval for B meaning P(ﬁf € Cj) =
1 — «, then

liminfP(B) € Cj+ —=) >1—a.

NG
Proof. With probability at least 1 — a, ﬁ]d € C; and with probability tending to 1 — o(1),

B;-l - B;-) < %. Thus with probability at least 1 — a — o(1), B;-) eC;j+ %. O

Figure 3.1 shows the results of a simulation study. It makes clear that the intervals
of Javanmard and Montanari (2013) and our selective confidence intervals cover 4%, which
is close to 3°. The Javanmard-Montanari intervals are the high-dimensional analog of a

z-interval, so they are not selectively valid, unlike the selective intervals in blue.
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Figure 3.1: Confidence intervals for the coefficients in a design with n = 25, p = 50, and 5
non-zero coefficients. Only the first 20 coefficients are shown. The dotted line represents

the true signal, and the points represent the (biased) post-selection target. The colored
bars denote the intervals.

3.5 Selective Inference for the Knockoff Filter

In this section, we show how to make selectively valid confidence intervals for the knockoff
method. Let X be the knockoff design matrix, so the knockoff regression is done on y =
[X; X]B+e. The introduction of the knockoff variables, X, allows us to estimate the FDP as
the number of knockoff variables selected divided by the number of true variables selected:
MnX

FDP(M) = |J\’4m;\\l1 (3.5.1)

Given a sequence of models M(1),..., M (k) be a sequence of nested models M (k) C
Mk —1) C...C M(1) C[1..2p|. For the lasso, where the M(j) correspond to the lasso
active set at \A;, the models are not necessarily nested. We define M (j) = U{:kAj, where
Aj is the active set of lasso at A\;. We have an estimate FDP estimate for each model,
FDP(M(j)) = I%gggil, where X and X represent the indices of the real and knockoff
variables respectively. This suggests selecting the largest model such that the FDP estimate
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is less than «,
T =min{t: FDP(M(t)) < a}. (3.5.2)

To show this controls modified FDR, we need to construct W-statistics such that our stop-

ping rule, corresponds to the stopping rule of Foygel Barber and Candes (2014).

Theorem 3.5.1. The model selected by the stopping rule in Equation (3.5.2) controls the
modified FDR, that is
|M(T)NV|
IM(T)NX|+ 1/«

where V. ={1<j <p: p; =0}.

Theorem 3.5.2. We construct some W statistics. Define t; = min{t : x; € M(t)} and
t; =min{t: 3; € M(t)}. Define

t; ift; <t
Wj: ]~ ~.7 J
—t; iftj<tj

We now verify that the FDP estimate given in Foygel Barber and Candes (2014) using
the W-statistics are the same FDP estimate as (3.5.1).

_ w1y
|{j:Wj>t}\/1
ity >tje Xy
ity >tje XVl
_ {j:M@oNnX)
G MO N XY VT

FDPy(t)

By invoking the main theorem of Foygel Barber and Candes (2014), we see that (3.5.2)
controls the modified FDR.

By using the FDP™ estimate in place of equation (3.5.2),

MnX]|
FDP(M) = — 3.5.3
(M) MNX|V1+1 (3:53)

T =min{t : FDPT(M(t)) < a}. (3.5.4)




we can control FDR, instead of modified FDR.

Theorem 3.5.3. The model selected by the stopping rule in Equation (3.5.4) controls FDR,
that is

[ M(T)N V| ]<
IM(T)NX|Vv1]~

where V. ={1<j <p:p; =0}.
Proof. Same as the previous theorem. O

Let M* = KO(y) be the final model returned by the knockoff procedure k applied to
the regression pair (y, X) using the lasso models at the sequence Aj, ..., \x. Our goal is
to do inference for 5? = e; Xt for some j € M*. The selection event, the set of y's that
lead us to testing B;-), is S; = {y : j € KO(y)}. This precise set is difficult to analytically
describe, so we resort to Algorithm 2.

We can analytically describe the finer event
S=Ay: Ly, M), -, Ly, Arg1)) = (M(1),..., M(T'+ 1))} C 5j,

where L(y, A) is the active set of lasso at A\. For any y € S, the knockoff procedure defined
by the stopping rule (3.5.2) returns the same set of variables, so S C S;. The set S is
described by the intersection of the union of linear inequalities given in Section 2.7. This
allows us to do inference using the results of Theorem 2.4.3.

We next describe a method using the general method of Chapter 3.3. Using the COS
method, we first describe the knockoff selection event. The selection event for variable j is
S; ={y:j € KO(y)}. The general method instead uses the one-dimensional finer selection
event U; = {c:j € KO(Pﬁ:ny + cﬁgn
computes an approximation to U; and an approximate p-value.

)}. This set is approximated using Algorithm 2 that

Since the knockoff method assumes a well-specified linear model, we can use the reference
distribution y ~ N(X3,02I) instead of y ~ N (u,0%I). This is the well-specified linear
regression model of Fithian et al. (2014). The selection event is now U; = {C : j €
K O(P)%ﬂ,y + C),C € span(X_;)*}. A multi-dimensional analog of Algorithm 2 can now

be applied, but the search set D is now over a n — p + 1 dimensional subset.
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Learning Mixed Graphical Models
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Chapter 4

Learning Mixed Graphical Models

4.1 Introduction

Many authors have considered the problem of learning the edge structure and parameters
of sparse undirected graphical models. We will focus on using the [; regularizer to promote
sparsity. This line of work has taken two separate paths: one for learning continuous valued
data and one for learning discrete valued data. However, typical data sources contain both
continuous and discrete variables: population survey data, genomics data, url-click pairs etc.
For genomics data, in addition to the gene expression values, we have attributes attached
to each sample such as gender, age, ethniticy etc. In this work, we consider learning mixed
models with both continuous Gaussian variables and discrete categorical variables.

For only continuous variables, previous work assumes a multivariate Gaussian (Gaus-
sian graphical) model with mean 0 and inverse covariance ©. © is then estimated via the
graphical lasso by minimizing the regularized negative log-likelihood ¢(©) + A [|©||;. Sev-
eral efficient methods for solving this can be found in Friedman et al. (2008a); Banerjee
et al. (2008). Because the graphical lasso problem is computationally challenging, several
authors considered methods related to the pseudolikelihood (PL) and nodewise regression
(Meinshausen and Biihlmann, 2006; Friedman et al., 2010a; Peng et al., 2009). For dis-
crete models, previous work focuses on estimating a pairwise Markov random field of the
form p(y) oc exp ), <  Orj (yr,y;), where ¢,; are pairwise potentials. The maximum likeli-
hood problem is intractable for models with a moderate to large number of variables (high-
dimensional) because it requires evaluating the partition function and its derivatives. Again

previous work has focused on the pseudolikelihood approach (Guo et al., 2010; Schmidt,
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2010; Schmidt et al., 2008; Hofling and Tibshirani, 2009; Jalali et al., 2011; Lee et al., 2006;
Ravikumar et al., 2010).

Our main contribution here is to propose a model that connects the discrete and con-
tinuous models previously discussed. The conditional distributions of this model are two
widely adopted and well understood models: multiclass logistic regression and Gaussian
linear regression. In addition, in the case of only discrete variables, our model is a pairwise
Markov random field; in the case of only continuous variables, it is a Gaussian graphical
model. Our proposed model leads to a natural scheme for structure learning that general-
izes the graphical Lasso. Here the parameters occur as singletons, vectors or blocks, which
we penalize using group-lasso norms, in a way that respects the symmetry in the model.
Since each parameter block is of different size, we also derive a calibrated weighting scheme
to penalize each edge fairly. We also discuss a conditional model (conditional random field)
that allows the output variables to be mixed, which can be viewed as a multivariate re-
sponse regression with mixed output variables. Similar ideas have been used to learn the
covariance structure in multivariate response regression with continuous output variables
Witten and Tibshirani (2009); Kim et al. (2009); Rothman et al. (2010).

In Section 4.2, we introduce our new mixed graphical model and discuss previous ap-
proaches to modeling mixed data. Section 4.3 discusses the pseudolikelihood approach to
parameter estimation and connections to generalized linear models. Section 4.4 discusses
a natural method to perform structure learning in the mixed model. Section 4.5 presents
the calibrated regularization scheme, Section 4.6 discusses the consistency of the estimation
procedures, and Section 4.7 discusses two methods for solving the optimization problem.
Finally, Section 4.8 discusses a conditional random field extension and Section 4.9 presents

empirical results on a census population survey dataset and synthetic experiments.

4.2 Mixed Graphical Model

We propose a pairwise graphical model on continuous and discrete variables. The model is

a pairwise Markov random field with density p(x,y; ©) proportional to

q q

p P q
éﬂstl'sl't + Z Qs + Z Z s (Yj)Ts + Z Z bri(yryy) |- (4.2.1)
s=1

s=1 j=1 j=1r=1

o (303

s=1 t=1



Here z, denotes the sth of p continuous variables, and y; the jth of ¢ discrete variables.
The joint model is parametrized by © = [{Bs}, {as}, {ps;}, {¢r;j}]. The discrete y, takes
on L, states. The model parameters are 5 continuous-continuous edge potential, a5 con-
tinuous node potential, pg;(y;) continuous-discrete edge potential, and ¢,;(y,,y;) discrete-
discrete edge potential. p,;(y;) is a function taking L; values py;(1), ..., psj(L;). Similarly,
¢r;j(yr,y;j) is a bivariate function taking on L, x L; values. Later, we will think of pg;(y;)
as a vector of length L; and ¢,;(y,,y;) as a matrix of size L, x Lj;.

The two most important features of this model are:

1. the conditional distributions are given by Gaussian linear regression and multiclass

logistic regressions;

2. the model simplifies to a multivariate Gaussian in the case of only continuous variables
and simplifies to the usual discrete pairwise Markov random field in the case of only

discrete variables.

The conditional distributions of a graphical model are of critical importance. The absence
of an edge corresponds to two variables being conditionally independent. The conditional
independence can be read off from the conditional distribution of a variable on all others.
For example in the multivariate Gaussian model, x is conditionally independent of z; iff the
partial correlation coefficient is 0. The partial correlation coefficient is also the regression
coefficient of z; in the linear regression of xs on all other variables. Thus the conditional
independence structure is captured by the conditional distributions via the regression co-
efficient of a variable on all others. Our mixed model has the desirable property that the
two type of conditional distributions are simple Gaussian linear regressions and multiclass
logistic regressions. This follows from the pairwise property in the joint distribution. In

more detail:

1. The conditional distribution of y, given the rest is multinomial, with probabilities
defined by a multiclass logistic regression where the covariates are the other variables

zs and y\, (denoted collectively by z in the right-hand side):

exp(fs) o (wnt Tm%)
Ly -
Sz exp (wf2) ZlL:Tl exp (WOZ +22; lezj)

p(yr = k|, 2;0) = (4.2.2)

Here we use a simplified notation, which we make explicit in Section 4.3.1. The discrete
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variables are represented as dummy variables for each state, e.g. z; = 1[y, = k], and

for continuous variables z5 = xs.

2. The conditional distribution of x, given the rest is Gaussian, with a mean function

defined by a linear regression with predictors z\ and y;.

E(zs|a\g, yr; ©) = wlz = wy + Z 2jwj (4.2.3)
J

1 1
p(zs|\g, yr; ©) = o exp (—w(xs — sz)2>.
S S

As before, the discrete variables are represented as dummy variables for each state

z; = 1]y, = k] and for continuous variables zs = z,.

The exact form of the conditional distributions (4.2.2) and (4.2.3) are given in (4.3.5) and
(4.3.4) in Section 4.3.1, where the regression parameters w; are defined in terms of the
parameters O.

The second important aspect of the mixed model is the two special cases of only con-

tinuous and only discrete variables.

1. Continuous variables only. The pairwise mixed model reduces to the familiar multi-
variate Gaussian parametrized by the symmetric positive-definite inverse covariance

matrix B = {s} and mean y = B~ la,
1 —1 \T -1
p(z) o exp —i(x—B a)'B(x — B a) |.

2. Discrete variables only. The pairwise mixed model reduces to a pairwise discrete

(second-order interaction) Markov random field,

q

Z (Zsrj (yT’v yj)

q

p(y) o< exp

j=1r=1
Although these are the most important aspects, we can characterize the joint distri-

bution further. The conditional distribution of the continuous variables given the discrete

follow a multivariate Gaussian distribution, p(x|y) = N (u(y), B~1). Each of these Gaussian

distributions share the same inverse covariance matrix B but differ in the mean parameter,



since all the parameters are pairwise. By standard multivariate Gaussian calculations,

plzly) = N(B 'y(y),B™) (4.2.4)
((W)}s = as + Z psi(Y5) (4.2.5)

q J

1
p(y) o< exp ZZ% v ) + 57W) BT () (4.2.6)
1r=1

Thus we see that the continuous variables conditioned on the discrete are multivariate
Gaussian with common covariance, but with means that depend on the value of the dis-
crete variables. The means depend additively on the values of the discrete variables since
{v(W)}s = 21 psj(y;). The marginal p(y) has a known form, so for models with few

number of discrete variables we can sample efficiently.

4.2.1 Related work on mixed graphical models

Lauritzen (1996) proposed a type of mixed graphical model, with the property that con-
ditioned on discrete variables, p(z|y) = N (u(y),2(y)). The homogeneous mixed graphical
model enforces common covariance, ¥(y) = . Thus our proposed model is a special case
of Lauritzen’s mixed model with the following assumptions: common covariance, additive
mean assumptions and the marginal p(y) factorizes as a pairwise discrete Markov random
field. With these three assumptions, the full model simplifies to the mixed pairwise model
presented. Although the full model is more general, the number of parameters scales ex-
ponentially with the number of discrete variables, and the conditional distributions are not
as convenient. For each state of the discrete variables there is a mean and covariance.
Consider an example with ¢ binary variables and p continuous variables; the full model
requires estimates of 2¢ mean vectors and covariance matrices in p dimensions. Even if the
homogeneous constraint is imposed on Lauritzen’s model, there are still 29 mean vectors for
the case of binary discrete variables. The full mixed model is very complex and cannot be
easily estimated from data without some additional assumptions. In comparison, the mixed
pairwise model has number of parameters O((p+¢)?) and allows for a natural regularization
scheme which makes it appropriate for high dimensional data.

An alternative to the regularization approach that we take in this paper, is the limited-

order correlation hypothesis testing method Tur and Castelo (2012). The authors develop a
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hypothesis test via likelihood ratios for conditional independence. However, they restrict to
the case where the discrete variables are marginally independent so the maximum likelihood
estimates are well-defined for p > n.

There is a line of work regarding parameter estimation in undirected mixed models that
are decomposable: any path between two discrete variables cannot contain only continu-
ous variables. These models allow for fast exact maximum likelihood estimation through
node-wise regressions, but are only applicable when the structure is known and n > p (Ed-
wards, 2000). There is also related work on parameter learning in directed mixed graphical
models. Since our primary goal is to learn the graph structure, we forgo exact parameter
estimation and use the pseudolikelihood. Similar to the exact maximum likelihood in de-
composable models, the pseudolikelihood can be interpreted as node-wise regressions that
enforce symmetry.

After we proposed our model', the independent work of Cheng et al. (2013) appeared,
which considers a more complicated mixed graphical model. Their model includes higher
order interaction terms by allowing the covariance of the continuous variables to be a func-
tion of the categorical variables y, which results in a larger model similar to Lauritzen’s
model. This results in a model with O(p?q + ¢?) parameters, as opposed to O(p? + ¢?) in
our proposed pairwise model. We believe that in the high-dimensional setting where data
sparsity is an issue a simpler model is an advantage.

To our knowledge, this work is the first to consider convex optimization procedures for

learning the edge structure in mixed graphical models.

1Cheng et al. (2013), http://arxiv.org/abs/1304.2810, appeared on arXiv 11 months after our original
paper was put on arXiv, http://arxiv.org/abs/1205.5012.


http://arxiv.org/abs/1304.2810
http://arxiv.org/abs/1205.5012

4.3 Parameter Estimation: Maximum Likelihood and Pseu-
dolikelihood

Given samples (z;, ;)7 , we want to find the maximum likelihood estimate of ©. This can

be done by minimizing the negative log-likelihood of the samples:

n
- Zlogp(xi,yi; ©) where (4.3.1)
i=1
PP
1ng(£C, y; O Z Z iﬁstwsxt + Z Qs + Z Z Psj yj
s=1t=1 s=1 j=1

J
Z¢T‘] yrayj — log Z(@> (4.3.2)

1r=1

+
MQ

J

The negative log-likelihood is convex, so standard gradient-descent algorithms can be used
for computing the maximum likelihood estimates. The major obstacle here is Z(©), which
involves a high-dimensional integral. Since the pairwise mixed model includes both the
discrete and continuous models as special cases, maximum likelihood estimation is at least
as difficult as the two special cases, the first of which is a well-known computationally
intractable problem. We defer the discussion of maximum likelihood estimation to the

supplementary material.

4.3.1 Pseudolikelihood

The pseudolikelihood method Besag (1975) is a computationally efficient and consistent

estimator formed by products of all the conditional distributions:
q
{(Olz,y) Zlogp (wsl2s v ©) = > log plyelz, 7,1 ©) (4.3.3)
s=1 r=1

The conditional distributions p(zs|w\s,y;0) and p(y, = k[y,,x;0) take on the familiar
form of linear Gaussian and (multiclass) logistic regression, as we pointed out in (4.2.2) and
(4.2.3). Here are the details:

e The conditional distribution of a continuous variable zg is Gaussian with a linear
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regression model for the mean, and unknown variance.

. - — 2
p(xs‘x\87 y; @) _ \/\/ii:: exp <_§ss (043 + Zj Psj (yﬁj) Zt;ﬁs Bstxt B SL‘S> ) (434)

e The conditional distribution of a discrete variable y, with L, states is a multinomial
distribution, as used in (multiclass) logistic regression. Whenever a discrete variable
is a predictor, each of its levels contribute an additive effect; continuous variables

contribute linear effects.

exp (ZS Psr(Yr)Ts + Grr(Yry Yr) + 2252 D1 (Urs yj))

PYr|r,, 2;©) = (4.3.5)
S exp (X, por (s + bl 1) + 5 603 (115))
Taking the negative log of both gives us
2
—log pls|a s, y;0) = —= log Bes + % oo+ Z psﬂﬁ ) Z gt Tt — T (4.3.6)
exp (ZS Psr(Yr)Ts + Grr(Yr, Yr) + 22520 D1 (Ur, yj))
—log p(yr|thr,, 7;©) = —log (4.3.7)

lerl exp (ZS psr(l)-rs + ¢TT(lv l) + Zj;ér ¢7"j(l7 y1)>

A generic parameter block, 6,,, corresponding to an edge (u,v) appears twice in the pseu-

dolikelihood, once for each of the conditional distributions p(zy|2,) and p(zy|2zy).

Proposition 4.3.1. The negative log pseudolikelihood in (4.3.3) is jointly convex in all the
parameters {Bss, Bst, s, Orj, psj} over the region Bss > 0.

We prove Proposition 4.3.1 in the Supplementary Materials.

4.3.2 Separate node-wise regression

A simple approach to parameter estimation is via separate node-wise regressions; a general-
ized linear model is used to estimate p(zs|z\,) for each s. Separate regressions were used in
Meinshausen and Biithlmann (2006) for the Gaussian graphical model and Ravikumar et al.
(2010) for the Ising model. The method can be thought of as an asymmetric form of the
pseudolikelihood since the pseudolikelihood enforces that the parameters are shared across

the conditionals. Thus the number of parameters estimated in the separate regression is



approximately double that of the pseudolikelihood, so we expect that the pseudolikelihood
outperforms at low sample sizes and low regularization regimes. The node-wise regression
was used as our baseline method since it is straightforward to extend it to the mixed model.
As we predicted, the pseudolikelihood or joint procedure outperforms separate regressions;
see top left box of Figures 4.6 and 4.7. Liu and Thler (2012, 2011) confirm that the separate
regressions are outperformed by pseudolikelihood in numerous synthetic settings.
Concurrent work of Yang et al. (2012, 2013) extend the separate node-wise regression
model from the special cases of Gaussian and categorical regressions to generalized linear
models, where the univariate conditional distribution of each node p(s|z\,) is specified by a
generalized linear model (e.g. Poisson, categorical, Gaussian). By specifying the conditional
distributions, Besag (1974) show that the joint distribution is also specified. Thus another
way to justify our mixed model is to define the conditionals of a continuous variable as
Gaussian linear regression and the conditionals of a categorical variable as multiple logistic
regression and use the results in Besag (1974) to arrive at the joint distribution in (4.2.1).
However, the neighborhood selection algorithm in Yang et al. (2012, 2013) is restricted to
models of the form p(z) o exp (ZS Osxs + Zs’t Ostxsze + >, C(acs)) . In particular, this
procedure cannot be applied to edge selection in our pairwise mixed model in (4.2.1) or the
categorical model in (2) with greater than 2 states. Our baseline method of separate regres-
sions is closely related to the neighborhood selection algorithm they proposed; the baseline
can be considered as a generalization of Yang et al. (2012, 2013) to allow for more general
pairwise interactions with the appropriate regularization to select edges. Unfortunately,
the theoretical results in Yang et al. (2012, 2013) do not apply to the baseline nodewise

regression method, nor the joint pseudolikelihood.

4.4 Conditional Independence and Penalty Terms

In this section, we show how to incorporate edge selection into the maximum likelihood or
pseudolikelihood procedures. In the graphical representation of probability distributions,
the absence of an edge e = (u,v) corresponds to a conditional independency statement
that variables x,, and x, are conditionally independent given all other variables (Koller and
Friedman, 2009). We would like to maximize the likelihood subject to a penalization on
the number of edges since this results in a sparse graphical model. In the pairwise mixed

model, there are 3 type of edges
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1. Bs is a scalar that corresponds to an edge from x; to x;. [Bs = 0 implies x5 and
x; are conditionally independent given all other variables. This parameter is in two

conditional distributions, corresponding to either xs or x; is the response variable,

p(@s|7\s,y;©) and p(zt|w\s, y; O).

2. psj is a vector of length L;. If p,;(y;) = 0 for all values of y;, then y; and z,
are conditionally independent given all other variables. This parameter is in two

conditional distributions, corresponding to either z, or y; being the response variable:

p(xs|z\s, 95 ©) and p(y;lz, 3\ ;3 ©).

3. ¢pj is a matrix of size L, x L;. If ¢,j(yr,y;) = 0 for all values of y, and y;, then
yr and y; are conditionally independent given all other variables. This parameter is
in two conditional distributions, corresponding to either y, or y; being the response

variable, p(y:|z, y\»; ©) and p(y;|z, y\;; O).

For conditional independencies that involve discrete variables, the absence of that edge
requires that the entire matrix ¢,; or vector py; is 0 2. The form of the pairwise mixed

model motivates the following regularized optimization problem

minimize (5(8) = £(©) + A S ABw A0+ 1oy Z0]+ > L £0] | . (44.1)

s<t sj r<j

All parameters that correspond to the same edge are grouped in the same indicator function.
This problem is non-convex, so we replace the [y sparsity and group sparsity penalties with
the appropriate convex relaxations. For scalars, we use the absolute value ({1 norm), for
vectors we use the lo norm, and for matrices we use the Frobenius norm. This choice
corresponds to the standard relaxation from group Iy to group l;/ly (group lasso) norm
(Bach et al., 2011; Yuan and Lin, 2006),

p s—1 P q q j—1
miniemize K)\(@) = 6(6) +A Z |Bst| + Z Z HijHQ + Z Z ||¢rj||F . (4-4'2)
s=1 t= s=1 j=1 j=1r=1

2If ps;(y;) = constant, then s and y; are also conditionally independent. However, the unpenalized
term « will absorb the constant, so the estimated ps;(y;) will never be constant for A > 0.



Figure 4.1: Symmetric matriz represents the parameters © of the model. This example has p = 3,
q=2, L1 =2 and Ly = 3. The red square corresponds to the continuous graphical model coefficients
B and the solid red square is the scalar Bs. The blue square corresponds to the coefficients ps; and the
solid blue square is a vector of parameters ps;(-). The orange square corresponds to the coefficients
¢rj and the solid orange square is a matriz of parameters ¢,;(-,-). The matriz is symmetric, so each
parameter block appears in two of the conditional probability regressions.

4.5 Calibrated regularizers

In (4.4.2) each of the group penalties are treated as equals, irrespective of the size of the
group. We suggest a calibration or weighting scheme to balance the load in a more equitable
way. We introduce weights for each group of parameters and show how to choose the weights

such that each parameter set is treated equally under pr, the fully-factorized independence

model ?
p s—1 qg j—1
m1n1m1ze £(O) + A Z Wt | Bt +Zzw53 12551l +Zzwm [1éril (4.5.1)
t=1 t=1 s=1 j=1 j=1r=1

Based on the KKT conditions (Friedman et al., 2007), the parameter group 6, is non-zero
if

H ot > A\wyg

04,

where 6, and w, represents one of the parameter groups and its corresponding weight. Now

aa—é can be viewed as a generalized residual, and for different groups these are different

dimensions—e.g. scalar/vector/matrix. So even under the independence model (when all

3Under the independence model pr is fully-factorized p(z,y) = [T_ p(zs) T2, p(yr)
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ot ot ot ot ot ot
H8¢12 F Hapll 2 Haﬂ?l 2 Haﬂl? 2 Hafm 2 ‘8512‘

Exact weights wg (4.5.2) 0.18 0.63 0.19 0.47 0.15 0.53
Approximate weights wy (4.5.4) 0.13 0.59 0.18 0.44 0.13 0.62

Figure 4.2: Row 1 shows the exact weights wy, computed via Equation (4.5.2) using Monte
Carlo simulation. These are the ideal weights, but they are not available in closed-form.
Row 2 shows the approximate weights computed using Equation (4.5.4). As we can see, the
weights are far from uniform, and the approximate weights are close to the exact weights.

terms should be zero), one might expect some terms H 8‘9—9{7 H to have a better random chance
of being non-zero (for example, those of bigger dimensions). Thus for all parameters to be

on equal footing, we would like to choose the weights w such that

o

EPF 3799

= constant x wy, (4.5.2)

where pp is the fully factorized (independence) model. We will refer to these as the exact
weights. These weights do not have a closed form expression, so we propose an approxima-

2
tion to these. It is simpler to compute in closed form £, . H %‘ , SO We may use approximate
g

weights

or ||

— 4.5.
50, (4.5.3)

wg X | Epp

In the supplementary material, we show that the approximate weights (4.5.4) are

Wst = 050t

Wsj = Us\/w (4.5.4)

wyj = \/Zpa(l —pa) Y (1 — )
a b

os is the standard deviation of the continuous variable xs. p, = Pr(y, = a) and ¢, =
Pr(y; =b) . For all 3 types of parameters, the weight has the form of w,,, = tr(cov(z,))tr(cov(z,)),
where z represents a generic variable and cov(z) is the variance-covariance matrix of z.
We conducted a simulation study to show that calibration is needed. Consider a model
with 4 independent variables: 2 continuous with variance 10 and 1, and 2 discrete variables
with 10 and 2 levels.



There are 6 candidate edges in this model and from row 1 of Table 4.2 we can see the
sizes of the gradients are different. In fact, the ratio of the largest gradient to the smallest
gradient is greater than 4. The edges p11 and p1s involving the first continuous variable with
variance 10 have large edge weights, than the corresponding edges, p21 and pag involving the
second continuous variable with variance 1. Similarly, the edges involving the first discrete
variable with 10 levels are larger than the edges involving the second discrete variable with
2 levels. This reflects our intuition that larger variance and longer vectors will have larger
norm.

Had the calibration weights been chosen via Equation 4.5.2, w = {wg}4 and the vector

T

of gradients V¢ = { H%H}g would have cosine similarity, sim(u,v) = H;‘Hﬁ = 1. The

approximate weights we used are from Equation (4.5.4) and have cosine similarity
sim(w, V{) = .993,

which is extremely close to 1. Thus the calibration weights are effective in accounting for
the size and variances of each edge group.

In the second simulation study, we used a model with 3 independent variables: one
continuous, and 2 discrete variables with 2 and 4 levels. There are 3 candidate edges,
and we computed the probability that a given edge would be the first allowed to enter the
model using 3 different calibration schemes. From Table 4.1, we see that the uncalibrated
regularizer would select the edge between the continuous variable and the 4 level discrete
variable about 73% of the time. A perfect calibration scheme would select each edge 33%
of the time. We see that the two proposed calibration schemes are an improvement over
the uncalibrated regularizer.

The exact weights do not have a simple closed form expression, but they can be easily
computed via Monte Carlo. This can be done by simulating independent Gaussians and
multinomials with the appropriate marginal variance o5 and marginal probabilities p,, then
approximating the expectation in (4.5.2) by an average. The computational cost of this
procedure is negligible compared to fitting the mixed model, so the exact weights can also

be used.
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P11 P12 ?12
No Calibration wy, =1 | 0.1350 | 0.7280 | 0.1370
Exact wy (4.5.2) 0.3180 | 0.3310 | 0.3510
Approximate wy (4.5.4) | 0.2650 | 0.2650 | 0.4700

Table 4.1: Frequency an edge is the first selected by the group lasso regularizer. The group
lasso with equal weights is highly unbalanced, as seen in row 1. The weighing scheme with
the weights from (4.5.2) is very good, and selects the edges with probability close to the
ideal % The approximate weighing scheme of (4.5.4) is an improvement over not calibrating;
however, not as good as the weights from (4.5.2).

4.6 Model Selection Consistency

In this section, we study the model selection consistency, whether the correct edge set is
selected and the parameter estimates are close to the truth, of the pseudolikelihood and
maximum likelihood estimators. Consistency can be established using the framework first
developed in Ravikumar et al. (2010) and later extended to general m-estimators by Lee
et al. (2013b). Instead of stating the full results and proofs, we will illustrate the type
of theorems that can be shown and defer the rigorous statements to the Supplementary
Material.

First, we define some notation. Recall that © is the vector of parameters being es-
timated {fss, Bst, s, rj, psj}, ©* be the true parameters that estimated the model, and
Q = V?/(0*). Both maximum likelihood and pseudolikelihood estimation procedures can

be written as a convex optimization problem of the form

minimize £(6) + A > [|6y]|, (4.6.1)
geG

where £(0) = {{p1,¢p} is one of the two log-likelihoods. The regularizer

p s—1 P g q j—1
SO =A DD 1Bl + DD sl + DD bwillp
geG s=1t= s=1j=1 j=1r=1

The set G indexes the edges Bst, psj, and ¢, and ©4 is one of the three types of edges.
Let A and I represent the active and inactive groups in 0, so ©} # 0 for any g € A and
©; =0forany g€ I.

Let © be the minimizer to Equation (4.6.1). Then © satisfies,



1. ||© -0~

< ¢ /1Alog[G]
2 —_ n

2. 9=0forgel.

The exact statement of the theorem is given in the Supplementary Material.

4.7 Optimization Algorithms

In this section, we discuss two algorithms for solving (4.4.2): the proximal gradient and the
proximal newton methods. This is a convex optimization problem that decomposes into the
form f(z)+ g(x), where f is smooth and convex and ¢ is convex but possibly non-smooth.
In our case f is the negative log-likelihood or negative log-pseudolikelihood and g are the
group sparsity penalties.

Block coordinate descent is a frequently used method when the non-smooth function
g is the l; or group l;. It is especially easy to apply when the function f is quadratic,
since each block coordinate update can be solved in closed form for many different non-
smooth ¢ (Friedman et al., 2007). The smooth f in our particular case is not quadratic, so
each block update cannot be solved in closed form. However in certain problems (sparse
inverse covariance), the update can be approximately solved by using an appropriate inner

optimization routine (Friedman et al., 2008b).

4.7.1 Proximal Gradient

Problems of this form are well-suited for the proximal gradient and accelerated proximal
gradient algorithms as long as the proximal operator of g can be computed (Combettes and
Pesquet, 2011; Beck and Teboulle, 2010)

1
proxi(zr) = arg min o |z — ul|* 4 g(u) (4.7.1)
u

For the sum of l» group sparsity penalties considered, the proximal operator takes the
familiar form of soft-thresholding and group soft-thresholding (Bach et al., 2011). Since the
groups are non-overlapping, the proximal operator simplifies to scalar soft-thresholding for
Bst and group soft-thresholding for p,; and ¢;.

The class of proximal gradient and accelerated proximal gradient algorithms is directly

applicable to our problem. These algorithms work by solving a first-order model at the
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current iterate xj

argmin f(zx) + V() (= ) + o = ol + ) (4.7.2)
— argmin % = (2 — £V (@) + g(u) (4.7.3)
= proxi(xy — tV f(xy)) (4.7.4)

The proximal gradient iteration is given by zp11 = prox; (xx — tV f(xy)) where ¢ is de-
termined by line search. The theoretical convergence rates and properties of the proximal
gradient algorithm and its accelerated variants are well-established (Beck and Teboulle,
2010). The accelerated proximal gradient method achieves linear convergence rate of O(c¥)
when the objective is strongly convex and the sublinear rate O(1/k?) for non-strongly convex
problems.

The TFOCS framework (Becker et al., 2011) is a package that allows us to experiment
with 6 different variants of the accelerated proximal gradient algorithm. The TFOCS au-
thors found that the Auslender-Teboulle algorithm exhibited less oscillatory behavior, and
proximal gradient experiments in the next section were done using the Auslender-Teboulle

implementation in TFOCS.

4.7.2 Proximal Newton Algorithms

The class of proximal Newton algorithms is a 2nd order analog of the proximal gradient
algorithms with a quadratic convergence rate (Lee et al., 2012; Schmidt, 2010; Schmidt
et al., 2011). It attempts to incorporate 2nd order information about the smooth function

f into the model function. At each iteration, it minimizes a quadratic model centered at xy,
. 1
argmin f(zy) + Vf(zr)T (u— ) + ﬂ(u —xp)TH(u — z1) + g(u) (4.7.5)
.1 —1 T -1
= argmin o (u—xp +tH 'V f(zi)) H(u—ap+tH 'V f(zy) + g(uw) (4.7.6)
.1 _ 2
= argmin u— (zx — tH 'V f (i) ||}, + 9(u) (4.7.7)

:= Hproxy (z), — tH_IVf(CCk)) where H = V2 f(xy) (4.7.8)

The Hprox operator is analogous to the proximal operator, but in the ||| ;-norm. It

simplifies to the proximal operator if H = I, but in the general case of positive definite H



Algorithm 3 Proximal Newton

repeat
Solve subproblem p;, = Hprox; (a:k — tH,;1Vf(xk)) — xp, using TFOCS.
Find t to satisfy Armijo line search condition with parameter o

=+ tow) + gl + 1) < flan) + glan) — o el

Set xx11 = xk + tpg

k=k+1
until%<tol

there is no closed-form solution for many common non-smooth g(z) (including /; and group
l1). However if the proximal operator of g is available, each of these sub-problems can be
solved efficiently with proximal gradient. In the case of separable g, coordinate descent is
also applicable. Fast methods for solving the subproblem Hprox;(zy—tH 'V f(z})) include
coordinate descent methods, proximal gradient methods, or Barzilai-Borwein (Friedman
et al., 2007; Combettes and Pesquet, 2011; Beck and Teboulle, 2010; Wright et al., 2009).
The proximal Newton framework allows us to bootstrap many previously developed solvers
to the case of arbitrary loss function f.

Theoretical analysis in Lee et al. (2012) suggests that proximal Newton methods gen-
erally require fewer outer iterations (evaluations of Hprox) than first-order methods while
providing higher accuracy because they incorporate 2nd order information. We have con-
firmed empirically that the proximal Newton methods are faster when n is very large or the
gradient is expensive to compute (e.g. maximum likelihood estimation). Since the objective
is quadratic, coordinate descent is also applicable to the subproblems. The hessian matrix
H can be replaced by a quasi-newton approximation such as BFGS/L-BFGS/SR1. In our

implementation, we use the PNOPT implementation (Lee et al., 2012).

4.7.3 Path Algorithm

Frequently in machine learning and statistics, the regularization parameter A is heavily
dependent on the dataset. A is generally chosen via cross-validation or holdout set per-
formance, so it is convenient to provide solutions over an interval of [Apin, Amaz]. We
start the algorithm at Ay = A4z and solve, using the previous solution as warm start, for

A2 > ... > Apin. We find that this reduces the cost of fitting an entire path of solutions
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(See Figure 4.5). Apqz can be chosen as the smallest value such that all parameters are 0

by using the KKT equations (Friedman et al., 2007).

4.8 Conditional Model

In addition to the variables we would like to model, there are often additional features or
covariates that affect the dependence structure of the variables. For example in genomic
data, in addition to expression values, we have attributes associated to each subject such
as gender, age and ethnicity. These additional attributes affect the dependence of the
expression values, so we can build a conditional model that uses the additional attributes
as features. In this section, we show how to augment the pairwise mixed model with features.

Conditional models only model the conditional distribution p(z|f), as opposed to the
joint distribution p(z, f), where z are the variables of interest to the prediction task and f
are features. These models are frequently used in practice Lafferty et al. (2001).

In addition to observing x and y, we observe features f and we build a graphical model
for the conditional distribution p(z,y|f). Consider a full pairwise model p(x,y, f) of the
form (4.2.1). We then choose to only model the joint distribution over only the variables x

and y to give us p(z,y|f) which is of the form

p p
p(z,ylf;©) = @|f exp ZZ—;BstﬂssxtnLZasstrZZpsg ()=
s=1 t= s=1j5=1
q J F p F q
+Zz¢r] ymyj + ZZ’stsfl + Zznlr(yr)fl (4'8'1)
s p— =1 s=1 =1 r=1

We can also consider a more general model where each pairwise edge potential depends on

the features

p(z,y|f;©) =

/8 :Esxt + Z as

s=1 t=1

NJ\H

J

p q q
Z Z psj(Ysy s + Z Z Gri (Yrs yjs f (4.8.2)
s=1j=1 j=1lr=

1

(4.8.1) is a special case of this where only the node potentials depend on features and the

pairwise potentials are independent of feature values. The specific parametrized form we



consider is ¢rj(yr, y;, ) = &rj(yr,y;) for v # j, psj(y;, [) = psj(ys), and Bst(f) = Bst.
The node potentials depend linearly on the feature values, as(f) = as + Zlel YisTs f1, and

Grr(Yrs Yrs f) = v (Yrs yr) + Zl e (Yr)-

4.9 Experimental Results

We present experimental results on synthetic data, survey data and on a conditional model.

4.9.1 Synthetic Experiments

In the synthetic experiment, the training points are sampled from a true model with 10

continuous variables and 10 binary variables. The edge structure is shown in Figure 4.3a.

log (p+q)
n

4.6. We experimented with 3 values A = {1,5,10} W and chose A = 54/ W SO
that the true edge set was recovered by the algorithm for the sample size n = 2000. We

A is chosen proportional to as suggested by the theoretical results in Section

see from the experimental results that recovery of the correct edge set undergoes a sharp
phase transition, as expected. With n = 1000 samples, the pseudolikelihood is recovering
the correct edge set with probability nearly 1. The maximum likelihood was performed
using an exact evaluation of the gradient and log-partition. The poor performance of the
maximum likelihood estimator is explained by the maximum likelihood objective violating
the irrepresentable condition; a similar example is discussed in (Ravikumar et al., 2010,
Section 3.1.1), where the maximum likelihood is not irrepresentable, yet the neighborhood
selection procedure is. The phase transition experiments were done using the proximal
Newton algorithm discussed in Section 4.7.2.

We also run the proximal Newton algorithm for a sequence of instances with p = ¢ =
10, 50, 100, 500, 1000 and n = 500. The largest instance has 2000 variables and takes 12.5

hours to complete. The timing results are summarized in Figure 4.4.

4.9.2 Survey Experiments

The census survey dataset we consider consists of 11 variables, of which 2 are continuous and
9 are discrete: age (continuous), log-wage (continuous), year(7 states), sex(2 states),marital
status (5 states), race(4 states), education level (5 states), geographic region(9 states), job

class (2 states), health (2 states), and health insurance (2 states). The dataset was assembled
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Figure 4.3: Figure 4.3a shows the graph used in the synthetic experiments for p = q = 4; the
experiment actually used p=10 and q=10. Blue nodes are continuous variables, red nodes are binary
variables and the orange, green and dark blue lines represent the 3 types of edges. Figure 4.3b is a
plot of the probability of correct edge recovery, meaning every true edge is selected and no non-edge
is selected, at a given sample size using Maximum Likelihood and Pseudolikelihood. Results are
averaged over 100 trials.

p+ q | Time per Iteration (sec) | Total Time (min) | Number of Iterations
20 13 .003 13
100 4.39 1.32 18
200 18.44 6.45 21
1000 245.34 139 34
2000 1025.6 752 44

Figure 4.4: Timing experiments for various instances of the graph in Figure 4.3a. The
number of variables range from 20 to 2000 with n = 500.
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Figure 4.5: Model selection under different training set sizes. Clircle denotes the lowest test set
negative log pseudolikelihood and the number in parentheses is the number of edges in that model at
the lowest test negative log pseudolikelihood. The saturated model has 55 edges.

by Steve Miller of OpenBl.com from the March 2011 Supplement to Current Population
Survey data. All the evaluations are done using a holdout test set of size 100,000 for the
survey experiments. The regularization parameter \ is varied over the interval [5x 1075, 0.7]
at 50 points equispaced on log-scale for all experiments. In practice, A can be chosen to

minimize the holdout log pseudolikelihood.

Model Selection

In Figure 4.5, we study the model selection performance of learning a graphical model over
the 11 variables under different training samples sizes. We see that as the sample size

increases, the optimal model is increasingly dense, and less regularization is needed.

Comparing against Separate Regressions

A sensible baseline method to compare against is a separate regression algorithm. This
algorithm fits a linear Gaussian or (multiclass) logistic regression of each variable condi-
tioned on the rest. We can evaluate the performance of the pseudolikelihood by evaluating
—log p(ws|z\s, y) for linear regression and — log p(y-|y\,, z) for (multiclass) logistic regres-
sion. Since regression is directly optimizing this loss function, it is expected to do better.
The pseudolikelihood objective is similar, but has half the number of parameters as the sep-
arate regressions since the coefficients are shared between two of the conditional likelihoods.

From Figures 4.6 and 4.7, we can see that the pseudolikelihood performs very similarly to
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the separate regressions and sometimes even outperforms regression. The benefit of the
pseudolikelihood is that we have learned parameters of the joint distribution p(x,y) and
not just of the conditionals p(xs|y, T\ s). On the test dataset, we can compute quantities such
as conditionals over arbitrary sets of variables p(ya, zg|ysc, zpc) and marginals p(z 4, yB)

(Koller and Friedman, 2009). This would not be possible using the separate regressions.

Conditional Model

Using the conditional model (4.8.1), we model only the 3 variables logwage, education(5)
and jobclass(2). The other 8 variables are only used as features. The conditional model
is then trained using the pseudolikelihood. We compare against the generative model that
learns a joint distribution on all 11 variables. From Figure 4.8, we see that the conditional
model outperforms the generative model, except at small sample sizes. This is expected
since the conditional distribution models less variables. At very small sample sizes and
small A, the generative model outperforms the conditional model. This is likely because
generative models converge faster (with less samples) than discriminative models to its

optimum.

Maximum Likelihood vs Pseudolikelihood

The maximum likelihood estimates are computable for very small models such as the con-
ditional model previously studied. The pseudolikelihood was originally motivated as an ap-
proximation to the likelihood that is computationally tractable. We compare the maximum
likelihood and maximum pseudolikelihood on two different evaluation criteria: the negative
log likelihood and negative log pseudolikelihood. In Figure 4.9, we find that the pseu-
dolikelihood outperforms maximum likelihood under both the negative log likelihood and
negative log pseudolikelihood. We would expect that the pseudolikelihood trained model
does better on the pseudolikelihood evaluation and maximum likelihood trained model does
better on the likelihood evaluation. However, we found that the pseudolikelihood trained
model outperformed the maximum likelihood trained model on both evaluation criteria.
Although asymptotic theory suggests that maximum likelihood is more efficient than the
pseudolikelihood, this analysis is applicable because of the finite sample regime and mis-
specified model. See Liang and Jordan (2008) for asymptotic analysis of pseudolikelihood
and maximum likelihood under a well-specified model. We also observed the pseudolikeli-

hood slightly outperforming the maximum likelihood in the synthetic experiment of Figure
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Figure 4.6: Separate Regression vs Pseudolikelihood n = 100. y-azis is the appropriate regression
loss for the response variable. For low levels of regularization and at small training sizes, the pseu-
dolikelihood seems to overfit less; this may be due to a global reqularization effect from fitting the
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joint distribution as opposed to separate regressions.
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Figure 4.7: Separate Regression vs Pseudolikelihood n = 10,000. y-axis is the appropriate regres-
sion loss for the response variable. At large sample sizes, separate regressions and pseudolikelihood
perform very similarly. This is expected since this is nearing the asymptotic regime.
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Figure 4.8: Conditional Model vs Generative Model at various sample sizes. y-axis is test set

performance is evaluated on negative log pseudolikelihood of the conditional model. The conditional
model outperforms the full generative model at except the smallest sample size n = 100.
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Figure 4.9: Mazimum Likelihood vs Pseudolikelihood. y-azis for top row is the negative log pseu-
dolikelihood. y-azxis for bottom row is the negative log likelihood. Pseudolikelihood outperforms mazx-
imum likelthood across all the experiments.

4.3b.

4.10 Conclusion

This work proposes a new pairwise mixed graphical model, which combines the Gaussian
graphical model and discrete graphical model. Due to the introduction of discrete variables,
the maximum likelihood estimator is computationally intractable, so we investigated the
pseudolikelihood estimator. To learn the structure of this model, we use the appropriate
group sparsity penalties with a calibrated weighing scheme. Model selection consistency
results are shown for the mixed model using the maximum likelihood and pseudolikelihood

estimators. The extension to a conditonal model is discussed, since these are frequently



used in practice.

We proposed two efficient algorithms for the purpose of estimating the parameters of
this model, the proximal Newton and the proximal gradient algorithms. The proximal
Newton algorithm is shown to scale to graphical models with 2000 variables on a standard
desktop. The model is evaluated on synthetic and the current population survey data,
which demonstrates the pseudolikelihood performs well compared to maximum likelihood
and nodewise regression.

For future work, it would be interesting to incorporate other discrete variables such as
poisson or binomial variables and non-Gaussian continuous variables. This would broaden
the scope of applications that mixed models could be used for. Our work is a first step in

that direction.
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Supplementary Materials

4.10.1 Proof of Convexity

Proposition 4.3.1.The negative log pseudolikelihood in (4.3.3) is jointly convex in all the
parameters {Bss, Bst, s, Grj, psj} over the region Bss > 0.

Proof. To verify the convexity of Z(@|1:, y), it suffices to check that each term is convex.

—log p(yr\y\m x;©) is jointly convex in p and ¢ since it is a multiclass logistic regression.

We now check that —logp(zs|7\s,y;0) is convex. —%log Bss is a convex function. To
establish that )

Bss [ s 1+ N Psi\Yi) (%)) Z Bst 2 —

2 555 ] BSS BSS

is convex, we use the fact that f(u,v) = §(% — c)? is convex. Let v = Bg, u = s +

Zj psi(yj) — Z#s Bstxt, and ¢ = xs. Notice that xs, as, y;, and z; are fixed quantities and

u is affinely related to s and psj. A convex function composed with an affine map is still

2
convex, thus % <O‘S +22; Lecidel yj =D it gzz Xy — acs) is convex.

S - =

To finish the proof, we verlfy that f(u,v) = § is convex over v > 0.

The epigraph of a convex function is a convex set iff the function is convex. Thus we establish

v U —Ccv

. The

that the set C = {(u,v,t)%(u_vw)2 < t,v > 0} is convex. Let A =
U — Cv t

N2
Schur complement criterion of positive definiteness says A > 0 iff v > 0 and ¢ > w
The condition A > 0 is a linear matrix inequality and thus convex in the entries of A. The
entries of A are linearly related to w and v, so A > 0 is also convex in v and v. Therefore

u— cv)2

v>0andt > ( is a convex set. O

4.10.2 Sampling From The Joint Distribution

In this section we discuss how to draw samples (z,y) ~ p(x,y). Using the property that
p(z,y) = p(y)p(zly), we see that if y ~ p(y) and x ~ p(x|y) then (z,y) ~ p(z,y). We have



that

p(w) 5 exp (3 b0 1) + 50()" B p(y) (4.10.1)
rJ

(PW)s = > psi(y)) (4.10.2)

plaly) = No(B™ (e + p(y)), B~ (4.10.3)

The difficult part is to sample y ~ p(y) since this involves the partition function of the
discrete MRF. This can be done with MCMC for larger models and junction tree algorithm

or exact sampling for small models.

4.10.3 Maximum Likelihood

The difficulty in MLE is that in each gradient step we have to compute T(z, y) —Eye) [T(,y)],
the difference between the empirical sufficient statistic T(x, y) and the expected sufficient
statistic. In both continuous and discrete graphical models the computationally expensive
step is evaluating Ej,g) [T'(z,y)]. In discrete problems, this involves a sum over the discrete
state space and in continuous problem, this requires matrix inversion. For both discrete
and continuous models, there has been much work on addressing these difficulties. For dis-
crete models, the junction tree algorithm is an exact method for evaluating marginals and
is suitable for models with low tree width. Variational methods such as belief propagation
and tree reweighted belief propagation work by optimizing a surrogate likelihood function
by approximating the partition function Z(©) by a tractable surrogate Z(©) Wainwright
and Jordan (2008). In the case of a large discrete state space, these methods can be used
to approximate p(y) and do approximate maximum likelihood estimation for the discrete
model. Approximate maximum likelihood estimation can also be done via Monte Carlo esti-
mates of the gradients T'(z, y) — Epe)(T(z,y)). For continuous Gaussian graphical models,
efficient algorithms based on block coordinate descent Friedman et al. (2008b); Banerjee

et al. (2008) have been developed, that do not require matrix inversion.
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The joint distribution and loglikelihood are:

p(r.;0) = exp (~ 32" Br+ (a+ plu) a + 3 dns(r.1)/2(6)
(r:d)

1
1e) = | 3o"Br — (a+py) " = brj(yr )
(r.g)

1
+ log Z/dwexp —5¢ "Bz + (o + p(y) 2) exp(D bri (¥ y5)))
(r.4)

The derivative is

o0 1 g Jdr(Sy —jeat exp(—§e" Br + (ot p0) "+ T i ho 1))

0B~ 2 Z(©)
;a:a: —i—/Z—xm p(z,y';0))

B
1
= jart + Z/_ﬂﬂp(x!y’; O)p(y/)
yl

= %me +> / —% (B~ + B~ a+p(y)(a+p))B) p(y)

The primary cost is to compute B~! and the sum over the discrete states .

The computation for the derivatives of £(©) with respect to ps; and ¢,; are similar.

or
——— =—1(y, = a,y; = b) + /dwl Y. = a,y; = b)p(z,y’; ©
¢rj(aab) ( J ) ; ( 7 ) ( )

—1(yr = a,y; =b)+ > _ 1y, = a,y; = b)p(y/)

The gradient requires summing over all discrete states.



Similarly for psj(a):

ol
— = —1(y; = a)zs + Z/daz(l(y} =a)zs)p(a’,y; O)
ps] (CL) y'
/ / / /
=—1(y; = a)zs + /dxzxsp(ﬂy\j»?/j = G)P(y\ja Y = a)

!
W

MLE estimation requires summing over the discrete states to compute the expected sufficient
statistics. This may be approximated using using samples (x,y) ~ p(z,y; ©). The method
in the previous section shows that sampling is efficient if y ~ p(y) is efficient. This allows

us to use MCMC methods developed for discrete MRF’s such as Gibbs sampling.

4.10.4 Choosing the Weights

We first show how to compute wy;. The gradient of the pseudo-likelihood with respect to
a parameter pg;(a) is given below

Ops;i(a) - § :_2 X 1[yj = a}a:s + Epr(Ly; = a]:csfy\j,x )+ Epp(1y; = a}ws\fb‘\s»y )
5 i=1

n
= 2—2 X 1[y; :a]xi—i-mip(yj :a)+1[y§- = a s

=1
=Y "1yl =a] (s — 2l) + 2l (p(y; = a) — 1[y} = a])
=1

n

=> (1y;=a] —ily; = a)

=1

N
—
=
3
|
8
S
~
_.I_
—
8
wn =
|
)
B3
~—
—
=3
—~
&
I
IS
SN—
|
=
£
Il
8,
SN—

n

=Y 2(L[y; = a] - ply; = a)) (s — «7) (4.10.5)

=1
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Since the subgradient condition includes a variable if

’ H > )\, we compute F H

Ops;
By independence,
n 2
E,. 22 (1[y§- =a] —ply; = a)) (fis — xi,) (4.10.6)
i=1
= 4nEy, ([[2[y} = a] = 5 = @)[|") Bpi (Jls — 1) (4.10.7)
= 4(n —)p(y; = a)(1 — ply; = a))o? (4.10.8)

The last line is an equality if we replace the sample means p and ji with the true values p and

=2
2L = 40-1) (Zu pls = )1 = ply; = ) o2

If we let the vector z be the indicator vector of the categorical variable y;, and let the vector

‘2 =4(n — 1), pa(l — pa)o? = 4(n — 1)tr(cov(z))var(x)

. Thus for the entire vector ps; we have F,,

p = p(y; = a), then Ej, aps

and wg; = \/Zapa — pa)o2.
We repeat the computation for Gy.

aﬁt Z ~20kws + Epp (@iai|o\s,y) + Epp (ehail, )
S

= Z —22t 2t + fiszh 4

=1

=2 (fis — 2) + 2 (i — })
=1

= (2} — fu) (s — 2b) + (] — fis) (fir — 2})
=1

Thus

2

L2 12
= dnEp |[xr — fit]|” Epp l2s — fis |
=4(n — 1)olo?



2
Thus E,, %H = 4(n — 1)020? and taking square-roots gives us wg = 050y.

We repeat the same computation for ¢,;. Let p, = Pr(y, = a) and g, = Pr(y; = b).

(%j(i,b) = ; ~1[yi = a]1[yi = b] + E (Lly, = allly; = blly, )

+ B (Lyr = allfy; = b]ly;, )

—Z [vi = a] L[y} = b] + Pally} = b] + @1[y; = a]

—Z [y = b] (Pa — L[y} = a]) + L[y; = a] (@ — L[y} = 0])

—Z [y = 0] = @) (P — L[y; = a]) + (L[y; = a] — Pa) (@ — L[yj = b])
—22 [v; = b] — @) (Pa — L[y, = a])

Thus we compute

2 2

o

D00 D) (L[) =b] = @) (Pa — 1[ys = a])

= 4nEy, |4 — 1ly; = b]||* Epy [Ipa — Llyr = a]||”
=4(n —1)gp(1 — qp)pa(1 — pa)

5112
%H = S Y2 4(n = 1)gy(1 = @)pa(l — pa) and

L.
Wrj = \/2521 221 B(1 = p)pa(l — pa).-

From this, we see that £,

4.10.5 Model Selection Consistency

One of the difficulties in establishing consistency results for the problem in Equation (4.6.1)
is due to the non-identifiability of the parameters. ¢(©) is constant with respect to the
change of variables p;j (yj) = psj(y;) + ¢ and similarly for ¢, so we cannot hope to recover
©*. A popular fix for this issue is to drop the last level of p and ¢, so they are only indicators
over L — 1 levels instead of L levels. This allows for the model to be identifiable, but it

results in an asymmetric formulation that treats the last level differently from other levels.
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Instead, we will maintain the symmetric formulation by introducing constraints. Consider

the problem
minimize £(0) + A [|Ol
geqG (4.10.9)
subject to CO = 0.

The matrix C' constrains the optimization variables such that

> psily;) =0
Yj
> ri(yry;) =0.
Yj

The group regularizer implicitly enforces the same set of constraints, so the optimization
problems of Equation (4.10.9) and Equation (4.6.1) have the same solutions. For our the-
oretical results, we will use the constrained formulation of Equation (4.10.9), since it is
identifiable.

We first state some definitions and two assumptions from Lee et al. (2013b) that are
necessary to present the model selection consistency results. Let A and I represent the
active and inactive groups in 0, so Oy # 0 for any g € A and ©j = 0 for any g € I. The

sets associated with the active and inactive groups are defined as

A={©ecR?: max [|©]], < 1and [[8]], =0, g € I}
g€
T={0eR?: max [|6]|, < 1and [[O]l, =0, g € A}.
g€
Let M = span(Z)* N Null(C) and Pys be the orthogonal projector onto the subspace M.
The two assumptions are

1. Restricted Strong Convexity. We assume that

vIV20(0)w
TQ(]) >m (4.10.10)

sup
vEM v

for all [|© — ©*||, < r. Since V2¢(©) is lipschitz continuous, the existence of a constant



m that satisfies (4.10.10) is implied by the pointwise restricted convexity

vI V(0% )

sup T > m.

veM vTU

For convenience, we will use the former.

2. Trrepresentable condition. There exist 7 € (0, 1) such that

sup V(Py o (V20(©%)Pr(Py V2 (0*)Py) T Pyrz — 2)) < 1 — 7, (4.10.11)
z€A
where V' is the infimal convolution of the gauge pr, Z pr(x) = inf{t : t > 0,tx € T},
and 1[Null(C)*]:

V(=)= _inf {ps(un) +1[Null(©)*| (uz)}.
Restricted strong convexity is a standard assumption that ensures the parameter © is
uniquely determined by the value of the likelihood function. Without this, there is no
hope of accurately estimating ©*. It is only stated over a subspace M which can be much
smaller than R%. The Irrepresentable condition is a more stringent condition. Intuitively,
it requires that the active parameter groups not be overly dependent on the inactive pa-
rameter groups. Although the exact form of the condition is not enlightening, it is known
to be necessary for model selection consistency in lasso-type problems (Zhao and Yu, 2006;
Lee et al., 2013b) and a common assumption in other works that establish model selection
consistency (Ravikumar et al., 2010; Jalali et al., 2011; Peng et al., 2009). We also define

the constants that appear in the theorem:

1. Lipschitz constants L; and Ls. Let A(©) be the log-partition function. A(©) and
£(©) are twice continuously differentiable functions, so their gradient and hessian are

locally Lipschitz continuous in a ball of radius r around ©*:

IVA(©1) = VA(®2)[ly < L1 [|©1 = Oy, ©1,02 € B(O7)
|V20(©1) — V2(02)||, < L2 ||©1 — O3], ©1,0; € B,(6%)

94



CHAPTER 4. LEARNING MIXED GRAPHICAL MODELS 95

2. Let T satisfy

sup V(Pyo(V2(0) Py (Py V(0% Py) T Pyz — 2)) < 7.
z€AUT

V' is a continuous function of z, so a finite T exists.

Theorem 4.10.1. Suppose we are given samples =V, ..., ™ from the mized model with

unknown parameters ©*. If we select

o 2256 L, 7 \/ (maxyeq |g]) log |G|
T n

and the sample size n is larger than

4096L1 L272 \4
—it— (24 L) (maxgeq [g])|Af* log |G

204881 (9 4 1Y% (maxyeq |g])| A] log |G,

m2r2

max

then, with probability at least 1 — 2(maxgeg ]g\) exp(—cA?n), the optimal solution to (4.6.1)

s unique and model selection consistent,

116 -7l < i (5) y/ o Almeecla sl

27 n )
2.0,=0,g€l and Oy #04f ||, > = (14 £&) VIA[A.

Remark 4.10.2. The same theorem applies to both the mazximum likelihood and pseudolike-
lihood estimators. For the mazimum likelihood, the constants can be tightened; everywhere
Ly appears can be replaced by L1 /128 and the theorem remains true. However, the values of
7,7, m, L1, Ly are different for the two methods. For the maximum likelihood, the gradient
of the log-partition VA(O) and hessian of the log-likelihood V2£(©) do not depend on the
samples. Thus the constants 7,7, m, L1, Lo are completely determined by ©* and the like-
lihood. For the pseudolikelihood, the values of 7,7, m, Lo depend on the samples, and the
theorem only applies if the assumptions are made on sample quantities; thus, the theorem is
less useful in practice when applied to the pseudolikelihood. This is similar to the situation

in Yang et al. (20183), where assumptions are made on sample quantities.



Bibliography

Bach, F., Jenatton, R., Mairal, J., and Obozinski, G. (2011). Optimization with sparsity-

inducing penalties. Foundations and Trends in Machine Learning, 4:1-106.

Banerjee, O., El Ghaoui, L., and d’Aspremont, A. (2008). Model selection through sparse
maximum likelihood estimation for multivariate gaussian or binary data. The Journal of

Machine Learning Research, 9:485-516.

Beck, A. and Teboulle, M. (2010). Gradient-based algorithms with applications to signal
recovery problems. Convex Optimization in Signal Processing and Communications, pages
42-88.

Becker, S., Candes, E., and Grant, M. (2011). Templates for convex cone problems with
applications to sparse signal recovery. Mathematical Programming Computation, pages
1-54.

Belloni, A., Chernozhukov, V., et al. (2011). Supplementary material for 11-penalized quan-
tile regression in high-dimensional sparse models. The Annals of Statistics, 39(1):82-130.

Belloni, A., Chernozhukov, V., et al. (2013). Least squares after model selection in high-
dimensional sparse models. Bernoulli, 19(2):521-547.

Benjamini, Y. and Yekutieli, D. (2005). False discovery rate-adjusted multiple confi-
dence intervals for selected parameters. Journal of the American Statistical Association,
100(469):71-81.

Benjamini, Y., Yekutieli, D., et al. (2001). The control of the false discovery rate in multiple
testing under dependency. The Annals of Statistics, 29(4):1165-1188.

Berk, R., Brown, L., Buja, A., Zhang, K., and Zhao, L. (2013). Valid post-selection infer-
ence. Annals of Statistics, 41(2):802-837.

96



BIBLIOGRAPHY 97

Besag, J. (1974). Spatial interaction and the statistical analysis of lattice systems. Journal
of the Royal Statistical Society. Series B (Methodological), pages 192-236.

Besag, J. (1975). Statistical analysis of non-lattice data. The statistician, pages 179-195.

Bithlmann, P. L. and van de Geer, S. A. (2011). Statistics for High-dimensional Data.
Springer.

Chen, D. and Plemmons, R. J. (2009). Nonnegativity constraints in numerical analysis. In

Symposium on the Birth of Numerical Analysis, pages 109-140.

Cheng, J., Levina, E., and Zhu, J. (2013). High-dimensional mixed graphical models. arXiv
preprint arXiv:1304.2810.

Combettes, P. and Pesquet, J. (2011). Proximal splitting methods in signal processing.

Fized-Point Algorithms for Inverse Problems in Science and Engineering, pages 185-212.
Edwards, D. (2000). Introduction to graphical modelling. Springer.

Efron, B., Hastie, T., Johnstone, 1., and Tibshirani, R. (2004). Least angle regression.
Annals of Statistics, 32(2):407-499.

Fan, J., Guo, S., and Hao, N. (2012). Variance estimation using refitted cross-validation
in ultrahigh dimensional regression. Journal of the Royal Statistical Society: Series B
(Methodological), 74(1):37-65.

Fan, J. and Lv, J. (2008). Sure independence screening for ultrahigh dimensional fea-
ture space. Journal of the Royal Statistical Society: Series B (Statistical Methodology),
70(5):849-911.

Fithian, W., Sun, D., and Taylor, J. (2014). Optimal inference after model selection. arXiv
preprint arXiv:1410.2597.

Foygel Barber, R. and Candes, E. (2014). Controlling the false discovery rate via knockoffs.
arXiww preprint arXiv:1404.5609.

Friedman, J., Hastie, T., Hofling, H., and Tibshirani, R. (2007). Pathwise coordinate
optimization. The Annals of Applied Statistics, 1(2):302-332.



Friedman, J., Hastie, T., and Tibshirani, R. (2008a). Sparse inverse covariance estimation
with the graphical lasso. Biostatistics, 9(3):432-441.

Friedman, J., Hastie, T., and Tibshirani, R. (2008b). Sparse inverse covariance estimation

with the graphical lasso. Biostatistics, 9(3):432-441.

Friedman, J., Hastie, T., and Tibshirani, R. (2010a). Applications of the lasso and grouped
lasso to the estimation of sparse graphical models. Technical report, Technical Report,

Stanford University.

Friedman, J., Hastie, T., and Tibshirani, R. (2010b). Regularization paths for generalized

linear models via coordinate descent. Journal of Statistical Software, 33(1):1.

Geweke, J. (1991). Efficient simulation from the multivariate normal and student-t distri-
butions subject to linear constraints. In Computer Sciences and Statistics Proceedings
of the 23d Symposium on the Interface, pages 571-578. Defense Technical Information

Center.

Guo, J., Levina, E., Michailidis, G., and Zhu, J. (2010). Joint structure estimation for
categorical markov networks. Submitted. Available at http://www. stat. lsa. umich. edu/”

elevina.

Hofling, H. and Tibshirani, R. (2009). Estimation of sparse binary pairwise markov networks
using pseudo-likelihoods. The Journal of Machine Learning Research, 10:883-906.

Jalali, A., Ravikumar, P., Vasuki, V., Sanghavi, S., ECE, U., and CS, U. (2011). On
learning discrete graphical models using group-sparse regularization. In Proceedings of
the International Conference on Artificial Intelligence and Statistics (AISTATS).

Javanmard, A. and Montanari, A. (2013). Confidence intervals and hypothesis testing for
high-dimensional regression. arXiv preprint arXiv:1306.3171.

Kim, S., Sohn, K.-A., and Xing, E. P. (2009). A multivariate regression approach to

association analysis of a quantitative trait network. Bioinformatics, 25(12):1204-1212.
Knight, K. and Fu, W. (2000). Asymptotics for lasso-type estimators. Annals of Statistics.

Koller, D. and Friedman, N. (2009). Probabilistic graphical models: principles and tech-
niques. The MIT Press.

98



BIBLIOGRAPHY 99

Lafferty, J., McCallum, A., and Pereira, F. C. (2001). Conditional random fields: Proba-

bilistic models for segmenting and labeling sequence data.
Lauritzen, S. (1996). Graphical models, volume 17. Oxford University Press, USA.

Lee, J., Sun, Y., and Saunders, M. (2012). Proximal newton-type methods for minimizing

convex objective functions in composite form. arXiv preprint arXiv:1206.1623.

Lee, J. D. and Hastie, T. J. (2014). Learning the structure of mixed graphical models.
Journal of Computational and Graphical Statistics, (just-accepted):00-00.

Lee, J. D., Sun, D. L., Sun, Y., and Taylor, J. E. (2013a). Exact post-selection inference
with the lasso. arXiv preprint arXiv:1311.6238.

Lee, J. D., Sun, Y., and Taylor, J. (2013b). On model selection consistency of m-estimators

with geometrically decomposable penalties. arXiv preprint arXiv:1305.7477.

Lee, J. D. and Taylor, J. E. (2014). Exact post model selection inference for marginal
screening. arXiv preprint arXiv:1402.5596.

Lee, S., Ganapathi, V., and Koller, D. (2006). Efficient structure learning of markov net-

works using llregularization. In NIPS.

Liang, P. and Jordan, M. (2008). An asymptotic analysis of generative, discriminative,
and pseudolikelihood estimators. In Proceedings of the 25th international conference on
Machine learning, pages 584-591. ACM.

Liu, Q. and Ihler, A. (2011). Learning scale free networks by reweighted 11 regularization. In
Proceedings of the 14th International Conference on Artificial Intelligence and Statistics
(AISTATS).

Liu, Q. and Ihler, A. (2012). Distributed parameter estimation via pseudo-likelihood. In
Proceedings of the International Conference on Machine Learning (ICML).

Lockhart, R., Taylor, J., Tibshirani, R., and Tibshirani, R. (2014). A significance test for

the lasso (with discussion). Annals of Statistics.

Loh, P.-L. and Wainwright, M. J. (2012). High-dimensional regression with noisy and miss-
ing data: Provable guarantees with nonconvexity. The Annals of Statistics, 40(3):1637—
1664.



Meinshausen, N. and Bithlmann, P. (2006). High-dimensional graphs and variable selection
with the lasso. The Annals of Statistics, 34(3):1436-1462.

Meinshausen, N. and Biihlmann, P. (2010). Stability selection. Journal of the Royal Sta-
tistical Society: Series B (Methodological), 72(4):417-473.

Meinshausen, N. et al. (2013). Sign-constrained least squares estimation for high-

dimensional regression. Electronic Journal of Statistics, 7:1607-1631.

Negahban, S. N., Ravikumar, P., Wainwright, M. J., and Yu, B. (2012). A unified framework
for high-dimensional analysis of m-estimators with decomposable regularizers. Statistical
Science, 27(4):538-557.

Peng, J., Wang, P., Zhou, N.; and Zhu, J. (2009). Partial correlation estimation by joint
sparse regression models. Journal of the American Statistical Association, 104(486):735—
746.

Ravikumar, P., Wainwright, M., and Lafferty, J. (2010). High-dimensional ising model
selection using 11-regularized logistic regression. The Annals of Statistics, 38(3):1287—
1319.

Reid, S., Tibshirani, R., and Friedman, J. (2013). A study of error variance estimation in

lasso regression. Preprint.

Rodriguez-Yam, G., Davis, R. A., and Scharf, L. L. (2004). Efficient gibbs sampling of
truncated multivariate normal with application to constrained linear regression. Technical

report, Department of Statistics, Colorado State University.

Rothman, A. J., Levina, E., and Zhu, J. (2010). Sparse multivariate regression with covari-

ance estimation. Journal of Computational and Graphical Statistics, 19(4):947-962.

Schmidt, M. (2010). Graphical Model Structure Learning with 11-Regularization. PhD thesis,
University of British Columbia.

Schmidt, M., Kim, D., and Sra, S. (2011). Projected newton-type methods in machine

learning.

Schmidt, M., Murphy, K., Fung, G., and Rosales, R. (2008). Structure learning in random
fields for heart motion abnormality detection. CVPR. IEEE Computer Society.

100



BIBLIOGRAPHY 101

Slawski, M., Hein, M., et al. (2013). Non-negative least squares for high-dimensional linear
models: Consistency and sparse recovery without regularization. FElectronic Journal of

Statistics, 7:3004-3056.

Taylor, J., Lockhart, R., Tibshirani, R. J., and Tibshirani, R. (2014). Post-selection adaptive

inference for least angle regression and the lasso. arXiv preprint arXiv:1401.3889.

Taylor, J., Loftus, J., and Tibshirani, R. J. (2013). Tests in adaptive regression via the
kac-rice formula. arXiv:1308.3020. Submitted.

Tibshirani, R. (1996). Regression shrinkage and selection via the lasso. Journal of the Royal
Statistical Society. Series B (Methodological), pages 267—288.

Tibshirani, R. J. (2013). The lasso problem and uniqueness. Electronic Journal of Statistics,
7:1456-1490.

Tur, I. and Castelo, R. (2012). Learning mixed graphical models from data with p larger
than n. arXiv preprint arXiv:1202.3765.

van de Geer, S., Bithlmann, P., Ritov, Y., and Dezeure, R. (2013). On asymptoti-
cally optimal confidence regions and tests for high-dimensional models. arXiv preprint
arXiw:1303.0518.

Wainwright, M. (2009). Sharp thresholds for high-dimensional and noisy sparsity recovery
using /1-constrained quadratic programming (lasso). IEEE Transactions on Information
Theory, 55(5):2183-2202.

Wainwright, M. and Jordan, M. (2008). Graphical models, exponential families, and varia-
tional inference. Foundations and Trends® in Machine Learning, 1(1-2):1-305.

Witten, D. M. and Tibshirani, R. (2009). Covariance-regularized regression and classifica-
tion for high dimensional problems. Journal of the Royal Statistical Society: Series B
(Statistical Methodology), 71(3):615-636.

Wright, S., Nowak, R., and Figueiredo, M. (2009). Sparse reconstruction by separable
approximation. Signal Processing, IEEE Transactions on, 57(7):2479-2493.

Yang, E., Ravikumar, P., Allen, G., and Liu, Z. (2012). Graphical models via generalized
linear models. In Advances in Neural Information Processing Systems 25, pages 1367—
1375.



Yang, E., Ravikumar, P., Allen, G., and Liu, Z. (2013). On graphical models via univariate
exponential family distributions. arXiv preprint arXiv:1301.4183.

Yuan, M. and Lin, Y. (2006). Model selection and estimation in regression with grouped
variables. Journal of the Royal Statistical Society: Series B (Statistical Methodology),
68(1):49-67.

Zhang, C.-H. and Zhang, S. (2014). Confidence intervals for low-dimensional parameters
with high-dimensional data. Journal of the Royal Statistical Society: Series B (Method-
ological), 76(1):217-242.

Zhao, P. and Yu, B. (2006). On model selection consistency of lasso. Journal of Machine
Learning Research, 7:2541-2563.

Zou, H. and Hastie, T. (2005). Regularization and variable selection via the elastic net.

Journal of the Royal Statistical Society: Series B (Methodological), 67(2):301-320.

102



Jason Dean Lee

I certify that I have read this dissertation and that, in my opinion, it is fully
adequate in scope and quality as a dissertation for the degree of Doctor of

Philosophy.

(Trevor J. Hastie) Principal Co-Advisor

I certify that I have read this dissertation and that, in my opinion, it is fully
adequate in scope and quality as a dissertation for the degree of Doctor of

Philosophy.

(Jonathan E. Taylor) Principal Co-Advisor

I certify that I have read this dissertation and that, in my opinion, it is fully
adequate in scope and quality as a dissertation for the degree of Doctor of

Philosophy.

(Lester Mackey)

Approved for the Stanford University Committee on Graduate Studies




	Abstract
	Acknowledgements
	Introduction
	I Selective Inference
	Selective Inference for the Lasso
	Introduction
	The Lasso
	Related Work
	Outline of Paper

	Preliminaries
	Characterizing Selection for the Lasso
	A Pivot for Gaussian Vectors Subject to Affine Constraints
	Adaptive choice of 

	Application to Inference for the Lasso
	Confidence Intervals for the Active Variables
	Testing the Lasso-Selected Model

	Data Example
	Minimal Post-Selection Inference
	Extensions
	Elastic net
	Alternative norms as test statistics
	Estimation of 2
	Composite Null Hypotheses
	How long a lasso should you use?

	Conclusion
	Appendix
	Monotonicity of F

	Lasso Screening Property

	Condition-on-Selection Method
	Formalism
	Marginal Screening, Orthogonal Matching Pursuit, and other Variable Selection methods
	Marginal Screening
	Marginal screening + Lasso
	Orthogonal Matching Pursuit
	Nonnegative Least Squares
	Logistic regression with Screening

	General method for Selective inference
	Computational Algorithm for arbitrary selection algorithms

	Inference in the full model
	False Discovery Rate
	Intervals for coefficients in full model

	Selective Inference for the Knockoff Filter


	II Learning Mixed Graphical Models
	Learning Mixed Graphical Models
	Introduction
	Mixed Graphical Model
	Related work on mixed graphical models

	Parameter Estimation: Maximum Likelihood and Pseudolikelihood
	Pseudolikelihood
	Separate node-wise regression

	Conditional Independence and Penalty Terms
	Calibrated regularizers
	Model Selection Consistency
	Optimization Algorithms
	Proximal Gradient
	 Proximal Newton Algorithms
	Path Algorithm

	Conditional Model
	Experimental Results
	Synthetic Experiments
	Survey Experiments

	Conclusion
	Proof of Convexity
	Sampling From The Joint Distribution
	Maximum Likelihood
	Choosing the Weights
	Model Selection Consistency




