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Preface

This thesis deals with two problems: learning linear interaction models, and elec-
troencephalography (EEG) source estimation in the visual cortex. These are quite
different problems, but they have a common theme that brings them together: we
propose solutions to each that are based on the group-lasso. The group-lasso was
first introduced in [49], and is an example of regularization applied to a supervised
learning problem.

Learning interactions is a diffcult problem because of the number of variables in-
volved. With a million variables (as in the case of genome wide association studies
(GWAS), we are already looking at a candidate interaction search space of about a
trillion terms. Even if the computational problems are overcome, there is still the
statistical issue of spurious correlations and low signal to noise ratios inherent in
these problems. Past approaches to this problem such as hierNet [5] and logic regres-
sion [33] are limited in either their computational feasibility or the types of variables
they can accommodate. Our contribution here is GLINTERNET, a method for learn-
ing pairwise interactions via hierarchical group-lasso regularization. We demonstrate
that GLINTERNET is competitive with current methods (where these methods are fea-
sible), but also that it has the added advantage of being able to accommodate both
categorical variables with arbitrary numbers of levels as well as continuous variables.
GLINTERNET is available as a package on CRAN for the statistical software R.

Our EEG source problem arises from visual activation studies. Here, subjects are
given visual stimuli, and their neural response is measured in a non-invasive manner
through the use the sensors (or channels) placed around the subject’s head. The

goal is to recover the underlying neural activity (the sources) that are responsible for

v



the observations recorded with these sensors. One method that is currently used to
perform source inversion is called the minimum norm, which applies ridge regression
to the observed sensor readings. We make two contributions in this domain. First,
we show that the group-lasso outperforms the minimum norm inversion, and that the
group-lasso performance improves with the number of subjects. This occurs because
the group-lasso is able to pool information across multiple subjects, whereas the
minimum norm is inherently unable to do so. A post-processing step may be applied
to the minimum norm estimates by averaging across multiple subjects. Our second
contribution consists of showing that averaging within appropriately defined regions
of interest (ROIs) in the visual cortex across multiple subjects is able to dramatically
boost the performance of both the minimum norm and group-lasso solutions, and
also improves with the number of subjects. These two contributions, to the best of
our knowledge, are novel results.

There are four chapters in this thesis. Chapter 1 introduces the group-lasso and
describes some of its properties. Chapter 2 consists of the interaction learning prob-
lem. We make clear the problem statement, make the case for hierarchical interaction
models, and then present our solution. The EEG source estimation problem is tackled
in Chapter 3. We introduce the problem, discuss past approaches and why they are
inadequate before presenting our solution that is based on the group-lasso. Finally,

we conclude with a discussion in Chapter 4.
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Chapter 1
Introduction and preliminaries

In this chapter, we introduce the lasso and the group-lasso. The group-lasso can be
viewed as an extension of the lasso to groups of variables, and is the common theme

running throughout the thesis.

1.1 The lasso

Regularization plays an important role in statistics and machine learning. One ex-
ample arises in the context of linear models applied to large datasets. Advances in
technology has made it possible to store ever larger amounts of data, and while the
number of observations has increased dramatically, so too has the number of fea-
tures. In fact, the number of features often exceeds the number of data points; this
is commonly referred to as the “p > n” problem. The linear regression problem is
ill-posed in this situation because there is no unique solution: there are infinitely
many coefficient vectors that give the same fit.

A popular approach in supervised learning problems of this type is to use regular-
ization, such as adding a squared L, penalty of the form ||3]|3 or a L; penalty of the
form || 8|y to the model coefficients. The latter type of penalty has been the focus of

much research since its introduction in [40], and is called the lasso. The lasso obtains
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the estimates B as the solution to
argmin,, 5 L(Y, X; 1, 8) + M| )1, (1.1)

where Y is a vector of observations, X is the feature matrix (or design matrix), u is
the intercept, and [ is the vector of coefficients to be estimated. £ can be any loss

function, most commonly squared error loss
1 2
LY, X1, 8) = 5 IIY — p- 1= X5 (1.2)
if the observations Y are quantitative, or logistic loss
LY, X;p,8) = = [YT(u- 1+ X8) —1Tlog (1 +exp(u-1+XB)]  (13)

if the observations are binary (log and exp taken component wise).
The L; penalty has the effect of performing variable selection by setting some of
the coefficients to zero. The parameter A controls the amount of regularization, and

for large enough values, all the coefficients will be estimated to be zero.

1.2 The group-lasso

There is a group analog to the lasso, called the group-lasso [49], that sets groups
of coefficients to zero. Suppose there are p groups of variables (possibly of different
sizes), and let the feature matrix for group ¢ be denoted by X;. Let Y denote the
vector of observations. The group-lasso obtains the estimates Bj, j=1,...,p, as the

solution to

. 1 p p
argmin,, 4 §||Y — -1 - ZXjﬁjH% + )\Z%‘Hﬁjﬂz (1.4)

j=1 j=1

Note that the Ly penalty in (1.4) is not squared, and that if each group consists of only
one variable, this reduces to the lasso criterion in (1.1). Just as the lasso performs

variable selection by estimating some of the coefficients to be zero, the group-lasso
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does selection on the group level: it is able to zero out groups of coefficients. If an
estimate ﬁAZ is nonzero, then all its components are usually nonzero.

The parameter A controls the amount of regularization, with larger values implying
more regularization. When X is large enough, all the coefficients will be estimated as
zero. The 7’s allow each group to be penalized to different extents, which allows us to
penalize some groups more (or less) than others. To solve (1.4), we start with \ large
enough so that all estimates are zero. Decreasing A along a grid of values results in a
path of solutions, from which an optimal A can be chosen by cross validation or some
model selection procedure. In particular, for the EEG source estimation problem, we
use generalized cross validation (GCV) [14] with a heuristic for the degrees of freedom
using the results in [22].

The Karush-Kuhn-Tucker (KKT) optimality conditions for the group-lasso are

simple to compute and check. For group ¢, they are

IXT(Y = Y)[la <wX if B;=0 (1.5)
IXT(Y = Y)[la =wX if B #0. (1.6)

where Y = a1+>" X, B is the vector of fitted values. The group-lasso is commonly
fit with some form of gradient descent, and convergence can be confirmed by checking
that the solutions satisfy the KKT conditions. We use an adaptive version of fast
iterative soft thresholding (FISTA) [3] and cyclic group-wise coordinate descent in
our applications. See Sections 2.8 and 3.5 for more details.

Adding a ridge penalty to (1.4) results in the group analog of the elastic-net:

2

p
+A Y1852 + allBl3- (1.7)

2 J=1

p
Y —p1-) X8

Jj=1

1
argmin,, s 3

The squared Ly penalty in (1.7) applies to the entire coefficient vector 5. This allows
us to reduce the variance in the estimates 3;, and having o > 0 is helpful in our
EEG experiments. Now that we have two parameters A\ and «, a two-dimensional
grid search has to be done to select optimal values for them. Since this can be

computationally intensive, we keep « fixed and do the grid search only on A\. We
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discuss how we select o in Appendix A.

The overlapped group-lasso is a variant of the group-lasso where the groups of
variables are allowed to have overlaps, i.e. some variables can show up in more than
one group. However, each time a variable shows up in a group, it gets a new coefficient.
For example, if a variable is included in 3 groups, then it has 3 coefficients that need

to be estimated. We refer the reader to [21] for more details.

1.2.1 Extending the group-lasso to matrix-valued coefficients

Our description of the group-lasso above treated the coefficients 3 as a vector. Since
the EEG source activity at a single time point is a vector, and we wish to recover
the activity over several time points, we need to be able to handle the case where the
coefficients are matrices. This can be done via a straightforward extension of (1.7).
As before let X; denote the feature matrix for group ¢ and let Y be the N x T" matriz
of observations.

1
argmin,, g 3

p 2 p
Y1 =3 X6 +2 ) villGlle +alll- (1.8)
j=1 P j=1
We now have T intercepts (one for each column of Y), and we use the Frobenius
norm || - || instead of the Ly norm. The solutions have the same property as before

in that if BZ is nonzero, then all its components are usually nonzero.



Chapter 2
Learning interactions

Our first application of the group-lasso is in the context of learning linear pairwise
interaction models via hierarchical group-lasso regularization. We begin by defining

what an interaction means and describing the difficulty of the problem.

2.1 Introduction

Given an observed response and explanatory variables, we expect interactions to be
present if the response cannot be explained by additive functions of the variables.

The following definition makes this more precise.

Definition 1. When a function f(x,y) cannot be expressed as g(x) + h(y) for some

functions g and h, we say that there is an interaction in f between x and y.

Interactions of single nucleotide polymorphisms (SNPs) are thought to play a
role in cancer [36] and other diseases. Modeling interactions has also served the
recommender systems community well: latent factor models (matrix factorization)
aim to capture user-item interactions that measure a user’s affinity for a particular
item, and are the state of the art in predictive power [23]. In lookalike-selection, a
problem that is of interest in computational advertising, one looks for features that
most separates a group of observations from its complement, and it is conceivable

that interactions among the features can play an important role.
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There are many challenges, the first of which is a problem of scalability. Even
with 10,000 variables, we are already looking at a 50 x 10°-dimensional space of
possible interaction pairs. Complicating the matter are correlations amongst the
variables, which makes learning even harder. Finally, in some applications, sample
sizes are relatively small and the signal to noise ratio is low. For example, genome
wide association studies (GWAS) can involve hundreds of thousands or millions of
variables, but only several thousand observations. Since the number of interactions is
on the order of the square of the number of variables, computational considerations
quickly become an issue.

Finding interactions is an example of the “p > n” problem where there are more
features or variables than observations. This is a natural setting for regularization,
and the idea behind our method is to set up main effects and interactions (to be
defined later) as a group of variables, and then we perform selection via the group-
lasso.

Discovering interactions is an area of active research; see, for example, [5] and [7].
In this thesis, we introduce GLINTERNET, a method for learning first-order interac-
tions that can be applied to categorical variables with arbitrary numbers of levels,
continuous variables, and combinations of the two. Our approach consists of two
phases: a screening stage (for large problems) that gives a candidate set of main
effects and interactions, followed by variable selection on the candidate set with the
group-lasso. We introduce two screening procedures, the first of which is inspired by
our observation that boosting with depth-2 trees naturally gives rise to an interaction
selection process that enforces hierarchy: an interaction cannot be chosen until a split
has been made on one of its two associated main effects. The second method is an
adaptive procedure that is based on the strong rules [41] for discarding predictors in
lasso-type problems. We show in Section 2.3 how the group-lasso penalty naturally
enforces strong hierarchy in the resulting solutions.

We can now give an overview of our method:

1. If required, screen the variables to get a candidate set C of interactions and
their associated main effects. Otherwise, take C to consist of all main effects

and pairwise interactions.
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2. Fit a group-lasso on C with a grid of values for the regularization parameter.
Start with A\ = \,,., for which all estimates are zero. As we decrease \, we
allow more terms to enter the model, and we stop once a user-specified number
of interactions have been discovered. Alternatively, we can choose A using any

model selection technique such as cross validation.

2.1.1 A simulated example

As a first example, we perform 100 simulations with 500 3-level categorical variables
and 800 quantitative observations. There are 10 main effects and 10 interactions in
the ground truth, and the noise level is chosen to give a signal to noise ratio of one.
We run GLINTERNET without any screening, and stop after ten interactions have been
found. The average false discovery rate and standard errors are plotted as a function

of the number of interactions found in Figure 2.1.

0.3+

o
N

False discovery rate

o
s

0.0

T T T
0 1 2 3 4 5 6 7 8
Number of interactions found

Figure 2.1: False discovery rate vs number of discovered interactions
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2.1.2 Organization of Chapter 2

The rest of the chapter is organized as follows. Section 2.2 introduces basic notions
and notation. In section 2.3, we introduce the group-lasso and how it fits into our
framework for finding interactions. We also show how GLINTERNET is equivalent to
an overlapping grouped lasso. We discuss screening in Section 2.4, and give sev-
eral examples with both synthetic and real datasets in Section 2.7 before going into

algorithmic details in Section 2.8. We conclude with a discussion in Section 2.9.

2.2 Background and notation

We use the random variables Y to denote the observed response, F' to denote a
categorical feature, and Z to denote a continuous feature. We use L to denote the
number of levels that [’ can take. For simplicity of notation we will use the first
L positive integers to represent these L levels, so that F' takes values in the set
{i € Z:1< i< L}. Each categorical variable has an associated random variable
X € RY with a 1 that indicates which level F' takes, and 0 everywhere else.

When there are p categorical (or continuous) features, we will use subscripts to
index them, i.e. [y,...,F,. Boldface font will always be reserved for vectors or
matrices that comprise of realizations of these random variables. For example, Y is
the n-vector of observations of the random variable Y, F is the n-vector of realizations
of the random variable F', and Z is the n-vector of realizations of the random variable
Z. Similarly, X is a n x L indicator matrix whose i-th row consists of a 1 in the
F;-th column and 0 everywhere else. We use a n x (L; - L;) indicator matrix X;.; to

represent the interaction F; : F;. We will write
Xi:j = Xz * Xj, (21)

where the first L; columns of X;.; are obtained by taking the elementwise products

between the first column of X; and the columns of X;, and likewise for the other
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columns. For example,

<a b>*<e f):<ae af be bf>' (29)
c d g h cg ch dg dh

2.2.1 Definition of interaction for categorical variables

To see how Definition 1 applies to this setting, let E(Y'|Fy = i, Fo = j) = p;, the
conditional mean of Y given that F) takes level ¢, and F; takes level j. There are 4

possible cases:
1. pij = p (no main effects, no interactions)
2. pij = p+ 0% (one main effect F})
3. pij = po+ 0% + 65 (two main effects)
4. pij = p+ 0% + 05 + 07, (main effects and interaction)

Note that all but the first case is overparametrized, and the usual procedure is to

impose sum constraints on the main effects and interactions:

Ly Ly
d =0, > #=0 (2.3)
i=1 Jj=1

and
L Ly
S0, =0 for fixed j, Y 67, =0 for fixed i, (2.4)
i=1 J=1
In what follows, 6;, i = 1,--- , p, will represent the main effect coeflicients, and 6;.;

will denote the interaction coefficients. We will use the terms “main effect coefficients”

and “main effects” interchangeably, and likewise for interactions.

2.2.2 Weak and strong hierarchy

An interaction model is said to obey strong hierarchy if an interaction can be present
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only if both of its main effects are present. Weak hierarchy is obeyed as long as either
of its main effects are present. Since main effects as defined above can be viewed
as deviations from the global mean, and interactions are deviations from the main
effects, it rarely make sense to have interactions without main effects. This leads us
to prefer interaction models that are hierarchical. We will see in Section 2.3 that

GLINTERNET produces estimates that obey strong hierarchy.

2.2.3 First order interaction model

Our model for a quantitative response Y is given by

p

i=1 i<j

where € ~ N(0,0?). For binary responses, we have

p
logit(P(Y =1|X)) = p+ Z Xi0; + Z Xijij- (2.6)

i=1 i<j
We fit these models by minimizing an appropriate choice of loss function £. Because
the models are still overparametrized, we impose the relevant constraints for the
coefficients 6 (see (2.3) and (2.4)). We can thus cast the problem of fitting a first-

order interaction model as an optimization problem with constraints:
argmin, g L(Y, Xi.i<p, Xiji 1, 0) (2.7)

subject to the relevant constraints. £ can be any loss function, typically squared error

loss for the quantitative response model given by

1 p
E(Ya Xi:i§p7Xi:j; 22 9) = 5 Y —p-1- ZXz‘Qi =+ ZXi:jei:j
i=1

1<j
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and logistic loss for the binomial response model given by

p
LY, Xji<p, Xiji 1,0) = — [YT(M A+ X+ Y Xijbiy)

i=1 i<j

p
— 17 1o0g (1 +exp(p -1+ ZXﬂi + ZXz‘:jQi:j)>] , (2.9)

i=1 i<j

where the log and exp are taken component-wise.

Because the coefficients in (2.7) are unpenalized, the solutions 0; satisfy strong
hierarchy (they are usually all nonzero). If p+ 12) > n, this problem is ill-posed,

resulting in infinitely many solutions. Adding a ridge penalty is one way to tackle
this problem, and the solutions will also satisfy strong hierarchy. The question then
arises as to how to fit interaction models whose solutions are sparse (variable selection
effect) and also satisfy hierarchy. A lasso penalty will achieve sparsity, but there is
no guarantee that the solutions will have any form of hierarchy. This is the goal of

this work.

2.3 Methodology and results

We want to fit the first order interaction model in a way that obeys strong hierarchy.
We show in Section 2.3.1 how this can be achieved by adding an overlapped group-
lasso penalty to the objective in (2.7). We then show how this constrained overlapped
group-lasso problem can be conveniently solved via an wunconstrained group-lasso

(without overlaps).

2.3.1 Strong hierarchy through overlapped group-lasso

Adding an overlapped group-lasso penalty to (2.7) is one way of obtaining solutions
that satisfy the strong hierarchy property. The results that follow hold for both
squared error and logistic loss, but we focus on the former for clarity.

Consider the case where there are two categorical variables F} and Fy with L, and
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Ly levels respectively. Their indicator matrices are given by X; and Xs. We solve

2

an
argminwa’d 5 Y — M- 1-— X1a1 — XQOZZ — [Xl XQ Xlzg] d2
a2 5
# 3 (Nl + ol + y/Zala B + Lilaal + oual3) (210
subject to
Ly Lo ‘
daj=0, > al=0, Z Z =0 (2.11)
i=1 j=1
and

Zal ', = 0 for fixed 7, Zal o, = 0 for fixed 1. (2.12)

Notice that X;, ¢ = 1,2 each have two different coefficient vectors a; and @;, resulting

in an overlapped penalty. It follows that the actual main effects 6, and 6y are given
by

(91 = Q1+ 6(1 (213)
02 = a9 + dg (214)

The \/Lol||G1]|2 + Li|az2]|3 + [Jau.2||2 term results in estimates that satisfy strong hi-
erarchy, because either &1 = &2 = (.2 = 0 or all are nonzero, i.e. interactions are
always present with both main effects.

The constants L; and L are chosen to put a;, s, and aq.0 on the same scale. To

motivate this, note that we can write

Xlal - XI:Q[&la e a&l]Tv (215)
——

Lo copies
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and similarly for Xoas. We now have a representation for a; and &, with respect to

the space defined by Xj.5, so that they are “comparable” to ay.5. We then have
NG, &li3 = Lallén 2 (2.16)
———
Lo copies

and likewise for ay. More details are given in Section 2.3.2 below.

The estimated main effects and interactions can be recovered as

él == (561 + 8(1 (217)
ég = dg —|— 8{2 (218)
010 = 0. (2.19)

Because of the “all zero” or “all nonzero” property of the group-lasso estimates men-

tioned above, we also have
él;g 7& 0= él 75 0 and ég 7& 0. (220)

The overlapped group-lasso with constraints is conceptually simple, but care must
be taken in how we parametrize the constraints. This is especially so because we
penalize the coefficients, and any representation of the problem that does not preserve
symmetry will result in unequal penalization schemes for the coefficients. The problem
becomes more tedious as the number of variables and levels grows. We now show how
to solve the overlapped group-lasso problem by solving an equivalent unconstrained

group-lasso problem. This is advantageous because

1. the problem can be represented in a symmetric way, thus avoiding the need for

careful choices of parametrization, and

2. we only have to fit a group-lasso without constraints on the coefficients, which

is a well-studied problem.
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2.3.2 Equivalence with unconstrained group-lasso

We show that the overlapped group-lasso above can be solved with a simple group-
lasso. We will need two Lemmas. The first shows that because we fit an intercept in

the model, the estimated coefficients B for categorical variables will have mean zero.

Lemma 1. Let X be an indicator matriz. Then the solutionB to
: 1 2
argmin, ;= Y — 1= X5 + X[ (221)

satisfies

ool
I
@]

(2.22)

The same is true for logistic loss.

Proof. Because X is an indicator matrix, each row consists of exactly a single 1 (all

other entries 0), so that
X-cl=cl (2.23)

for any constant c. It follows that if ;i and /3 are solutions, then so are it + ¢l and

3 — ¢1. But the norm || — ¢1||, is minimized for ¢ = j3. O

The next Lemma states that if we include two intercepts in the model, one pe-
nalized and the other unpenalized, then the penalized intercept will be estimated to
be zero. This is because we can achieve the same fit with a lower penalty by taking

W p+ [

Lemma 2. The optimization problem

. 1 N 9 _
argming ;5 o [|Y = - 1= - 1=l + M /IALE + (18113 (2.24)

has solution fL =0 for all A > 0. The same result holds for logistic loss.
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The next theorem shows how the overlapped group-lasso in Section 2.3.1 reduces

to a group-lasso.
Theorem 1. Solving the constrained optimization problem (2.10) - (2.12) in Section

2.3.1 1s equivalent to solving the unconstrained problem

) 1
arginitl, s o 1Y —p-1 =Xy 81 — Xof5y — X1:251:2”§
(2.25)

+ A1Bill2 + 1B2ll2 + 1| Br2ll2) -

Proof. We need to show that the group-lasso objective can be equivalently written as

an overlapped group-lasso with the appropriate constraints on the parameters. We

begin by rewriting (2.10) as
2

Y — M- 1-— XlOél - X20é2 — []_ X1 X2 Xl:Z]
(%)

N | —

argming, ; . 5
Q-
1:2 5

+A (HOéle + [lazllz + \/L1L2Hﬂ||§ + Lollda |3 + L[5 + HamH%) (2.26)
By Lemma 2, we will estimate ﬁ = 0. Therefore we have not changed the solutions

in any way.
Lemma 1 shows that the first two constraints in (2.11) are satisfied by the esti-
mated main effects Bl and Bg. We now show that

[Brzll2 = \/L1L2||ﬂ\|§ + Lol|dy][3 + Lal|az3 + [lon213 (2.27)

where the &i, g, and aq.5 satisfy the constraints in (2.11) and (2.12).

For fixed levels i and j, we can decompose [31.2 (see [35]) as

Uy = Bio+ (Bl — Bio) + By — Bia) + (B — Biy — Bila + Bra) (2:28)
i + &+ ad 4 all,. (2.29)
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It follows that the whole (L;Ly)-vector (.o can be written as
P2 = 1+ Z16n + Zydis + 19, (2.30)

where Z is a LiLy X L; indicator matrix of the form

1L2><1 O
2 (2.31)
0 0 0
0 0 0 1r,x1
L1 cc:l,umns
and Zs is a L1Ls X Ly indicator matrix of the form
[LQXLQ
L, copies : (2.32)
ILQXLQ
It follows that
~ _ r~1 ~1 ~2 ~2 ~ L ~ Li\T
Zi6q = (G, ...,00,07,...,07,...,47", ...,a7") (2.33)
~— ~— ——
Lo copies L2 copies L2 copies
and
Zotiy = (A3, ..., 682 a8,...,ak2, .. &k, ... as)T. (2.34)

Note that &1, s, and «aq.2, by definition, satisfy the constraints (2.11) and (2.12).
This can be used to show, by direct calculation, that the four additive components

in (2.30) are mutually orthogonal, so that we can write

VL + 120G 3 + 1Zadol3 + o3 (2.35)
— Ly Lollill3 + Zolld 3 + Lullaal; + a3 (2.36)

Hﬁl:ZHg
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We have shown that the penalty in the group-lasso problem is equivalent to the
penalty in the constrained overlapped group-lasso. It remains to show that the loss
functions in both problems are also the same. Since X;.2Z; = X and X;.2Zy = Xo,

this can be seen by a direct computation:

= 1a+ X0 + Xods + X002 (2.38)
ii
a%
= [1X; Xy Xy]| (2.39)
&%)
Q1.9
L]

Theorem 1 shows that we can use the group-lasso to obtain estimates that satisfy
strong hierarchy, without solving the overlapped group-lasso with constraints. The

theorem also shows that the main effects and interactions can be extracted with

6, = B+ (2.40)
0y = B+ s (2.41)
é1;2 - &1;2. (242)

We discuss the properties of the GLINTERNET estimates in the next section.

2.3.3 Properties of the glinternet estimators

While GLINTERNET treats the problem as a group-lasso, examining the equivalent
overlapped group-lasso version makes it easier to draw insights about the behaviour
of the method under various scenarios. Recall that the overlapped penalty for two

variables is given by

lenl2 + llazll2 + \/L2||541||§ + L[|l + llaa|f3- (2.43)
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If the ground truth is additive, i.e. ai.0 = 0, then a; and as will be estimated to be

zero (in the noiseless case). This is because for Ly, Ly > 2 and a,b > 0, we have

\ LQGQ + L1b2 Z a + b. (244)

Thus it is advantageous to place all the main effects in a; and as, because doing
so results in a smaller penalty. Therefore, if the truth has no interactions, then
GLINTERNET picks out only main effects.

If an interaction was present (cy., > 0), the derivative of the penalty term with

respect to aq.o is

Qaq:2
vV Lo|la 13 4 Lul|del3 + [Jarel3

(2.45)

The presence of main effects allows this derivative to be smaller, thus allowing the
algorithm to pay a smaller penalty (as compared to no main effects present) for
making &1.o nonzero. This shows interactions whose main effects are also present are

discovered before pure interactions.

2.3.4 Interaction between a categorical variable and a con-

tinuous variable

We describe how to extend Theorem 1 to interaction between a continuous variable
and a categorical variable.
Consider the case where we have a categorical variable ' with L levels, and a

continuous variable Z. Let u; = E[Y'|F =i, Z = z|. There are four cases:
e 1; = p1 (no main effects, no interactions)
e ;= p+ 0% (main effect F)
o 1i; = ji+ 0% + 0z (two main effects)

o 11 = ji+ 0% + 02 + 0.,z (main effects and interaction)



CHAPTER 2. LEARNING INTERACTIONS 19

As before, we impose the constraints Y7, 67 = 0 and .7, i, = 0. An overlapped

group-lasso of the form

2

&3]
argmin,, , 5 5 Y—p-1—-Xog—Zary—[X Z (X*Z)]| a»
a2 9
2 (Hale + llaglle + /I3 + Lildzl3 + uamu;) (2.46)
subject to

L
daj=0, > ai=0, ) al,=0 (2.47)
i=1 i=1 i=1
allows us to obtain estimates of the interaction term that satisfy strong hierarchy.

This is again due to the nature of the square root term in the penalty. The actual

main effects and interactions can be recovered as

él - dl + 8{1 (248)
0y = G + G (2.49)
Or0 = G (2.50)

We have the following extension of Theorem 1:

Theorem 2. Solving the constrained overlapped group-lasso above is equivalent to

solving

. 1
argmin, s o Y —p-1=XBy —ZfB — (X1 Z])ﬁl:z“%

+ A B2 + [ Ball2 + [ Pr2ll2) - (2.51)
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Proof. We proceed as in the proof of Theorem 1 and introduce an additional param-

eter i into the overlapped objective:
fi
) 1 a%
ArgMiN, 7 0.6 5 Y—p-1-Xoy—Zay—[1 X Z (X+Z)]| _
%)
Q.2 9

A (Halllz t llaalle 4+ \/LIl3 + 161013 + Lliaol3 + Haml!%) (2.52)

As before, this does not change the solutions because we will have /i = 0 (see Lemma

2).
Decompose the 2L-vector ;.o into
(2.53)

M

where 1, and 7, both have dimension L x 1. Apply the anova decomposition to both

to obtain
o= n+m—n) 2.54)
= i+d (2.55)
and
mo= my+ (nh—ny) (2.56)
(2.57)

— o~ %
Qg + Q..

Note that & is a (L x 1)-vector that satisfies Y.~ | @4 = 0, and likewise for 5. This

allows us to write
(2.58)
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It follows that
1B1:2ll3 = LIl + llaall3 + Lllaall; + llavall3, (2.59)

which shows that the penalties in both problems are equivalent. A direct computation

shows that the loss functions are also equivalent:

(X*[1 Z)pB2 = [X (X*Z)]fr2 (2.60)
= [X (X*2Z)] ([ “11“ ]+[ o D (2.61)

= [-14+Xa +Zas + (X *Z)ays. | (2.62)

O

Theorem 2 allows us to accommodate interactions between continuous and cate-
gorical variables by simply parametrizing the interaction term as X % [1 Z], where
X is the indicator matrix representation for categorical variables that we have been

using all along. We then proceed as before with a group-lasso.

2.3.5 Interaction between two continuous variables

We have seen that the appropriate representations for the interaction terms are
e X, x Xy = X, for categorical variables

e X x[1 Z] = [X (X xZ)] for one categorical variable and one continuous

variable.

How should we represent the interaction between two continuous variables? Let Z;
and Zy be two continuous variables. One might guess by now that the appropriate

form of the interaction term is given by

Zio = (1 Zi]*x[1 Zs (2.63)
=1 Zy Z, (Z:+17Z,)]. (2.64)
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This is indeed the case. A linear interaction model for Z; and Z, is given by
E[Y|Zl =21, ZQ = 22] = U + ‘9121 + 9222 + 91;22122. (265)

Unlike the previous cases where there were categorical variables, there are no con-

straints on any of the coefficients. It follows that the overlapped group-lasso

ji
aq

argmin Y —p-1—Zioy —Zocs —[1 2y Zyo (Zy%Zy))

DO | —

[y ReNe ~
Qo

19 9

+A (ualua Nl lla + /703 + e I3 + a3 + uamua) (2.66)

is trivially equivalent to

. 1
argmlnmﬁ 5 ||Y — U 1-— Zlﬁl — ZQ/BQ — ([1 Zl] * []_ ZQ])BLQHS

+AIPull2 + 182ll2 + [1Br2ll2) , (2.67)

with the ’s taking the place of the a’s. Note that we will have ﬁ = 0.

2.4 Variable screening

GLINTERNET works by solving a group-lasso with p + (Z) groups of variables. Even

for moderate p (~ 10°), we will require some form of screening to reduce the dimension
of the interaction search space. We have argued that models satisfying hierarchy make
sense, so that it is natural to consider screening devices that hedge on the presence
of main effects. We discuss two screening methods in this section: gradient boosting,
and an adaptive screen based on the strong rules of [41]. We describe the boosting

approach first.
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2.4.1 Screening with boosted trees

AdaBoost [11] and gradient boosting [12] are effective approaches to building ensem-
bles of weak learners such as decision trees. One of the advantages of trees is that
they are able to model nonlinear effects and high-order interactions. For example,
a depth-2 tree essentially represents an interaction between the variables involved in
the two splits, which suggests that boosting with depth-2 trees is a way of building
a first-order interaction model. Note that the interactions are hierarchical, because
in finding the optimal first split, the boosting algorithm is looking for the best main
effect. The subsequent split is then made, conditioned on the first split.

If we boost with T trees, then we end up with a model that has at most T
interaction pairs. The following diagram gives a schematic of the boosting iterations

with categorical variables.

In the first tree, levels 2 and 3 of F} are not involved in the interaction with F5.
Therefore each tree in the boosted model does not represent an interaction among
all the levels of the two variables, but only among a subset of the levels. To enforce
the full interaction structure, one could use fully-split trees, but we do not develop
this approach for two reasons. First, boosting is a sequential procedure and is quite
slow even for moderately sized problems. Using fully split trees will further degrade
its runtime. Second, in variables with many levels, it is reasonable to expect that the
interactions only occur among a few of the levels. If this were true, then a complete
interaction that is weak for every combination of levels might be selected over a strong
partial interaction. But it is the strong partial interaction that we are interested in.

Boosting is feasible because it is a greedy algorithm. If p is the number of variables,
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an exhaustive search involves O(p?) variables, whereas boosting operates with O(p).
To use the boosted model as a screening device for interaction candidates, we take
the set of all unique interactions from the collection of trees. For example, in our
schematic above, we would add F}., and Fii.03 to our candidate set of interactions.
In our experiments, using boosting as a screen did not perform as well as we hoped.
There is the issue of selecting tuning parameters such as the amount of shrinkage and
the number of trees to use. Lowering the shrinkage and increasing the number of
trees improves false discovery rates, but at a significant cost to speed. In the next
section, we describe a screening approach that is based on computing inner products

that is efficient and that can be integrated with the strong rules for the group-lasso.

2.4.2 An adaptive screening procedure

The strong rules [41] for lasso-type problems are effective heuristics for discarding
large numbers of variables that are likely to be redundant. As a result, the strong rules
can dramatically speed up the convergence of algorithms because they can concentrate
on a smaller set (we call this the strong set) of variables that are more likely to be
nonzero. The strong rules are not safe, however, meaning that it is possible that some
of the discarded variables are actually supposed to be nonzero. Because of this, after
our algorithm has converged on the strong set, we have to check the KKT conditions
on the discarded set. Those variables that do not satisfy the conditions then have
to be added to the current set of nonzero variables, and we fit on this expanded set.
This happens rarely in our experience, i.e. the discarded variables tend to remain
zero after the algorithm has converged on the strong set, which means we rarely have
to do multiple rounds of fitting for any given value of the regularization paramter \.

The strong rules for the group-lasso involve computing s; = ||XZ(Y — Y)]|, for

every group of variables X;, and then discarding a group 7 if s; < 2Acurrent — Aprevious-
If this is feasible for all p+ (12?) groups, then there is no need for screening; we simply

fit the group-lasso on those groups that pass the strong rules filter. Otherwise, we
approximate this by screening only on the groups that correspond to main effects.

We then take the candidate set of interactions to consist of all pairwise interactions
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between the variables that passed this screen. Note that because the KKT conditions

for group i are (see Section 1.2)

si<XA if B=0 (2.69)
si=\ if 3 #0, (2.70)

we will have already computed the s; for the strong rules from checking the KKT
conditions for the solutions at the previous A. This allows us to integrate screening
with the strong rules in an efficient manner. An example will illustrate.

Suppose we have 10,000 variables (~ 50 x 10° possible interactions), but we are
computationally limited to a group-lasso with 10° groups. Assume we have the fit for
A = A, and want to move on to A\g41. Let 7y, =Y —Y)\k denote the current residual.
At this point, the variable scores s; = || X7, ||z have already been computed from
checking the KKT conditions at the solutions for A\;. We restrict ourselves to the
10,000 variables, and take the 100 with the highest scores. Denote this set by Ty

k+1

The candidate set of variables for the group-lasso is then given by 7'1/(\]0 together with
the pairwise interactions between all 10,000 variables and 7‘1’(\)'5“. Because this gives
a candidate set with about 100 x 10,000 = 10° terms, the compuation is now feasible.
We then compute the group-lasso on this candidate set, and repeat the procudure
with the new residual 7y, 41.

This screen is easy to compute since it is based on inner products. Moreover, they
can be computed in parallel. The procedure also integrates well with the strong rules

by reusing inner products computed from the fit for a previous A.

2.5 Related work and approaches

We describe some past and related approaches to discovering interactions. We give a
short synopsis of how they work, and say why they are inadequate for our purposes.

The method most similar to ours is hierNet.
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2.5.1 Logic regression [33]

Logic regression finds boolean combinations of variables that have high predictive

power of the response variable. For example, a combination might look like
(Fy and F3) or Fj. (2.71)

This is an example of an interaction that is of higher-order than what GLINTERNET
handles, and is an appealing aspect of logic regression. However, logic regression does
not accommodate continuous variables or categorical variables with more than two
levels. We do not make comparisons with logic regression in our simulations for this

reasoi.

2.5.2 Composite absolute penalties [50]

Like GLINTERNET, this is also a penalty-based approach. CAP employs penalties of

the form

10Bi: Bi)lln =+ 1155l (2.72)

where 7; > 1. Such a penalty ensures that Bz # 0 whenever Bj # 0. It is possible that
Bi # 0 but Bj = 0. In other words, the penalty makes Bj hierarchically dependent on
Bi: it can only be nonzero after Bz becomes nonzero. It is thus possible to use CAP
penalties to build interaction models that satisfy hierarchy. For example, a penalty
of the form |[|(61, 62, 01:2) |2 + ||61:2]]2 will result in estimates that satisfy 6.5 # 0 =
0, # 0 and 6, # 0. We can thus build a linear interaction model for two categorical

variables by solving

) 1
argmin,, g 5 Y — -1 — X0, — Xoby — Xy0610][5

+ >\(H<917 (927 91:2)“2 + ”91:2”2) (273)
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subject to (2.3) and (2.4). We see that the CAP approach differs from GLINTERNET
in that we have to solve a constrained optimization problem. The form of the penal-
ties are also different: the interaction coefficient in CAP is penalized twice, whereas
GLINTERNET penalizes it once. This, together with the constraints, results in a more
difficult optimization problem, and it is not obvious what the relationship between

the two algorithms’ solutions would be.

2.5.3 hierNet [5]

This is a method that, like GLINTERNET, seeks to find interaction estimates that obey

hierarchy with regularization. The optimization problem that hierNet solves is

n

: 1 1 _ A
Argmin, 5.9 5 Z@l —p—zlp— 530?9%)2 +MT(BT+B7) + §H9H1 (2.74)
i=1
subject to
0=0",10ll, < B + 8.8 >0,8; >0. (2.75)

The main effects are represented by (3, and interactions are given by 6. The first con-
straint enforces symmetry in the interaction coefficients. ﬁf and (; are the positive
and negative parts of 3;, and are given by 5; = max(0, 5;) and 8; = —min(0, 3;)
respectively. The constraint [|0,]]; < 8] + 8 implies that if some components of the
J-th row of 0 are estimated to be nonzero, then the main effect 8; will also be esti-
mated to be nonzero. Since §; corresponds to interactions between the j-th variable
and all the other variables, this implies that the solutions to the hierNet objective
satisfy weak hierarchy. One can think of ﬁf + B, as a budget for the amount of
interactions that are allowed to be nonzero.

The hierNet objective can be modified to obtain solutions that satisfy strong hier-
archy, which makes it in principle comparable to GLINTERNET. Currently, hierNet is
only able to accommodate binary and continuous variables, and is practically limited

to fitting models with fewer than 1000 variables.
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2.6 Simulation study

We perform simulations to see if GLINTERNET is competitive with existing methods.
hierNet is a natural benchmark because it also tries to find interactions subject to
hierarchical constraints. Because hierNet only works with continuous variables and
2-level categorical variables, we include gradient boosting as a competitor for the

scenarios where hierNet cannot be used.

2.6.1 False discovery rates

We simulate 4 different setups:

1. Truth obeys strong hierarchy. The interactions are only among pairs of nonzero

main effects.

2. Truth obeys weak hierarchy. Each interaction has only one of its main effects

present.

3. Truth is anti-hierarchical. The interactions are only among pairs of main effects

that are not present.
4. Truth is pure interaction. There are no main effects present, only interactions.

Each case is generated with n = 500 observations and p = 30 continuous variables,
with a signal to noise ratio of 1. Where applicable, there are 10 main effects and/or
10 interactions in the ground truth. The interaction and main effect coefficients are
sampled from N (0, 1), so that the variance in the observations should be split equally
between main effects and interactions.

Boosting is done with 5000 depth-2 trees and a learning rate of 0.001. Each tree
represents a candidate interaction, and we can compute the improvement to fit due
to this candidate pair. Summing up the improvement over the 5000 trees gives a
score for each interaction pair, which can then be used to order the pairs. We then
compute the false discovery rate as a function of rank. For GLINTERNET and hierNet,

we obtain a path of solutions and compute the false discovery rate as a function of the
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number of interactions discovered. The default setting for hierNet is to impose weak
hierarchy, and we use this except in the cases where the ground truth has strong
hierarchy. In these cases, we set hierNet to impose strong hierarchy. We also set
“diagonal=FALSE” to disable quadratic terms.

We plot the average false discovery rate with standard error bars as a function
of the number of predicted interactions in Figure 2.2. The results are from 100
simulation runs. We see that GLINTERNET is competitive with hierNet when the truth
obeys strong or weak hierarchy, and does better when the truth is anti-hierarchical.
This is expected because hierNet requires the presence of main effects as a budget for
interactions, whereas GLINTERNET can still esimate an interaction to be nonzero even
though none of its main effects are present. Boosting is not competitive, especially in
the anti-hierarchical case. This is because the first split in a tree is effectively looking

for a main effect.

Both GLINTERNET and hierNet perform comparably in these simulations. If all the
variables are continuous, there do not seem to be compelling reasons to choose one

over the other.

2.6.2 Feasibility

To the best of our knowledge, hierNet is the only readily available package for learn-
ing interactions among continuous variables in a hierarchical manner. Therefore it is
natural to use hierNet as a speed benchmark. We generate data in which the ground
truth has strong hierarchy as in Section 2.6.1, but with n = 1000 quantitative obser-
vations and p = 20, 40, 80, 160, 320, 640 continuous variables. We set each method to
find 10 interactions. While hierNet does not allow the user to specify the number of
interactions to discover, we get around this by fitting a path of values, then selecting
the regularization parameter that corresponds to 10 nonzero estimated interactions.
We then refit hierNet along a path that terminates with this choice of parameter, and
time this run. Both software packages are compiled with the same options. Figure

2.3 shows the best time recorded for each method over 10 runs. These simulations
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Figure 2.2: Simulation results for continuous variables: Average false discovery rate
and standard errors from 100 simulation runs.
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Figure 2.3: Left: Best wallclock time over 10 runs for discovering 10 interactions.
Right: log scale.

were timed on a Intel Core-i7 3930K processor.

2.7 Real data examples

We compare the performance of GLINTERNET on several prediction problems. The
competitor methods used are gradient boosting, lasso, ridge regression, and hierNet
where feasible. In all situations, we determine the number of trees in boosting by
first building a model with a large number of trees, typically 5000 or 10000, and then
selecting the number that gives the lowest cross-validated error. We use a learning
rate of 0.001, and we do not subsample the data since the sample sizes are small in
all the cases.

The methods are evaluated on three measures:
1. missclassification error, or 0-1 loss

2. area under the receiver operating characteristic (ROC) curve, or auc
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Performance over 20 train/test splits of the data
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Figure 2.4: Performance of methods on 20 train-test splits of the South African heart
disease data.

3. cross entropy, given by —% Yo ilog(9:) + (1 — ;) log(1 — ;)]

2.7.1 South African heart disease data

The data consists of 462 males from a high risk region for heart disease in South
Africa. The task is to predict which subjects had coronary heart disease using risk
factors such as cumulative tobacco, blood pressure, and family history of heart disease.
We randomly split the data into 362-100 train-test examples, and tuned each method
on the training data using 10-fold cross validation before comparing the prediction
performance on the held out test data. This splitting process was carried out 20
times, and Figure 2.4 summarizes the results. The methods are all comparable, with

no distinct winner.
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Figure 2.5: Performance on the Spambase data.

2.7.2 Spambase

This is the Spambase data taken from the UCI Machine Learning Repository. There
are 4601 binary observations indicating whether an email is spam or non-spam, and
57 integer-valued variables. All the features are log-transformed by log(1 + z) before
applying the methods. We split the data into a training set consisting of 3065 ob-
servations and a test set consisting of 1536 observations. The methods are tuned on
the training set using 10-fold cross validation before predicting on the test set. The

results are shown in Figure 2.5.

2.7.3 Dorothea

Dorothea is one of the 5 datasets from the NIPS 2003 Feature Learning Challenge,
where the goal is to predict if a chemical molecule will bind to a receptor tar-

get. There are 100000 binary features that describe three-dimensional properties
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of the molecules, half of which are probes that have nothing to do with the re-
sponse. The training, validation, and test sets consist of 800, 350, and 800 observa-
tions respectively. More details about how the data were prepared can be found at
http://archive.ics.uci.edu/ml/datasets/Dorothea.

We run GLINTERNET with screening on 1000 main effects, which results in about
100 million candidate interaction pairs. The validation set was used to tune all the
methods. We then predict on the test set with the chosen models and submitted
the results online for scoring. The best model chosen by GLINTERNET made use of
93 features, compared with the 9 features chosen by Li-penalized logistic regression
(lasso). Figure 2.6 summarizes the performance for each method. We see that GLIN-
TERNET has a slight advantage over the lasso, indicating that interactions might be
important for this problem. Boosting did not perform well in our false discovery rate
simulations, which could be one of the reasons why it does not do well here despite

taking interactions into account.

2.7.4 Genome-wide association study

We use the simulated rheumatoid arthritis data (replicate 1) from Problem 3 in Ge-
netic Analysis Workshop 15. Affliction status was determined by a genetic/environmental
model to mimic the familial pattern of arthritis; full details can be found in [28]. The
authors simulated a large population of nuclear families consisting of two parents and
two offspring. We are then provided with 1500 randomly chosen families with an
affected sibling pair (ASP), and 2,000 unaffected families as a control group. For the
control families, we only have data from one randomly chosen sibling. Therefore we
also sample one sibling from each of the 1,500 ASPs to obtain 1,500 cases.

There are 9,187 single nucleotide polymorphism (SNP) markers on chromosomes
1 through 22 that are designed to mimic a 10K SNP chip set, and a dense set of
17,820 SNPs on chromosome 6 that approximate the density of a 300K SNP set.
Since 210 of the SNPs on chromosome 6 are found in both the dense and non-dense

sets, we made sure to include them only once in our analysis. This gives us a total of
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9187 — 210 + 17820 = 26797 SNPs, all of which are 3-level categorical variables.

We are also provided with phenotype data, and we include sex, age, smoking
history, and the DR alleles from father and mother in our analysis. Sex and smoking
history are 2-level categorical variables, while age is continuous. Each DR allele is
a 3-level categorical variable, and we combine the father and mother alleles in an
unordered way to obtain a 6-level DR variable. In total, we have 26,801 variables and
3,500 training examples.

We run GLINTERNET (without screening) on a grid of values for A that starts with

the empty model. The first two variables found are main effects:
e SNP6_305
e denseSNP6_6873

Following that, an interaction denseSNP6_6881:denseSNP6_6882 gets picked up. We
now proceed to analyze this result.

Two of the interactions listed in the answer sheet provided with the data are:
locus A with DR, and locus C with DR. There is also a main effect from DR. The
closest SNP to the given position of locus A is SNP16_31 on chromosome 16, so we
take this SNP to represent locus A. The given position for locus C corresponds to
denseSNP6_3437, and we use this SNP for locus C. While it looks like none of the
true variables are to be found in the list above, these discovered variables have very
strong association with the true variables.

If we fit a linear logistic regression model with our first discovered pair dens-
eSNP6_6881:denseSNP6_6882, the main effect denseSNP6_6882 and the interaction

terms are both significant:

Df Dev Resid. Dev P(> x?)

NULL 4780.4
denseSNP6.6881 1 1.61 4778.7  0.20386
denseSNP6.6882 2 1255.68 3523.1  <2e-16

denseSNP6_6881:denseSNP6_6882 1 5.02 3518.0  0.02508

Table 2.1: Anova for linear model fitted to first interaction term that was discovered.
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A 2 test for independence between denseSNP6_6882 and DR gives a p-value of
less than le-15, so that GLINTERNET has effectively selected an interaction with DR.
However, denseSNP6_6881 has little association with loci A and C. The question then
arises as to why we did not find the true interactions with DR. To investigate, we fit a
linear logistic regression model separately to each of the two true interaction pairs. In
both cases, the main effect DR is significant (p-value < le — 15), but the interaction

term is not:

Df Dev Resid. Dev P(> x?)

NULL 4780.4
SNP16.31 2 3.08 47773 0.2147
DR 5 2383.39 23939 <2e-16
SNP16_31:DR 10 9.56 2384.3 04797
NULL 4780.4
denseSNP6.3437 2 1.30 4779.1  0.5223
DR 5 2384.18 23949  <2e-16
denseSNP6_3437:DR 8 5.88 2389.0  0.6604

Table 2.2: Anova for linear logistic regression done separately on each of the two true
interaction terms.

Therefore it is somewhat unsurprising that GLINTERNET did not pick these inter-
actions.

This example also illustrates how the the group-lasso penalty in GLINTERNET
helps in discovering interactions (see Section 2.3.3). We mentioned above that dens-
eSNP6_6881:denseSNP6_6882 is significant if fit by itself in a linear logistic model
(Table 2.1). But if we now fit this interaction in the presence of the two main effects
SNP6_305 and denseSNP6_6873, it is not significant:

Df Dev Resid. Dev P(> x?)

NULL 4780.4
SNP6.305 2 2140.18 2640.2  <2e-16
denseSNP6.6873 2 382.61 2257.6  <2e-16

denseSNP6_6881:denseSNP6_6882 4 3.06 22545  0.5473
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This suggests that fitting the two main effects fully has explained away most of
the effect from the interaction. But because GLINTERNET regularizes the coefficients
of these main effects, they are not fully fit, and this allows GLINTERNET to discover
the interaction.

The anova analyses above suggest that the true interactions are difficult to find in
this GWAS dataset. Despite having to search through a space of about 360 million
interaction pairs, GLINTERNET was able to find variables that are strongly associated
with the truth. This illustrates the difficulty of the interaction-learning problem:
even if the computational challenges are met, the statistical issues are perhaps the

dominant factor.

2.8 Algorithm details

We describe the algorithm used in GLINTERNET for solving the group-lasso opti-
mization problem. Since the algorithm applies to the group-lasso in general and not
specifically for learning interactions, we will use Y as before to denote the n-vector of
observed responses, but X = [X; X, ... X,] will now denote a generic feature

matrix whose columns fall into p groups.

2.8.1 Defining the group penalties

Recall that the group-lasso solves the optimization problem
p
argming L(Y,X; 8) + XY vlBillo. (2.76)
i=1

where L(Y,X; ) is the negative log-likelihood function. This is given by

LY, X 8) = 5 Y~ X5 (277)
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for squared error loss, and
1
L(Y.X,8) = = [YT(X8) ~ 17 log(1 + exp(X ) (2.78)

for logistic loss (log and exp are taken component-wise). FEach S; is a vector of
coefficients for group 7. When each group consists of only one variable, this reduces
to the lasso.

The ~; allow us to penalize some groups more (or less) than others. We want to
choose the v; so that if the signal were pure noise, then all the groups are equally
likely to be nonzero. Because the quantity |X7(Y — Y)]||; determines whether the
group X, is zero or not (see the KKT conditions (1.5)), we define +; via a null model

as follows. Let € ~ (0,). Then we have

%= ElX{el (2.79)

= tr XX, (2.80)

= [IXill%- (2.81)

Therefore we take v; = ||X;||r, the Frobenius norm of the matrix X;. In the case

where the X; are orthonormal matrices with p; columns, we recover ; = /p;, which is
the value proposed in [49]. In our case, the indicator matrices for categorical variables
all have Frobenius norm equal to y/n, so we can simply take ~; = 1 for all i. The
case where continuous variables are present is not as straightforward, but we can
normalize all the groups to have Frobenius norm one, which then allows us to take

vi=1fore=1,...,p.

2.8.2 Fitting the group-lasso

Fast iterative soft thresholding (FISTA) [3] is a popular approach for computing the
lasso estimates. This is essentially a first order method with Nesterov style accelera-
tion through the use of a momentum factor. Because the group-lasso can be viewed
as a more general version of the lasso, it is unsurprising that FISTA can be adapted

for the group-lasso with minimal changes. This gives us important advantages:
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1. FISTA is a generalized gradient method, so that there is no Hessian involved

2. virtually no change to the algorithm when going from squared error loss to

logistic loss
3. gradient computation and parameter updates can be parallelized
4. can take advantage of adaptive momentum restart heuristics.

Adaptive momentum restart was introduced in [29] as a scheme to counter the “rip-
pling” behaviour often observed with accelerated gradient methods. They demon-
strated that adaptively restarting the momentum factor based on a gradient condition
can dramatically speed up the convergence rate of FISTA. The intuition is that we
should reset the momentum to zero whenever the gradient at the current step and the
momentum point in different directions. Because the restart condition only requires
a vector multiplication with the gradient (which has already been computed), the
added computational cost is negligible. The FISTA algorithm with adaptive restart

is given below.

Algorithm 1: FISTA with adaptive restart
input : Initialized parameters 89, feature matrix X, observations Y,
rAegularization parameter A, step size s.
output:
Initialize #(® = 5 and p, = 1.
for k=0,1,...,do
g® = —XT(Y = XBW);
k _ SA k k).
p(B+1) — <1 - m>+ (B®) — sg));
pr = (B — g®HDYT (F) _ 2) > 07 1+ pys

P = (L++/1+4p;)/2;
Blk+1) — k1) 4 p;z_;l(x(k—i-l) pMON:

end

At each iteration, we take a step in the direction of the gradient with step size

s. We can get an idea of what s should be by looking at the majorized objective
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function about a fixed point Sy:

M(B) = £0Y,X: 6o) + (8 — 5ol g o) + 516~ BolB+ AD N8 (2.82)
=1

Here, g(5y) is the gradient of the negative log-likelihood L(Y,X; ) evaluated at
Bo. Majorization-minimization schemes for convex optimization choose s sufficiently
small so that the LHS of (2.82) is upper bounded by the RHS. One strategy is to
start with a large step size, then backtrack until this condition is satisfied. We use

an approach that is mentioned in [4] that adaptively initializes the step size with

|8%) — =D,
s = .
||9k _gk:—1||2

(2.83)

We then backtrack from this initialized value if necessary by multiplying s with
some 0 < a < 1. The interested reader may refer to [37] for more details about

majorization-minimization schemes for the group-lasso.

2.9 Discussion

We introduced GLINTERNET, a method for learning linear interaction models that
satisfy strong hierarchy. We demonstrated that the method is comparable with past
approaches, but has the added advantage of being able to accommodate both cate-
gorical and continuous variables on a larger scale. We illustrated the method with
several examples using real and simulated data, and also showed that GLINTERNET
can be applied to genome wide association studies.

GLINTERNET is available on CRAN as a package for the statistical software R.



Chapter 3
EEG source estimation

We now turn to our second application: EEG source estimation via the group-lasso
for matrix-valued features. We begin by giving an overview of the problem, past

work, and why current methods are inadequate for our purposes.

3.1 Introduction

Non-invasive recordings of human brain activity through electroencephalography (EEG)
or magnetoencelphalography (MEG) are of value for both basic science and clinical
applications in sensory, cognitive, and affective neuroscience. These methods provide
high-temporal resolution measures of neural activity. When combined with inverse
modeling techniques, they also provide information about the underlying distribution

of neural activity.

3.1.1 Past approaches

The first approach to electromagnetic source localization involved fitting of a single
equivalent current dipole to scalp EEG measurements ( [34], [44]). Starting in the
1990’s, distributed inverse solutions based on the minimum L, norm (also known as
ridge regression) approach began to appear ( [9], [18], [31], [46]). These methods

model the underlying source distribution as a large set of elementary currents either
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distributed throughout the intra-cranial volume or constrained to gray matter. Be-
cause the distributed inverse problem is heavily under-determined, there are infinitely
many solutions that will recreate the observed signal perfectly. Regularized methods
are able to circumvent this problem by penalizing the estimated coefficients, so that
one obtains not just a unique source solution, but one that is also more sensible. The
L, penalty is based on source power: many weakly activated sources are preferred
over fewer but stronger sources [39]. Because of this L, minimum norm solutions are
blurry and contain inverted sign “ghost sources” [17].

Following this early work, alternative penalty functions with L, norms where p < 2
have been applied to the EEG/MEG inverse problem ( [15], [26], [43]). A L; (lasso)
penalty [40] results in estimates of the sources where only a small number of the
vertices are nonzero. This has the advantage of being able to produce estimates that
are highly localized. However, these approaches can be unstable, and this has limited
their wide-spread application: their susceptibility to noise and independent estimation
at each time-point causes the highly focal recovered sources to shift unpredictably
from locus to locus over time.

Spatial smoothing can alleviate the instability of L;-penalized methods, but at
the expense of the focality of the source estimate. Alternatively, temporal constraints
can be imposed to promote smoothness without sacrificing focality ( [13], [16], [30],
32), [47), [48)).

A more recent development is to use an elastic-net type of penalty ( [51], [25]).
These penalties employ a combination of L; and L, penalties to reap the benefits
that each has to offer. They retain the sparsity of the recovered sources that a pure
Ly penalty provides, while the Ly penalty serves as a smoother that takes care of the
instabilities in the L; solution. The method we propose in this thesis builds on the
elastic-net approach by extending it to groups of vertices on a cortical surface mesh:

we are able to obtain sparsity on the group level while maintaining smoothness.
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3.1.2 Assimilating information from multiple subjects

The approaches mentioned above have largely been applied in the context of single-
subject source recovery. One reason is that the methods are inherently unable to pool
information across multiple subjects. For example, the L, minimum norm approach
on S subjects decouples into S individual minimum norm problems, each of which can
be solved independently of the others. Pooling can be achieved via a post-processing
step. For example, one could average the recovered sources across subjects to get a
final estimate.

Instabilities in sparse solutions also pose a problem when performing multi-subject
analyses in a common anatomical framework: individual, highly sparse activations
tend to not overlap in the common space, leading to low levels of statistical significance
with the statistical parametric mapping approaches that are used. A previous solution
to this problem uses a hierarchical Bayes technique that fits a Gaussian process with
a choice of kernel that imposes group structure ( [19], [24]). This framework also
utilizes a common anatomical space for inversion in which a template cortical surface

is fit to the brains of each individual subject [27].

3.1.3 This thesis

We develop a new source inversion procedure that is based on a generalization of the
Ly penalty called the group-lasso [49]. While the L; penalty works by setting the
estimates for single sources to zero, the group-lasso is able to zero out sources as a
group. In other words, if we label some sources as belonging to the same group, then
either all the sources in this group will be estimated to be zero, or all are nonzero
(some can be zero by random chance, but this is rare).

This property of the group-lasso allows us to avoid using a template procedure to
provide a common space for inversion. Instead, we provide a principled approach to
defining groups. This approach is based on individually measured regions of interest
(ROIs) determined by functional MRI (fMRI). In the example presented here, ROIs
are determined for the visual system with retinotopic mapping via fMRI ( [1], [2], [8]).

The visual system contains several topographic maps of the visual field and these
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maps correspond to distinct visual areas that have different functional properties.
The location of these areas is only loosely constrained to sulci and gyri, particularly
as moves from V1 and V2, located in and around the calcarine sulcus to higher order,
extra-striate areas. Separating the source via inverse methods is particularly difficult
in the visual system because the ROIs can be in close spatial proximity and because
of the complexities that result from folding and positioning of the surface of the brain
with respect to itself and the sensors. In general, these effects cause some regions to
be aliased with others in the inverse, effectively competing with each other in claiming
responsibility for the signal. There can also be negative correlations within an area
due to tissue orientation effects which create cancellation, i.e. instead of region A
correctly showing signal z and region B signal 0, A shows signal z + y and B signal
Y, because the y cancels out.

Because the ROIs provide a functional grouping of the sources in visual activation
studies, the group-lasso naturally applies to this setting. The group-lasso will estimate
the sources for an entire ROI to be zero or nonzero, and thus pinpoints which areas
are responsible for generating the signal. A second advantage of the group-lasso is
that it is able to pool information across multiple subjects in a way that improves
the source estimates for individual subjects. In this case a group is the union of the
vertices in the corresponding ROIs across the subjects. Recall that the same ROI can
have different orientations from subject to subject, so that in some subjects, a ROI
might have weak explanatory power for the signal (due to cancellation or correlation
with other ROIs), but this same ROI could be strong in other subjects. The group-
lasso “settles disputes” by giving the responsibility to the region that appears to be
strongest in aggregate over all the subjects. This is illustrated in Figure 3.1.

In the cartoon, we illustrate the brains of six subjects and 3 different ROIs are
indicated. The strength of the shading indicates the strength of the recovered signal.
In reality the pink and the green ROIs are activated. Due to different positioning and
aliasing in their separate forward matrices, in some subjects some of this activation is
attributed to the blue ROI. In particular, in subject 1 the blue ROI is stronger than
the green. The group-lasso ties the corresponding ROIs across subjects together. It

decides collectively, for example, that green is on, in which case it will be on in all
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Figure 3.1: Schematic of the group-lasso settling disputes. The true areas are shaded
pink and green. The blue region is stronger in subject 1, but pink and green still get
chosen over the blue because of their aggregate strength across the other 5 subjects.

subjects (albeit at different strengths in each). In this case, since blue is mostly weak,
the blue ROI would be set to zero, and the model would correctly recover the pink
and green regions.

We show that inversion with the group-lasso using functional ROIs improves source
recovery on simulations above and beyond what can be accomplished with the classical
minimum norm for single subjects. We also show that both the minimum norm and
group-lasso estimates based on functional ROI constraints improve with increasing
numbers of subjects. To the best of our knowledge, this is a novel result. This
improvement is more pronounced for the group-lasso than it is for the minimum
norm.

We begin with notation in Section 3.2 before describing inversion with the group-
lasso in Section 2.3. We evaluate our method and make comparisons with the classical
minimum norm solution on simulated data in Section 3.4. We end with a description
of the algorithm used to fit the group-lasso in Section 2.8 and a discussion in Section
2.9.



CHAPTER 3. EEG SOURCE ESTIMATION 47

3.2 Notation

We set forth notation that will be used throughout this thesis. We define 18 ROIs
per subject (see Section 3.3.1 for details). Let p;, i = 1,...,18 denote the number
of vertices in the -th ROI, and let F;, ¢ = 1,...,18 denote the forward matrix for
the 7-th ROI. We use Y to represent the N x T matrix consisting of N observations
along T' time points, and [; is the p; X T" matrix of neural activity in the i-th ROI

that we wish to recover. The overall forward matrix is denoted by

F = [F),Fs,...,Ful, (3.1)
and
o
p=| (32)
B 618 i

is the overall matrix of neural activity. When referring to multiple subjects, we use
superscripts to index the subject, so that F¥ is the N x p¥ forward matrix for subject
k’s i-th ROI, and similarly for the overall forwards F*. Note that F¥ and F! can have
different numbers of columns, and that there is in general no correspondence between
the individual elements of 8¥ and 3!

The forward model that relates the neural activity to the sensor observations can

now be expressed as

Y = FB+e (3.3)
18
i=1

where ¢ is a noise term, typically assumed to be distributed as N(0,0%I). More
complicated models with correlated noise may be more realistic, but are beyond the

scope of this work.
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3.3 Methodology

3.3.1 Defining regions of interest (ROIs) in the visual cortex

As noted above, grouping of features for group-lasso estimation benefits from a ratio-
nal basis for defining the groups and here we exploit the multiple retinotopic mappings
of the visual field onto the visual cortex to comprise the basis for group formation.
For purposes of the present analysis, we defined the detailed 3D shape of each of 18
visual ROIs in 25 participants (V1-L, VI-R, V2v-L, V2v-R, V2d-L, V2d-R, V3v-L,
V3v-R, V3d-L, V3d-R, V4-L, V4-R, V3A-L, V3A-R, LOC-L, LOC-R, MT-L, MT-R).
These definitions are based on high-resolution T1 anatomical scans combined w func-
tional MRI scans (fMRI). Structural and functional MRI scanning was conducted at
3T (Siemens Tim Trio, Erlangen, Germany) using a 12-channel head coil. We ac-
quired a T1-weighted MRI dataset (3-D MP-RAGE sequence, 0.8 x 0.8 x 0.8 mm?

and a 3-D T2-weighted dataset (SE sequence at 1 x 1 x 1 mm?

resolution) for tissue
segmentation and registration with the functional scans. For fMRI, we employed a
single-shot, gradient-echo EPT sequence (TR/TE = 2000/28 ms, flip angle 80, 126
volumes per run) with a vertex size of 1.7 x 1.7 x 2 mm? (128 x 128 acquisition ma-
trix, 220 mm FOV, bandwidth 1860 Hz/pixel, echo spacing 0.71 ms). We acquired
30 slices without gaps, positioned in the transverse-to-coronal plane approximately
parallel to the corpus callosum and covering the whole cerebrum. Once per session,
a 2-D SE T1-weighted volume was acquired with the same slice specifications as the
functional series in order to facilitate registration of the fMRI data to the anatomical
scan.

The FreeSurfer software package (http://surfer.nmr.mgh.harvard.edu) was used
to perform gray and white matter segmentation to define a cortical surface mesh
with accurate surface normals. The FreeSurfer package extracts both gray/white
and gray/cerebrospinal fluid (CSF) boundaries, but these surfaces can have different
surface orientations. In particular, the gray/white boundary has sharp gyri (the
curvature changes rapidly) and smooth sulci (slowly changing surface curvature),
while the gray/CSF boundary is the inverse, with smooth gyri and sharp sulci. We

created a new surface that had a similar curvature for both gyri and sulci, avoiding
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these curvature discontinuities. The new surface generated by interpolating a position
that was midway between the gray/white surface and the gray/CSF surface.

The highest accuracy for source-imaging is obtained when there is an accurate
model that connects activity at each location on the surface of cortex with how it will
be measured at the scalp. To generate realistic scalp topographies, we made separate
forward models for each participant in the study using the Boundary Element Method
(BEM) with conductivity models that were derived from the T'1 and T2 weighted MRI
scans of each observer. The FSL toolbox (http://www.fmrib.ox.ac.uk/fsl/) was also
used to segment contiguous volume regions for the scalp, outer skull, and inner skull
and to convert these MRI volumes into inner skull, outer skull, and scalp surfaces [38].

The general procedures for the scans used to define the visual areas (head stabi-
lization, visual display system, etc) are standard and have been described in detail
elsewhere [6]. Retinotopic field mapping defined ROIs for visual cortical areas V1,
V2v, V2d, V3v, V3d, V3A, and V4 in each hemisphere ( [42], [45]). ROIs corre-
sponding to hMT+ were identified using low contrast motion stimuli similar to those
described in [20]. In this study, the fMRI data was used purely to define ROIs for
the EEG analysis.

3.3.2 Collaborative effect from multiple subjects

The “all zero or all nonzero” property of the group-lasso estimates allows the group-
lasso to pool information across multiple subjects; see Section 3.1.3 for a graphical
illustration of this. We thus expect the results of inversion to improve with the number
of subjects. One way to make use of the data from multiple subjects is to build a large
forward matrix by stacking the individual matrices from each subject, and similarly
for the observations. We do not do this because accounting for the different ROI
sizes across subjects can get messy, and we also want to impose both spatial (across
vertices) and temporal smoothness in the recovered activity. The dimension reduction
that results from smoothing also leads to computational speedups.

Because column c of a subject’s forward matrix measures the contribution of vertex

¢ to each of the N sensors, we expect neighboring vertices to have roughly the same
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contribution, that is, the contributions should vary smoothly as we travese the vertices
in a ROI. We thus expect the forward matrices F; to be low rank where most of the
variation can be captured by the top few principal components. We use 5 components
because the orientation of a ROI can be parametrized with 3 spatial coordinates along
with 2 rotation angles, and this seems to work well in our experiments. This method
of spatial smoothing respects the borders of the functional areas: smoothing does
not occur across areas that may differ in their functional specificity, as might happen
with a purely spatial smoothing such as that used in LORETA [31].

Recall that F¥ denotes the N x p¥ forward matrix of subject k that corresponds to
ROI i. Let P¥ denote the pF x 5 matrix consisting of the first 5 right singular vectors
of the centered F¥. The columns of P¥ are a smooth basis across the space of vertices,
and we can impose spatial smoothness on the recovered activity by constraining ¥

to this basis:
B =Py, (3.5)

It follows that each 5’ f is a 5 X T matrix. The observed signal contribution from ROI

7 in subject k can then be written as

Figl = FIPAY (3.6)
XEpY, (3.7)

where
X¥ = Fip¥ (3.8)

is the N x 5 matrix consisting of the first 5 principal components of F¥. We call

X% the derived forward matriz for ROI i in subject k. The overall derived forward
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matrix for S subjects can then be constructed by

X% X%B

X7

2
X18

S
X18

51

(3.9)

We can write X in more compact form (recall that subscripts index ROIs and super-

scripts index subjects) by

X = [X17X27 s 7X18]7

where

(3.10)

(3.11)

Similarly, we construct the spatially smoothed activity for S subjects for ROI ¢ by

writing

S

B

2

g |7

i .

s
- /BIZ -

(3.12)

Combining observations from various subjects is more straightforward, and can
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be done by simply stacking the observations:

_Yl_

Y2
Y=| |. (3.13)

YS

The group-lasso objective for the derived forward matrices X; and the spatially

smoothed activity 4’ can now be written as

18 18
Y -1 = X A Bl ol (314
=1 =1

2
) 1

argmin, g 5

F

The group-lasso has an important advantage that none of the previously men-
tioned methods have. Because a group now consists of a single ROI across multiple
subjects, there is a collaborative effect in that as long as a ROI has a strong signal
in enough subjects, we will estimate that ROI to be nonzero even in those subjects
where that ROI is not quite lighting up. Consider subject 1 in Figure 3.1. The blue
region (wrong) appears to be stronger than the green region (correct). This could
be due to the blue region being highly correlated with the green region, noise in the
data, or some other region that is cancelling out the signal from the green region. In
any case, the blue region is competing with the green region for attention, and if we
tried to recover the activity with subject 1 alone, the group-lasso is likely to pick the
blue region over the green region, resulting in a mistake. But if we fit the group-lasso
on all 6 subjects, the other 5 subjects would clearly vote in favor of the green over the
blue, and as a result, we will select the green region for subject 1. And because the
blue region is zeroed out in the other 5 subjects, it will also be zeroed out in subject
1, i.e. there is no competition from the blue region, and the green region can be fully
fit to the signal. This is to be constrasted with a method like the minimum norm
or elastic-net, where both methods would be happy with dividing the signal between

the green and blue regions in order to get the best fit, so that both would be nonzero.
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The minimum norm and elastic-net are inherently unable to pool information
across subjects. Any such pooling has to be done manually as a postprocessing step,
such as averaging the estimated sources over the multiple subjects. Naturally, this
can be done for the group-lasso as well. We expect this pooling effect to be stronger
as the number of subjects increases, and we show in Section 3.4 that this is indeed

the case.

3.3.3 Imposing temporal smoothness

In the spirit of the previous section, it is reasonable to assume that the neural activity
also varies smoothly over time, and we can impose temporal smoothness in the esti-
mated source by finding a suitable basis for the time component. The right singular

vectors of Y are a natural basis for the temporal component:
Y vt = UnanDysr Vi (3.15)

The singular value decomposition is also used in [13] to obtain the principal directions
along the time axis, but there they use 5 singular vectors. We fix the dimension d
of this basis by taking as many singular vectors as we need to explain 99% of the

variance of Y. In particular, this is given by

N
=1 "

ko 12
)
d = argmin, {k : le—lg > 0.99} . (3.16)

In our experiments, this number is typically 2. Let V; be the matrix consisting of

the first d columns of V. We restrict 8’ to the space spanned by V by setting
B'= BV, (3.17)

Applying this restriction to (3.14) gives

2

18
1 -
argmin, 5 3 HY — 1yt - E X3V
i=1

18
+ A llBVEF 4+ all BVEE. (3.18)
i=1

F
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Because V is orthonormal, this is equivalent to

18 2 18
) 1< ~ ~ ~
argmin,, 5 5 HY—lut— > XiBi|| + A llBille + ol (3.19)
i=1 r i=1

where Y = YV, is the N x d matrix of temporally smoothed observations.

After spatial and temporal smoothing, we have, for S subjects, the V.S X d matrix
Y of smoothed observations, the NS x (S - 18 - 5) derived forward matrix X, and
the (S - 18-5) x d matrix B of smoothed activity that we need to estimate. This is
achieved by solving (3.19).

3.3.4 Recovering the activity in the original space

We transform the estimated 3 back to the original space by reversing the temporal
smoothing and dimension reduction operations. We illustrate for a single subject.
Let

P= (3.20)
Pis

denote the block diagonal matrix consisting of the P,’s in (3.5). From (3.5), it is clear
that reversing the spatial smoothing can be done by left-multiplying our solution 5
by P. Similarly, (3.17) shows that right-multiplying by V reverses the temporal
smoothing. To summarize, our estimate of the source activity in the original space is

given by

3 =PhVY, (3.21)
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3.3.5 Model selection

Generalized cross validation (GCV) is one method of model selection that is intuitively
simple and widely used. Let Y be the N x T-matrix of observations, and Y the fitted
values. The GCV error for this fit is given by

el -~ Y1 o
(1- 4Py

where df (Y) is the degrees of freedom for Y. Fitting the group-lasso along a grid of
A values results in a GCV error curve. We then pick the A that gives the minimum
value on this curve. Full details on determining the degrees of freedom df (Y) for the

group-lasso solutions and selecting the o parameter in (1.8) are given in Appendix
A.

3.4 Results

We make comparisons between the group-lasso and minimum norm methods through
simulation. We also evaluate the methods on multiple subjects (up to 25), and demon-
strate that the effectiveness of the group-lasso increases with the number of subjects.
The minimum norm method does not inherently pool information across multiple
subjects, but we can average the recovered acitivity across subjects for each ROI as
a post-processing step. This ROI-based averaging improves performance for both the

group-lasso and the minimum norm. We begin by describing the simulation process.

3.4.1 Experimental setup

We select ROIs V2v-L and V4-R as the ground truth. These areas are separated
by about a centimeter, on average, and exhibit considerable cross-talk between their
forward vectors. The neural activity in each is generated as follows. For each region we
randomly sample a number from {1,1.1,1.2,...,1.9,2,2.1,...,9.9,10}, then assign a
randomly chosen cluster within that region with this value. This cluster comprises
about 30% of the total size of the region. Therefore V2v-L and V4-R each have
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constant activity in about 30% of their vertices. We then pass the activity through
the forward model to obtain the observed time courses Y. We add Gaussian white
noise to Y to obtain a signal to noise ratio of 0.32. In all cases, we take N = 128
observations/sensors and 7' = 91 time points.

The methods are evaluated on 3 measures (see [8] for more details):
1. Area under the ROC curve (AUC)
2. Mean squared error (MSE) on the neural activity, given by =3 — B |%

3. Relative energy, given by the ratio between the normalized energies contained
in the estimate of the active sources and the global distribution:

ZieA Eest(i) (3.23)

Zi Eest(i) 7
where A is the set of active vertices in the true neural activity and E.q(i) is

the energy of the estimated signal at vertex 1.

For a single subject, we compute these metrics for each of the T" time points, then
take the average. For multiple subjects, we compute this time average separately for

each subject, and then take the average across all subjects.

3.4.2 A single subject

We illustrate the performance of the group-lasso inversion for a single subject on
one instance of simulated data. Because both the group-lasso and minimum norm
methods produce a sequence of fits, we can visualize their performance as we move
along their solution paths. One way to do this is to plot their performance as a

function of variance explained (r?) on the training data. The r? is defined by

.Y =Y

_ Y (3.24)
1Y = Y%

where Y is the fit and Y is the matrix whose i-th column is the mean of the i-th

column of Y. We plot the 3 metrics as a function of r? in Figure 3.2.
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Figure 3.2: Performance of the group-lasso and minimum norm on one instance of
simulated data for a one and five subjects. Vertical lines correspond to the solutions
chosen by optimizing the GCV error curve for each method. Note that GCV errors
are computed with the observations (and their fitted values), while MSE measures
goodness of fit to the activity, which explains the difference in scale between the two.
Red: group-lasso. Blue: minimum norm.

We see that the group-lasso outperforms the minimum norm on AUC and rela-
tive energy, and is comparable on MSE. This is to be expected because there is no
pooling effect for a single subject. The group-lasso, like the minimum norm, is un-
able to leverage the information from other subjects to effectively distinguish between

confounding ROIs.

3.4.3 5 subjects

We selected 5 subjects at random from our database and made the same comparison
as in the previous section on a single instance of simulated data. While the results
are qualitatively similar, notice that the group-lasso does better than in the single
subject case, as expected. This is because it is now able to assimilate information
from other subjects to decide if a ROI should be activated or not. The minimum

norm solution does not aggregate information across the multiple subjects, so that
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its performance is similar to the single subject case.

Notice that the group-lasso solution near the end of the path exhibits large MSE
in both the 1 and 5 subject cases. This is is likely due to the spatial smoothing and
temporal smoothing, but mostly due to the former. To see this, we generate activity

B for a single subject, then compute

18 — PP B[% (3.25)
for varying numbers of principal components, and

18 = BVaVi 7 (3.26)

for varying d (P and V; defined in Sections 3.3.2 and 3.3.3). These computations
tell us how we can expect to perform on MSE if we knew the true activity 3, but

subjected it to the smoothness constraints.
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Figure 3.3: MSE from dimension reduction by principal components and temporal
smoothing with right singular vectors of Y, averaged over 100 simulations. A large
portion of the MSE is due to the dimension reduction from taking the first 5 principal
components for each ROI.

The observed MSE is on the order of that seen in Figure 3.2. The rapid increase in
MSE is also due to an increase in variance as we decrease the amount of regularization.
For a single subject, there are Nd observations and 18 - 5 - d parameters (see the end

of Section 3.3.3), so that as A | 0, we approach a near-saturated fit.

3.4.4 Better performance with more subjects

We next investigate how the performance of the group-lasso scales with the number
of subjects. We take 1, 2, 4, 8, 16, and 25 subjects, and for each situation, we fit the
group-lasso and minimum norm methods on 20 different instances of simulated data.
We then compute the average performance across the 20 simulations.

The metrics, along with standard error bars, are plotted as a function of the

number of subjects in Figure 3.4.
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Figure 3.4: Performance of the group-lasso and minimum norm as a function of the
number of subjects. Plots are of averages from 20 simulations. Vertical lines are

standard error bars.

As before, the minimum norm solution does not pool information across multiple

subjects, so that the performance stays flat despite having more subjects. The group-

lasso clearly benefits from having more subjects, but this benefit tapers off after about

8 subjects.

We mentioned in Section 3.1.3 that both methods benefit from a post-processing

step that averages the estimated activity within a ROI across multiple subjects. We

do this on the same data instances generated in the above simulation and plot the

AUC as a function of the number of subjects in Figure 3.5.



CHAPTER 3. EEG SOURCE ESTIMATION 61

AUC from averaging recovered activity

1.0+

0.8+ .
solution

group-lasso
== minimum norm

AUC

0.6

T T T
25

e
[N
IS

16
Number of subjects

Figure 3.5: AUC obtained after post-processing the recovered activity by averaging
across subjects. Plots are of average values over the same 20 data instances from
before, along with standard error bars. Notice that the group-lasso with 2 subjects
often outperforms the minimum norm with 25 subjects.

Both methods get a substantial boost from ROI-based averaging across subjects,
and performance improves as the number of subjects is increased. This is a novel
result, and is distinct from with the effect shown in Figure 3.4. There, the performance
gain is due to the “majority vote” mechanism of the group-lasso as illustrated in
Figure 3.1. Post-processing the recovered activity by ROI averaging serves to further
reduce the variance in the estimates, thus resulting in a higher AUC for not just the

group-lasso, but also for the minimum norm.

3.5 Algorithm details

We describe the algorithm used to obtain the solutions to (1.8). Cyclic group-wise

coordinate descent works well when we have a small number of groups (18 ROIs in
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our case). The idea is to update the coefficients for a single group while holding the
coefficients for all other groups fixed. If we cycle through all the groups repeatedly,
we will converge on a solution. Let Y be the matrix of observations, and let X =

[X4,...,X,] be the matrix of features that consists of p groups.

3.5.1 Cyclic group-wise coordinate descent

Let A and « be fixed, and suppose we want to perform the update for group k. Let
Bl, e ,Bp be the current estimates with current residual given by r =Y —>"_ X, 5;,
and let v, = r + X0, be the partial residual for group k. If 3, = 0, the gradient

equation for f is given by
XTre = Mis, (3.27)

where s, € {z: ||z||p < 1}. It follows that By = 0 if | X ryllr < Aye. If B # 0, the

gradient condition for optimality is given by

A .
(X{ Xy + (2 4 2a)I> B = XTr, (3.28)

1Bkl £

We can solve for 3, by first solving for || || and then plugging the result into (3.28).
Take the singular value decomposition X; = U;D; VI and rewrite (3.28) as

. . -1 3
[Dznﬁk”F + (M + QOzHBkHF)I} DU/t = VZ?—’C (3.29)
1Bkl
Take the Frobenius norm on both sides to obtain
R R —1 2
D2l + O+ 20180]  Di0ER =1 (3.0)
F

Let f(6) = ||[D36 + (M + 204(9)1]_1DkU£rk||2F —1. To find |||, we need only find
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6o such that f(6y) = 0. We do this with Newton-Rhapson by reiterating

f(0)
0+— 60— , 3.31
") (3.31)
where 7 is the step size and
3 1 2
£(6) = —2 H (D20 + (A + 200)1] 2 (D2 + 2aI)§DkU;§rk‘ . (3.32)

In our experience, f(f) tends to be quite linear around 6, so that very few Newton

iterations are required for convergence. Having obtained ég, we update Bk with

. A -1
By +— (X{Xk + (S 2a)I> XT'ry. (3.33)
0
We now cycle through all the groups until convergence. The full algorithm is presented
in Algorithm 2. In practice, because we are fitting the group-lasso along a sequence of
A, we will initialize Bl, cee Bp with the estimates from the previous A in the sequence.

These “warm starts” give a significant speed advantage in our experience.

3.5.2 Determining the group penalty modifiers ~;

The ~; in (1.8) allow us to have different penalties for different groups. This is useful
because a larger group can be more likely to have a stronger correlation with the
response than a small group, just by random chance. Having different penalties thus
allows us to put different-sized groups on the same scale.

Recall that Bk = ( if the following gradient condition is met:
X5 el < Ay (3.34)

It follows that we can determine an appropriate group penalty modifier by computing

the expected value of the LHS if the signal were pure noise. Let € ~ (0,I). Then we



CHAPTER 3. EEG SOURCE ESTIMATION

64

Algorithm 2: Cyclic group-wise coordinate descent

input : Y, Xy,..., X, A7, @

output: f1,...,0,

Initializer =Y - Y, Bl =0,... ,Bp = 0. Let X; = U;D VY be the singular
decomposition of Xy.

Iterate till convergence:

for k <+ 1 to p do

rp =1+ X3, 05;

if | XZri|lr < My then
Br +— 0;

end

else

Bk — [ngk + (% + 20[)1} - Xgl‘k;

where 6 is the root of || [D20 + (M + 20)1) ' D UL, p = 1
end
r— 1 — X3 0
end

~

return 317 By
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have

o= ElXgellE (3.35)
= Etre' X XJe (3.36)
= trEe’ X, X[ e (3.37)
= tr X} X, (3.38)
= X3 (3.39)

Therefore we take v, = | X/, the Frobenius norm of X;. Note that if X is
orthonormal, then 7, = /pr, which is the penalty modifier proposed in [49].

3.6 Discussion

This work introduces a new approach toward EEG source estimation in the visual
cortex using the group-lasso. Because the group-lasso selects variables in a group-wise
manner, we do not require a template procedure to provide a common space for source
inversion. Instead, we use ROIs that are determined by fMRI to define the groups.
We show how to combine data from multiple subjects while imposing spatial and
temporal smoothness on the recovered activity. The “pooling effect” of the group-
lasso suggests that its performance should improve with the number of subjects, and
we verified this with simulated experiments. In particular, the performance of the
group-lasso is comparable to that of the traditional minimum norm solution, but as
the number of subjects increases, there is a significant performance boost for the
group-lasso over the minimum norm.

We also show that while the minimum norm does not inherently pool information
across multiple subjects, it still benefits from a post-processing step in which the
recovered activity is averaged across subjects. This, to the best of our knowledge, is a
novel result. Of course, this averaging can also be applied to the group-lasso solution,
which leads to a further performance increase beyond that already obtained from its
inherent pooling effect.

The effectiveness of the group-lasso can lead to other interesting possibilities. The
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overlapped group-lasso is a special case of the group-lasso in which a variable can show
up in more than one group. It follows that the overlapped group-lasso might be a
good choice for source inversion in cases where the ROIs have overlaps.

Another aspect of ROI-wise source inversion that we have not explored is sparsity
within a ROL. It is possible that the source activity is only present in some fraction of
the ROI, so that a solution that is sparse within a ROI is desirable. If this is the case,
an additional Ly penalty of the form ||3||; can be added to the group-lasso penalty
to impose sparsity. This results in what is known as the sparse-group lasso (see [37]
for details). This, along with the overlapped group-lasso, will be addressed in future

work.



Chapter 4
Conclusion

We applied the group-lasso to two problems from different domains. In the interaction
learning problem, an overlapped group-lasso penalty allowed us to obtain estimates
that satisfy strong hierarchy: if an interaction is estimated to be nonzero, then its
associated main effects will also be estimated to be nonzero. We showed that the
resulting complicated constrained optimization problem can be tackled by solving an
unconstrained problem that gives equivalent solutions. This is the basis for GLIN-
TERNET, which will be available as a R package on CRAN.

The availability of regions of interest in the visual cortex was a key ingredient
in our solution. Because these ROIs define a functional grouping of the vertices in
the visual cortex, it fitted naturally into the group-lasso framework. We showed that
the group-lasso benefits from having data from multiple subjects, resulting in better
performance over the standard minimum norm solution. We also demonstrated that
both the group-lasso and the minimum norm benefit from a post-processing step in

which the recovered activity is averaged (within ROI) across multiple subjects.
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Appendix A

Model selection details

To the best of our knowledge, there is no analytic form for the degrees of freedom for
the group-lasso. We use the results in [22] as a heuristic for estimating the degree
of freedom. Suppose there are GG groups of variables with sizes pq,...,ps. Let BO
denote the full ordinary least squares fit, BZ the group-lasso estimate for group 7, and
Y the fit. Then if the feature matrix X = [X1,...,Xg]| is orthonormal, an unbiased

estimate of the degrees of freedom is given by

G

G
=S 1 > 0+ 3 (- 1l (A1)
=1 =1 H/B H2

Because X is not orthonormal in our application (see Section 3.3.2), we do not expect
this formula to hold exactly. Simulations show that the estimate given by (A.1) can

be biased low, which results in an overly optimistic GCV error rate. The bias is due to

1Bill2
189112

a ridge penalty to 60 largely eliminates this problem. To verify this, we generate data

large variance in 60 making the contribution from the term negligible. Adding

according to the following setup.

Let Y fizeq be a fixed N x T matrix of observations. If Y = Yyizeq + € with

68
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e ~ (0,02I), the degrees of freedom of a fit Y is given by [10]

T N T
1 . 1 )
EZZCW(Y#,Y%) = ;ZtrCOV(Y.t,Y.t) (A.2)
t=1 i=1 t=1
1 « .
= TZtYCOV(E.t,Y.t) (AB)
g
t=1
1 <« .
= > trEe, Y} (A.4)
g
t=1
1 « .
t=1
1 T
g t=1
1 ~
= SEtrY'e (A7)
g

It follows that we can estimate the true degrees of freedom by generating noisy ob-
servations Y =Y f;;.q + € and averaging the trace of YTe over many simulations. We
can then compare the results with the formula in (A.1). Figure A.1 shows the results

from 1000 simulations with o = 5.
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Figure A.1: Estimated degrees of freedom (using (A.1)) vs true df. Red line: Using
formula (A.1) without any ridge penalty to 5° results in an estimate that is biased

downward. Blue line: In our experiments, a ridge penalty of 1.0817 x 10* works
well.

Figure A.2 shows that adding a ridge penalty can dramatically reduce the variance
in BO.
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Figure A.2: Variance of BO as a function of ridge parameter. Vertical line corresponds
to 1.0817 x 10* that is found to work well in our degrees of freedom simulations.

We have seen that adding a ridge penalty to the ordinary least squares fit in the
degrees of freedom formula leads to a more stable and accurate estimate. Because the
group-lasso estimates converge to the ordinary least squares estimates (for “p < n”
problems) as X | 0, we use the same amount of ridging by setting o = 1.0817 x 10%

in (1.8). We use this value from here on.
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