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Preface

This thesis considers topics in two sub-fields of statistics—interpretable dimensionality reduction (Chap-

ter 2 and Chapter 3) and selective inference (Chapter 4, Chapter 5, and Chapter 6).

Interpretable dimensionality reduction concerns the problem of reducing a large dataset into a smaller one,

while still ensuring the smaller dataset is readily interpretable. We consider the fundamental dimensionality

reduction task of selecting the subset of variables that is most representative of the entire dataset. In

Chapter 2, we show that two popular methods for this task, Column Subset Selection (CSS) and Principal

Variables, are equivalent. This insight enables us to derive new methods for performing scalable CSS when

(1) we have summary statistics in place of unit-level data, or (2) some of the unit-level data is missing

and/or censored. In Chapter 3, we present a generative view of both of these methods. Specifically, we show

that CSS and Principal Variables can both be interpreted as performing maximum likelihood estimation

within a certain semi-parametric model. Within this model, we establish suitable conditions under which

the CSS estimate is consistent in high dimensions, specifically in the proportional asymptotic regime where

the number of variables over the sample size converges to a constant. Our generative viewpoint also leads

to novel methodology for selecting the subset size for CSS/Principal Variables in a principled way.

Selective inference concerns the problem of drawing inferences after selection of a data-dependent infer-

ential question. In Chapter 4, we provide a simple and unifying framework for conditional selective inference

that is centered on p-values. Specifically, we introduce selectively dominant p-values, a class of p-values that

enable us to easily perform inference after selection. We give an exact characterization of when p-values

are selectively dominant and argue that essentially all commonly used p-values are selectively dominant. In

Chapter 5, we use our framework to study the inference on winners problem. We o!er greater clarity on

the behaviors and properties of existing inference on winners methods, while also generalizing them to new

settings. We also identify a class of problems for which the conditional selective inference approach attains

optimal power, but existing simultaneous inference approaches are powerless. In Chapter 6, we motivate a

very broad and general class of rank verification problems that arise in a variety of di!erent domains. We use

our framework to derive a new inferential method for these problems that dominates existing simultaneous

inference approaches, and we demonstrate our method’s e”cacy and versatility by applying it to a wide

range of real-world problems.
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correlations between the variables in Ŝ and S (right) for the di!erent simulation settings

described in Section 3.3.1. Color indicates the average population R2 from the regression of

the variables not in S on those in S. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2 For the five personality sub-surveys, we give Cronbach’s coe”cient ω with 95% bootstrap

CIs (B = 1000 bootstrap samples) for our survey and the Norwegian [Engvik and Clausen,

2011], Brazilian [Veloso Gouveia et al., 2021], and Serbian [Tucaković and Nedeljković, 2023]
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Chapter 1

Introduction

This thesis considers topics in two sub-fields of statistics—interpretable dimensionality reduction (Chap-

ter 2 and Chapter 3) and selective inference (Chapter 4, Chapter 5, and Chapter 6). The material in

Chapter 2 and Chapter 3 is taken entirely from Sood and Hastie [2025], and the material in Chapter 4,

Chapter 5, and Chapter 6 is taken largely from Sood [2024] and Sood [2025].

The introduction serves to provide some motivation and background on these areas, including a high-level

review of related literature. We will continue to mention other related works throughout the thesis when

relevant.

1.1 Interpretable dimensionality reduction

In modern data applications, it is common to reduce a large dataset into a smaller one, either for storage

e”ciency or ease of downstream analysis. As methods become more complex, it is increasingly desirable for

this reduced dataset to be interpretable.

The first part of this thesis considers the dimensionality reduction task of selecting a subset of variables

that is most representative of the entire dataset. We will establish an equivalence between two popular

methods for this task, Column Subset Selection (CSS) and Principal Variables. Via this equivalence, we

provide a generative view of both methods, as well as other extensions and generalizations.

1.1.1 Motivation

The textbook approach to dimensionality reduction is Principal Components Analysis (PCA) [Jolli!e,

2002]. PCA projects the observed data onto a small set of variance-maximizing axes. Ultimately, the reduced

dataset consists of linear combinations of the original variables, and these resulting linear combinations are

referred to as principal components.

The diverse range of perspectives on PCA has fostered many useful theoretical and methodological

insights. For example, although PCA’s objective is typically written in terms of unit-level data, it can also

be written solely in terms of the data’s covariance [Pearson, 1901]. This covariance characterization turns

out to provide a more fundamental view of the problem, and Okamoto and Kanazawa [1968] strengthen

PCA’s theoretical foundation by using it to establish the method’s simultaneous optimality for a large class

1



CHAPTER 1. INTRODUCTION 2

of objectives. Another example is probabilistic PCA (PPCA), a generative variant of PCA developed in

Tipping and Bishop [1999]. PPCA broadens PCA’s scope by enabling the application of standard statistical

tools (e.g. likelihood ratio testing, expectation-maximization, Bayesian inference).

Unfortunately, the linear combinations that PCA outputs are typically dense and di”cult to interpret.

The field of interpretable dimensionality reduction has emerged largely in response to this phenomenon, and

it is spearheaded by methods that output sparse linear combinations of the original variables [d’Aspremont

et al., 2004, Jolli!e et al., 2003, Witten et al., 2009, Zou et al., 2006]. These sparse variants of PCA provide

more interpretable results by simplifying the relationship between the reduced and original dataset. Methods

like CSS and Principal Variables that select a subset of the original variables simplify this relationship as

much as possible and, consequently, can be viewed as PCA’s sparsest and most interpretable alternatives.

In the first part of this thesis, we aim to provide for CSS the same diverse set of viewpoints that

are available for PCA. In Chapter 2, we show that Principal Variables, which is characterized in terms

of covariances rather than unit-level data, solves the exact same problem as CSS. Following this insight,

we provide a generative variant of CSS in Chapter 3 that facilitates the application of statistical tools.

These covariance and generative viewpoints lead to novel methodological and theoretical insights for several

problems in interpretable dimensionality reduction.

1.1.2 Background

To provide the necessary context for Chapter 2 and Chapter 3, we give a detailed description of CSS,

Principal Variables, and the relationship (or lack thereof) between their corresponding literatures.

In the CSS problem we aim to choose k of p columns from a data matrix X ↑ Rn↑p that best linearly

reconstruct the rest:

argmin
S↓[p]:|S|=k

min
B↔Rk→p

⇑X →X•SB⇑
2
F (1.1)

Here, X•S denotes the sub-matrix of X containing columns with indices in S. While computing the exact

optimum in (1.1) is NP-complete [Shitov, 2021], a vast approximation literature [Boutsidis et al., 2009,

Civril and Magdon-Ismail, 2012, Deshpande and Rademacher, 2010, Drineas et al., 2008, Farahat et al.,

2015, Ordozgoiti et al., 2018, Tropp, 2009] has produced tractable algorithms with successful applications

in epidemiology [Fink et al., 2007, Nowaková et al., 2021], networking [Tripathi and Reza, 2020], business

[Boutsidis et al., 2008], imaging [Krömer et al., 2018, Strauch, 2014, Wang et al., 2015], and low-rank matrix

approximation [Boutsidis et al., 2014, Dan et al., 2015].

Prior to gaining popularity in computer science, the CSS problem first garnered attention in the numerical

linear algebra community. Many foundational works in numerical linear algebra, past and present, study

criteria similar to CSS [Baker and DeGroat, 1998, Bischof and Quintana-Ort́ı, 1998, Chan, 1987, Chan

and Hansen, 1994, Chandrasekaran and Ipsen, 1994, Chen et al., 2023a, Foster, 1986, Golub, 1965, Gu

and Eisenstat, 1996, Gu and Miranian, 2004, Hong and Pan, 1992, Pan, 2000, Pan and Tang, 1999, Stewart,

1999a, 1998, 1999b]. The articles referenced in the previous paragraph extend this line of research by focusing

specifically on the CSS problem and providing either improved theoretical guarantees or superior empirical

performance for the objective (1.1).

Principal Variables [McCabe, 1984] puts a non-degenerate N(0,!) model on the observed data and

suggests selecting a subset of “principal variables” according to various information criteria. The most
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popular of the four criteria suggests selecting the subset S that solves

argmin
S↓[p]:|S|=k

Tr(!→S →!→S,S!
→1
S !S,→S) (1.2)

where →S is the complement of S and !S and !→S are the principal submatrices of ! whose rows and

columns are subseted by S and →S respectively. In practice, an estimate !̂ of the covariance matrix is used

in (1.2). Like the CSS literature, the Principal Variables literature has produced approximation algorithms

[Brusco, 2014, Cadima et al., 2004, Guo et al., 2002, Masaeli et al., 2010, Wei and Billings, 2006] that have

enjoyed application in a number of fields, including psychology [Fehrman et al., 2017, Ladd and Golter,

1988], imaging [Chang et al., 1999], and the natural sciences [Eitrich et al., 2007, Isaac et al., 2014].

Expectedly, each thread of literature has something fruitful to o!er: principal variables have strong sta-

tistical motivation and practitioners can find them in settings where only covariance or correlation estimates

are available. We provide examples of such settings in Section 2.2. The CSS literature places larger emphasis

on providing algorithms with theoretical guarantees and minimal computational and storage complexity.

Despite similarities between the methods, the CSS and Principal Variables literatures have existed entirely

independently. For example, Masaeli et al. [2010] pose a regularized matrix reconstruction problem in the

style of (1.1), but cites Principal Variables as motivation and makes no reference to any CSS literature.

1.2 Selective inference

Selective inference is a sub-field of statistics that allows practitioners to make valid inferences even when

the underlying statistical question is chosen by a data-driven selection process. However, many selective

methods, which operate by conditioning on the selection event, can be di”cult to derive, hard to implement,

and exhibit counter-intuitive behavior. To statisticians outside of the sub-field, each selective procedure may

seem to come from a di!erent argument or approach.

The second part of this thesis provides a unifying framework for selective inference centered around p-

values. So long as a statistician knows how to compute traditional p-values, our framework enables them

to easily deliver valid hypothesis tests and confidence intervals, even when the inferential question at hand

arose from an arbitrary, albeit known, selection procedure. Our framework (1) can greatly simplify the

process of designing new selective methods and (2) results in more natural and general derivations of some

existing selective methods, allowing for a deeper understanding of their behavior as well as new variations

and extensions. After presenting the framework in Chapter 4, we apply it to derive new methodological and

theoretical results for two canonical selective inference questions—inference on winners in Chapter 5 and

rank verification in Chapter 6.

1.2.1 Motivation

To motivate the need for a fresh view of selective inference, we recall the age-old task of making inferences

from the largest observation. Considering Gaussian data X ⇐ N(µ, In) with unknown mean µ, the largest

observation W = argmaxi↔[n] Xi may well correspond to the largest mean. Therefore, a natural way to verify

the existence of a large µi is to give a lower confidence bound (LCB) for µW , the mean of the winning value.

Traditionally, we provide such an LCB via Sidak’s simultaneous approach. Let z1→ω denote the 1 → ω
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Figure 1.1: The first panel (left) shows the growth of the quantile z1→ωn as a function of the dimension n.
The second panel (right) gives the distance between the level ω = 0.1 conditional LCB and the winner XW

as a function of the gap XW → XR between winner and the runner-up. For dimensions n = 1, 10, 100, 1000,
it also gives the distance from XW to the level ω = 0.1 simultaneous LCB.

quantile of a standard normal distribution and define ωn = 1→ (1→ω)1/n. Sidak’s approach tells us that the

lower bounds µi > Xi→z1→ωn all simultaneously hold with probability 1→ω. Therefore, µ̂simul = XW→z1→ωn

is a valid lower bound for µW that holds with probability at least 1→ ω. Performing simultaneous inference

on n means, however, comes at a cost. As n grows, the quantile z1→ωn grows as well (depicted in the left

panel of Figure 1.1), and the distance from the winning observation to the LCB correspondingly increases.

The more modern selective approach suggests providing an LCB that is valid conditionally on W . This

approach provides inferences solely for the winning mean µW , so we may hope that it avoids the simultaneous

inference’s curse of dimensionality. Following the recipe of Fithian et al. [2017] (see Appendix B.8 for details),

one finds that the conditional LCB µ̂cond is the infimum of the confidence region

{µ0 : µ0 > XW → Quantile(1 → ω, TN(0, 1, XR → µ0,≃))}, (1.3)

where XR is the runner-up (second largest) observation and TN(µ, ϖ2, a, b) is a N(µ, ϖ2) distribution trun-

cated to lie in the interval (a, b).

The conditional LCB (1.3) is near impossible to parse at first glance, but it turns out to have some very

interesting properties. As plotted in right panel of Figure 1.1, the distance XW → µ̂cond between the winner

and the conditional LCB is purely a function of the gap XW → XR between the winner and runner-up. If

the gap between XW and XR is large, then the conditional LCB for µW will be roughly XW → z1→ω, i.e.,

what we expect in a one-dimensional inference problem. But as the runner-up gets close to the winner,

the conditional LCB explodes quickly to →≃ and gives much worse inferences than the classical approach.

In summary, the conditional method appears to avoid the curse of dimensionality when the winner is well

separated, but when it is not, the consequences can be tremendous.

The motivation for our framework comes from the following fact: the conditional LCB becomes shockingly

simple to parse once written in terms of p-values. Suppose we wanted just to check whether each LCB was

non-negative, i.e., we used each LCB solely to verify the existence of a positive mean. Typically, we verify

the existence of a positive mean by using the p-values pi = 1→#(Xi) to test the nulls H0,i : µi ⇒ 0. It turns
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out that the simultaneous LCB verifies the existence of a positive mean when smallest of these p-values p(1)

is at most ωn. In contrast, the conditional LCB does so when the ratio of the two smallest p-values p(1)/p(2)

is at most ω.

At least when the p-values pi are uniform under the null, there appears to be a simple and intuitive

proof for the conditional procedure’s validity (much simpler than our derivations in Appendix B.8): under

the null, the smallest p-value p(1) should be uniform on [0, p(2)], so we should control error if we reject

when p(1) ⇒ ωp(2). But the question remains, does this argument go through when p-values are not exactly

uniform? If not, why does it work in the Gaussian case?

The framework we develop in Chapter 4 gives a complete answer to these questions. It identifies a broad

class of p-values for which the sort of argument we have outlined above goes through. Beyond inference on

winners, it turns out to encompass a comprehensive set of selective inference problems, and it provides a

clearer view on how selective methods behave and are derived. As we illustrate throughout the article, our

framework serves to both deepen our understanding of existing methods in the selective inference literature,

as well as enable easy design of new selective inference procedures.

1.2.2 Background

The field of modern conditional selective inference was started by the seminal work Lee et al. [2016b] and

has been the subject of much academic research over the last decade [Benjamini et al., 2019, Chen et al.,

2023b, Chen and Witten, 2023, Fithian et al., 2015, 2017, Gao et al., 2024, Hyun et al., 2021, Lee and Taylor,

2014, Loftus and Taylor, 2015, Panigrahi et al., 2024, Taylor and Tibshirani, 2018, Taylor et al., 2014, 2016,

Tian and Taylor, 2018, Tian et al., 2018, Tibshirani et al., 2016]. Alongside this contemporary body of work,

there is an earlier line of work that studies drawing inferences from data-dependent questions, particularly

as it pertains to rank verification Bofinger [1985a], Fabian [1962], Gutmann and Maymin [1987], Hsu [1981a],

Maymin and Gutmann [1992]. Outside of conditional selective inference, there is a class of selective methods

that avoid conditioning on the selection event (e.g, [Romano et al., 2014, Zrnic and Fithian, 2024]), but

Perry et al. [2024] suggest empirically that such approaches may be less powerful than their conditional

counterparts, and we provide some theoretical justification to this claim.

We point out a few articles that are most relevant to our framework. For continuous data (i.e., non-

discrete data) Hung and Fithian [2020], Zhao et al. [2019] both identify similar classes of p-values and correct

for selection identically to our approach. Their results, however, only apply when the selection mechanism

selects the p-value for being below a fixed threshold. Our framework is fully general and applies (1) when

the data is non-continuous (including when data is discrete) and (2) for all selection mechanisms, including

those involving randomized selection. Hung and Fithian [2020], Zhao et al. [2019]’s work is done for the sake

of a one-o! application. In contrast, we contextualize our more general theory as the backbone that supports

all of modern conditional selective inference, and demonstrate its applicability across a range of problems.

While we assume the selection procedure is known, Andrews and Kasy [2019], Markovic et al. [2019] consider

settings where the selection mechanism is unknown, and provide either (1) methods for learning the selection

mechanism or (2) theoretical results regarding to what extent the selection mechanism is identified. When

we treat the procedures we derive as global null testing procedures and close them, we get sequential selective

hypothesis testing procedures that are similar to those in Fithian et al. [2015], although the procedures in

Fithian et al. [2015] specifically test two-sided nulls, while our nulls are arbitrary.



Chapter 2

A covariance view of column subset

selection

In this chapter, we establish a mathematical equivalence and conceptual connection between CSS and

Principal Variables. This equivalence is not mathematically di”cult to establish, but it unlocks new per-

spectives that enable us to design novel and useful methodology for several problems in interpretable dimen-

sionality reduction. Particularly, it leads to two applications.

Scalable CSS without unit-level data: We introduce fast algorithms for performing CSS when only

summary statistics are available. To demonstrate our algorithms’ e”cacy, we provide a real world example

where BlackRock, our industry a”liate, wants to perform CSS but only has access to a covariance estimate.

Our insights enable us to perform CSS in this setting, and our novel algorithms enable us to run the appro-

priate experiments, which would take days using current methods, in less than three minutes.

CSS with missing and/or censored data: The equivalence between CSS and Principal Variables sug-

gests a natural workflow for performing CSS when data is missing and/or censored: model the missingness

and/or censorship, produce a covariance estimate that is reasonable under this model, and perform CSS

using this covariance estimate. As an illustrative example, we use this workflow to propose a simple and

novel procedure for performing CSS with missing-at-random data. In a simulation study where we sample

data from Chapter 3’s generative model and omit entries at random, our method always selects the correct

subset while the best competing method selects it less than half the time. We also confirm that our method

outperforms existing methods on a real dataset.

To start, we introduce some notation and preliminaries. The same notation will be used in Chapter 3.

6
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2.1 Notation and preliminaries

We use the following linear algebra notation. All matrices are bolded capital letters. We use ||A||F to

denote the Frobenius norm of the matrix A ↑ Rp↑q. We denote the Moore-Penrose inverse, or pseudo-

inverse, of A by A
+, and the ith row and jth column of A by Ai• and A•j respectively. For subsets

S ⇓ [p] = {1, . . . , p} and T ⇓ [q], AS,T is the |S| ⇔ |T | sub-matrix of A with rows and columns indexed

by S and T respectively. If we want to index just the rows (resp. just the columns), we use AS• ↑ R|S|↑q

(resp. A•T ↑ Rp↑|T |). Indexing always precedes matrix operations, e.g., A+
S,T = (AS,T )+ ↖= (A+)S,T . When

A ↑ Rp↑p is square, we let AS ↑ R|S|↑|S| denote the sub-matrix with rows and columns both indexed by S.

We denote the determinant of a square matrix A by |A|. For symmetric square matrices A and B, we write

A ↙ B (resp. A ∝ B) if A →B is positive semi-definite (resp. positive definite), and we denote the set of

positive-semi definite matrices as Sp↑p
+ . The p ⇔ p identity matrix is Ip. For a vector x ↑ Rp, we use ⇑x⇑2

to denote the L2 norm of x. The vector xS ↑ R|S| is the sub-vector of x with entries indexed by S. When

appropriate, 0 and 1 (resp. 0 and 1) refer to a vector (resp. matrix) of zeros and ones.

We use the following statistics notation. We typically denote random vectors as unbolded capital letters,

e.g., X ↑ Rp, Y ↑ Rq, and X ⇐ (µ,!) means that X has mean µ and covariance !. Generally !Y is Cov(Y ),

but we sometimes write ! for Cov(X) specifically (when unambiguous). Samples drawn from a distribution

are assumed independent and identically distributed (i.i.d). A model refers to a family of distributions.

We will assume that all random vectors X ↑ Rp we consider satisfy E[⇑X⇑
2
2] < ≃.

2.2 The equivalence of CSS and Principal Variables

In this section, we establish a mathematical equivalence and conceptual connection between CSS and Prin-

cipal Variables. This equivalence is not mathematically di”cult to establish, but it unlocks new perspectives

that enable us to design novel and useful methodology for several problems in interpretable dimensionality

reduction. Henceforth, selecting principal variables using ! refers to the following subset search:

argmin
S↓[p]:|S|=k

Tr(!→!•S!
+
S!S•). (2.1)

The subset search (2.1) generalizes the original Principal Variables criterion (1.2) by allowing ! to be

singular. When ! is non-singular, Cauchy’s interlacing theorem [Bhatia, 1997] implies that !S is always

also non-singular, so !
+
S = !

→1
S and our new search problem (2.1) reduces to the original search problem

(1.2).

Proposition 1 establishes an exact mathematical equivalence between CSS (1.1) and Principal Variables

(2.1). It tells us explicitly how we can perform CSS by instead searching for principal variables, and vice-

versa.

Proposition 1 (CSS and Principal Variables are equivalent). Consider a matrix X ↑ Rn↑p and define

!̂ = X
↗
X/n. For any size-k subset S ⇓ [p], the CSS objective (1.1) with X and the Principal Variables

objective (2.1) with !̂ are equal:

min
B↔Rk→p

1

n
⇑X →X•SB⇑

2
F = Tr(!̂→ !̂•S!̂

+

S !̂S•).
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One important consequence of Proposition 1 is that performing CSS on a centered data matrix X is

identical to selecting principal variables using the sample covariance. Conceptually, this suggests viewing

CSS as an estimation problem where the estimand is the population principal variable set (i.e., the principal

variable set one would select using !). This draws a clear parallel between CSS and PCA: both methods

seek to estimate some function of the population covariance, and the typical unit-level data characterization

of each method does so by plugging in the sample covariance as an estimate.

In what follows, we fully develop this point-estimation view of CSS. Consider the typical CSS use case

where X ↑ Rn↑p is a data matrix whose rows are centered i.i.d samples of a p-dimensional random vector

X ⇐ (µ,!). In this setting, it is immediate that the CSS solution (1.1) is the plug-in estimate for the

estimand

argmin
S↓[p]:|S|=k

min
B↔Rp→k

E[⇑(X → µ) →B(XS → µS)⇑2
2]. (2.2)

Proposition 2 confirms that the population CSS subset search (2.2) is equivalent to selecting principal

variables using !. Furthermore, it demonstrates that, even when X does not follow a non-degenerate

Gaussian distribution, the subset selected by Principal Variables is characterized by an interpretable and

desirable optimality criterion: optimal linear reconstruction of the remaining variables (after centering).

Proposition 2 (The CSS estimand). Consider a p-dimensional random vector X ⇐ (µ,!). For any size-k

subset S ⇓ [p], the population CSS problem (2.2) has the same objective as the Principal Variables objective

with !:

min
B↔Rp→k

E[⇑(X → µ) →B(XS → µS)⇑2
2] = Tr(!→!•S!

+
S!S•).

Characterizing CSS in terms of covariances and reframing it as an estimation problem yields a number

of benefits and insights:

1. A more general class of estimators for the population CSS solution (2.2) results from solving (2.1) with

any estimate !̂ of !, not just sample covariance. Henceforth we will refer to solving (2.1) with !̂ as

performing CSS with the covariance !̂. proba

2. It is immediately clear that practitioners can perform CSS in settings where they cannot access unit-

level data but can access covariance or correlation estimates. For example, only the correlation matrix

was available for four of the nine real data examples in Cadima et al. [2004], and in genome wide

association studies practitioners often work with correlation estimates in place of inaccessible unit-

level data [He et al., 2022, Mak et al., 2017].

3. Characterizing CSS as an estimation problem stresses the importance of selecting a subset that gen-

eralizes well. This is in line with recent work from Ordozgoiti et al. [2019] that emphasizes CSS’s

out-of-sample performance and examines the benefits of performing CSS with ς2 regularization. Our

equivalence suggests performing CSS with regularized covariance estimates as an alternative regular-

ization scheme.

4. Similarly, a practitioner may be interested in the quality of their regression coe”cient estimates from

the regression of the remaining variables on the selected subset (i.e., the minimizing B in (1.1)).

Using our covariance view, we show in Appendix A.5.1 that the error of these coe”cient estimates is

well-behaved, even when the practitioner selects a subset via a complex CSS algorithm.
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5. The NP-completeness of CSS implies the NP-completeness of solving (2.1). Equivalently, if X ⇐

N(0,!), ! ↙ 0, finding a size k subset S ′ [p] that minimizes Tr(Cov(X|XS)) is NP-complete.

6. If X ↑ Rn↑p has rank r ∞ min(n, p), we can find Xr ↑ Rr↑p such that X
↗

r Xr = X
↗
X via the

singular value decomposition (SVD) of X. Because X
T
X = X

↗

r Xr, Proposition 1 tells us that the

CSS objective value for any subset S is the same for X and Xr, and thus performing CSS on Xr is

equivalent to performing CSS on X. The time complexity of finding Xr is O(npr), and computing

and then performing CSS on Xr may be much faster than performing CSS directly on X.

2.3 Scalable CSS without unit-level data

Our first application is scalable CSS without unit-level data. We provide novel algorithms that allow

us to e”ciently perform CSS when we can only access covariance estimates and a real-data example that

illustrates these algorithms’ usefulness. These algorithms are made possible by the equivalence drawn in

Section 2.2. We also discuss some other reasonable approaches that perform surprisingly poorly on our real

data example.

2.3.1 Algorithms

As it stands, it is unclear how to e”ciently perform CSS with just a covariance !. The Principal Variables

literature suggests some sophisticated approximation algorithms, but it lacks e”cient implementations of

them. The CSS literature provides e”cient approximation algorithms, but it is unclear how to apply them

when we only have covariance estimates. Proposition 1 implies that we could find X such that ! = X
↗
X/n

and apply existing CSS algorithms to X. Unfortunately, factoring ! in this way has larger time complexity

than some CSS algorithms themselves.

Hence, we derive versions of the greedy algorithm from Farahat et al. [2015] and the swapping algorithm

from Ordozgoiti et al. [2018] that take a covariance ! as input. These two algorithms are the empirically best-

performing and fastest algorithms in the CSS literature, and they can be easily modified to perform subset

search according to other objectives as well, which will be crucial for our application later in Section 3.3.

Working directly with ! allows for a significantly simpler presentation, derivation, and modification of these

algorithms, and our new algorithms maintain the same time complexity as the originals when n ∈ p. For

the interested reader, we discuss how to modify our algorithms to perform subset search according to the

other three Principal Variables criteria in Appendix A.3. We also provide some stylized settings where we

can guarantee that our algorithms find the optimal subset in Appendix A.5.2.

The key insight in deriving our algorithms is writing the CSS objective in terms of residual covariance

matrices. For two mean-zero random vectors X ↑ Rp and Y ↑ Rq we define the residual from the regression

of Y on X as

R(Y, X) = Y →B
↘X B

↘
↑ argmin

B↔Rq→p

E[⇑Y →BX⇑
2
2].

The discussion in Appendix A.6 establishes that R(Y, X) is well defined.

Lemma 1 summarizes what we need to know about residual covariances. In its statement, we adopt the

convention that 0 ·≃ = 0.
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Lemma 1 (E”cient residual covariance update). Consider a random vector X ⇐ (0,!) and a subset

U ′ [p] that does not contain the ith variable. Then the residual covariance for the subset U is given by

!R(X,XU ) = !→!•U!
+
U!U•, and the residual covariance for the subset U ∋ {i} is given by

!R(X,XU↑{i}) = !R(X,XU ) →
εε↗

εi
· Iϖi>0

where ε = (!R(X,XU ))•i = !•i →!•U!
+
U!U,i. That is, we can update !R(X,XU ) when adding variables to

U in O(p2) time, and removing variables from U in O(p2) time if !+
U is known.

Lemma 1 illustrates that CSS amounts to finding a subset S that minimizes Tr(!R(X,XS)), and it also

allows us to quickly update Tr(!R(X,XS)) when we add or remove variables from S. Define the function

f(i,A) = →⇑A•i⇑
2
2/Aii · IAii>0. (2.3)

Considering some U ′ [p], computations in Appendix A.7.17 show that any i ↖↑ U which minimizes

f(i,!R(X,XU )) also minimizes Tr(!R(X,XU↑{i})). This is su”cient for establishing the correctness of the

greedy and swapping algorithms we present below.

Greedy subset selection: Our greedy algorithm (Algorithm 1) starts with the empty subset S(0) = {}

and, on iteration t, finds S(t) by adding the variable to S(t→1) that minimizes Tr(!R(X,X
S(t) )). It termi-

nates after k iterations and returns S(k). Alternatively, we can allow it to iterate until Tr(!R(X,X
S(t) )) is

su”ciently small. Algorithm 1’s time complexity is O(p2k). A nice property of greedy subset search is that

greedily selected subsets of di!erent sizes are nested: upon finding the greedily selected size-k subset, we

have necessarily found the greedily selected subsets of size k → 1, . . . , 1 in the process.

Algorithm 1 Greedy Subset Selection

Input: covariance matrix !, number of columns to select k

procedure greedy subset selection(!, k)

S(0)
△ {}

!R(X,X
S(0) ) △ !

for t = 1, . . . , k do

i↘ △ argmini ≃↔S(t↓1) f(i,!R(X,X
S(t↓1) )) ↼ f is from (2.3), arbitrarily break ties

S(t)
△ S(t→1)

∋ {i↘}

Compute !R(X,X
S(t) ) from !R(X,X

S(t↓1) ) using Lemma 1

return: S(k)

Subset selection via swapping: On each iteration of our swapping algorithm (Algorithm 2) we loop

through our currently selected subset S and swap each selected variable out for the variable that most

reduces Tr(!R(X,XS)). If no swap reduces Tr(!R(X,XS)) for a particular selected variable, then we keep

that variable in S. This is reminiscent of coordinate descent, a procedure that searches for a minimum of

f : Rq
↘ R by iteratively optimizing each coordinate while holding the others fixed. Algorithm 2 terminates

after an iteration where no swaps are made, at which point the algorithm has converged to a kind of local
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optimum. Since each swap strictly reduces the objective value, Algorithm 2 must converge in finite time.

Its time complexity is O(p2k) per iteration. In practice, we run the algorithm multiple times with di!erent

random initializations and take the best resulting subset.

Algorithm 2 Subset Selection by Swapping

Input: covariance matrix !, number of columns to select k, initial selected subset S ↑ [p]k

procedure swapping subset selection(!, k, S)

Scopy △ 0 ↑ Rk

!
+
S △ compute pseudo-inverse of !S

!R(X,XS) △ !→!•S!
+
S!S•

while S ↖= Scopy do

Scopy △ S

for j = 1, . . . , k do

U △ S→j ↼ S→j ↑ Rk→1 is S with Sj removed

!
+
U △ compute !

+
U from !

+
S using [Petersen and Pedersen, 2008, 3.2.7] ↼ Takes O(k2) time

!R(X,XU ) △ compute !R(X,XU ) from !R(X,XS) using Lemma 1

if Sj ↖↑ argmini ≃↔U f(i,!R(X,XU )) then ↼ f is from (2.3)

i↘ △ argmini ≃↔U f(i,!R(X,XU )) ↼ Arbitrarily break ties

Sj △ i↘ ↼ This alters S in place

!
+
S △ compute !

+
S from !

+
U using [Petersen and Pedersen, 2008, 3.2.7] ↼ Takes O(k2) time

!R(X,XS) △ compute !R(X,XS) from !R(X,XU ) using Lemma 1

return: S

2.3.2 An example from BlackRock

We provide a real world application where BlackRock, an industry a”liate of ours, seeks to perform CSS

and only has access to a covariance estimate. BlackRock is currently the largest asset manager in the world.

For proprietary reasons, the data has been anonymized.

BlackRock has a collection of p = 774 thematic investment portfolios and would like to find a small

subset of them that are representative of the remaining. Specifically, they are interested in performing CSS.

Thematic portfolios invest in assets that are tied together by an interpretable common thread, e.g., renewable

energy companies or start-ups in India. It is important to select a subset of portfolios (rather than find linear

combinations of them) so that this thematic structure is maintained.

BlackRock does not have unit-level returns for each portfolio, but they do have a covariance estimate.

After standardizing the returns of each portfolio to have unit variance, we perform CSS using our greedy

and swapping algorithms for k = 1, . . . , 30. For our swapping algorithm, we try 25 random initializations.

The results are presented in Figure 2.1, where we plot the (estimated) average R2 from the regression of

each individual portfolio on the selected subset. For the size six subset found by our swapping algorithm,

this average R2 is above 90%. The swapping algorithm consistently outperforms the greedy one, and for

smaller subset sizes it is able to get the same performance with one less variable. For sake of comparison,

we also plot the average R2 from the regression of each portfolio on the top k principal components. The

principal components maximize this R2 among all possible linear combinations of the portfolios. We find
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Figure 2.1: For the BlackRock example discussed in Section 2.3.2, the average R2 from the regression of each
variable on the selected subset (resp. principal components) versus increasing subset size (resp. number of
principal components).

that the performance gap between PCA and CSS is well worth the trade-o! in interpretability. For smaller

subset sizes, CSS achieves the same performance as PCA while using a subset size that is only one larger

than the number of principal components.

It is important to use e”cient algorithms for problems of this scale. The Principal Variables literature,

which mainly considers p < 100, suggests recomputing the objective from scratch for each new considered

subset [Cadima et al., 2004]. For the BlackRock data, using Algorithm 1 to greedily select a size-30 subset

takes less than a tenth of a second, while this naive approach takes more than six minutes. For subset

selection via swapping, Algorithm 2 typically runs in less than half a second for one initialization, while this

naive approach often takes over an hour (depending on the number of iterations until convergence). We

remark that although the swapping algorithm finds better subsets, the greedy algorithm has comparable

performance and is notably faster, especially considering it only needs to be run once for the largest k of

interest.

2.3.3 Other approaches

Another approach to finding approximate CSS solutions is formulating a convex relaxation of the original

objective [Balzano et al., 2010, Masaeli et al., 2010, Wang and Singh, 2017]. The group lasso [Yuan and Lin,

2006] provides one such natural convex relaxation:

argmin
B↔Rp→p

⇑X →XB⇑
2
F + ↽

p∑

i=1

⇑B
T
i•⇑2 (2.4)

For large values of ↽, the solution to (2.4) has many zeroed-out rows, i.e., many variables are not used in the

reconstruction. This suggests the following procedure for CSS: tune ↽ in (2.4) to yield exactly k non-zero



CHAPTER 2. A COVARIANCE VIEW OF COLUMN SUBSET SELECTION 13

rows and select the variables corresponding to these rows. Another approach from Masaeli et al. [2010],

Convex Principal Feature Selection (CPFS), solves (2.4) but with an ς⇐ penalty on the rows of B instead

of a ς2 one.

We can characterize (2.4) solely in terms of covariances and therefore also apply this group lasso approach

to BlackRock’s data. Defining !̂ = X
T
X/n, (2.4) is equivalent to

argmin
B↔Rp→p

Tr(!̂→ 2BT
!̂ + B

T
!̂B) +

↽

n

p∑

i=1

⇑B
T
i•⇑2

Surprisingly, on BlackRock’s data, this group lasso approach performs worse than selecting subsets at

random! Figure 2.1 displays the group lasso’s performance as well as the best performance from 25 randomly

selected subsets. The subset chosen by the group lasso performs notably worse than the best random subset.

We were unable to tractably apply CPFS to the whole dataset, so we tried it on a random sub-sample of

one hundred portfolios. On this sub-sample, CPFS did even worse than the group lasso (results not shown).

Empirically, we found that the group lasso and CPFS systematically pulled in variables that were highly

correlated with those that had already been selected. Our results are another example of convex variable

selection methods performing poorly in settings with high correlation [Freijeiro-González et al., 2022].

2.4 CSS with missing and/or censored Data

The equivalence drawn in Section 2.2 suggests a natural workflow for performing CSS when some data

is missing and/or censored: model the missingness and/or censorship, produce a covariance estimate that is

reasonable under this model, and perform CSS using this covariance estimate.

As an illustrative example of this workflow, we use it to suggest a procedure for performing CSS with

missing-at-random data. Suppose we observe i.i.d samples x(1), . . . , x(n)
↑ Rp and some values are missing-

at-random. Let the set Ir be the indices of samples for which the rth variable is not missing, and Irs be

the indices of samples for which the r and sth variables are not missing. To get a reasonable covariance

estimate !̂, we estimate the pairwise covariances using the not-missing values and then project onto the

positive semi-definite cone:

!̂ = argmin
M↔Sp→p

+

⇑M → ”̂⇑
2
F ”̂rs =

1

|Irs|

∑

i↔Irs



x(i)
r →

1

|Ir|

∑

j↔Ir

x(j)
r







x(i)
s →

1

|Is|

∑

j↔Is

x(j)
s





Projecting a symmetric matrix onto the positive semi-definite cone amounts to setting its negative eigenvalues

to zero. Finally, we apply the algorithms from Section 2.3.1 to !̂.

Using both simulated and real data, we demonstrate that our procedure outperforms the two existing

methods for CSS with missing data. Initial work on this problem by Balzano et al. [2010] uses a greedy

Block Orthogonal Matching Pursuit (BOMP) algorithm to approximately solve a CSS-like objective that

ignores the missing values. In follow-up work, Wang and Singh [2017] mask the missing values and solve a

group lasso penalized problem similar to (2.4).

Briefly, we remark that one could put additional parametric assumptions on the generative model we will

introduce in Chapter 3 and then apply the expectation-maximization (EM) algorithm to handle missingness.

We found this to be too sensitive to the parametric assumptions and the EM algorithm’s initialization to
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Method % Corr. Subset Selected # Corr. Variables Selected CSS Obj.
Our Method 1.000 4.000 ± 0.000 2.400 ± 0.000

BOMP 0.456 2.191 ± 0.056 3.223 ± 0.025
Group Lasso 0.000 1.713 ± 0.016 5.806 ± 0.037
Random 0.001 0.804 ± 0.023 6.065 ± 0.045

Table 2.1: The proportion of times the correct subset was selected (% Corr. Subset Selected), the average
size of the intersection of the selected subset and correct subset (# Corr. Variables Selected), and the
population CSS objective (CSS Obj.) for the thousand simulated trials described in Section 2.4.1. The ±

reports one standard error. Bold indicates best performance.

work well in practice.

2.4.1 A simple simulation study

We run a simulation study to evaluate the quality of each method. In each trial, we draw n = 200 samples

from a distribution that has p = 20 unit-variance variables. We initially sample a set of k = 4 variables, and

the remaining variables are linear combinations of these four plus a small amount of Gaussian noise (this is

a preview of Chapter 3’s generative model). The simulation setting is constructed so that this ground truth

set of k = 4 variables solves the population CSS subset search (2.2), and therefore can be treated as the

gold standard subset. Prior to running any search algorithms, we randomly omit each observed value with

probability 0.05. The distribution we sample from is described in full detail in Appendix A.1.1.

For each trial, we select a size-four subset using each method. We also select a random size-four subset

as a benchmark. For our method, we use our swapping algorithm and try ten random initializations. For

the group lasso, we find the regularization strength that selects a size-four subset via a binary search. We

run one thousand trials and use three metrics to measure the quality of each method: (1) whether or not

the selected subset Ŝ is exactly equal to the ground truth subset S; (2) the size of the intersection of Ŝ and

S; and (3) the selected subset’s population CSS objective Tr(!→!
•Ŝ!

→1
Ŝ

!Ŝ•
), where ! is the population

covariance. Recovery of the ground truth subset S is indeed a reasonable performance metric as, in our

example, S achieves the lowest population CSS objective among all size-4 subsets.

Table 2.1 documents the results from our simulation. Our method selects the correct subset every time

while BOMP selects it less than half the time and group lasso fails to select it even once. As expected, our

method also achieves the lowest average CSS objective value by a significant amount.

2.4.2 An example with ozone level detection data

We consider the Ozone Level Detection Dataset from the UCI machine learning repository [Dua and

Gra!, 2017]. The dataset has n = 2535 samples of p = 73 variables. So that we can compute a ground truth

CSS objective value for any selected subset, we drop samples with already missing values and are left with

a sample size of n = 1847.

One hundred times, we randomly omit observed values with probability q = 0.05, 0.1, 0.2 and select a size

k = 5, 10, 20 subset using our method and BOMP. For our method, we use our swapping algorithm and only

try one random initialization. We neglect the group lasso approach because it is too slow for a problem of

this scale. Given its noted bad performances, we expect it would have done poorly. To measure a selected

subset’s quality, we compute the CSS objective value it would have attained on the fully observed dataset.
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Figure 2.2: For di!erent amounts of missingness q and subset sizes k, the selected subset’s CSS objective
value on the fully observed Ozone Level Detection data over the hundred trials described in Section 2.4.2.
The red line marks the CSS objective value attained by the subset that was selected using the fully observed
data.

As a benchmark for how well we can expect to do with no missing data, we run our swapping algorithm on

the fully observed dataset with one hundred di!erent random initializations and record the best result.

We provide the results from our experiment in Figure 2.2. Our method significantly outperforms BOMP

in every setting and performs similarly to our no-missing-data benchmark when k and q are not too large.

Also, our method’s performance appears to be less variable than BOMP’s.



Chapter 3

A generative view of column subset

selection

In this chapter, we show that CSS and Principal Variables can both be viewed as maximum likelihood

estimation within a certain semi-parametric model. We call this viewpoint Probabilistic Column Subset

Selection (PCSS). As the name suggests, PCSS provides a generative view of CSS the same way that PPCA

does for PCA.

Aside from o!ering a deeper conceptual understanding of CSS and providing a theoretical statistical

justification for the CSS problem, the generative model underlies an important application in psychology

and psychometrics.

Selecting the subset size for CSS: Supposing we observe data drawn from a generalization of the PCSS

model, we propose a novel and theoretically motivated procedure for selecting an appropriate subset size. We

first verify that our procedure performs well in some di”cult simulated settings, and we then demonstrate

how it can be used to shorten surveys in an automated way. As an example, we apply our procedure to the

Big Five Inventory (BFI), a 44-item personality questionnaire [John et al., 1991]. In less than a tenth of a

second, it suggests cutting the survey by more than half. Importantly, the questions our procedure selects

appear to su”ciently capture the relevant information in the survey.

3.1 CSS as maximum likelihood estimation

In what follows, we show that CSS and Principal Variables can both be viewed as maximum likelihood

estimation within a certain semi-parametric model. We call this viewpoint Probabilistic Column Subset

Selection (PCSS). As the name suggests, PCSS provides a generative view of CSS the same way that PPCA

does for PCA.

We introduce the k-dimensional PCSS model. It posits that each data vector X ↑ Rp arises from the

16
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following two-step sampling procedure:

XS ⇐ F

X→S | XS ⇐ N(µ→S + W (XS → EF [XS ]), ϖ2
Ip→k).

(3.1)

In words, we first sample the k principal variables XS from some distribution F , and then generate the

remaining variables X→S as linear combinations of these principal variables plus spherical Gaussian noise.

The parameters of this model are the set of principal variables S, their distribution F , the remaining variables’

mean µ→S , the regression coe”cients W , and the residual variance ϖ2 > 0. The size of the principal variable

set, k, is fixed and not a parameter in the model.

The relationship between PCSS and CSS is explained by Theorem 1. It says that, in our PCSS model,

any CSS solution is a maximum likelihood estimate (MLE) for S over a non-parametric family of principal

variable distributions F .

Theorem 1 (CSS solution is an MLE). Let x(1), . . . , x(n)
↑ Rp be samples with sample covariance !̂.

For any M < ≃, let PM be the set of distributions in the k-dimensional PCSS model (3.1) where F

admits a probability density bounded by M . Then, so long as no k variables achieve perfect in-sample linear

reconstruction of the remaining variables, any CSS solution

Ŝ ↑ argmin
U⇒[p],|U |=k

Tr(!̂→ !̂•U !̂
+

U !̂U•)

is a maximum likelihood estimator for S in the model PM . Moreover, each Ŝ is a maximum hybrid like-

lihood estimator (see [Owen, 2001, Equation 9.1]) for S in the original model (3.1) where F is completely

unrestricted.

The density bound M < ≃ is only in place to ensure that the likelihood is finite. Otherwise every

subset S results in infinite likelihood. Likewise, if some size-k subset of variables achieves perfect in-sample

linear reconstruction of the remaining (and thus attains the minimum CSS objective value of zero), then the

likelihood for this subset tends to ≃ as we send ϖ2
↘ 0 and technically no MLE exists.

Theorem 1 tells us that any CSS solution is a MLE under the model (3.1), but since the model (3.1) is

not fully parametric, it is not immediately clear that the MLE is a favorable estimate. The usual desirable

properties of the MLE, e.g., consistency, are not automatically guaranteed.

Theorem 2 alleviates these concerns by establishing that, in the high-dimensional regime where tools like

CSS are typically applied, the MLE subset Ŝ from Theorem 1 is consistent for the population subset S.

Further, it tells us that this population subset minimizes the population CSS objective (2.1).

Theorem 2 (High-dimensional consistency of CSS). Suppose we observe n samples x(1), . . . , x(n)
↑ Rp from

a distribution P in the k-dimensional PCSS model, and consider the proportional asymptotic regime where

p/n converges to a constant as n, p ↘ ≃ while k remains fixed. If, as n, p ↘ ≃, the data generating

distribution satisfies

1. (Light tails) The sub-Gaussian norm (see [Vershynin, 2018, Definition 2.5.6]) of each variable is

bounded above by a constant independent of p and n,

2. (Imperfect reconstruction) The minimum eigenvalue of the principal variables’ covariance CovP (XS)

and the residual variance ϖ2 are both bounded below by a positive constant independent of p and n,
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3. (Important principal variables) For some ⇀ > 0, at least $(p1/2+ϱ) entries in each column of the

regression coe!cients W are bounded away from zero by some constant independent of p and n,

then the MLE subset Ŝ from Theorem 1 is consistent for the population subset S (i.e., limn⇑⇐ P (Ŝ = S) = 1),

which eventually minimizes the population CSS objective (2.1).

A closer examination of Theorem 2’s proof actually tells us that, under the three conditions, the prob-

ability that Ŝ does not equal S shrinks to zero at a super-polynomial rate. The first two conditions of the

theorem are standard regularity conditions. They ensure that the in-sample CSS objective is well behaved

for all size-k subsets. The third condition is a strong identifiability condition for our problem. It ensures

that, compared to other size-k subsets U , the population subset S results in lower reconstruction error for

su”ciently many (but still a vanishing proportion) of the variables in →S \U . Without some such condition,

the population subset S may not even be unique. For the interested reader, Appendix A.4 identifies a more

general high-dimensional setting where the CSS estimate (1.1) is consistent for population CSS solution, but

at the expense of giving a less interpretable statement.

3.2 The subset factor model

By generalizing the probabilistic model (3.1) in which the CSS solution is the MLE, we can motivate

subset versions of other existing probabilistic methods.

In this vein, we introduce the k-dimensional subset factor model, a generalization of our k-dimensional

PCSS model that drops all distributional assumptions and allows the covariance of X→S | XS to be a diagonal

matrix D ∝ 0:

XS ⇐ F ⇁ ⇐ (0,D) ⇁1 ▽, . . . ,▽ ⇁p→k Cov(XS , ⇁) = 0

X→S = W (XS → EF [XS ]) + µ→S + ⇁.
(3.2)

Our k-dimensional subset factor model has a close relationship with the k-dimensional factor model [Mardia

et al., 1979, Section 9.2.1]

Z ⇐ (0, Ik) ⇁ ⇐ (0,D) ⇁1 ▽, . . . ,▽ ⇁p Cov(Z, ⇁) = 0

X = WZ + µ + ⇁,
(3.3)

where again D ∝ 0. In the k-dimensional factor model, each variable Xi is a linear combination of latent

common factors Z ⇐ (0, Ik) plus a mean-zero unique factor ⇁ and a non-random shift µi. In our k-dimensional

subset factor model, an unknown subset of the observed variables act as common factors (once centered),

and the remaining variables are similarly linear combinations of these common factors plus a unique factor

and non-random shift. Moreover, by dropping distributional assumptions and allowing a previously spherical

conditional covariance to be diagonal, our subset factor model generalizes our PCSS model the same way

the factor model generalizes the model used for PPCA.

The subset factor model (3.2) arises naturally from a hybridization of PCA and Factor Analysis that

aims to maintain strengths from both methods. To see how, we must first discuss the advantages and

disadvantages of PCA and Factor Analysis. Factor Analysis enjoys two major benefits over PCA. First,

the factor model (3.3) provides an interpretable generative model for the data. In contrast, PCA has no
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associated generative model. Second, in the factor model, the regression of X ↑ Rp on its lower dimensional

representation Z ↑ Rk has uncorrelated residuals, meaning that Z accounts for all the common variation

in X. If these residuals were correlated, i.e., they jointly varied about their means in some structured way,

that would mean there may be additional meaningful trends in X that Z does not account for. This is

the case in PCA, where the regression of X on its top k principal components typically yields correlated

residuals. Due to the fact that the lower dimensional representation Z is latent and unobserved, however,

Factor Analysis su!ers from a slew of unidentifiability and indeterminancy issues [Anderson and Rubin,

1956, Guttman, 1955, Steiger, 1994]. Proponents of components-based methods are particularly critical of

factor indeterminacy, the fact that the common factors are not uniquely determined, even up to rotation

[Schönemann and Steiger, 1976, 1978, Steiger, 1979, Velicer and Jackson, 1990]. In contrast, components

(linear combinations of the observed variables) are always observed and determined, and they therefore do

not su!er from any of the same issues.

A natural attempt to hybridize PCA and Factor Analysis in a way that inherits strengths from both

methods is to assume a factor model where the factors are themselves components. Then, via an interpretable

generative model, we can recover determined factors that account for all the common variation in X. This

idea has been of great historical interest, but it has repeatedly been emphasized that it is impossible to do

so when all the unique factors ⇁i are required to have positive variance [Guttman, 1955, Schönemann and

Steiger, 1976, Wilson, 1928]. However, if we allow some unique factors to have zero variance, Theorem 3

tells us that, surprisingly, this is equivalent to assuming a subset factor model.

Theorem 3 (The subset factor model compromise). Suppose X ⇐ (µ,!), ! ∝ 0 follows the k-dimensional

factor model (3.3) where the unique factors ⇁i are allowed to have zero variance. Then the common factors

Z can be written as components (i.e., Z = B(X → µ) for some B ↑ Rk↑p) if and only if X follows the

k-dimensional subset factor model (3.2).

3.3 Selecting the subset size

We will use the above generative models to determine the smallest subset size needed to capture some

observed data’s underlying structure. More broadly, the procedure we propose showcases how this chapter’s

generative view facilitates the application of statistical tools in subset selection problems.

Formally, we aim to find k↘, the smallest non-negative integer k for which the k-dimensional subset factor

model (3.2) holds. Recall that the k-dimensional subset factor model consists of distributions satisfying (3.2)

for some size-k factor set S:

XS ⇐ F ⇁ ⇐ (0,D) ⇁1 ▽, . . . ,▽ ⇁p→k Cov(XS , ⇁) = 0

X→S = W (XS → EF [XS ]) + µ→S + ⇁.
(3.2, revisited)

We focus on the subset factor model over the PCSS model (3.1) because it is more general and hence more

representative of the structure we expect to see in real data. An interested reader can find the analogous

discussion for the PCSS model in Appendix A.2.4. Prior to proceeding, we point out that subset factor

models of increasing subset size are nested. This is because any distribution satisfying (3.2) for a set S also

satisfies (3.2) for any superset of S.
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Our approach is to output k̂, the smallest k for which we cannot falsify that the data generating distri-

bution belongs to the k-dimensional subset factor model. Formally, k̂ is the smallest k for which we fail to

reject the null H0,k : |S| ⇒ k that the data is drawn from a distribution satisfying (3.2) for some size-k set

S.

To start, we present an idealized procedure that guarantees a notion of error control. This ideal procedure

controls the probability that the suggested subset size is too large, i.e., that k̂ > k↘. Unfortunately, the

procedure is computationally intractable, and we ultimately use it to motivate a tractable procedure that

performs well in practice. A more technical and detailed discussion of this ideal procedure can be found in

Appendix A.2.

For a fixed k, our idealized procedure rejects the null H0,k : |S| ⇒ k when the statistic Tk is large:

Tk = min
U⇒[p]:|U |=k

T (U), T (U) = n log

(
|Diag(!̂→U → !̂→U,U !̂

+

U !̂U,→U )|

|!̂→U → !̂→U,U !̂
+

U !̂U,→U |

)
(3.4)

The statistic Tk is the generalized likelihood ratio test statistic for testing the null that the data is drawn

from a Gaussian distribution in the k-dimensional subset factor model (see Appendix A.2.1 for details).

Although the test statistic Tk is designed for Gaussians, we will be able to make use of it even in a totally

non-parametric setting. Intuitively, Tk is large when the residual covariance from the regression of X→U

on XU is highly non-diagonal for every size-k subset U . If this is the case, the k-dimensional subset factor

model cannot possibly hold.

In what follows, we determine an appropriate critical value for the aforementioned test. By definition,

the null H0,k : |S| ⇒ k is true exactly when k ∈ k↘. Bearing this in mind, fix some k ∈ k↘. First, we

imagine restricting the subset factor model so that the unique factors ⇁j are Gaussian and independent of

the principal variables XS , which we assume have a density. In this simpler setting, whenever the data

generating distribution satisfies (3.2) for some size-k set S, the statistic T (S) has distribution exactly

n
p→k∑

j=2

log

(
1 +

ϱ̃2
j→1

ϱ2
n→k→j

)
, (3.5)

where {ϱ2
ϑ}, {ϱ̃

2
ϑ} are mutually independent chi-squared random variables with degrees of freedom specified

by their subscript. Thus, rejecting H0,k : |S| ⇒ k when Tk = minU :|U |=k T (U) is larger than the critical value

Qn,p,k(1 → ω) = Quantile




1 → ω, n
p→k∑

j=2

log

(
1 +

ϱ̃2
j→1

ϱ2
n→k→j

)


 (3.6)

results in exact finite sample type I error control at level ω. Surprisingly, even when we make no parametric

assumptions, this same critical value guarantees asymptotic type I error control.

Theorem 4 establishes that, by using the above critical value, our ideal procedure does not suggest a

subset size that is too large with high probability.

Theorem 4 (Error control). Consider n > p samples x(1), . . . , x(n)
↑ Rp from a distribution P and let k↘

be the smallest non-negative integer k for which P belongs to the k-dimensional subset factor model (3.2).

If k̂ is the smallest k for which the test statistic Tk from (3.4) is not strictly larger than the critical value



CHAPTER 3. A GENERATIVE VIEW OF COLUMN SUBSET SELECTION 21

Qn,p,k(1 → ω) defined in (3.6), then

lim sup
n⇑⇐

P (k̂ > k↘) ⇒ ω.

That is, our ideal procedure suggests a subset size that is too large with probability at most ω in large

samples. Furthermore, if we restrict the subset factor model (3.2) to have Gaussian unique factors ⇁j that

are independent of the principal variables XS, then the above conclusion holds in finite samples, i.e., P (k̂ >

k↘) ⇒ ω.

With the result of Theorem 4 in mind, we make two remarks about the output k̂ of our ideal procedure.

First, if the test statistic Tk typically exceeds the critical value Qn,p,k(1→ ω) whenever k < k↘ (i.e., the test

is powerful for the nulls H0,k : |S| ⇒ k , k < k↘), our ideal procedure should return k↘ with high probability.

Second, whenever our ideal procedure returns k̂ > k↘, the outputted k̂ should seldom be much larger than k↘.

Since Tk minimizes T (·) over all size-k subsets, the proposed critical value becomes increasingly conservative

when the data generating distribution satisfies (3.2) for many size-k subsets. As k exceeds k↘, the proportion

of size-k subsets for which (3.2) is satisfied grows quickly to one. Also, for k up to ↔(k↘ + p)/2↗, there exist

subsets S for which (3.2) is satisfied with progressively larger symmetric di!erences, and their corresponding

statistics T (S) are accordingly less positively correlated. These facts combined suggest that the probability

of rejecting H0,k : |S| ⇒ k shrinks quickly as k increases past k↘.

Since computing the test statistic T ↘

k requires an exhaustive subset search, our idealized procedure is

admittedly computationally intractable. Still, we can use it as motivation to design a tractable procedure

that works well in practice.

Our practical approach is to find a size-k subset Ŝ that approximately minimizes T (·), and then to reject

the null H0,k : |S| ⇒ k when T (Ŝ) exceeds the same critical value Qn,p,k(1 → ω) as before. We again output

the smallest k for which we fail to reject. Our approach is analogous to how, when the likelihood is not

convex, a statistician may use an approximately maximized likelihood to run a likelihood ratio test (e.g.,

when selecting the number of factors to use in a factor model [Beaujean, 2013]). Appendix A.3 describes

how to modify Section 2.3.1’s algorithms to search for this subset Ŝ.

While our practical procedure does not guarantee error control, we still expect it to output k̂ that will

rarely be much larger than k↘. Again fix k ∈ k↘. So long as our algorithms happen upon just one of the size-k

subsets for which (3.2) is satisfied, we expect that T (Ŝ) will be larger than Qn,p,k(1 → ω) with probability

at most ω (and much less when k is larger than k↘). As mentioned before, the proportion of size-k subsets

for which (3.2) is satisfied quickly approaches one as k increases, and it thus becomes correspondingly more

likely that our approximation algorithms will happen upon such a subset.

Ultimately, if our procedure suggests selecting a size-k̂ subset, we suggest selecting the size-k̂ subset Ŝ

that approximately minimizes T (·). This subset results in the most diagonal residual covariance we can find,

and is thus the subset that best fits the data as per the subset factor model. Also, upon restricting the

subset factor model to multivariate Gaussian distributions, Ŝ acts as an approximation for the MLE of S

(see Appendix A.2.3 for details).

In what follows, we verify that our practical procedure suggests reasonable subset sizes in some di”cult

simulated settings where the number of samples n is not much larger than the number of variables p. Then,

we demonstrate how it can be applied to dramatically reduce the length of a personality survey.
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3.3.1 A simulated example

We consider a di”cult simulated example that reflects the real data example to be presented in Sec-

tion 3.3.2. For each trial, we draw n = 200 samples from a mean-zero distribution in the subset factor model

(3.2) with p = 50 variables and a size k = 20 population factor set S. For context, there are over 47 trillion

size-20 subsets of 50 variables. We consider two cases: one where the unique factors are Gaussian, and

one where they are a collection of independent Rademacher, t-distributed, and centered exponential random

variables. Within both cases we consider distributions with varying amounts of “signal”, which we define to

be the average population R2 from the regression of the variables not in S on those in S. Appendix A.1.2

provides exact descriptions of the distributions we use, and Appendix A.1.3 documents additional results for

other sample sizes n.

For each trial we apply our procedure at level ω = 0.05 and record (1) the size of the selected subset

Ŝ; (2) the size of the intersection of Ŝ and S; and (3) the population sum of square canonical correlations

between the variables in Ŝ and S. The sum of square canonical correlations measures the degree to which

the variables in S and Ŝ span similar subspaces (see Section 3.1 of Schneeweiss and Mathes [1995] for more

detail), and it attains its maximum value of k = 20 when S ⇓ Ŝ. To search for the subset that minimizes

T (·) we use our swapping algorithm and try ten random initializations. Separately, we tried searching for

the minimizing subset via a forward-backward algorithm. Although this approach is faster, the results were

appreciably worse. These additional results as well as a description of our forward-backward algorithm can

be found in Appendix A.1.4.

We provide the results from our simulations in Figure 3.1. As expected, our method under selects when

the signal size is too small. In these cases, the covariance looks reasonably diagonal to begin with, so

it is di”cult to gauge whether more variables are needed to achieve a diagonal residual covariance. For

reasonable to large signal sizes the procedure typically suggests selecting 20 or 21 variables, and it seldom

suggests selecting more than 22. In these settings, the selected subset Ŝ is almost always a superset of the

population subset S. The results when the unique factors are non-Gaussian versus Gaussian look nearly

identical, suggesting that our procedure has reasonable finite sample performance even when the unique

factors are highly non-Gaussian and n is not much larger than p.

3.3.2 Reducing survey length via our procedure

In recent years, psychologists have been increasingly interested in creating shorter versions of existing

surveys. Kruyen et al. [2013] found that, among the 2273 articles that appeared in six peer-reviewed psycho-

logical journals from 2005 to 2010, 170 articles contained abbreviated surveys. Developing a novel shortened

survey was a main contribution in 84 of these articles.

Despite the increasing demand for shortened surveys, there is no standardized way of shortening them.

Psychologists default to a number of arbitrary heuristic approaches that require extensive human labor and

are susceptible to personal biases. Furthermore, reliability, the one concrete and standard measure of a

shortened survey’s quality, is defined in the restrictive setting of classical test theory [Allen and Yen, 2001].

Estimates of reliability are highly sensitive to classical test theory’s assumptions, and these assumptions are

often violated in modern, multi-dimensional settings [McNeish, 2018].

We propose using our procedure to shorten surveys. Essentially, we suggest selecting a subset of questions

that, once accounted for, render the information in the remaining questions independent. To demonstrate
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(a) Gaussian unique factors

(b) Non-Gaussian unique factors

Figure 3.1: For one thousand trials, the size of the selected subset Ŝ (left), the size of the intersection of Ŝ
and the population subset S (middle), and the population sum of squared canonical correlations between the
variables in Ŝ and S (right) for the di!erent simulation settings described in Section 3.3.1. Color indicates
the average population R2 from the regression of the variables not in S on those in S.

.

our procedure’s e!ectiveness, we consider the Big Five Inventory (BFI) [John et al., 1991], a p = 44 question

personality survey. There has been much interest in reducing the BFI survey, as evidenced by articles propos-

ing a 10-question version [Rammstedt and John, 2007], a 15-question version [Gerlitz and Schupp, 2005], and

multiple 20-question versions [Engvik and Clausen, 2011, Tucaković and Nedeljković, 2023, Veloso Gouveia

et al., 2021]. Each question in the survey is attributed to one of the five personality factors [Digman, 1990]:

extraversion, agreeableness, conscientiousness, neuroticism, and openness.

We consider the BFI dataset from Zhang et al. [2022], which has responses from n = 228 undergraduate

students at a large US public university. It can be found on CRAN in the EFAutilities package. We apply

our procedure at level ω = 0.05 and search for the minimizing subset using our swapping algorithm with

just one random initialization (using more than one random initialization gives identical results). Within

less than a tenth of a second, our procedure selects a size-19 subset of the original 44 questions, cutting the

survey in more than half.

As is the case for all shortened surveys, we evaluate the quality of our survey by judging its validity and

reliability [Kruyen et al., 2013]. We point readers who are unfamiliar with validity and reliability to the

relevant introductory sections of Kruyen et al. [2013].

Validity: We evaluate the construct validity of our reduced survey, i.e., the degree to which it captures

the relevant construct of interest. We cannot evaluate predictive validity (the degree to which our survey

is predictive of an external criterion) because we are working with a stand-alone dataset. Examination of

our selected questions suggest they indeed capture the relevant construct of interest. Table 3.1 provides a
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Factor # in Reduced Survey # in Original Survey
Extraversion 4 8
Agreeableness 4 9
Conscientiousness 5 9
Neuroticism 3 8
Openness 3 10

Table 3.1: The number of questions attributed to each of the Þve personality factors for both the original
and reduced surveys from Section3.3.2.

breakdown of how many questions are attributed to each personality factor in both the original and the

reduced survey. The selected questions are distributed fairly evenly across the Þve personality factors, and,

in concordance with best practices [Costello and Osborne, 2005], our method selects at least three questions

per factor. Furthermore, performing a 5-factor exploratory factor analysis reveals that the reduced survey

maintains the original surveyÕs factor structure, another standard indicator of construct validity [Kruyen

et al., 2013]. Table 3.2 displays the loadings from this factor analysis.

Reliability : Reliability measures the consistency of a surveyÕs responses across multiple re-administrations

to the same individual. Although deÞning and estimating reliability relies heavily on the restrictive assump-

tions of classical test theory, it is still of much practical interest to pyschometricians. To measure reliability,

we Þrst split our reduced survey into Þve sub-surveys, each consisting of questions attributed to the same

factor. Then we compute CronbachÕs coe"cient! [Cronbach, 1951] for each of these Þve sub-surveys. For

the sake of comparison, we do the same for the three pre-existing 20-question versions of the BFI survey.

The results are given in Figure 3.2. Along with being similar to the reliabilities of the three pre-existing

surveys, our reliabilities are both (1) within the range of reliabilities one typically sees from shortened sur-

veys [Kruyen et al., 2013, Figure 3] and (2) within the range of reliabilities contemporary pyschometricians

consider adequate [Clark and Watson, 1995]. Admittedly, our method aims to Þnd the most parsimonious

subset, and parsimony can be at odds with reliability. If the practitioner is particularly concerned about

reliability, they can always add additional questions.
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Factor 1 Factor 2 Factor 3 Factor 4 Factor 5
Extraversion 1 0.11 0.77 0.10 -0.06 -0.03
Extraversion 2 -0.14 0.54 0.10 0.25 0.13
Extraversion 3 0.23 -0.54 0.07 0.19 -0.05
Extraversion 4 -0.02 0.81 -0.01 0.10 0.02

Agreeableness 1 0.03 0.17 -0.06 0.47 0.15
Agreeableness 2 0.14 -0.16 0.16 -0.66 0.02
Agreeableness 3 0.12 -0.08 0.21 0.67 0.07
Agreeableness 4 0.35 0.09 -0.06 -0.52 -0.07

Conscientiousness 1 0.10 0.11 -0.01 0.23 0.48
Conscientiousness 2 0.09 0.11 0.14 -0.01 -0.60
Conscientiousness 3 -0.03 -0.09 0.24 -0.03 0.55
Conscientiousness 4 0.06 0.11 -0.02 0.05 0.66
Conscientiousness 5 0.50 -0.03 0.01 0.12 -0.36

Neuroticism 1 -0.57 0.02 0.03 0.05 0.10
Neuroticism 2 0.63 -0.07 -0.15 0.07 -0.08
Neuroticism 3 0.79 0.03 -0.02 -0.13 0.09
Openness 1 0.01 0.11 0.68 0.01 -0.06
Openness 2 -0.10 0.04 0.76 -0.01 0.03
Openness 3 0.05 -0.14 0.50 0.07 0.00

Table 3.2: Factor loadings (after rotation) from a exploratory factor analysis on the reduced 19-question
survey from Section3.3.2. As is common in the psychometrics literature, loadings with magnitudes larger
than 0.30-0.32 are bolded [Costello and Osborne, 2005].
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Figure 3.2: For the Þve personality sub-surveys, we give CronbachÕs coe"cient! with 95% bootstrap CIs
(B = 1000 bootstrap samples) for our survey and the Norwegian [Engvik and Clausen, 2011], Brazilian
[Veloso Gouveia et al., 2021], and Serbian [Tucakovi«c and Nedeljkovi«c, 2023] 20-question surveys. The x-axis
gives our number of selected questions per sub-survey. All other surveys chose four questions per sub-survey.



Chapter 4

A simple and unifying framework for

selective inference

In this chapter we develop a simple and uniÞed framework for selective inference centered on p-values.

We Þrst deÞne selectively dominant p-values, a class of p-values that enable us to easily do inference after

selection. We then give a precise characterization of when p-values are selectively dominant and illustrate

that the most commonly used p-values are all selectively dominant. Following this discussion, we proceed by

providing a few examples of how one may apply our selective dominance machinery to easily derive selective

inference methods. As a closing example, we derive a novel, simple, and general data-carving procedure. To

demonstrate this procedureÕs e"cacy, we apply it to perform publication-bias aware meta-analysis on a real

dataset. Finally, we provide a brief discussion on the beneÞts of our new framing of selective inference, and

some commentary on how it Þts into the current literature. A more involved discussion of how to apply our

framework to the inference on winners and rank veriÞcation problems is deferred to Chapter5 and Chapter 6

respectively.

For now, we focus on doing inference using one p-value. This allows for easier exposition and is su"cient

for most problems. In Appendix B.16 we generalize our framework to accommodate inferences involving

multiple p-values (provided they obey a speciÞc dependency structure). This enables us to come up with

new adaptive variants of methods that combine p-values, like FisherÕs combination test, and we discuss these

variants in Appendix B.16.1.

4.1 Notation

Throughout this and the remaining chapters, we will often encounter expressions likeP(A|X, B ), where

P is a probability measure,A and B are events, andX is a random variable. If B is a probability zero event,

i.e., P(B ) = 0, we set P(A|X, B ) to be identically zero. If not, we can deÞne the conditional probability

measureQ(á) = P(á|B ) given the event B , and we considerP(A|X, B ) to be the conditional expectation

EQ [I A |X ] of the indicator I A under Q. Also, for a null hypothesisH0, the notation PH 0 refers to an arbitrary

distribution under the null.

26
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Figure 4.1: The Þrst panel (left) depicts an example distribution of a p-valuep under the null. The distribu-
tion stochastically dominates the uniform distribution. The second panel (middle) depicts the distribution
p|S = 1 of the same null p-value p given that it was selected for being most! = 0 .1. This distribution does
not stochastically dominate the uniform distribution. The third panel (right) depicts the null distribution
psel |S = 1 of Theorem 5Õs selective p-valuep/! given selection. Thanks to Theorem5Õs correction, this
distribution again is stochastically dominates the uniform distribution.

4.2 Selective dominance

In classical statistics, a p-value is a random variablep " [0, 1] that stochastically dominates the uniform

distribution U ( Unif([0, 1]) under the null H0:

PH 0 (p ) t) ) P(U ) t) = t for all t " [0, 1].

The left-most panel of Figure 4.1 illustrates what the distribution of a null p-value may look like. When

working with p-values, we maintain Type I error control if we reject H0 when p is small:

PH 0 (reject null) = PH 0 (p ) ! ) ) P(U ) ! ) = !.

In essence, stochastic dominance allows us to use the uniform distribution as a reference distribution. We

control the probability of p being small under the null by comparing it to the probability of a uniform being

small.

In the problems we consider, we usep to test the null H0 only after it has been ÒselectedÓ. In full

generality, we consider a p-valuep for testing the null H0 that is conditionally valid given some random

vector Z :

PH 0 (p ) t|Z ) ) P(U ) t) = t for all t " [0, 1], a.e. underPH 0 . (4.1)

The random vector Z plays an integral role in determining the relationship betweenp and a binary selection

random variable S " { 0, 1} , which takes value one whenp is selected and zero otherwise. This relationship

is governed by aselection function 1,

s(x, z) = P(S = 1 | p = x, Z = z).

Intuitively, we imagine observing p = x and Z = z and then ßipping a biased coin that comes up heads with

probability s(x, z). We only use p to test the null H0 when the coin comes up heads, and otherwise do not

perform inference. This process turns out to capture what happens in a wide range of selective inference

1Formally, the selection function s(á, á) is an instantiation of the conditional expectation s(p, Z ) = E [S|p, Z ].
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problems. In the problems we consider, we decide the selection process, sos(x, z) is known. In cases where

no Z is present, we can imagineZ = 0 everywhere and write the selection functions(x) purely in terms of

x.

Because we only perform inference when the coin comes up heads, our goal should be to design a procedure

that controls Type I error conditional on this selection event:

PH 0 (reject H0 | S = 1) ) ! (4.2)

As illustrated by our next example, the classical approach of rejecting whenp ) ! does not maintain selective

Type I error control as in (4.2).

Example 1 (Publication bias and the failure of classical inference). Consider a p-valuep that is uniform on

[0, 1] under the null H0. If we use the selection functions(x) = I (p ) ! ), i.e., we selectp when it is at most

! , then p | S = 1 ( Unif ([0, ! ]). Our classical procedure will clearly fail to control Type I error conditional

on selection:

PH 0 (reject H0 | S = 1) = PH 0 (p ) ! | S = 1) = 1 > !.

Example 1 is a standard example in the literature on publication bias. If researchers publish studies

only when they observe a p-value below! , readers always see signiÞcant Þndings regardless of the true data

generating distribution. As a consequence, the readerÕs observed Type I error rate can be as high as one.

Figure 4.1Õs middle panel displays the distribution of the left panelÕs null p-value, but after it has been

selected for inference via Example1Õs selection process. It is clear from the picture that the null p-value

distribution no longer stochastically dominates the uniform distribution after selection.

Essentially, after selection, the uniform distribution no longer su"ces as a reference distribution. Natu-

rally, we may instead try and use the distribution of a uniform after it has been selected by the same selection

process. Formally, let U ( Unif([0 , 1]) be a uniform random variable that exists on the same probability

space asp and is independent ofZ , and let S+ " { 0, 1} be a di!erent binary selection random variable whose

joint distribution with U and Z is governed by the same selection function2

P(S+ = 1 | U = x, Z = z) = s(x, z).

Instead of the uniform distribution, we can use the the conditional distribution U | Z, S+ = 1 of U given se-

lection as our reference distribution. This approach is valid exactly when our p-value is selectively dominant,

as we deÞne below.

DeÞnition 1 (Selective dominance). Consider a p-valuep for the null H0 that is valid given Z as in (4.1).

We say that p is selectively dominant given Z if, under the null H0, it has a conditional probability

density function (PDF) given Z , and it satisÞes

PH 0 (p ) t|Z, S = 1) ) P(U ) t|Z, S+ = 1) for all t " [0, 1], a.e. under PH 0 (á|S = 1) (4.3)

for every selection function s(x, z).

Essentially selective dominance requires that, under the null, the conditional distribution of p given

2Again, formally E [S! |U, Z ] = s(U, Z ).
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selection should stochastically dominate the conditional distribution ofU given the same selection. Moreover,

this should be true for any selection process. Again, we mention that ifP(S = 1) = 0 (resp. P(S+ = 1) = 0)

for some selection function, then we deÞne the left-hand side (resp. right-hand side) of (4.3) to be zero. We

show in Appendix B.19.1 that P(S+ = 1) = 0 = 6 P(S = 1) = 0, so this convention does not cause any

issues.

As we will soon see, all the p-values that practitioners commonly use are selectively dominant as described

in (4.3). In DeÞnition 1, we restrict to p-values with conditional PDFs under the null because it makes our

theory and methods simpler to state. Because we can always make a p-value both have a conditional PDF

and be more powerful via randomization, this restriction is never a practical issue. Also, after applying our

machinery with randomized p-values, the user can always de-randomize the resulting method if they would

like.

To perform valid post-selection inference using a selectively dominant p-value, we can transform it so

that it remains a p-value after selection. As Theorem5 displays, we can ÒundoÓ the e!ects of selection by

applying the conditional cumulative distribution function (CDF) FU |Z,S $=1 (á) of U given Z and selection to

p. In line with prior literature, we refer to this transformed p-value as a selective p-value . For simple

selection functions, this selective p-value is often computable in closed form.

Theorem 5 (Selective dominance and error control). Consider a p-valuep for the null H0 that is selectively

dominant given Z as in DeÞnition 1. Then, for any selection function s(x, z), the selective p-value

psel = FU |Z,S $=1 (p) =

/ p
0 s(x, Z )dx

/ 1
0 s(x, Z )dx

(4.4)

has a null distribution that stochastically dominates the uniform conditional onZ and selection:

PH 0 (psel ) t | Z, S = 1) ) t for all t " [0, 1], a.e. under PH 0 (á|S = 1) , (4.5)

PH 0 (psel ) t | S = 1) ) t for all t " [0, 1]. (4.6)

Further, if P is a distribution in H0 under which P(S = 1) > 0 and p has an exact uniform distribution

given Z , i.e.,

P(p ) t|Z ) = t for all t " [0, 1], a.e. under P(á|S = 1) , (4.7)

then (4.5) and (4.6) hold with equality.

Essentially, Theorem 5 tells us that if we want selective Type I error control as in (4.2), then we should

reject H0 when p is less than the! quantile of U | Z, S+ = 1 rather than the ! quantile of U. We show in

Appendix B.19.1 that the denominator of (4.4) is positive a.e. underPH 0 (á|S = 1), so psel is well deÞned

whenever we actually use it to make an inferential statement.

The right-most panel of Figure 4.1depicts what happens when we apply Theorem5Õs correction to the left

panelÕs p-value (we will derive this correction later). Unlike the null distribution ofp given selection (middle

panel), the null distribution of psel given selection again stochastically dominates the uniform distribution.
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4.3 Characterizing selectively dominant p-values and examples

Theorem 6 tells us that p-values are selectively dominant precisely when their conditional PDF is non-

decreasing under the null.

Theorem 6 (Selective dominance and increasing density). If, under the null H0, the conditional PDF of

the p-valuep given Z = z is non-decreasing on[0, 1] for every z, then p is selectively dominant givenZ as

described in DeÞnition1. Conversely, if the conditional PDF of p given Z = z is everywhere continuous and

not non-decreasing on[0, 1] for a set of z that has positive probability under some distribution inH0, then p

is not selectively dominant givenZ .

In what follows, we give a number of examples of selectively dominant p-values. Our examples include

all the common p-values that practitioners use.

Example 2 (Two-sided testing in parametric families). Consider observing data from a parametric family

P& and testing the null H0 : , = , 0. Because the null is a point null, most p-values we construct will have

an exact Unif([0, 1]) distribution under the null and are therefore trivially selectively dominant.

Example 3 (One-sided testing in monotone likelihood ratio families). Consider observing one-dimensional

data from a parametric family X ( P& that admits density p&(x) with respect to some base measureµ. We

say that P& has a monotone likelihood ratio (MLR) in the real valued function T(x) if, the densities p&(x)

share a common support and, for any, ) , +, the ratio p&$(x)/p &(x) is a non-decreasing function ofT(x).

In this case, the UMP test for the null H0 : , ) , 0 rejects whenT(X ) is large. The associated randomized

p-value for this test (see AppendixB.15) is selectively dominant.

Example 4 (Testing in in exponential families). Suppose we observe dataX " Rm from an exponential

family P& parameterized by, " Rn i.e., under P& the data X has density

g&(x) = exp( , 1T1(X ) + á á á+ , n Tn (X ) ! - (, ))g(x)

with respect to some base measureµ. In both the case of testing the two-sided nullH0 : , 1 -= , 0,i or one-sided

null H0 : , i ) , 0,i , the UMPU test conditions on the nuisance statisticsT! i (X ). The p-value associated

with the UMPU test for H0 : , 1 -= , 0,i has an exact Unif([0, 1]) distribution conditional on T! i (X ), so it is

trivially selectively dominant given Z = T! i (X ). For testing H0 : , 1 ) , 0,i , we are in the setting of an MLR

family once we condition onT! i (X ), so Example3 implies that the p-value associated with the UMPU test

is also selectively dominant givenZ = T! i (X ).

Example 5 (Permutation testing) . In a permutation test we observe dataX " X and compute a test statistic

T(X ) that, under the null H0, has a distribution that is invariant under a Þnite group of transformations

G : X & X . That is, T(X ) d= H 0 T(g(X )) for all g " G. To run the test, we consider a collection of group

elementsg1, g2, . . . , gw where g1 = id is Þxed to be the identity transformation andg2, . . . , gw are either a

random sample fromG with replacement or a random sample fromG \ { id} without replacement. The test

then rejects whenT(X ) is large compared to theT(gj (X )) . In particular, the randomized permutation test

from Hemerik and Goeman[2018] uses a p-value that always has an exact Unif([0, 1]) distribution under H0

and is therefore trivially selectively dominant. Details about this p-value can be found in AppendixB.1
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Example 6 (F -tests for regression). Suppose we observe dataY " Rn from a linear model Y = X " + +

parameterized by" " Rd, where X " Rn " d has full column rank with probability one and is independent of

+( N (0, $2I n ). We can run an F -test to try to reject the null H0 : " q+1 = á á á= " d = 0 that the last d ! q

coe!cients are zero. The p-value associated with theF -test has an exact Unif([0, 1]) distribution given X ,

so it is trivially selectively dominant given Z = X . We describe this test and its associated p-value more

explicitly in Appendix B.2.

Establishing Example 3 and Example 4 is non-trivial, and the bulk of Appendix B.15 is spent doing so.

The majority of the article focuses on examples from these two non-trivial settings.

4.4 Example applications of selective dominance

Having developed our machinery, we provide a few examples that illustrate how to use it.

As an introductory example, we show how to correct for Example1Õs publication bias. Using our selective

dominance machinery, we can provide a one-line derivation of the p-value adjustment fromHung and Fithian

[2020]. Hung and Fithian [2020] derive this correction speciÞcally for p-values coming from z- and t-tests,

but our machinery applies for all selectively dominant p-values.

Example 7 (Correcting for publication bias) . Suppose we have a selectively dominant p-valuep for the null

hypothesisH0, and we choose to testH0 only after observing thatp ) ! . We can apply our framework with

s(x) = I (x ) ! ). The selective p-value from(4.4) is p/! , so Theorem 5 tells us that rejecting whenp ) ! 2

controls selective Type I error:

PH 0 (p ) ! 2|S = 1) = PH 0 (p/! ) ! |S = 1) ) !

In Example 1, if one computes the selective p-valuepsel from (4.4) carefully, they will Þnd it equals

min(p/!, 1), rather than p/! as we have claimed. However, these two expressions are almost surely equal

under P(á|S = 1), the conditional probability measure given selection. Theorem5Õs result therefore applies

regardless of which one we choose to use. Throughout the remainder of our examples, we will continue to

give expressions forpsel that, at the very least, are equal to (4.4) a.e. under P(á|S = 1).

Since essentially all the p-values researchers use are selectively dominant, Example7 gives a simple way

for readers to make valid inferences in the presence of publication bias: declare a studiesÕ result signiÞcant

when the associated p-value is at most! 2.

Our rule of thumb of rejecting when p ) ! 2 should also deliver valid inferences in the presence of p-

hacking. Rather than discarding an experiment after observing a p-value larger than! , researches more

often tweak their analysis until the p-value crosses the signiÞcance threshold. This process, known as p-

hacking, is di"cult to study theoretically (which is why Hung and Fithian [2020] do not study it). But

it has been empirically well-established that, under the null, p-values resulting from p-hacking have left-

skewed distributions, i.e., null p-hacked p-values can be reasonably modeled as having an increasing density

on [0, ! ] [Simonsohn et al., 2013]. The transformed quantity p/! then has a null density that is increasing

on [0, 1], so Theorem6 guarantees that it is a valid p-value. Thus, we again Þnd it safe to reject when

p/! ) ! 76 p ) ! 2.
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Our second example shows how to use Theorem5 to perform inference using the ÒwinningÓ p-value.

It illustrates how our selective dominance machinery enables us to easily test data-dependent hypotheses.

Example 8 uses the fact that, if p is selectively dominant and Z is independent ofp, then p is selectively

dominant given Z . Although this is intuitively obvious, we show it carefully in Appendix B.3.

Example 8 (Inference on the winning p-value). Suppose we haven independent and selectively dominant

p-values pi for the null hypothesesH0,i , and we choose to test only thej th null H0,j after observing that

pj is the smallest of the bunch. Applying our framework withp = pj , Z = p! j , and the selection function

s(x, z) = I (x < mink zk ), it is straightforward to compute that the selective p-valuepsel from (4.4) is

pj / mini '= j pi , so Theorem 5 tells us that rejecting whenpj ) ! mini '= j pi controls selective Type I error:

PH 0,j (pj ) ! min
i '= j

pi | S = 1) = PH 0,j (pj / min
i '= j

pi ) ! | S = 1) ) !. (4.8)

If we let W be the index of the smallest p-value (with ties broken randomly), it is now easy to see

that rejecting the data-dependent ÒwinningÓ nullH0,W when p(1) ) !p (2) controls Type I error both condi-

tionally on W and marginally. Conditional error control is immediate: If H0,j is not true, then trivially

P(falsely reject H0,W | W = j ) = 0 ) ! . For the case that H0,j is true, the event W = j is the same event

as selectingpj for inference in (4.8), so

P(falsely reject H0,W | W = j ) = P(p(1) ) !p (2) | W = j )

= P(pj ) ! min
i '= j

pi | W = j )

) !.

Marginal error control then follows from the law of total probability.

P(falsely reject H0,W ) =
n"

j =1

P(W = j )P(falsely reject H0,j | W = j )

) !
n"

j =1

P(W = j )

) !.

If the nulls are all true and the pi are exactly uniform, then the inequalities become equalities and our error

control is tight.

Rejecting the null H0,W when p(1) ) !p (2) may seem like a strange procedure, but we will see later that

doing so is central to the conditional inference for winners method that arises fromFithian et al. [2017] and

appears often in the contemporary inference on winners literature. We discuss inference on winners in much

more depth in Chapter 5.

Next, give a simple warm-up example that illustrates how our framework can be applied to rank veriÞ-

cation problems. We discuss rank veriÞcation in much more depth in Chapter6.

Consider the following classic hypothetical. A researcher wants to test if the unknown means of two

univariate Gaussian samples,X 1 ( N (µ1, 1/
#

2) and X 2 ( N (µ2, 1/
#

2), are di!erent. They end up rejecting

the null hypothesis H0 : µ1 = µ2 because they observe that the two-sided p-value 2(1! #( |X 1 ! X 2|)) is
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below ! . After rejecting, they note X 1 > X 2, and claim Ònot only are the two means are di!erent, but they

must be di!erent because µ1 is bigger than µ2Ó. The researcher, however, only rejected the null that the

means are equal. Can they make a claim about the direction of inequality?

It seems that what the researcher really wants is a rank veriÞcation procedure. After observing thatX 1

is larger than X 2, they want to verify that the mean µ1 is actually larger than the mean µ2, i.e., that they

can rank the meansµ1 > µ 2. It is well known (and quite simple to show) that the researcher can indeed

making their desired claim while maintaining a sensible notion of error control (seeJones and Tukey[2000]).

Our framework provides new neat way of understanding why that is the case.

Example 9 (Rank veriÞcation in a simple case). Suppose thatp is a selectively dominant p-value for testing

the null H0, but we only choose to testH0 when p < 1/ 2. Applying our framework with the p-valuep and

selection function s(x) = I (x < 1/ 2), Theorem 5 tells us that we control selective Type I error if we reject

according to the selective p-valuepsel = 2p:

PH 0

0
p,

!
2

|S = 1
1

= PH 0 (2p ) ! |S = 1) ) !. (4.9)

Now, consider dataX 1 ( N (µ1, 1/
#

2) and X 2 ( N (µ2, 1/
#

2). For the one-sided nullsH0,ij : µi ) µj

the UMP p-values pij = 1 ! #( X i ! X j ) are selectively dominant by Example3. Denoting the winner

W = argmax j =1 ,2 X j and runner-up R = argmin j =1 ,2 X j , it is now clear rejecting the data-dependent null

H0,W R : µW ) µR whenpW R ) !/ 2 maintains Type I error control both conditionally on W and marginally.

If H0,ij is not true, then trivially P(falsely reject H0,W R | W = i ) = 0 ) ! . For the case that H0,ij is true,

the eventW = i is identical to the eventpij < 1/ 2, and hence is the same event as selectingpij for inference

in (4.9). Therefore, in this case,

P(falsely reject H0,W R | W = i ) = P
0

pW R )
!
2

| W = i
1

= P
0

pij )
!
2

| W = i
1

) !.

This establishes error control conditional on W . Marginal error control then follows from the law of total

probability:

P(falsely reject H0,W R ) =
"

i =1 ,2

P(W = i )P(falsely reject H0,ij | W = i )

) !
"

i =1 ,2

P(W = i )

= !.

If µ1 = µ2 then the inequalities become equalities and our error control is tight.

Finally, we show how our framework also applies to data-carving. SpeciÞcally, we considerFithian et al.

[2017]Õs variant of the Þle-drawer problem.Fithian et al. [2017] argue that data-splitting, which involves

using one chunk of the data for selection and the remaining independent chunk for inference, is often an

inadmissible approach in selective inference problems. In such settings, data-carving, as we describe below,
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results in strictly more powerful procedures. Although it initially appears that data-carving does not involve

selecting a p-value via the mechanism we described earlier, we use a coupling argument to show that it can

be viewed in this way. This both serves to illustrate the breadth of our frameworkÕs applicability, as well as

provide a new perspective on data carving.

Example 10 (Data carving and the Þle-drawer problem). In the Þle-drawer problem, we observe two inde-

pendent samplesX 1, X 2 ( N (µ, 2) (e.g., X 1 comes from the Þrst half of the data andX 2 from the second).

We test the null H0 : µ ) 0, but only when we observe thatX 1 > t for some t " R. Appendix B.4 provides

details for the computations done in this example.

Data splitting ignores the Þrst observation, which was used for selection, and simply tests theH0 using

the p-valuepsplit = 1 ! #( X 2/
#

2). Intuitively, because this p-value is independent of the selection process,

we should maintain Type I error control without any correction. Applying our framework with p = psplit ,

Z = X 1, and the selection functions(x, z) = I (z > t ), we indeed Þnd that the selective p-value is the same

as psplit .

Data-carving attempts to use the more powerful p-valuepfull = 1 ! #(( X 1 + X 2)/ 2). This p-value

leverages information from both samples, despite one of them being used for selection. How can we apply

our framework to this data-carving problem? In how we have stated the problem, it is notthe case that we

observepfull and then decide whether or not to use it for inference. Instead, we decide based onX 1, and

unlike in data-splitting, pfull is not a valid p-value givenX 1. We can compute, however, the probability that

selection happened given thatpfull took a particular value:

P(X 1 > t |pfull = x) = 1 ! #( t ! # ! 1(1 ! x)) .

We may as well imagine that we observed thatpfull = x, and then decided to use it to test the nullH0 with

probability 1 ! #( t ! # ! 1(1 ! x)) . Although this is not what happens in the original problem (in our new

characterization, we may testH0 even whenX 1 ) 3), the conditional distribution of pfull given selection is

the same in both cases. Hence, we can apply our framework withp = pfull and s(x) = 1 ! #( t ! # ! 1(1 ! x)) .

Theorem 9 of Fithian et al. [2017] tells us that Theorem5Õs resulting selective p-value,

pcarve =

/ pfull

0 1 ! #( t ! # ! 1(1 ! x))dx
/ 1

0 1 ! #( t ! # ! 1(1 ! x))dx
=

/ pfull

0 1 ! #( t ! # ! 1(1 ! x))dx

1 ! #( t/
#

2)
,

will result in strictly more rejections than psplit , while still maintaining selective Type I error control.

For the interested reader, we discuss more connections between our framework, data splitting, data

carving, data Þssion [Leiner et al., 2023], and data thinning [Dharamshi et al., 2024, Neufeld et al., 2024] in

Appendix B.5.

Our framework also applies to regression problems, includingLee et al. [2016b]Õs foundational problem of

doing inference on LASSO selected regression coe"cients. This example is a bit long, so we have deferred it to

Appendix B.6. It demonstrates how for some selective inference problems, the di"culty lies in characterizing

what the selection function is.

Examples7 to 10 all share a common theme. In all three examples, the practitioner cheats. They peek at

the p-value and, to varying degrees, they only test the null when the p-value looks promising. The purpose

of selective procedures is to adjust the p-value in a way that accounts for this cheating. The harsher the
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Figure 4.2: Scatter plot of the original pO and replication pR p-values for 92 psychology studies from the
open science collaborationÕs replication analysisCollaboration [2015]. Note that the x-axis, which ranges
from [0, 0.05] is on a di!erent scale than the y-axis, which ranges from [0, 1].

cheating is, the more this adjustment inßates the original p-value.

4.5 Publication-bias aware meta-analysis

Performing replication studies is a crucial part of the scientiÞc process, especially when one is wary that

the original study may su!er from publication bias. To judge the prevalence of publication bias in psychology,

the open science collaboration conducted a mass replication analysis of psychology studies [Collaboration,

2015]. Via their e!orts, we have access to p-values from 92 pairs of original and replication psychology

studies 3, depicted in Figure 4.2. We refer to p-values from the original study aspO and p-values from the

replication study as pR . The p-valuespO from the original studies are signiÞcant at the! = 0 .05 level, while

only 34 of the replication p-valuespR are signiÞcant.

Although the original study p-values su!er from publication bias, they still contain valuable and usable

information. By Example 7 and its subsequent discussion,pO /! should be a valid p-value even in the presence

of publication bias or p-hacking. Then, via FisherÕs combination test, we can use both the corrected original

p-value pO /! and uncorrected replication p-valuepR for inference. As a refresher, FisherÕs test considers

n independent p-valuespi for the nulls H0,i and rejects the global null 8n
i =1 H0,i when the test statistic

! 2
2 n

i =1 log(pi ) is at least as large as the 1! ! quantile of the %2
2n distribution. In our case, we have two

independent p-valuespO /! and pR that test the same null hypothesis, and we can reject this null hypothesis

when

! 2(log(pO /! ) + log( pR )) 2 Quantile(1 ! !, %2
4).

This approach is analogous to data-carving. After using part of our data for selection (the original study)

and part for inference (the replication study), we still make use of the information remaining in the Þrst part

after selection for inference as well. Unlike existing approaches to data-carving, which are often complex and

problem speciÞc, using FisherÕs combination test along with our selective dominance framework provides a

general and simple way to data-carve.

Our combination approach allows us to make more powerful inferences on the open science dataset. Our

3We exclude seven studies with original p-value pO larger than ! = 0 .05.
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approach Þnds that 47 study pairs have signiÞcant Þndings, whereas using solely the original study p-value

pO /! or the replication study p-value pR results in only 39 or 34 signiÞcant Þndings respectively. It is

surprising that, even after a harsh adjustment for publication bias, the corrected original study p-values

result in more discoveries than replication study p-values. It is hard to gauge if this is due to chance,

di!erences between the original and replication studies (e.g., minor di!erences in population demographics,

devices used for measurement, sample size), or because there is somehow even harsher selection bias in

the original studies than what we have accounted for. It may even be the case that some replicators felt

incentivized to induce bias in the opposite direction, and tried to ensure that the replication studies were

not signiÞcant.

4.6 Some discussion

First, we discuss why we believe that our treatment of selective inference is easier to grasp than what is

presented in the current literature. Plainly stated, when statisticians and practitioners alike are presented

with a null hypothesis H0, the Þrst thing they do is come up with a marginally valid p-value p. The standard

selective inference approach is to come up with a quantity that is pivotal under the conditional distribution

of the test statistic given selection. This can be a daunting task, and our framework (speciÞcally Theorem5)

provides an automatic way of Þnding such a pivot via the marginal p-valuep, an object that people are

familiar with and is common to all inferential problems. Practitioners in particular are very accustomed

to methods that take a marginal p-value p and perform an adjustment to it (e.g. a Bonferonni correction

multiplies each p-value by n, a Benjamini-Hochberg adjustment multiplies the i th smallest p-value by n/i ).

Hopefully, this simpliÞed view changes selective inference from a subject that is taught in a topics statistics

course (graduate level) to one that can be covered immediately after (or even during) the lecture on p-values

in an introductory statistics course (graduate level).

Second, we discuss a technical contribution of our framework. The current selective inference literature

is also mostly focused on making selective conÞdence intervals, i.e., coming up with a selective test for the

point null H0 : , = , 0 and inverting it to get an interval for , 0. As such, there is very little literature on

one-sided selective testing. The only examples of one-sided selective tests that we are aware of establish

validity via nice properties of exponential families (e.g.,Fithian et al. [2017], Hung and Fithian [2019b]). As

we have seen, however, exponential family data is not necessary for us to make one-sided selective tests. In

reality, the real driving force behind our ability to do selective inference is that the data came from an MLR

family, or more speciÞcally that the marginal p-value has a non-decreasing density under the null. This

sort of shape-constraint is the important property at the crux of many existing procedures (e.g.,Hung and

Fithian [2020], Lei and Fithian [2018], Zhao et al. [2019]). In fact, both Hung and Fithian [2020], Zhao et al.

[2019] leverage this shape-constraint to perform selective inference identical to us, but only in cases where

the data is continuous, there is no random variableZ that selection is allowed depend on, and the selection

function is s(x) = I (x ) ' ) for some Þxed threshold' . Hung and Fithian [2020], Zhao et al. [2019] only

consider our p-value approach for one-o! use cases, and do not provide a full framework as a consequence.

In contrast, we fully ßesh out this approach so that it can accommodate essentially all modern selective

inference techniques.



Chapter 5

Inference on winners via selective

inference

In this chapter, we use Chapter 4Õs framework to study the inference on winners problem. First, we

characterize our motivating selective inference problem from Chapter1 in terms of p-values, and demonstrate

that it boils down to Example 8 from Chapter 4. Written in terms of p-values, the method becomes easier to

derive, interpret, implement, and generalize beyond Gaussianity. Particularly, we are able to gain insight on

(1) when the conditional lower conÞdence bound (LCB) from (1.3) could be useful and (2) the extent to which

the conditional LCB explodes to !' . Also, the p-value viewpoint enables us to apply the closure principle,

yielding a new conditional sequential hypothesis testing procedure that makes strictly more discoveries than

the original method.

Next, we provide theoretical results that suggest that, even though the conditional conÞdence region from

Chapter 1 su!ers from the exploding interval problem, this conditional approach can still be quite powerful

in certain settings. Particularly, we show that it attains the maximum possible power in a generalized variant

of the needle-in-a-haystack problem (when the needle is su"ciently well separated from the haystack). For

sake of comparison, we also study locally simultaneous inference in this setting [Zrnic and Fithian , 2024].

Locally simultaneous inference is a competing method that is (1) strictly more powerful than the classical

simultaneous inference approach and (2) designed to maintain the beneÞts of conditional inference while

avoiding the exploding interval problem. We show that locally simultaneous inference su!ers from a curse of

dimensionality that renders it powerless, even when the conditional approach achieves the maximum possible

power.

Finally, we use our p-value characterization to derive a new variant of hybrid inference [Andrews et al.,

2023], an inference on winners procedure that interpolates between the conditional and simultaneous inference

approaches. Hybrid inference manages to avoid both the exploding intervals of conditional inference and

the curse of dimensionality of locally simultaneous inference. Again, writing hybrid inference in terms of

p-values makes it easier to derive, interpret, implement, and generalize beyond Gaussianity. It also again

enables us to apply the closure principle to Þnd a new hybrid sequential hypothesis testing procedure that

makes strictly more discoveries than the original approach. Our p-value viewpoint also illustrates that

hybrid inference strictly dominates its naive union bound competitor, which splits the Type I error budget

37
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Figure 5.1: We plot the level ! = 0 .1 conditional LCB öµ for di!erent gaps between the winning value X W

and the runner up value X R and highlight the distance between öµ and X W in red. The LCB öµ is chosen
exactly so that the tail probability P(N (öµ, 1) > X R ), shaded in blue, is 1/! = 10 times the tail probability
P(N (öµ, 1) > X W ), shaded in red (the overlap appears purple). AsX W and X R get closer, we need to take
öµ further back for this condition to be satisÞed.

between the conditional and simultaneous approaches and then takes the better of the two. Unfortunately,

our viewpoint also suggests that, while it results in a strict improvement, hybrid inference cannot do too

much better than this naive alternative.

This chapter focuses on the independent data setting. The problems we discuss in Chapter6, however,

illustrate how one can perform inference on winners when the data comes from a multi-parameter exponential

family or multivariate Gaussian with known covariance. This encompasses many correlated data settings.

5.1 Conditional inference

In this sub-section we discussFithian et al. [2017]Õs conditional approach for performing inference on

winners. This conditional approach turns out to be highly related to the testing procedure that we derived

in Example 8. To be concrete, we will imagine performing inference at level! = 0 .1.

Corollary 1 (Testing the winner) . Suppose thatpi are n independent and selectively dominant p-values for

the nulls H0,i , and let W be the index of the smallest p-value (with ties broken randomly). RejectingH0,W

when p(1) ) !p (2) controls Type I error at level ! conditionally on W , and therefore also marginally.

Unlike SidakÕs simultaneous approach, which rejects the winning null when the smallest p-value is small in

absolute terms, the conditional approach rejects the winning null when the smallest p-value is small relative

to the second smallest p-value. This procedure is strange, but fairly easy to interpret: we reject the winning

null when the most extreme observation is 1/! = 10 times more extreme under its null than the second most

extreme observation is under its null. This can be quite a stringent requirement!

Once written in terms of p-values, its easy to mathematically see the merits and pitfalls of the conditional

approach. If all the p-values except the smallest provide essentially no evidence against the null, thenp(2) 9 1

and we reject whenp(1) < ! , the same p-value cuto! as a one-dimensional problem. On the other hand, if

even just one other p-value provides a similar amount of evidence against the null as the smallest p-value,

then then p(2) 9 p(1) and we will never reject becausep(1) -< !p (1) 9 !p (2) .

The p-value viewpoint also makes it clear that the conditional approach can only outperform the simul-

taneous approach when some null p-values are conservative (i.e., they have super-uniform distributions). We
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give a heuristic argument here, and a more formal statement in AppendixB.7. Suppose one of our p-values

p1 is a very strong signal (so it is very small with high probability) but the remaining p-values p2, . . . , pn are

null p-values that are uniform (i.e., they are not conservative). Our conditional procedure will reject when

our smallest p-value, likely p1, is less than! times the smallest ofp2, . . . , pn . The minimum of these n ! 1

uniform p-values is 1/n on average. Hence, roughly speaking, the conditional approach also rejects when

p(1) is less than!/n , which is essentially the same as SidakÕs simultaneous approach for moderately sizedn

or small ! .

5.1.1 ConÞdence regions for the winner

In parametric settings, we can invert Corollary 1Õs test to get selective conÞdence regions for the winning

parameter. Consider observing independent dataX i ( P&i from an MLR family P& parametrized by , " R.

Let p&0
i (which is a function of solely X i ) be the UMP p-value for testing the null H &0

0,i : , i ) , 0. Details

regarding these p-values can be found in AppendixB.15.1. We can deÞne the winnerW = argmin j $ [n ] p&0
j

to be the index of the smallest and therefore most promising p-value. This winning index will be the same

irrespective of , 0
1. By inverting Corollary 1Õs test, we get an LCB

{ , 0 : p&0
(1) /p &0

(2) > ! } (5.1)

for the winning parameter , W that holds conditionally on W with probability exactly 1 ! ! :

P(, W " { , 0 : p&0
(1) /p &0

(2) > ! }| W ) = 1 ! !.

The fact that the conÞdence region (5.1) is actually an LCB is a consequence of the selective p-valuep&0
(1) /p &0

(2)

being monotone non-decreasing in null parameter, 0. Appendix B.15.3 provides general conditions (which

will hold for essentially every selective problem) under which selective p-values likep&0
(1) /p &0

(2) are monotone in

the null parameter. We show these conditions apply here, and also argue that (5.1) has exact 1! ! coverage

in Appendix B.8. We also show in AppendixB.8 how to invert Corollary 1Õs test to get a conÞdence interval

(CI) instead of LCB, and that both our CI and LCB match Fithian et al. [2017]Õs approach in the Gaussian

case.

Writing the conditional LCB terms of p-values helps us better understand its behavior. In particular,

recalling our motivating Gaussian example (1.3), we learn that Figure 1.1Õs LCB stretches back exactly to

the öµ under which it is 1/! = 10 times less likely to see something as extreme as the winner than something

as extreme as the runner-up. Noting this fact, Figure5.1 illustrates why the LCB ( 1.3) diverges to !' as

the winner and runner-up get closer. If the winner and runner-up are very close, we need the LCB öµ to be

very far back for the winner to be ten times more extreme than the runner-up. Thanks to the decay of the

Gaussian tail, however, we can always Þnd such a mean if we go far back enough.

For non-Gaussian data, the amount the conditional LCB (5.1) stretches back depends on the right tail

decay ofP&. The faster the tail decays as, decreases, the larger the Þrstö, for which the winner is 1/! = 10

times as extreme as the runner-up. Seeing as the Gaussian distribution, which has a rapidly decaying tail,

still results in exploding lower bounds, we should expect that the distance from the winning observation to

1If we use the same auxiliary randomness to compute p! 0
i for every " 0 , then one index will result in the smallest p-value for

every " 0 and W . The way we construct our UMP p-values in Appendix B.15.1 ensures that this is the case.
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Figure 5.2: Over B = 1000 di!erent sub-samples of n = 2 failure times from the dataset Molotaliev [2024],
the distribution of the conditional and simultaneous LCB for the ÒwinningÓ parameter. The conditional
LCB is always vacuous.

the lower bound can often be quite large in many settings.

As an example, consider observing independent exponential random variablesX i ( Exp() i ). Crucially,

the parameter space) " (0, ' ) is bounded below. The exponential distribution has an MLR in T(x) = 1 /x ,

so the UMP test for H ' 0
0,i : ) i ) ) 0 uses a p-valuep' 0

i that rejects when X i is small. It turns out that

lim
' 0 - 0

p' 0
(1) /p ' 0

(2) = X (1) /X (2) ,

so the conditional LCB for the winning parameter ) W ,

{ ) 0 : p' 0
(1) /p ' 0

(2) > ! } , (5.2)

is vacuous wheneverX (1) /X (2) > ! , i.e., with positive probability the conÞdence region (5.1) spans the whole

parameter space (0, ' ). A careful derivation of this test and result can be found in Appendix B.9.

The failure of the exponential conditional LCB (5.2) manifests in real data examples. On a dataset of

car engine failure times [Molotaliev, 2024], we Þnd that the conditional LCB ( 5.2) is always vacuous. The

dataset has the failure times of one-hundred car engines, which we model as independent exponential random

variables. Over many sub-samples of justn = 2 failure times, the LCB ( 5.1), which does inference on the

worse of the two engines, always gives a vacuous lower bound of zero. In contrast, the simultaneous approach

always gives a non-vacuous lower bound. Figure5.2 depicts the results. The result is concerning. Despite

conditional LCB having exact 1 ! ! = 0 .9 coverage, our empirical coverage is one (the vacuous LCB must

always cover the parameter). This suggests that the exponential distribution is likely not an appropriate

model for this dataset (the failure times are not spread out enough), even though it is often a natural choice

for modeling failure times.
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5.1.2 More discoveries via the closure principle

Once written in terms of p-values, it is natural to treat Corollary 1Õs test as a test of the global null and

try to close it (as in Marcus et al. [1976]). Closing a global null test precludes us from making conÞdence

regions, but it allows us to make more individual discoveries. Closed global null testing procedures are often

computationally intractable to implement, so it is interesting that Corollary 1Õs global null test admits a

tractable closure.

Corollary 2 (Closed testing for winners). Suppose thatpi are n independent and selectively dominant p-

values for the nullsH0,i . Let H0,( j ) denote the null corresponding to thej th smallest p-value (with ties broken

randomly) and deÞnep(n +1) = 1 . Rejecting the null hypothesesH0,(k ) for which p(j ) ) !p ( j +1) for all j ) k

controls the family-wise error rate at level ! .

As is often the case for closed procedures, Corollary2 procedure is best understood sequentially. We

reject H0,(1) when p(1) ) !p (2) . Then, if we rejected H0,(1) , we reject H0,(2) when p(2) ) !p (3) , so on and so

forth until we fail to reject.

5.2 Conditioning can gain power

In this section we will study the power of the conditional inference on winners procedure from Corollary1.

To do so, we will consider a sequence of problems with increasing dimension. Particularly, we imagine

observing isotropic Gaussian dataX (n ) ( N (µ(n ) , I n ) centered at a mean vectorµ(n ) . DeÞning the individual

nulls H (n )
0,i : µ(n )

i our goal is to test the global null 8n
i =1 H (n )

0,i : µ(n )
i ) 0 that all the means are less than or

equal to zero. Because we now have a sequence of problems, we also have a sequence of winners and runner-

ups. We will let W (n) and R(n) denote the indices of the largest and second largest of theX (n )
j , 1 ) j ) n

respectively. To apply Corollary 1, we consider the p-valuesp(n )
i = 1 ! #( X (n )

i ) which are valid selectively

dominant p-values for the nulls H (n )
0,i be Example 3.

It will be helpful to recall that if Zi are independent standard Gaussian random variables, then

n
max
i =1

Zi =
!

2 logn + op(1),

Meaning roughly that we can treat maxn
i =1 Zi as non-random and equal to

#
2 logn when n is large. We will

be somewhat informal in our discussion, but rigorous proofs of all the results can be found in the appendix.

5.2.1 Power of the conditional approach

First, we characterize a regime where Corollary1Õs procedure is powerful. To do so, we focus our attention

on a generalization of the needle-in-the-haystack problem.

In the typical needle-in-the-haystack problem, we imagine testing the null that all the means are exactly

equal to zero, and consider alternatives where one mean is positive and the remaining means are zero, e.g.,

µ(n )
1 > 0 and µ(n )

j = 0 for j > 1. It is well known that for such alternatives, SidakÕs procedure (and also

Bonferonni), which rejects when

1 ! #( X (n )
j ) ) ! n = 1 ! (1 ! ! )1/n 9 !/n for any 1 ) j ) n,
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has limiting power equal to one wheneverµ(n )
1 :

#
2 logn. It is quite intuitive that the test is powerful in

this regime. Under the null, the maximum observation we see should be around
#

2 logn. If µ(n )
1 :

#
2 logn.,

then X (n )
1 will be noticeably larger than than this threshold, and we can be sure the data did not come from

the null. On the other hand, if µ(n )
1 1

#
2 logn, then no observation will be larger than

#
2 logn. SidakÕs

procedure will be unable to distinguish between the alternative and null, and it will be powerless in the limit.

In our generalized needle-in-the-haystack problem, we imagine testing the composite global nullH (n )
0

that all the means are at most zero, and consider alternatives where one mean is positive and the remaining

means are non-positive, e.g.,µ(n )
1 > 0 and µ(n )

j ) 0 for j ) 1. Our result tells that whenever the gap between

the winner X (n )
W (n ) and runner-up X (n )

R (n ) diverges to inÞnity in probability (i.e., X (n )
W (n ) ! X (n )

R (n )
p

& ' ),

Corollary 1Õs procedure, which rejects when

1 ! #( X (n )
W (n ) )

1 ! #( X (n )
R (n ) )

) !, (5.3)

has the maximal possible limiting power. To be concrete,X (n )
W (n ) ! X (n )

R (n )
p

& ' means for all B " R that

lim inf
n *(

P(X (n )
W (n ) ! X (n )

R (n ) > B ) = 1 .

To provide some clarity on this condition, we give some sequences of mean vectorsµ(n )
n for which it holds.

For example, X (n )
W (n ) ! X (n )

R (n )
p

& ' under the sequence of alternatives

µ(n )
j =

)
*

+

#
3 logn if j = 1 ,

0 if j > 1.

For this sequence,X (n )
1 9

#
3 logn will be the clear winner and will have an increasing gap to the runner-up,

which is the maximum maxj> 1 X (n )
j 9

#
2 logn. Identical reasoning tells us that X (n )

W (n ) ! X (n )
R (n )

p
& ' under

the sequence

µ(n )
j =

)
*

+

1 if j = 1 ,

1 !
#

3 logn if j > 1.

Interestingly, for this later sequence, SidakÕs test (which is also valid for the composite nullH (n )
0 ) has limiting

power zero! This is not the case for Corollary1Õs procedure, which will have the highest possible limiting

power of 1! #(# ! 1(1 ! ! ) ! 1) > 0.

How is it possible that Corollary 1Õs procedure can be powerful while SidakÕs procedure is powerless?

Intuitively, it is possible for a procedure to be powerful because the observationsX (n )
j for j > 1 are so

negative that it is obvious upon observing them that they come from null means. Corollary1 knows to

ignore these observations, and simply draw an inference usingX (n )
1 , while SidakÕs procedure does not. More

generally, when the gap between the winner and runner-up is big, it is clear that the winner was the largest

not because of selection bias, but because it came from a large mean. In the composite null problem, there

are many more interesting ways for this gap to be big. Unlike SidakÕs procedure, Corollary1Õs procedure is

able to adapt to the compositeness ofH (n )
0 .

Ideally, we would characterize whenX (n )
W (n ) ! X (n )

R (n )
p

& ' in terms of some conditions on the mean vector
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µ(n ) . This is di"cult, however, as there are many di!erent sequences of needle-in-the-haystack mean vectors

that elicit this behavior. For example, we later justify that X (n )
W (n ) ! X (n )

R (n )
p

& ' for the sequence

µ(n )
j =

)
333*

333+

log logn if j = 1 ,

log logn ! 2
#

logn if 1 < j ) $
#

n%,

! n if $
#

n%+ 1 ) j ) n.

(5.4)

If we wanted, we could keep coming up with di!erent sequencesµ(n ) that satisfy this condition, and it is not

clear how to characterize all such sequences cleanly. Given a sequenceµ(n ) , however, it is typically easy to

argue whetherX (n )
W (n ) ! X (n )

R (n )
p

& ' or not.

Theorem 7 below is a summary of our discussion, and it gives a formal statement of our result.

Theorem 7. Consider data X (n )
i ( N (µ(n )

i , 1) and the global nullH (n )
0 = 8n

i =1 H (n )
0,i with H0,i : µ(n )

i ) 0. If

µ(n ) " Rn is a sequence of alternatives such that

1. µ(n )
1 is positive,

2. µ(n )
j is non-positive for j > 1,

3. X (n )
W (n ) ! X (n )

R (n )
p
!& ' , whereW (n) and R(n) (resp.) are indices of the largest and second largest (resp.)

X (n )
i for 1 ) i ) n,

then Corollary 1Õs test forH (n )
0 attains the maximal possible limiting power. That is,

lim inf
n *(

inf
( n $H n

P(. cond
n rejects ) ! P(. n rejects ) 2 0

where H n is the set of all tests that maintain level! Type I error control under H (n )
0 , and . cond

n is the test

that rejects when (5.3) holds.

In wrapping up this part of the discussion, we emphasize that the regime we have studied is a regime

where we should expect methods to be powerful. There is only one possible signal, and the assumption

X (n )
W (n ) ! X (n )

R (n )
p
!& ' essentially ensures that this signal is well-separated and easy to identify. It is believable

that a procedure should be able to adapt to the data generating distribution and reduce the problem

to classical one-dimensional Gaussian mean testing. If anything, it is less surprising that Corollary1Õs

procedure is powerful, but rather more concerning that SidakÕs simultaneous inference procedure can be

powerless. Even more surprising and concerning is what we discuss next. Locally simultaneous inference, a

simultaneous inference procedure designed speciÞcally to be adaptive to the compositeness ofH (n )
0 , can also

be powerless in this easy regime.

5.2.2 Comparison to locally simultaneous inference

In this sub-section we discuss applying locally simultaneous inference (LSI) to the previous sub-sectionÕs

problem. LSI is an adaptive simultaneous inference technique that is strictly more powerful than vanilla

simultaneous inference. In full generality, LSI can be applied to a wide variety of multi-dimensional inferential

problems. We only give a high-level overview of the method, and discuss only how it can be used to perform
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Figure 5.3: Power of Corollary1Õs procedure versus that of locally simultaneous inference (! = 0 .1, " = !/ 10)
for the sequence of needle-in-the-haystack alternativesµ(n ) " Rn given by µ(n )

1 =
!

0.8 logn" , µ(n )
i =!

0.8 logn" ! 2
#

logn for i = 2 , . . . , $n" %, and µ(n )
i = ! n for i = $n" %+ 1 , . . . , n, with # = 0 .9. Plot shows

that LSI becomes powerless asn & ' , while the conditional method has power approaching one. Shaded
region denotes one standard error bands.

inference on winners in the isotropic Gaussian data setting. A full treatment of LSI can be found in the

original article [Zrnic and Fithian , 2024].

It is worth mentioning that our Gaussian inference on winners is the motivating problem for LSI. One

express goal of LSI is to retain the beneÞts of Corollary1Õs conditional procedure while avoiding the exploding

interval problem discussed in Chapter1. In an attempt to achieve this, LSI avoids conditioning and instead

leverages solely marginal simultaneous inference techniques.

At a high level, the goal of LSI is to avoid performing simultaneous inference on alln means. Instead,

LSI uses the data to determine a data-adaptive subset of means that would have been likely to produce

a winner 2, and applies a simultaneous inference correction as if we only ever considered doing inference

on these means. Despite this simultaneous correction being data-dependent, LSI still manages to return a

provably valid inference.

Getting more into the weeds, we explicitly state when LSI rejects the global nullH (n )
0 . LSI splits the !

Type I error budget into two parts, 0 < " (n ) < ! and / (n ) = ! ! " (n ) . The " (n ) part of the budget is used

to determine which observations could have potentially been the winner. DeÞne

N = |{ j : X (n )
j 2 X (n )

W (n ) ! 4z1! $ ( n )
n / 2}| (5.5)

to be the random number of observations that are within 4z1! $ ( n )
n / 2 of the winner. The remaining / (n ) of

the budget is used to perform simultaneous inference, but the simultaneous correction pretends that only

theseN observations were ever present. Explicitly, LSI rejectsH (n )
0 when

1 ! #( X (n )
W (n ) ) ) max{ / (n )

N , ! n } , / (n )
N = 1 ! (1 ! / (n ) )

1
N (5.6)

2Technically, it Þnds a subset that, with high probability, contains a subset of means that would have been likely to produce
the winner
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Note that, because of the maximum in (5.6), LSI will never do worse than SidakÕs procedure. The fact that

rejecting according to the condition (5.6) is a Type I error controlling procedure is a consequence of Theorem

3 in Zrnic and Fithian [2024].

Intuitively, LSI should perform well whenever Corollary 1Õs conditional procedure does. When the gap

between the winner and another observation is su"ciently large, LSI realizes that this other observation had

minimal chance of winning, and simply ignores it (i.e., it recognizes that the winner is large because it came

from a larger mean and not because of selection bias). If the gap between the winner and every observation

is large enough, then we will haveN = 1 and LSI totally avoids doing any simultaneous correction (i.e., LSI

reduces to a one-dimensional Gaussian mean testing problem). In this case, LSI should be as powerful as is

possible. But what is a large enough gap for LSI?

Theorem 8 gives a surprising result. LSI can be powerless in needle-in-the-haystack settings even when

Corollary 1Õs conditional test attains maximal power. The proof sketch below gives an idea of why.

Theorem 8. Consider data X (n )
i ( N (µ(n )

i , 1) and the global nullH (n )
0 = 8n

i =1 H (n )
0,i with H0,i : µ(n )

i ) 0.

For every * " [!, 1], there exists a sequence of alternativesµ(n ) " Rn satisfying the assumptions of Theorem7

such that, for all Type I error budgeting sequences0 < " (n )
n < ! , LSIÕs test has zero limiting power despite

the maximal limiting power being*. That is,

lim sup
n *(

P(. LSI
n rejects ) = 0 .

where . LSI
n is the test that rejects when(5.6) holds, despite the fact that

lim inf
n *(

sup
( n $H n

P(. n rejects ) = *,

where H n is the set of all tests that maintain level! Type I error control under the global null H (n )
0 .

Proof sketch. We show the case where* = 1. Consider the sequence of alternatives given by (5.4). The test

that rejects when 1! #( X (n )
1 ) ) ! is in H n and obviously has limiting power one. Based on how we have

set our means, we will have

X (n )
1 9 log logn

max
2, i ,.

/
n 0

X (n )
i 9 log logn ! 2

!
logn +

4
2 log

#
n = log log n !

!
logn

min
2, i ,.

/
n 0

X (n )
i 9 log logn ! 3

!
logn

max
.
/

n 0+1 , i , n
X (n )

i 9
!

2 logn ! n

Therefore we see thatX (n )
1 will be a clear winner and also have a gap to the runner-up which diverges

to ' in probability. Further, there are
#

n observations within 4z1! $ ( n )
n / 2 . 4

#
2 logn of the winner, so

N 9
#

n (where N is from (5.5)). Becauseµ(n )
1 is growing very slowly, the simultaneous correction over

#
n

observations will be too harsh and LSI will be powerless.

In Figure 5.3, we provide simulation results that verify Theorem 8Õs conclusion. More speciÞcally, we

consider a particular sequence of needle-in-the-haystack alternatives (similar to the one in the proof sketch),
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and show empirically that LSI is powerless asn & ' , whereas Corollary 1Õs test has a limiting power of

one.

Brießy, we mention that because LSI is at least as powerful as SidakÕs procedure, it is easy to come up

with non needle-in-the-haystack alternatives where LSI attains maximal power but Corollary1Õs procedure

is powerless. For example, takingµ(n )
i = 1 for all 1 ) i ) n would su"ce. It remains concerning, however,

that LSI is designed to be powerful for needle-in-the-haystack alternatives, but it sometimes fails to be.

Theorem 8 suggests that LSI su!ers from a curse of dimensionality that the conditional procedure avoids.

We discuss why this may be the case in the next sub-section.

5.2.3 The (seeming) necessity of conditioning

Finally, we provide some brief discussion on why conditioning may be the crucial tool that allowed us

to gain power in this needle-in-the-haystack setting. Initially, this may seem surprising and counterintu-

itive. General wisdom dictates that conditionally valid methods should be less powerful than their marginal

counterparts. This is because requiring conditional validity imposes an additional constraint on the Type

I error control (conditional validity implies marginal validity, but not vice-versa). Hence, we may expect

reasonable conditional tests to be less powerful than reasonable marginal tests, which are derived without

this additional constraint in place. In actuality, conditioning (often times on nuisance statistics) allows us

to e!ectively reduce the dimension of the problem. We will see how, in our Gaussian inference on winners

problem, conditioning enables us to avoid a curse of dimensionality that standard marginally valid proce-

dures su!er from. Prior to proceeding, we mention that many of these ideas are similar to those discussed

in Fithian et al. [2017].

For simplicity, we will now return to having a Þxed dimension n, so X ( N (µ, I n ) is a random vector

in Rn , and W and R (respectively) are the random indices of the largest and second largest entries ofX

(respectively).

Essentially, all the procedures we have discussed up to this point amount to doing inference on the random

estimand µW , i.e., the mean of the winning observation. A standard way to do inference on an estimand is

to come up with an estimator for it, and then study the deviations of the estimator. In our case, we use the

estimator X W and we study the deviationsX W ! µW .

In conditional inference, we opt to study the deviations X W ! µW conditional on W . Once we have

conditioned on W , our estimand µW goes from being random to Þxed. Along with our Þxed estimand, there

n ! 1 Þxed nuisance parameters. This is now reminiscent of a classical statistics problem (like in Section

4.4 of Lehmann et al. [1986]). By conditioning further on nuisance statistics, we can remove the inßuence

of these additional nuisance parameters and truly reduce to a one-dimensional inference problem. To be

concrete, letX ! W " Rn ! 1 be a vector containing all the entries ofX aside fromX W . The conditional 1 ! !

quantile of this deviation,

qcond
1! ! (µw , x! w ) = Quantile( X W ! µW |W = w, X ! W = x! w ),

depends onµ only through the value of the winning mean. Therefore, when we invert the conditional 1! !
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high probability region

Rcond
1! ! (µ) = { x : xw ! µw ) qcond

1! ! (µw , x! w ) for w = argmax
1, i , n

xi }

to get an exact 1! ! conÞdence region

CRcond
1! ! (X ) = { µ " Rn : X " Rcond

1! ! (µ)} = { µ : µW 2 X W ! qcond
1! ! (µW , x! W )} ,

the resulting conÞdence region provides non-trivial inferences only for the one-dimensional meanµW (which,

again, is a non-random parameter once we condition onW ). This conÞdence region is the same as (1.3)

from Chapter 1.

In contrast, if we study the deviations X W ! µW marginally, then the 1 ! ! quantile

qmarg
1! ! (µ) = Quantile(1 ! !, X W ! µW ), (5.7)

depends on the entireµ vector. Inverting the 1 ! ! high probability region

Rmarg
1! ! (µ) = { x : xw ! µw ) qmarg

1! ! (µw , x! w ) for w = argmax
1, i , n

xi }

to get an exact 1! ! conÞdence region

CRmarg
1! ! (X ) = { µ " Rn : X " Rmarg

1! ! (µ)} = { µ : µW 2 X W ! qmarg
1! ! (µW , x! W )} , (5.8)

is not similar to what we do in a one-dimensional inferential problem. In fact, due to the high probability

region (5.7)Õs multi-dimensional dependence onµ, it is unclear if Þnding the conÞdence region (5.8) is

even computationally feasible. Despite targeting a one-dimensional ÒestimandÓµW , this conÞdence region

inadvertently provides non-trivial inferences for the entire mean vector, in part due to the estimand being

random.

Even though the conÞdence region (5.8) may be computationally di"cult to Þnd, we can still verify that

the inferences it results in are, at best, as good as those from SidakÕs procedure. This is the subject of

Proposition 3 below.

Proposition 3. For n-dimensional Gaussian dataX ( N (µ, I n ), the conÞdence regionCRmarg
1! ! (X ) is an

exact 1 ! ! conÞdence region forµ, i.e.,

P(µ " CRmarg
1! ! ) = 1 ! !.

Furthermore, if SidakÕs procedure cannot a!rm that there is a positive mean, i.e., if

1 ! #( X W ) > ! n , W = argmax
1, i , n

X i ,

then the projection of CRmarg
1! ! onto any coordinate axis contains a non-positive value.

The same issue we Þnd with the marginal conÞdence region (5.7) is present with LSI. Although LSI

attempts to apply a smaller simultaneous correction than SidakÕs approach, the Þrst step of any reasonable
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LSI procedure involves making simultaneously valid conÞdence intervals for each coordinate ofµ. Doing so

appears to necessarily expose LSI to a curse of dimensionality that Corollary1Õs procedure avoids.

In summary, it appears that targeting random estimands but performing unconditional inference will

necessarily expose us to a curse of dimensionality. So how can we deliver powerful inferences while also

avoiding the exploding conÞdence regions we saw in Chapter1? One idea would be to simply target a non-

random estimand. For example, we could try and targetµ(1) instead of µW , where µ(1) 2 µ(2) 2 á á á 2µ(n )

are the sorted entries ofµ. If we observeX only after the entries were randomly shu%ed, these sorted

parameters still identify our data generating distribution. Perhaps it is possible to come up with an estimator

for µ(1) and nuisance statistics that, once conditioned on, get rid of the nuisance parametersµ(2) , . . . , µ(n ) .

We leave this as an area for further exploration. Another approach is hybrid inference, which we discuss

next.

5.3 Hybrid inference

Hybrid inference, originally proposed by Andrews et al. [2023], is an inference on winners procedure

that attempts to balance the beneÞts of the simultaneous and conditional approaches. It is a very elegant

idea, but it currently only applies to Gaussian data and can be di"cult to parse and implement. Using our

selective dominance framework, we give a simpler exposition of hybrid inference that enables its application

in more general settings, provided that the data is independent. As a bonus, our new procedure is very easy

to understand and implement.

Corollary 3 presents our hybrid testing procedure. We give the sketch of a proof and defer a detailed

proof to Appendix B.19.3.

Corollary 3 (Hybrid test for the winner) . Suppose thatpi are n independent and selectively dominant

p-values for the nullsH0,i , and let W be the index of the smallest p-value (with ties broken randomly). Fix

some" ) ! and deÞne" n = 1 ! (1 ! " )1/n . Rejecting H0,W when

p(1) )
! ! "
1 ! "

p(2) +
5

1 !
! ! "
1 ! "

6
" n (5.9)

controls Type I error at level ! .

Proof sketch. Let B be the event that the smallest p-value comes from a null and is at most" n . We know

from SidakÕs procedure thatP(B ) ) " . Hence, on the complementary eventB c, which has probability

2 1 ! " , it su"ces to ensure that we fail to falsely reject H0,W with probability at least (1 ! ! )/ (1 ! " ).

SupposingH0,j is true, imagine testing H0,j using pj only when B c happens andW = j . This is exactly

like selecting pj to use for inference when it is between" n and maxi '= j pi . For this selection, Theorem 5Õs

selective p-value is given by (pj ! " n )/ (maxi '= j pi ! " n ). Thus, we can ensure that we fail to rejectH0,j when

B c and W = j happen with probability at least (1 ! ! )/ (1 ! " ) if we fail to reject whenever

pj ! " n

maxi '= j pi ! " n
> 1 !

1 ! !
1 ! "

76 pj >
! ! "
1 ! "

max
i '= j

pi +
5

1 !
! ! "
1 ! "

6
" n .

Our hybrid inference procedure fails to reject in this case.
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Written in terms of p-values, it is easy to see how the hybrid approach balances the beneÞts of the

simultaneous and conditional approaches. It will reject both when the smallest p-value is small in absolute

terms or when it small relative to the second smallest p-value. When the other p-values provide essentially

no evidence against the null (i.e.,p(2) 9 1), hybrid rejects when p(1) is at most (! ! " )/ (1 ! " ), a cuto! that

has no dependence on the problem dimensionn. Thus, hybrid performs at least on par with the conditional

procedure run at level (1! ! )/ (1 ! " ). On the other hand, even if some other p-value provides as much

evidence against the null as the smallest, hybrid still rejects whenever the level" simultaneous approach

does. This is because whenp(1) ) " n , the hybrid cuto! is a mixture of two things that are at least p(1) , so

we reject.

The parameter " allows hybrid inference to interpolate between the simultaneous and conditional ap-

proaches. When we set" = 0 then the hybrid cuto! ( 5.9) becomes!p (2) and we recover the conditional

method, and if we set" = ! it becomes! n = 1 ! (1 ! ! )1/n and we recover the simultaneous method.

5.3.1 ConÞdence regions

In parametric settings, we can get hybrid conÞdence regions for the winning parameter by inverting

Corollary 3Õs test. Again suppose we have independent dataX i ( P&i from an MLR family P& parametrized

by , " R, and let p&0
i be the UMP p-value for testing the null H &0

0,i : , i ) , 0. By inverting Corollary 3Õs test

we get a hybrid LCB for the winning parameter , W :

7
, 0 " R : p&0

(1) >
! ! "
1 ! "

p&0
(2) +

5
1 !

! ! "
1 ! "

6
" n

8
. (5.10)

We argue in Appendix B.10 that the conÞdence region (5.10) indeed gives a LCB. We also show in Ap-

pendix B.10 how to invert Corollary 3Õs test to get a CI (rather than an LCB), and that both our CI and

LCB match the original construction from Andrews et al. [2023] in the Gaussian case.

5.3.2 Comparison to the union bound

Another way to balance the beneÞts of the conditional and simultaneous approaches is to apply a union

bound. Naively, we can reject the winning null whenever the level" simultaneous approach rejects or the

level ! ! " conditional approach rejects, i.e., whenever

p(1) ) max{ (! ! " )p(2) , " n } . (5.11)

The union bound harshly switches between the simultaneous and conditional approaches, whereas the hybrid

approach smoothly interpolates between them. This is illustrated in Figure5.4, which compares the LCBs

resulting from the hybrid versus union bound approaches in then = 20 dimensional Gaussian problem.

Written in terms of p-values, we easily see that the hybrid approach dominates the union bound approach,

which is a"rmed by Figure 5.4. Both methods reject whenp(1) ) " n . When p(1) > " n , it is quick to verify

that the hybrid cuto! ( 5.9) will be strictly larger than the union bound cuto! ( 5.11), meaning hybrid will

reject whenever the union bound does and more3.

3the authors Andrews et al. [2023] only point out that hybrid dominates the level # classical approach, which is weaker than
our statement
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Figure 5.4: For the n = 20 dimensional Gaussian problemX i ( N (µi , $2) with largest observation X W

and second largest observationX R , the standardized distance (X W ! öµ)/$ from X W to the level ! = 0 .1
hybrid, conditional, and simultaneous LCB öµ as a function of the standardized gap (X W ! X R )/$ between
the winner and runner-up. For hybrid we take " = 0 .01. The larger of the level! = 0 .09 conditional LCB
and level ! = 0 .01 simultaneous LCB are shown in green (i.e., the union bound LCB).

Practically speaking, however, hybrid inference does not result in much improvement over the union

bound, especially as it pertains to making discoveries. This is already somewhat evident in Figure5.4, where

we see that the hybrid LCB, although always larger than the union bound LCB, is still always very close to

it. As the variance $2 gets large, the absolute di!erence öµhyb ! öµunion between the hybrid and union bound

LCBs grows with $, but the relative di!erence ( µhyb ! öµunion )/$ (in units of standard deviation) remains

the same (see AppendixB.10.4). Accordingly, even when the hybrid cuto! ( 5.9) is larger than that of the

union bound (5.11), it is provably not much larger. We detail why in Appendix B.11, where we also run a

number of simulations comparing the power of the hybrid and union bound approaches. In our simulations,

we are unable to Þnd a setting where the hybrid approach results in a appreciable power gain.

Overall, we suggest viewing hybrid inference as a procedure that squeezes the remaining power out of

the union bound approach. As it is not computationally more expensive and our p-value viewpoint makes

it equally easy to implement, it is always worth using in place of the union bound.

5.3.3 Applying the closure principal

As was true in the conditional case, treating Corollary 3Õs test as a global null test and closing it allows

us to make more discoveries. As we allow" to range from 0 to ! , this closed procedure interpolates between

Corollary 2Õs closed procedure and the Holm-Sidak procedure, which is the closure of SidakÕs global null test.

Corollary 4 (Closed hybrid testing for winners). Suppose thatpi are n independent and selectively dominant

p-values for the nullsH0,i . Let H0,( j ) denote the null corresponding to thej th smallest p-value (with ties

broken randomly) and deÞnep(n +1) = 1 . Fixing some " ) ! , rejecting the null hypothesesH0,(k ) for which

p(j ) )
! ! "
1 ! "

p( j +1) +
5

1 !
! ! "
1 ! "

6
" n ! j +1

for every j ) k controls FWER error at level ! .
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This closed procedure is also best understood sequentially. We rejectH0,(1) when p(1) ) ! ! $
1! $ p(2) + (1 !

! ! $
1! $ )" n . Then, if we rejected H0,(1) , we reject H0,(2) when p(2) ) ! ! $

1! $ p(3) + (1 ! ! ! $
1! $ )" n ! 1, so on and so

forth until we fail to reject.



Chapter 6

Rank veriÞcation via selective

inference

In this chapter, we use Chapter4Õs framework to study a class of rank veriÞcation problems. First, we

consider some motivating real world examples

Rank veriÞcation for large language models: LM Arena [Chiang et al., 2024a] is a platform that

currently has over thirty-thousand daily users and ranks the performance ofn > 200 large language models

according to user preference data. Figure6.1 provides an example of what the leader board may like. Is

Gemini-2.5-Pro-Preview-05-06, the model at the top of this example leader board, actually the best model?

If so, by how much?

Rank veriÞcation across multiple clinical trials: A big pharmaceutical company is interested in

investing in a drug, and are examiningn = 5 smaller pharmaceutical companies that have developed drugs

targeting a similar condition. These smaller companies have each completed an early stage clinical trial, and

the big company wants to decide which one of these smaller companies to partner with. Is the drug with

the highest observed average treatment e!ect truly the best of the bunch? If so, how much better is it (i.e.,

how much of a premium should the company be willing to pay)?

Rank veriÞcation for machine learning benchmarks: Suppose we evaluaten di!erent pretrained

machine models on a benchmark dataset. For example, we may evaluate the Þve di!erent pretrained ResNet

models that PyTorch o!ers on the ImageNet validation dataset [Deng et al., 2009]. The results of this

experiment are shown in Table6.1. Is ResNet-152, the model with the best performance on the validation

dataset, actually the best model? If so, by how much (i.e, is it worth the extra latency and compute cost)?

52
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Figure 6.1: A screenshot displaying the top ten entries of the LM Arena leader board. Left-most column
denotes the rank of the model on the leader board, which is determined by the modelÕs ÒArena ScoreÓ in the
fourth column. The Þfth column provides 95% bootstrap conÞdence intervals for the population arena score,
but with no multiplicity correction, so these conÞdence intervals cannot be used to safely draw inferences
about the population ranking.

Model Top-1 accuracy

ResNet-18 0.673

ResNet-34 0.713

ResNet-50 0.801

ResNet-101 0.810

ResNet-152 0.817

Table 6.1: The top-1 accuracy (i.e., the fraction of examples where the modelÕs top prediction matches the
true label) of the Þve pretrained ResNet models on them = 50000 sample ImageNet Validation set. The
number denotes the number of layers, so a larger number indicates a larger model. The model with the
highest observed accuracy is bolded.

All of these are examples of rank veriÞcation problems, and they can be formalized as follows. We observe

a multivariate Gaussian vector X ( N (µ, &) and see that W = argmax1, i , n X i is the index of the largest

observation. Can we claim that µW > maxj '= W µj , i.e., that the largest observation came from the largest

mean? We elaborate on how each of the above scenarios reduces to solving this problem.

Rank veriÞcation for large language models: The models on the LM Arena leader board are ranked

by Òarena scoresÓ. These scores are linear transformations of coe"cientsö" " Rn from a Bradley-Terry model

[Bradley and Terry, 1952]. Because the model is Þt from i.i.d. samples, these coe"cients follow a central

limit theorem when the number of examples is large, i.e.,ö" ú( N (", &) for some non-diagonal covariance &.

Letting W be the index of the model with the largest Þtted coe"cient, we want to know, for what * " R

can we claim" W > minj '= W " j + * ?

Rank veriÞcation in multi-arm clinical trials: If there are enough participants in each clinical trial,
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then the vector with each drugÕs average observed treatment e!ectX " Rn obeys a central limit theo-

rem, i.e., X ú( N (µ, &) with diagonal covariance &. We want to know, for what * " R can we claim that

µW > maxj '= W µj + *?

Rank veriÞcation for machine learning benchmarks: When the benchmark dataset is large enough,

the vector X " Rn with each models classiÞcation accuracy obeys a central limit theorem, i.e.,X ú( N (µ, &) or

some non-diagonal covariance &. We want to know, for what* " R can we claim that µW > maxj '= W µj + *?

This chapter mainly considers a generalization of our motivating problem. DeÞningS to be the set

containing the indices of the largest 1) K < n entries of X , we aim to draw the inference mini $ S µi !

maxj '$S µj > * that the largest K observations came from means that are more than* larger than the other

means. We provide a powerful and computationally tractable error controlling procedure for drawing this

inference, and can can recover a solution to our motivating problems by settingK = 1. Throughout our

discussion, we will assume that the covariance & is known. In our applications, & is not known but can be

estimated from the data.

To start the chapter, we give a high level overview of how we can use Chapter4Õs framework to derive

our procedure. In the process, we also discuss how our procedure dominates existing simultaneous inference

competitors. Then, we give a formal statement of our procedure and characterize its behavior in some special

settings. With all of our contributions in place, we contextualize our work by providing a broader literature

review on rank veriÞcation. After the literature review, we provide a series of real data applications. We

conclude by demonstrating how the framework from Chapter4 can also be applied to rank veriÞcation

problems in alternative settings, speciÞcally the exponential family setting explored inHung and Fithian

[2019b].

6.1 Overview of approach

Prior to describing how we derive our selective rank veriÞcation procedure, we start with a simpler and

non-selective problem. Having observed dataX ( N (µ, &), when can we verify that µi is strictly larger than

the other means? This is a classical statistical inference problem. The inferential question has been Þxed

prior to observing the data, and it has not been selected in a data-dependent manner.

DeÞning the null hypothesesH0,ij : µi ) µj for i -= j , our goal is to reject the union null hypothesis

3 j '= i H0,ij . One reasonable approach (fromBerger [1982]) is to reject this null when we reject the individual

nulls H0,ij for all j -= i . DeÞning

vij =
4

Var( X i ! X j ) =
!

&ii ! 2&ij + & jj

to be the standard deviation of X i ! X j , Example 3.9.2 fromLehmann et al. [1986] tells us that the UMP

test for H0,ij rejects when,

X i > X j + vij z1! !

Therefore, our earlier reasoning implies that it is safe to reject3 j '= i H0,ij whenever

X i > X j + vij z1! ! for all j -= i.
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In our problem, our goal is not to reject 3 j '= i H0,ij for some Þxedi " [n], but rather to reject the data-

dependent null hypothesis3 j '= W H0,W j , where W is the index of the largest observation. In other words, we

only ever try and reject 3 j '= i H0,ij after observing that W = i . A simple Þx is simultaneous inference. We run

our above procedure for every 1) i ) n, but to account for the fact that we are now simultaneously testing

n hypotheses, we run it at level!/n rather than level ! . (i.e., we apply a Bonferroni correction). Then, after

observing that W = i , it is safe for use to reject3 j '= W H0,W j so long as we happened to reject3 j '= i H0,ij

at the reduced level !/n . In practice, this approach amounts to observing that W = i and then running

our original test for 3 j '= i H0,ij at level !/n instead of level ! . It enables us to claim that µW > maxj '= W µj

whenever

X W > X j + vW j z1! !/n for all j -= W. (6.1)

Note that in ( 6.1), becausez1! !/n = O(
#

logn) grows with the dimension n, this simultaneous procedure

requires the winning observationX W to have a larger and larger gap to the remaining observations as the

dimension of the problem grows.

In our selective approach, we recognize that our above UMP test forH0,ij rejects exactly when the

selectively dominant p-valuepij = 1 ! #(( X i ! X j )/v ij ) is at most ! . Correspondingly, our earlier procedure

for rejecting 3 j '= i H0,ij rejects exactly when maxj '= i pij ) ! . When try to reject 3 j '= W H0,W j via our selective

approach, we imagine only selecting the p-valuespij for j -= i to use for inference whenW = i . We show

that the selection event W = i corresponds to selectingpij to use for inference when it lives in some interval

[Aij , Bij ], whereAij and Bij are random quantities that are independent ofpij . To account for selection, we

reject not when all of the pij for j -= i are at most ! , but rather when all of the corrected selective p-values

(pij ! Aij )/ (Bij ! Aij ) are at most ! .

The selective procedure above controls the probability of false rejection conditional onW , but Aij and Bij

have complicated forms, and it is incredibly di"cult to parse. Crucially, by doing some additional analysis,

we can show that, whenW = i , each of the selective p-values (pij ! Aij )/ (Bij ! Aij ) for j -= i satisfy the

bound
pij ! Aij

B ij ! Aij
) 2 max

j '= i
pij .

This means that our selective approach is at least as powerful as the following procedure: Þrst we observe

W = i , and then we run our original test for 3 j '= i H0,ij at level !/ 2 rather than at level ! . This is much

better than the above simultaneous approach, which required us to run this test at level!/n . In contrast to

the simultaneous approach, the selective approach enables us to claim thatµW > maxj '= W µj whenever

X W > X j + vW j z1! !/ 2 for all j -= W. (6.2)

Unlike (6.1), the above rejection region (6.2) has z1! !/ 2 in place of z1! !/n , and it does not require the

gap from X W to the remaining observations to be larger for higher dimensional problems. Note that our

selective procedure will make at least as many discoveries as the simultaneous approach, and strictly more

when n > 2.

This is the crux of our contribution. A selective approach that is strictly more powerful than the

simultaneous approach because it avoids a curse of dimensionality that the simultaneous approach fails to.

In Appendix B.17, we demonstrate how more sophisticated and general simultaneous approaches (including

TukeyÕs honest signiÞcant di!erences test) for this problem also fail to avoid this curse of dimensionality.
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As a consequence, these other simultaneous approaches are also strictly dominated by our procedure when

n > 2.

6.2 Main results

In this subsection, we provide our selective rank veriÞcation procedure along with some theoretical results

that help us better understand its behavior. We imagine observingn-dimensional data X ( N (µ, &) where

& is known. Our only restriction on & is that we require X i and X j to be not perfectly correlated wheni -= j .

Considering the null hypothesesH %
ij : µi ! µj ) *, we derive an error controlling procedure for rejecting the

data dependent union null 3 i $ S,j '$SH %
ij , where S is the set of the largestK observationsÕ indices. Formally,

a false rejection happens when we reject3 i $ S,j '$SH %
ij and µi is not more than * larger than µj for all i " S

and j -" S. Tying back to our motivation, we can safely draw the inference mini $ S µi ! maxj '$S µj > * when

we reject 3 i $ S,j '$SH %
ij .

Prior to stating our simpliÞed results, we introduce some notation. First, for a pair i -= j , we deÞne

D %
ij =

X i ! X j ! *
vij

, v2
ij = Var( X i ! X j ) = & ii ! 2&ij + & jj .

Considering another pair of indicesk -= &, we use0ij,k# to denote the correlation betweenDij and Dk#.

Using this notation, Theorem 9 states our method. Though it may look complicated, it is easy to

implement on a computer and we will soon see that its behavior is very interpretable. In our statement of

the theorem, we adopt the convention that the maximum of an empty set is!' .

Theorem 9 (Gaussian rank veriÞcation). If we reject 3 i $ S,j '$SH %
ij when

max
i $ S,j '$S

#

#

$ D %
ij ! max

k$ S,#'$S:
) ij,k! < 0

1
) ij,k!

D 0
k#

%

& ! #( D %
ij )

#

#

$ D %
ij ! max

k$ S,#'$S:
) ij,k! < 0

1
) ij,k!

D 0
k#

%

& ! #

#

$ D %
ij ! min

k$ S,#'$S:
) ij,k! > 0

1
) ij,k!

D 0
k#

%

&

) ! (6.3)

then, conditional on S, the probability of making a false rejection is at most! .

Our next result, Theorem 10, helps us make sense of Theorem9Õs method. It is easiest to state in terms

of the p-valuesp%
ij = 1 ! #( D %

ij ), which are selectively dominant p-values for the nullsH %
ij .

Theorem 10 (Understanding Gaussian rank veriÞcation). For * 2 0, the procedure from Theorem 9 is

guaranteed to reject3 i $ S,j '$SH %
ij whenever

max
i $ S,j '$S

p%
ij ) !/ 2. (6.4)

Remark 1. The proof of Theorem 10 also informs us that for * < 0, the procedure from Theorem9 is

guaranteed to reject3 i $ S,j '$SH %
ij whenevermaxi $ S,j '$S p0

ij ) !/ 2.

Essentially, Theorem10 tells us that, for * 2 0, Theorem9Õs test will reject3 i $ S,j '$SH %
ij whenever all the

two-sided di!erence-of-means tests comparing pairs of observations inside and outside of the topK reject,
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Algorithm 3 Top-1 rank veriÞcation via simultaneous inference
Input: data X " Rn , covariance matrix & " Rn " n , signiÞcance level!

procedure simultaneous LCB( X , &, ! )
ö* 4 '
W 4 index of largest observation inX
for j -= W do

ö* 4 min(X W ! X j ! vW j z1! !/n , ö*) ( v W j =
!

&W W ! 2&W j + & jj

return: ö*

and possibly also in other situations as well. We already discussed why, in the case ofK = 1 and * = 0, this

is a strict improvement over the simultaneous inference approach discussed in Section6.1. Appendix B.17

explains why this is a strict improvement over other simultaneous inference approaches for* 2 0 and all

values ofK as well.

Theorem 10 also clariÞes a sense in which the error control in Theorem9Õs is tight. Fixing any covariance

&, if we consider the mean vector' = µ1 = . . . µK ! 1 > µ K = µK +1 > µ K +2 = á á á= µn = !' ,

then 3 i $ S,j '$SH 0
ij is always true and any rejection of3 i $ S,j '$SH 0

ij is false. In this setting, all of the two-

sided di!erence-of-means tests in Theorem10 reject with probability one, aside from the one comparing the

observations X K and X K +1 . This test will falsely reject with probability exactly ! (after all, this is the

setting of a vanilla two-sided test), and Theorem10Õs procedure will therefore falsely reject with probability

exactly ! . Theorem 9Õs test both (1) rejects whenever Theorem10Õs condition holds and (2) still maintains

error control, so it must falsely reject 3 i $ S,j '$SH 0
ij with probability exactly ! as well.

We mention that the time complexity of running Theorem 9Õs test isO(K 2(n ! K )2), which can be

O(n4) in the worst case (e.g. ifK = n/ 2). This will still not be prohibitive for many problems, but if it is,

Theorem 10 tells us that we can safely reject3 i $ S,j '$SH %
ij whenever the condition (6.4) holds, which only

takes O(K (n ! K )) time to check (i.e., O(n2) in the worst case). Because Theorem9Õs test can reject even

when this condition does not hold, however, doing so can potentially result in a loss of power (aside from in

some special cases that we point out in Section6.2.2). We mention that when K = 1, like in our original

motivating problem, Theorem 9Õs test only takesO(n2) time to run and Theorem 10Õs condition only takes

O(n) time to check.

6.2.1 Getting lower conÞdence bounds

By inverting tests 3 i $ S,j '$SH %
ij , i.e., Þnding the the smallest* for which the test fails to reject, we can

get a strict LCB for the di!erence min i $ S µi ! maxj '$S µj between the smallest mean whose observation is

in S and the largest mean whose observation is not inS. For the case that K = 1, we can easily generalize

the simultaneous inference test we described in Section6.1 to apply for any * " R and then invert it. This

results in the LCB given by Algorithm 3. We will refer to Algorithm 3Õs LCB as the simultaneous LCB.

As an alternative, we can also get an LCB that is valid conditionally on S by inverting Theorem 9Õs test.

We argue carefully that inverting Theorem 9Õs test results in a LCB in AppendixB.18. In practice, this

LCB must be found via a binary search, as is described in Algorithm4. We will refer to Algorithm 4Õs LCB

as the conditional LCB.

Theorem 10 implies an important fact about the simultaneous and conditional LCBs: whenever the

conditional LCB is non-positive, it is guaranteed to be larger than the simultaneous LCB. This means that
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Algorithm 4 Top-K rank veriÞcation via conditional inference
Input: data X " Rn , covariance matrix & " Rn " n , number of winners K , signiÞcance level!

procedure conditional LCB( X , &, K , ! )
S 4 indices of largestK observations in X
ö* 4 via binary search, Þndö* such that

max
i $ S,j '$S

#

#

$ D ö%
ij ! max

k$ S,#'$S:
) ij,k! < 0

1
) ij,k!

D 0
k#

%

& ! #( D ö%
ij )

#

#

$ D ö%
ij ! max

k$ S,#'$S:
) ij,k! < 0

1
) ij,k!

D 0
k#

%

& ! #

#

$ D ö%
ij ! min

k$ S,#'$S:
) ij,k! > 0

1
) ij,k!

D 0
k#

%

&

= !

( v ij =
!

&ii ! 2&ij + & jj

( D *
ij = ( X i ! X j ! 1)/v ij

( 0 ij,k# = ! ik ! ! i! ! ! jk +! j!

vij vk!

return: ö*

whenever the conditional LCB enables us to make a discovery, i.e., it allows us to say with conÞdence that

the K largest observations come from means that are strictly larger than the rest, it is guaranteed to certify a

bigger gap between the means of theK largest observations and the remaining means than the simultaneous

LCB. This is not the case, however, when the conditional LCB returns a negative value (i.e., no discovery is

made). In this case the conditional LCB can be much lower than the simultaneous LCB. In fact, if the top

K and bottom n ! K observations get too close, the conditional LCB can diverge to!' , like we saw for

the inference on winners problem in Chapter1. We will observe this happen later when we discuss our real

data applications.

This leaves users with a trade-o!. If they want to ensure that their LCB will never be too negative,

they should use the simultaneous approach. If they want to maximize their chance of making a discovery,

however, and also be able to make the best possible claim about the strength of said discovery once it has

been made, they should use the conditional approach. We suspect that most users care signiÞcantly more

about the latter, especially since the exploding inferences of the conditional approach are relatively rare (we

will see this later). One can always try and get the best of both worlds by taking a hybrid or union bound

approach as in Section5.3. Doing so will prevent the exploding intervals, but also lessen the userÕs ability

to make discoveries. We suspect that users are more interested in making discoveries than anything else.

We re-iterate that, despite the fact that the conditional LCB can diverge to !' , it is provably guaranteed

to make more discoveries in each individual problem instance(not just on average). This is more than

enough to justify its use. It is also in stark contrast the to the inference on winners problem we discussed

in Chapter 5, where conditional inference (Corollary1) had no such advantage over simultaneous inference

and still su!ered from the exploding inference problem.

Finally, we mention that Theorem 10 and Remark 1 in tandem imply the validity of a much simpler way

to make an LCB for mini $ S µi ! maxj '$S µj that is conditionally valid on S: for all i " S and j -" S, compute

the lower boundsX i ! X j ! vij z1! !/ 2 of the standard two-sided di!erence-of-means conÞdence intervals for

µi ! µj , and take the lowest one. If it is non-negative, return it as the LCB, otherwise return !' .

We describe this simpler procedure, which mimics the one suggested inHung and Fithian [2019b], in
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Algorithm 5 More simple top-K rank veriÞcation via conditional inference
Input: data X " Rn , covariance matrix & " Rn " n , number of winners K , signiÞcance level!

procedure simple conditional LCB( X , &, K , ! )
ö* 4 '
S 4 indices of largestK observations in X
for i " S do

for j -" S do
ö* 4 min(X i ! X j ! vij z1! !/ 2, ö*) ( v ij =

!
&ii ! 2&ij + & jj

if ö* 2 0 then
return: ö*

else
return: !'

Algorithm 5. This LCB will always be less than or equal the one that results from inverting Theorem9Õs test

(i.e., it is worse), but it is faster to compute and easier to understand. Like was the case for Algorithm4Õs

LCB, whenever Algorithm 5Õs LCB is non-negative it will be larger than Algorithm3Õs LCB.

6.2.2 Some special cases

Brießy we discuss some special cases where we can even more precisely characterize the behavior of

Theorem 9. Our focus will always will always be for the * = 0 problem, where we are simply trying to verify

that the top K observations came from means that are strictly larger than the rest.

Our Þrst special case is when & is diagonal, i.e., the observations are independent. The below result tells

us that, in this case, Theorem10 gives an exact characterization of Theorem9Õs test.

Corollary 5 (Independence). When & is diagonal, the procedure from Theorem9 rejects 3 i $ S,j '$SH 0
ij exactly

when the condition (6.4) from Theorem 10 is satisÞed. More speciÞcally, ifI and J are the indices of the

observations inside and outside of the topK with the smallest standardized di"erence, so

X I ! X J

vIJ
= min

i $ S,j '$S

X i ! X j

vij
,

then the procedure from Theorem9 rejects 3 i $ S,j '$SH 0
ij exactly when

X I > X J + vIJ z1! !/ 2.

Our next result explains that the same is true for equicorrelated data. The work ofHung and Fithian

[2019b] implies the below result for the case thatK = 1, but we generalize it to any K .

Corollary 6 (Equicorrelation) . If & is an equicorrelation matrix, i.e., for some 0 " (! 1, 1)

&ij =

)
*

+

$2 if i = j

0$2 if i -= j,

then the procedure from Theorem9 rejects 3 i $ S,j '$SH 0
ij exactly when the condition(6.4) from Theorem 10

is satisÞed. More speciÞcally, ifI and J are the entries of the K th and (K + 1) st largest observations
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respectively, then the procedure from Theorem9 rejects 3 i $ S,j '$SH 0
ij exactly when

X I > X J + vIJ z1! !/ 2.

We also provide an analogous result for autocorrelated data whenK = 1 or K = n ! 1, provided that

the amount of autocorrelation is not too large.

Corollary 7 (Autocorrelation) . Suppose that& is an autocorrelation matrix with small enough autocorrela-

tion. SpeciÞcally, the entries of& are given by&ij = $0|i ! j | , with 0 " [ 1!
/

5
2 , 1

2 ]. For K = 1 or K = n ! 1,

the procedure from Theorem9 rejects 3 i $ S,j '$SH 0
ij exactly when the condition(6.4) from Theorem 10 is sat-

isÞed. More speciÞcally, ifI and J are the indices of the observations inside and outside of the topK with

the smallest standardized di"erence, so

X I ! X J

vIJ
= min

i $ S,j '$S

X i ! X j

vij
,

then the procedure from Theorem9 rejects 3 i $ S,j '$SH 0
ij exactly when

X I > X J + vIJ z1! !/ 2.

Finally we characterize how our method behaves if we setK = 1 and apply it to multinomial data.

Particularly, we imagine using a multivariate Gaussian distribution to approximate the joint distribution

of t multinomial trials Y ( Multinomial( t, 21, . . . , 2n ), i.e., we deÞne ö2 = Y/t and apply our method to

ö2 á( N (2, ö2/t ! ö2ö2%/t ).

Corollary 8 (Multinomial) . SupposeK = 1 and we apply Theorem9Õs procedure to dataX = ö2 with

covariance& = ö2/t ! ö2ö2%/t . DeÞningW and R to be the indices of the largest and second largest observations

in ö2 respectively, Theorem9Õs procedure will reject3 i $ S,j '$SH 0
ij exactly when

X W > X R + vW R z1! !/ 2.

More generally, we learn in the proof of Corollary8 that when the covariance is & = ö2/t ! ö2ö2T /t , the

maximum vW j for j -= W is attained by vW R . It is then straightforward to show that, for this multinomial

problem, Algorithm 5 will return ö2W ! ö2R ! vW R z1! !/ 2 as an LCB for 2W ! maxj '= W 2j . This result along

with Corollary 8 can be viewed as a recovery of the main application inHung and Fithian [2019b].

6.3 Related work

Both Gutmann and Maymin [1987] and Stefansson et al.[1988] study our problem in the case that

K = 1, * = 0, and the data X i ( N (µi , $2) are independent Gaussian samples with common variance. They

show that drawing the inference mini $ S µi ! maxj '$S µj > * whenever the two-sided di!erence-of-means test

comparing the largest and second largest observation rejects is an error controlling procedure. Our work

provides a complete generalization of their result in the case of multivariate Gaussian data, allowing for any

K , any covariance structure, and any* " R. Work prior to Gutmann and Maymin [1987] studied related

rank veriÞcation problems in similar settings [Bechhofer, 1954, BoÞnger, 1983, 1985b, Desu, 1970, Fabian,
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1962, Gupta, 1965, 1956, Hsu, 1981b, 1984], but used simultaneous inference techniques and failed to avoid

a multiplicity correction as Gutmann and Maymin [1987] did. Follow-up work to Gutmann and Maymin

[1987] includes methods that avoid multiplicity corrections for other rank veriÞcation problems [Gutmann,

1987, Maymin and Gutmann, 1992], but in similarly restricted settings. Also, Cheng and Panchapakesan

[2009] extend Gutmann and Maymin [1987]Õs result to the case of independent samples from a scale family

with a monotone likelihood ratio (Gutmann and Maymin [1987] themselves handle the case of independent

samples from a location family with a monotone likelihood ratio).

To prove their result Gutmann and Maymin [1987], condition on the index of the winning observation.

This is a similar strategy to that of modern post-selection inference, a Þeld initiated by the seminal work

Lee et al. [2016a]. By leveraging modern selective techniques,Hung and Fithian [2019a] generalizeGutmann

and Maymin [1987]Õs procedure to apply for exponential families with Schur concave carrier measures (for

K = 1 and any * " R). Schur concavity requires the carrier measure to be symmetric, so for the multivariate

Gaussian caseHung and Fithian [2019a] only generalize Gutmann and Maymin [1987]Õs procedure from

the independent to the equicorrelated setting (our Corollary 5 and Corollary 6 cover both of these cases).

The main focus ofHung and Fithian [2019a] is rank veriÞcation for multionmial data. If there are enough

samples, then multinomial data can be approximated as correlated multivariate Gaussian data via the central

limit theorem, and our Corollary 8 recoversHung and Fithian [2019a]Õs result.Hung and Fithian [2019a]

also consider rank veriÞcation for the Bradley-Terry model, but their method (1) only scales to games with

roughly n = 40 players and (2) requires each player to play the other players the same number of times (both

conditions are violated in our LM Arena example). Work that is concurrent with and independent from ours

considers multivariate Gaussian rank veriÞcation in the independent and unequal variance case [Goldwasser

et al., 2025]. Indeed, once restricted to this case, Theorem9Õs method matches that ofGoldwasser et al.

[2025]. Goldwasser et al.[2025], however, do not show that the resulting method amounts to running all the

two-sided di!erence-of-means tests comparing all the observations inside the topK with all the observations

outside of the top K (i.e., they have no analog of our Theorem10 or Corollary 5). As a consequence, they

do not formally characterize the methodÕs behavior or power.

6.4 Applications

Having developed and contextualized our method, we provide a series of real data examples that demon-

strate its usefulness.

6.4.1 Ranking large language models from user preference data

Although we do not have access to the full LM Arena data, we can use a smaller dataset that LM Arena

has made publicly available [Chiang et al., 2024b]. This dataset containsm = 33000 i.i.d examples of human

preference data, where users provide two models with the same prompt and then mark which of the two

models performed better. In total, the dataset hasn = 20 models.

Following Chiang et al. [2024a], we use this data to Þt a weighted Bradley-Terry model [Bradley and

Terry , 1952], where each example is inversely weighted by the probability of those two models being shown

to the user. Because these probabilities are not given to us, we estimate them from the data. Table6.2

reports the arena scores, which are found by multiplying each modelÕs Bradley-Terry coe"cient by 400 and
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Model name Arena score
gpt-4 1535
claude-v1 1439
claude-instant-v1 1351
gpt-3.5-turbo 1301
guanaco-33b 1160
vicuna-13b 1132
palm-2 1104
wizardlm-13b 1093
vicuna-7b 1051
koala-13b 1019
mpt-7b-chat 896
gpt4all-13b-snoozy 889
RWKV-4-Raven-14B 873
alpaca-13b 841
oasst-pythia-12b 828
chatglm-6b 790
fastchat-t5-3b 776
stablelm-tuned-alpha-7b 691
llama-13b 657
dolly-v2-12b 656

Table 6.2: Arena scores of then = 20 models from the publicly available LM Arena dataset [Chiang et al.,
2024b].

then adding 1000.

Table 6.2 shows that gpt-4 is the best performing model onChiang et al. [2024b]Õs dataset. Can we a"rm

that it is indeed the best performing model in the population (i.e., if we had inÞnite samples)? Because

the number of samples is so large, the central limit theorem implies our estimated coe"cientsö" á( N (", &)

approximately follow a normal distribution centered around the population coe"cients " . The covariance &

is unknown, but we can estimate it via the bootstrap (we useb = 10000 bootstrap iterates). This enables

to apply both Algorithm 3 and Algorithm 4 to get LCBs for the di!erence between gpt-4 and the remaining

modelsÕ population arena scores. Algorithm3Õs simultaneous LCB enables us to say with 95% conÞdence

that

ArenaScoregpt ! 4 > max
model '=gpt ! 4

ArenaScoremodel ! 21. (6.5)

That is, we can a"rm that gpt-4Õs population arena score is not too much worse than any of the other

models. In contrast, Algorithm 4Õs conditional approach enables us to a"rm with conÞdence that gpt-4 is

indeed be the best model in the population. In particular, it allows to say with 95% conÞdence that

ArenaScoregpt ! 4 > max
model '=gpt ! 4

ArenaScoremodel + 19. (6.6)

Despite having such a large sample size, we still air on the safe side and run some simulations to a"rm

that our conditional LCB does not undercover in this sort of real data setting. In our simulations, we use

our Þtted Bradley-Terry coe"cients ö" as the population coe"cients. For each simulated trial, we sample

m = 33000 pairs of competing models (i, j ) with i < j from our original dataset (with replacement), and

mark that the i th model won with probability f (eö$i ! ö$j ), where f (á) is the sigmoid function. To save time, we

only run B = 1000 simulated trials and only useb = 100 bootstrap iterates in each of these trials. Our 95%
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Figure 6.2: For each sub-sample size on the x-axis, the Þve ResNet models from Table6.1 are evaluated on
B = 100 di!erent random sub-samples of the sizem = 50000 ImageNet validation set. The plots give the
distribution of the resulting conditional LCBs from Algorithm 4 and simultaneous LCBs from Algorithm 3
(left), along with the proportion of times these LCBs are non-negative (right).

conditional LCB has an empirical miscoverage rate of only 0.001. Note that this overcoverage should not be

surprising. Even though our conditional procedure is strictly more powerful than simultaneous inference, it

still involves taking the maximum of n = 20 selective p-values, so it can certainly be conservative. This may

especially be the case when many observations are in close competition to be the largest, as is the case in

this example.

6.4.2 Ranking ResNet models

We revisit the problem of determining whether the ResNet model with the best performance on the

validation dataset is actually the best performing model in the population (see Table6.1 for a refresher on

the Þve di!erent models and their performances). We will denote the validation top-1 accuracy (i.e., the

fraction of validation examples where the modelÕs top prediction matches the true label) of the Þve models

as öq " R5, with öqi being the validation accuracy of the i th largest model (so öq5 is the validation accuracy

of ResNet-152). Since öq is a sample mean ofm = 50000 Þve-dimensional i.i.d observations, it should follow

roughly a normal distribution by the central limit theorem, i.e., öq á( N (q,&) where q " R5 contains the

unknown population accuracies of the Þve models. Having observed that öq5 is the largest entry of öq, we want

to verify whether or not q5 is the largest entry of q. Although the covariance & of öq is unknown, öq is a sample

mean, so & is easy to estimate from the data. We point out that, because models often get the same easy

examples correct and same di"cult examples wrong, the covariance & is dense and highly non-trivial. This

dense covariance precludes us from using the methods ofGutmann and Maymin [1987], Hung and Fithian

[2019b], and Stefansson et al.[1988].

We compare four approaches for verifying thatq5 is the largest entry of q:

1. Incorrect approach: Often times, the validation set performance of models is displayed exactly as

we have shown it in Table 6.1, and it is implicitly assumed that the model with the best validation

performance would perform the best in the population. For example, this is the case in the original
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ResNet paper, which contains a table exactly like the one we have presented [He et al., 2016]. This

approach is unprincipled, and can result in false claims with high probability!

2. Naive approach: A naive, but statistically valid approach, is to report standard error bars for

each modelÕs validation accuracy. These sorts of error bars are what are now typically presented

in contemporary machine learning literature. Using these error bars, one can apply a Bonferonni

correction and get simultaneously valid conÞdence intervals for each modelÕs population accuracy. For

example, we can say with 95% conÞdence that all of the following statements simultaneously hold:

q1 " (0.667, 679), q2 " (0.707, 0.719), q3 " (0.796, 0.806), q4 " (0.805, 0.815), q5 " (0.812, 0.821)

Because the intervals forq4 and q5 overlap, however, this approach does not allow us to conÞdently

say that ResNet-152 is the best model.

3. Simultaneous approach: The simultaneous approach is to use the LCB given by Algorithm3. Unlike

the previous naive approach (which is technically just a di!erent way of doing simultaneous inference),

this non-naive simultaneous approach does inference on the di!erence between the accuracy of two

models. Because the model predictions are highly correlated (models tend to be correct and incorrect

on the same examples), our estimates of the di!erence in performance between two models tend to

have lower standard errors than the estimates of each modelÕs individual performance. Algorithm3Õs

LCB allows us to state with 95% conÞdence that

q5 > max
1, i , 4

qi + 0 .0044

i.e., we can a"rm that ResNet-152 is the best model in the population.

4. Selective approach: By inverting Theorem 9Õs test, we can state with 95% conÞdence that

q5 > max
1, i , 4

qi + 0 .0053.

The selective approach both (1) a"rms that ResNet-152 is the best model in the population, and (2)

a"rms a bigger gap in population performance between ResNet-152 and the remaining models than the

simultaneous approach. We re-a"rm that, according to our theory, whenever the selective approach is

able to a"rm a positive gap, it will a"rm a bigger gap than the simultaneous approach.

In this problem, we were lucky to have a large enough validation set that both the simultaneous and

conditional LCBs were able to verify ResNet-152 as the best model. We are not always fortunate enough,

however, to have benchmark datasets withm = 50000 examples, and it is worth studying how these two

methods compare when the validation set size is smaller.

Figure 6.2 displays what happens when we run both Algorithm 3 and Algorithm 4 after randomly

subsetting the ImageNet validation set to di!erent sizes. The left panel shows that the conditional method

tends to deliver larger LCBs than the simultaneous approach, and the right plot demonstrates what we

already provably knew: the conditional method makes strictly more discoveries than the simultaneous one.

We do notice in the left panel that the conditional method does sometimes (very rarely) give very low LCBs,

particularly when the size of the validation set is small (in low sample settings, the winner is more likely to
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be less distinguishable from the other observations). We see, however, that it is quite rare to observe one

of these exploding conditional LCBs, and they are more than made up for by the fact that the conditional

method makes strictly more discoveries.

Despite the sample size being so large, we air on the safe side and run some simulations to a"rm that

our conditional LCB does not undercover in this sort of real data setting. So that our simulated setting

mimics our real data example, we treat öq as the population accuracy of each Òpretrained modelÓ in our

simulations. To get simulated examples that respect the correlation structure of our real data examples, we

use the following three step procedure to generate each new Þve-dimensional validation sample.

1. Generate Y ( N (0, ö$), where ö$ is our estimate ö& of the covariance of öq, but standardized to be a

correlation matrix.

2. Transform Y into Þve uniformly disturbed random variables via the transformation Ui = #( Yi ).

3. For this sample, mark the i th Òpretrained modelÓ as correct whenUi ) öqi and incorrect otherwise.

Over B = 10000 simulated trials, where in each simulated trial we generatem = 50000 new validation

examples, our 95% conditional LCB has an empirical miscoverage rate of 0.048.

6.4.3 Ranking clutch basketball players

Player Clutch Þeld goal % Clutch Þeld goal attempts

Michael Jordan 0.462 676

Kobe Bryant 0.444 2871

LeBron James 0.523 3525

Stephen Curry 0.558 1685

Kevin Durant 0.504 2224

Kawhi Leonard 0.510 921

Table 6.3: According to inpredictable.com [Beuoy, 2025], the observed clutch Þeld goal percentage and
number of clutch Þeld goals taken for LeBron James, Kobe Bryant, Michael Jordan, Stephen Curry, Kevin
Durant, and Kawhi Leonard. Player with the highest clutch Þeld goal percentage is bolded.

In basketball, a classic question is determining which player in a group is the most clutch, i.e., when it

matters, who is most likely to score a basket?

Whether or not a shot should be classiÞed as ÒclutchÓ is up to interpretation, and many deÞnitions

exist. We will leave this classiÞcation up to the popular sports analytics siteinpredictable.com , which

broadly describes clutch shots as Òshots taken that have an elevated impact on win probabilityÓ [Beuoy,

2025]. Whether or not a shot Þts into this category is determined internally by the site, and then Þnal

clutch Þeld goal percentages and number of clutch shots taken are reported for each player. We provide

these numbers for six well-known players in Table6.3. We mention that Michael JordanÕs numbers are taken

only from 1996 onward because this is the year that the National Basketball Association started recording

play-by-play data. Hence, any claims we make about Michael Jordan only apply to the Michael Jordan that

played from 1996-2003, and are not representative of his whole career.



CHAPTER 6. RANK VERIFICATION VIA SELECTIVE INFERENCE 66

In our analysis, we make the simplifying assumption that the outcomes of all the clutch shots for the all

the players are independent. This assumption may be violated if some clutch shots were taken in the same

game, whether by the same or di!erent players. We expect the extent to which this assumption is violated,

however, to be small.

More speciÞcally, since LeBron JamesÕ has takennLeBron = 3525 clutch shots, we assume that the number

of clutch shots LeBron has made will follow a Bin(3525, qLeBron ) distribution, where LeBronÕs population

clutch Þeld goal percentageqLeBron is unknown. Because the number of clutch shots each player has taken

is di!erent, Hung and Fithian [2019b]Õs rank veriÞcation procedure cannot be applied to this problem. To

proceed, we instead note thatnLeBron is large enough for the central limit theorem to apply, i.e., öqLeBron
á(

N (qLeBron , $2) where $2 = qLeBron (1! qLeBron )/n LeBron . More generally, the vector öq " R6 of empirical clutch

Þeld goal percentages for each player approximately has a multivariate normal distribution öq á( N (q,&),

where q " R6 encodes the playersÕ population clutch Þeld goal percentages, and & is a diagonal covariance

matrix. This enables us to apply our rank veriÞcation method to the problem. Per usual, & is unknown.

Since the öqi are sample means, however, & can be easily estimated from the data.

The Þrst question we try and answer is the most popular one. Out of Lebron James, Kobe Bryant, and

Michael Jordan, who is the most clutch? Upon observing that James has the highest empirical clutch Þeld

goal percentage of the three (see Table6.3), can we a"rm that his population clutch Þeld goal percentage is

actually highest? Algorithm 3Õs simultaneous LCB allows us to say with 95% conÞdence that

qLeBron > max{ qMichael , qKobe } + 0 .016

In contrast, Algorithm 4Õs conditional LCB allows us to say with 95% conÞdence that

qLeBron > max{ qMichael , qKobe } + 0 .025

Via both methods, we are able to say with conÞdence that James is a more clutch player than Jordan and

Bryant. As predicted by our theory, however, the conditional approach is able to certify a larger gap between

JamesÕ and the othersÕ abilities. Although the di!erence between the gaps, which is 0.9%, may seem small,

a one-percent di!erence in Þeld goal percentage is quite sizable in basketball, especially when one considers

that star players take thousands of clutch shots over their careers.

What if we had wanted to add some more modern players into the mix? Along with Lebron James, Kobe

Bryant, and Michael Jordan, we now also consider Stephen Curry, Kevin Durant, and Kahwi Leonard, three

other players who have won Finals MVPs and are known to perform well in the clutch. Out of the bunch

Curry has the highest empirical clutch Þeld goal percentage. Can we verify that he is actually the most

clutch? Algorithm 3Õs simultaneous LCB allows us to say with 95% conÞdence that

qStephen > max{ qLeBron , qMichael , qKobe , qKevin , qKawhi } ! 0.0009.

That is, we can a"rm that Curry is not that much less clutch than any of the others, but we cannot a"rm

that he is the most clutch. In contrast, Algorithm 4Õs conditional LCB allows us to say with 95% conÞdence

that

qStephen > max{ qLeBron , qMichael , qKobe , qKevin , qKawhi } + 0 .0084,
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and therefore enables us to claim with conÞdence that Curry is indeed more clutch than the rest.

Again, despite having a large number of clutch shots per player, we run simulations to make sure that

our conditional LCB does not undercover in this sort of real data setting. In our simulated trials, we treat

each playerÕs observed clutch Þeld goal percentage öqplayer as their population clutch Þeld goal percentage,

and sample a binomial observation Bin(nplayer , öqplayer ) for each player. Using these observations, we apply

our procedure as described above. When we include only James, Bryant and Jordan in our simulations, our

95% selective LCB has an empirical miscoverage rate of 0.033 overB = 10000 trials. When we include all six

players in our simulations, our 95% selective LCB has an empirical miscoverage rate of 0.024 overB = 10000

trials.

6.5 Rank veriÞcation in exponential families

Brießy, we revisit the rank veriÞcation problem of Hung and Fithian [2019b], where we observe data

X " Rn from a natural multi-parameter exponential family P& with density

g&(x) = exp( , 1x1 + á á á+ , n xn ! - (, ))g(x), (6.7)

with respect to some base measure1. Our goal in revisiting this problem is two-fold. First, it illustrates

how Hung and Fithian [2019b]Õs rank veriÞcation procedure Þts nicely in our framework. Second, we show

that Hung and Fithian [2019b] do not appropriately handle cases where there can be ties for the winner In

contrast, our selective dominance framework naturally handles these cases properly.

Like Hung and Fithian [2019b], we want to verify that , W is strictly larger than the remaining , j , where

W is the index of the largestX i . In case of ties, we followHung and Fithian [2019b] and setW to randomly

be one of the winning indices. SinceE&[X i ] = , i , the winning parameter , W may reasonably be the largest

of the , i .

Considering the nulls H0,ij : , i ) , j , we want to reject the data-dependent null 3 j '= W H0,W j and a"rm

that , W is strictly larger than every other parameter 2. Considering j -= W , our strategy will be to come up

with a valid test for H0,W j , and then reject 3 j '= W H0,W j whenever we rejectH0,W j for every j -= W . Fixing

i -= j , we start by constructing the UMPU p-value pij for testing H0,ij : , i ) , j . Ultimately, we will only

use this p-value to testH0,ij when i is selected as our winning index, and we will correspondingly adjust the

p-value to account for this selection.

DeÞning the transformed su"cient statistics Y " Rn by

Yi =
X i ! X j

2
, Yj =

X i + X j

2
, Y# = X # for &-= i, j, (6.8)

the random vector Y has an exponential family density given by

÷g&(y) = exp

#

$ (, i ! , j )yi + ( , i + , j )yj +
"

#'= i,j

, #y# ! - (, )

%

& ÷g(y) (6.9)

1We assume that Ti (x) = xi so that our discussion more closely mirrors Hung and Fithian [2019b], although we do not need
to. Hung and Fithian [2019b] also assume that g(x) is Schur concave for other purposes, but we leave this assumption out.

2 If we performed the same analysis for the nulls H "
0,ij : " i ! " j " $ then we could verify that " W is more than $ larger than

any other " j . Inverting these tests would result in a LCB for the di!erence " W ! maxj "= W " j between the winning and next
largest parameter.
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with respect to some other base measure. It is then well-established (see AppendixB.15.1) that if we denote

the conditional left-continuous survival function of Yi and its right-hand limit as

Gij (yi |y! i ) = P&i = &j (Yi 2 yi |Y! i = y! i ) G+
ij (yi |y! i ) = lim

u- yi

Gij (u|y! i ), (6.10)

then the UMPU p-value pij for testing H0,ij : , i ) , j is given by

pij = G+
ij (Yi |Y! i ) + Uij,aux (Gij (Yi |Y! i ) ! G+

ij (Yi |Y! i )) , (6.11)

where Uij,aux are Unif([0, 1]) random variables that are independent from each other and the data. By

Example 4, the p-value pij is selectively dominant givenY! i .

Crucially, we can tell if X i is a winner by examining the p-value pij . It is straightforward to conÞrm

that X i is the sole winner exactly whenYi > maxk '= i Yk ! Yj . Equivalently, this happens whenpij is strictly

smaller than

q+
ij (Y! i ) = G+

ij (max
k '= i

Yk ! Yj |Y! i ). (6.12)

Likewise, one can conÞrm thatX i is one of multiple winners exactly whenYi = max k '= i Yk ! Yj , or equivalently

when pij is at least q+
ij but at most

qij (Y! i ) = Gij (max
k '= i

Yk ! Yj |Y! i ). (6.13)

Moreover, in the case that there are multiple winners, the number of winners is also a deterministic function

of Y! i :

Ni (Y! i ) = 1 + |{ &-= i : Y# = max
k '= i

Yk }| . (6.14)

Note that Ni (Y! i ), which is always at least two, is not the same as the number of winners, which can be

one. Rather, it is the number of winners there will be if X i is a winner and at least one otherX k is as well

(see AppendixB.12 for details).

Leveraging these facts, we can apply our framework to come up with a valid test forH0,W j . Essentially,

we usepij to test H0,ij with probability one when it is less than q+
ij , and with probability 1 /N i (we randomly

select one of theNi winners) when it is betweenq+
ij and qij . Explicitly, letting p = pij and Z = Y! j , we can

apply our framework with the selection function

s(x, z) =

)
333*

333+

1 if x < q +
ij (z),

1
N i (z) if x " [q+

ij (z), qij (z)]

0 otherwise

.

This is a piece-wise linear function that is easy to integrate, and, after some computations detailed in

Appendix B.13, Theorem 5 tells us to reject when the selective p-value

pij !
0

1 ! 1
N i

1
(pij ! q+

ij )+

q+
ij + 1

N i
(qij ! q+

ij )
(6.15)

is at most ! .
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Figure 6.3: Considering three independent binomialsX i ( Bin( b, si ) with b = 4 and si = 1 / 2, the Þrst
panel (left) depicts N = 106 draws from the conditional distribution of the p-value p12 (used for testing
H0,12 : s1 ) s2) given W = 1 and the nuisance statistics (X 1 + X 2)/ 2 = 2, X 3 = 2. When p12 < q +

12, then
X 1 is the sole winner and the p-value is selected for inference with probability one, but whenp0

12 " [q+
12, q12]

there is a three-way tie and it is selected for inference with probability 1/ 3. Hence, the p-valueÕs conditional
distribution is not uniform on [0 , q12] asHung and Fithian [2019b] implicitly assume. The next panel (right)
displays the consequence. Conditional onW = 1, Hung and Fithian [2019b] do not maintain Type I error
control when testing H 0

W 2 at level ! = 0 .1 (denoted by horizontal dashed line), whereas our method does.
Error bars denote a 99% conÞdence interval.

The crucial di!erence between our derivation and Hung and Fithian [2019b]Õs is thatHung and Fithian

[2019b] use the same selective p-value when there can and cannot be ties amongst theX k . If there cannot

be ties amongst theX k , then qij = q+
ij always, and the selective p-value (6.15) simpliÞes topij /q ij . If we use

pij /q ij when ties are possible, however, we will not achieve conditional error control (as is claimed inHung

and Fithian [2019b]). We give an example in Figure6.3, where X " R3 is composed of three independent

binomials. The left panel of Figure 6.3 depicts the conditional distribution of p12 given W = 1 for a speciÞc

setting of the nuisances statisticsY! j . It makes it clear that rejecting when pij /q ij ) ! does not maintain

conditional error control, as is a"rmed in Figure 6.3Õs right panel.



Appendix A

Supplementary material relating to

column subset selection

A.1 Additional simulation details and results

A.1.1 Missing data simulation setting

We describe the distribution used in Section2.4.1. Recall the PCSS model:

X S ( F

X ! S | X S ( N (µ! S + W (X S ! EF [X S]), $2I p! k ).
(3.1, revisited)

We set the ground truth subset to be S = { 1, 2, 3, 4} and let X S have a mean-zero multivariate Gaussian

distribution with equicorrelated covariance 0.75áI 4 + 0 .25á11%. We set $2 = 0 .15. The matrix W is given

70
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below:

W =

9

:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
:
;

!
17/ 90

!
17/ 90

!
17/ 90 0

!
17/ 50

!
17/ 50 !

!
17/ 50 0

!
17/ 50 !

!
17/ 50

!
17/ 50 0

!
17/ 50 !

!
17/ 50 !

!
17/ 50 0

!
!

17/ 50
!

17/ 50
!

17/ 50 0

!
!

17/ 50
!

17/ 50 !
!

17/ 50 0

!
!

17/ 50 !
!

17/ 50
!

17/ 50 0

!
!

17/ 90 !
!

17/ 90 !
!

17/ 90 0

0
!

17/ 90
!

17/ 90
!

17/ 90

0
!

17/ 50
!

17/ 50 !
!

17/ 50

0
!

17/ 50 !
!

17/ 50
!

17/ 50

0
!

17/ 50 !
!

17/ 50 !
!

17/ 50

0 !
!

17/ 50
!

17/ 50
!

17/ 50

0 !
!

17/ 50
!

17/ 50 !
!

17/ 50

0 !
!

17/ 50 !
!

17/ 50
!

17/ 50]

0 !
!

17/ 90 !
!

17/ 90 !
!

17/ 90

<

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
>

It is designed so the rows have non-zero entries of equal magnitude, rows with the same non-zero entries

have a di!erent conÞguration of signs, and the variance of each variable is one.

A.1.2 Simulation setting for selecting subset size

We describe the distribution used in Section3.3.1. Recall the subset factor model:

X S ( F +( (0, D ) +1 5 , . . . , 5 +p! k Cov(X S, +) = 0

X ! S = W (X S ! EF [X S]) + µ! S + +.
(3.2, revisited)

We set the ground truth subset to be S = { 1, . . . , 20} and let X S have a mean-zero multivariate Gaussian

distribution with block diagonal covariance. SpeciÞcally there are Þve equally sized blocks, each of which is

the equicorrelated matrix 0.5 áI 4 + 0 .5 á11%. The matrix W is somewhat sparse, and the non-zero entries

are 1 or ! 1 with probability 1 / 2. We document the non-zero entries ofW here:

W 1:7 ,1:8 =

!

"
"
"
"
"
"
"
"
"
"
"
#

! 1 1 1 ! 1 1 1 1 1

! 1 1 1 ! 1 ! 1 1 1 1

! 1 1 ! 1 1 1 1 1 1

1 ! 1 1 ! 1 1 ! 1 ! 1 ! 1

! 1 1 ! 1 1 1 1 1 1

1 ! 1 ! 1 1 ! 1 ! 1 ! 1 1

1 1 1 1 1 ! 1 1 1

$

%
%
%
%
%
%
%
%
%
%
%
&

, W 8:14 ,5:12 =

!

"
"
"
"
"
"
"
"
"
"
"
#

1 ! 1 1 1 1 1 ! 1 ! 1

1 1 ! 1 ! 1 1 ! 1 1 ! 1

1 ! 1 ! 1 ! 1 ! 1 ! 1 1 ! 1

! 1 1 1 ! 1 ! 1 ! 1 1 1

1 1 ! 1 ! 1 1 1 1 1

1 1 1 ! 1 ! 1 ! 1 1 1

! 1 1 1 ! 1 1 1 1 1

$

%
%
%
%
%
%
%
%
%
%
%
&
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W 15:21 ,9:16 =

!

"
"
"
"
"
"
"
"
"
"
"
#

1 1 1 1 ! 1 1 ! 1 ! 1

1 1 1 ! 1 ! 1 1 1 1

1 1 ! 1 1 1 1 1 1

1 ! 1 1 ! 1 1 ! 1 ! 1 ! 1

1 1 1 ! 1 1 ! 1 ! 1 1

1 1 ! 1 1 1 1 1 1

1 ! 1 1 1 1 ! 1 ! 1 1

$

%
%
%
%
%
%
%
%
%
%
%
&

, W 22:30 ,13:20 =

!

"
"
"
"
"
"
"
"
"
"
"
"
"
"
"
"
"
#

1 1 ! 1 ! 1 1 1 1 ! 1

! 1 1 ! 1 ! 1 1 ! 1 ! 1 ! 1

1 1 ! 1 ! 1 1 1 1 1

1 ! 1 1 ! 1 1 ! 1 1 ! 1

! 1 1 ! 1 ! 1 ! 1 1 ! 1 1

! 1 ! 1 ! 1 ! 1 1 1 ! 1 1

! 1 ! 1 ! 1 ! 1 1 1 ! 1 ! 1

1 ! 1 ! 1 1 1 1 1 ! 1

! 1 ! 1 ! 1 ! 1 ! 1 1 ! 1 1

$

%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
&

To deÞneD , Þrst we deÞne the diagonal matrix ?D where ?D ii = i mod 6. Then we setD = s á ÷D , where

we uses " R to control the amount of signal. The values ofs we use ares = 0 .254, 0.812, 2.71, 9.2, 30.0. The

unique factors + ( (0, D ) are generated independently of the principal variables. When the unique factors

are non-Gaussian, ten of them are Exp(1)! 1 random variables, ten are Rademacher random variables

that take value 1 or ! 1 with probability 1 / 2, and ten are t-distributed random variables with 3 degrees of

freedom. In the non-Gaussian case we scale the unique factors so their variance matchesD . The indices of

the exponential random variables are 1, 11, 13, 17, 19, 20, 23, 24, 26, 27, of the Rademacher random variables

are 3, 4, 8, 9, 12, 14, 21, 22, 29, 30, and of the t-distributed random variables are 2, 5, 6, 7, 10, 15, 16, 18, 25, 28.

These indices were chosen from a random permutation.

We also ran the same simulations in the case whereX S ( N (0, I k ), + ( N (0, 1I k ) for some 1 > 0,

X S 5 +, and the rows ofW are randomly generated unit vectors. The results (not shown) are notably better

than the ones we chose to display.

A.1.3 Additional simulations for selecting subset size

We give results from additional simulations, where we repeat the simulations from Section3.3.1 but for

di!erent sample sizesn. Figure A.1 depicts the results for the Gaussian unique factor case and FigureA.2

for the non-Gaussian unique factor case.

A.1.4 Selecting subset size with a forward-backward algorithm

We rerun our simulation from Section 3.3.1 but now using a forward-backward algorithm to Þnd the

smallest subset size for which we fail to reject. This is a natural choice, as forward-backward algorithms are

commonly used for model selection tasks [Borboudakis and Tsamardinos, 2019]. Our algorithm completes a

forward stage and then a backward stage. During each iteration of the forward stage, the algorithm greedily

adds the variable that results in the largest decrease of the test statisticT(á) to the selected set. The forward

stage continues until we Þnd a subset for which we fail to reject. Then it begins the backward stage. On each

iteration of the backward stage, the algorithm greedily removes the variable whose removal results in the

smallest increase ofT(á). The backward stage continues until removing any additional variable would result

in a subset for which we reject. Conveniently, after one such forward and backward stage, our algorithm has

converged, because removing any additional variables would result in rejecting, and there is no need to add

more variables since we have already found a subset size for which we fail to reject.

The results from replicating Section 3.3.1Õs simulations with our forward-backward algorithm are given

in Figure A.3. Although the forward-backward algorithm is faster, it performs considerably worse than our
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(a) n = 100

(b) n = 200

(c) n = 300

(d) n = 400

(e) n = 500

Figure A.1: Results for the case of Gaussian unique factors. For description of the plots, see the caption of
Figure 3.1
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(a) n = 100

(b) n = 200

(c) n = 300

(d) n = 400

(e) n = 500

Figure A.2: Results for the case of non-Gaussian unique factors. For description of the plots, see the caption
of Figure 3.1
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(a) Gaussian unique factors

(b) Non-Gaussian unique factors

Figure A.3: Replication of the simulations whose results are in depicted Figure3.1, but now using our
forward-backward algorithm to perform subset search. For description of the plots, see caption of Figure3.1.

swapping algorithm. Compared to the swapping algorithm, our forward-backward algorithm over selects

more often and more drastically. Also, it often selects worse subsets, in the sense that the overlap between

the variables it selects and the true population factor set is noticeably smaller. When we replicate the

experiment for sample sizes other thann = 200 as we did for swapping in AppendixA.1.3, we see the same

degradation in performance (results not shown).

A.2 More on selecting the appropriate subset size

In this section, we provide more details surrounding the procedures presented in Section3.3. Recall that

we want to identify k&, the smallestk for which the data generating distribution belongs to the subset factor

model, and that the procedures we consider outputök, the smallestk for which we are unable to reject the null

that a size-k subset is su"cient. In Appendix A.2.1 we consider the restricted case where the unique factors

are Gaussian and independent of the principal variables, and establish a test for this null with Þnite sample

validity. In Appendix A.2.2, we show that the same test maintains asymptotic validity in the unrestricted

case. This is immediately su"cient to imply the correctness of Theorem4, the proof of which is detailed

in Appendix A.7.12. In Appendix A.2.3, we discuss some desirable properties of the (ideally) outputted

subset öS and some practical considerations surrounding searching for it. Finally, in AppendixA.2.4 we give

a discussion that establishes the analogous procedure for the PCSS model (3.1).

Throughout we considern > p data points x(1) , . . . , x(n ) " Rp that are sampled from some distribution

and have sample mean öµ and sample covarianceö! .
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A.2.1 A Þnite-sample test when the unique factors are Gaussian

The goal of this section is to develop a test that is level! in Þnite samples for the nullH 0 : |S| ) k that

the data is drawn from from a distribution in the k-dimensional subset factor model (3.2) with Gaussian

unique factors + that are independent of the principal variables X S. This is the set of distributions that

satisfy

X S ( F

X ! S | X S ( N (µ! S + W (X S ! EF [X S]), D ).
(A.1)

for some size-k subsetS, whereD / 0 is an arbitrary diagonal matrix. In other words, it is the PCSS model

(3.1) where the covariance ofX ! S | X S is now allowed to be diagonal (rather than just isotropic).

Motivating a test statistic

Our test statistic more or less comes from a generalized likelihood ratio test (LRT). SpeciÞcally we

compare the dataÕs likelihood under a totally unrestricted multivariate Gaussian model to its likelihood

under a restricted multivariate Gaussian model, where the restricted multivariate Gaussian model only

considers distributions that are also in k-dimensional subset factor model. Suppose thatö! / 0. It is well

known that the minimized negative log-likelihood, scaled by 1/n , under the unrestricted Gaussian model is

given by
1
2

log | ö! | +
p
2

(1 + log(22))

From [Petersen and Pedersen, 2008, 9.1.2], the above can be written as

1
2

log | ö! U | +
1
2

log | ö! ! U ! ö! ! U,U
ö!

! 1
U

ö! U, ! U | +
p
2

(1 + log(22)) ,

for any size-k subset U. Appendix A.7.5 in the proof of Theorem 1 tells us that the minimized negative

log-likelihood, also scaled by 1/n , under the restricted Gaussian model is

min
U ) [p]: |U |= k

1
2

log | ö! U | +
1
2

log(|Diag( ö! ! U ! ö! ! U,U
ö!

! 1
U

ö! U, ! U )|) +
p
2

(1 + log(22))

The generalized LRT statistic is two times the di!erence in log likelihoods, and is thus given by

min
U ) [p]: |U |= k

n log

'
|Diag( ö! ! U ! ö! ! U,U

ö!
! 1
U

ö! U, ! U )|

| ö! ! U ! ö! ! U,U
ö!

! 1
U

ö! U, ! U |

(

.

Our test statistic generalizes the LRT statistic by allowing for singular ö! :

Tk = min
U ) [p]: |U |= k

T(U), T(U) = n log

'
|Diag( ö! ! U ! ö! ! U,U

ö!
+
U

ö! U, ! U )|

| ö! ! U ! ö! ! U,U
ö!

+
U

ö! U, ! U |

(

(3.4, revisited)

There may be size-k subsetsU for which |Diag( ö! ! U ! ö! ! U,U
ö!

+
U

ö! U, ! U )| = | ö! ! U ! ö! ! U,U
ö!

+
U

ö! U, ! U | = 0,

and we adopt the convention that T(U) = 0 for such U. In the case that k = 0, the same reasoning tells us

that T0 = n log
0

|Diag( ö! )|/ |! |
1

.
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Determining a critical value

We will come up with a critical value by studying the distribution of T(S), where S is a size-k subset

for which the data generating distribution satisÞes (A.1). Since Tk = min U ) [p]: |U |= k T(U) ) T(S), rejecting

when Tk is larger than the appropriate quantile of T(S) will be su"cient to guarantee type I error control.

To study the distribution of T(S) we leverage techniques from Þxed-X Ordinary Least Squares. It su"ces

to understand the distribution of ö! ! S ! ö! ! S,S
ö!

+
S

ö! S,! S , i.e, the distribution of the residual covariance from

the regression of thex( i )
! S on the x( i )

S . We are able to show that, conditional on thex( i ) , this covariance has

a Wishart distribution. Then, via the Wishart distributionÕs Bartlett decomposition [ Anderson et al., 1958,

Corollary 7.2.1], we establish that the quantiles ofT(S) are bounded above by those of

n
p! k"

j =2

log

'

1 +
÷%2

j ! 1

%2
n ! k ! j

(

. (3.5, revisited)

In (3.5) { %2
#} , { ÷%2

#} are mutually independent chi-squared random variables with degrees of freedom speciÞed

by their subscript. When k = p ! 1, (3.5) should be interpreted as a point mass at zero, and the same

argument holds whenk = 0.

Denoting the (1 ! ! ) quantile of (3.5) as Qn,p,k (1 ! ! ), Lemma A.2.1 both summarizes this result and

also establishes Þnite sample validity the test that rejects whenTk > Q n,p,k (1 ! ! ).

Lemma A.2.1. Consider n > p samplesx(1) , . . . , x(n ) " Rp drawn from a distribution P that satisÞes(A.1)

for some size-k set S where 0 ) k < p . Then the quantiles ofT(S) are bounded above by the quantiles of

(3.5). As a consequence,P(Tk > Q n,p,k (1 ! ! )) ) ! .

A.2.2 An asymptotic test for the subset factor model

We now show that the test from Appendix A.2.1 maintains asymptotic validity for the more general null

H0,k : |S| ) k that the data is drawn from a distribution in the k-dimensional subset factor model. Recall

that the k-dimensional subset factor model is the set of distributions satisfying

X S ( F +( (0, D ) +1 5 , . . . , 5 +p! k Cov(X S, +) = 0

X ! S = W (X S ! EF [X S]) + µ! S + +.
(3.2, revisited)

for some size-k subsetS.

Lemma A.2.2 tells us that, should the data be drawn from a distribution satisfying (3.2) for some size-k

set S, then T(S) has a pivotal chi-squared limiting distribution. The degrees of freedom match what one

would expect from WilksÕ theorem [Wilks , 1938], although our setting is much more general. The proof is a

careful application of the delta method and standard, but its result is surprising. Typically, we would expect

the limiting distribution of a statistic like T(S) to depend on fourth moments and therefore not be pivotal.

Lemma A.2.2. Consider samplesx(1) , . . . , x(n ) " Rp drawn from a distribution that satisÞes (3.2) for some

size-k set S where0 ) k < p . With p and k Þxed,T(S) ! %2
(p! k )( p! k ! 1) / 2 as the number of samplesn tends

to inÞnity.

In Lemma A.2.2, %2
(p! k )( p! k ! 1) / 2 should be interpreted as a point mass at zero whenk = p ! 1.
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Using LemmaA.2.2, LemmaA.2.3 establishes the asymptotic validity of the same test from AppendixA.2.1

under the more general nullH0,k : |S| ) k. Using LemmaA.2.2, we can easily show that the (1! ! ) quantile

of (3.5) converges to the (1! ! ) quantile of the %2
(p! k )( p! k ! 1) / 2 distribution, which we will denote Qp,k (1! ! ).

BecauseT(S) has a limiting distribution that admits a density, it is then immediate that the di!erence be-

tween P(T(S) > Q n,p,k (1 ! ! )) and P(T(S) > Q p,k (1 ! ! )) converges to zero, and this is su"cient to imply

the result.

Lemma A.2.3. For samplesx(1) , . . . , x(n ) " Rp drawn from a distribution P that satisÞes(A.1) for some

size-k set S where 0 ) k < p , lim supn *( P(Tk > Q n,p,k (1 ! ! )) ) ! .

Our decision to use the quantiles of (3.5) rather than those of the %2
(p! k )( p! k ! 1) / 2 distribution is inten-

tional, even though the latter guarantee the same asymptotic validity. In many practical settings, n is not

su"ciently larger than p for our asymptotic guarantees to be reßected in our Þnite sample results. Although

rejecting according to the quantiles of (3.5) only guarantees Þnite sample validity when the unique factors are

Gaussian (and independent of the principal variables), we may hope that this validity is somewhat robust to

deviations from Gaussianity. If so, rejecting according to the quantiles of (3.5) should improve performance

for smaller sample sizes while maintaining the same asymptotic guarantees.

Figure A.4 illustrates the beneÞts of rejecting according to the quantiles of (3.5). In Figure A.4, we

consider settings with p = 50 variables, a size k = 20 factor set S, and either n = 200 or n = 5000

samples, and plot three di!erent distributions: (1) the limiting chi-squared distribution of T(S); (2) the

distribution ( 3.5); and (3) the distribution of T(S) in an example case where the unique factors are not

Gaussian. In this non-Gaussian example, the thirty unique factors consist of ten centered Poi() ) random

variables with ) = 1 , . . . , 10, ten centered chi-squared random variables with 1, . . . , 10 degrees of freedom,

and ten uniform random variables that range from ! a to a for a = 1 , . . . , 10. The principal variables are

independent standard Gaussians and regression coe"cient matrixW " R(p! k ) " k has uniformly random

unit vector rows. Figure A.4 has two important takeaways. First, at reasonable sample sizes, the limiting

chi-squared distribution is a poor approximation for the actual distribution of T(S), and rejecting according

to its quantiles will lead to over-selection. Second, even when the unique factors are not Gaussian and the

sample size is reasonably small, (3.5) is an excellent approximation for the actual distribution of T(S). This

remained to be the case when we variedn, p, k, and the distributions of unique factors.

A.2.3 Examination of the selected subset

Ultimately, having settled on selecting a size-ök subset, we would ideally the size-ök subset öS that minimizes

T(U). Unlike in Section 3.3, öS in this section refers to any actual global minimizer ofT(U) that would be

found via exhaustive search. In what follows, we give a useful re-characterization oföS.

First, we re-characterize öS as an MLE. Given that T(U) is motivated by the LRT, this should not come

as a surprise. Consider the case that every (k + 1) by ( k + 1) principal sub-matrix of ö! is full rank. Then

we can use [Petersen and Pedersen, 2008, 9.1.2] to compute for any size-k subsetU that
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Figure A.4: In the case ofp = 50 variables and a sizek = 20 subset S, the exact Þnite sample distribution
of T(S) for n = 200 (left) and n = 5000 (right) samples in the cases of both Gaussian and non-Gaussian
unique factors, plotted against its limiting %2

(p! k )( p! k ! 1) / 2 distribution.

n log

'
|Diag( ö! ! U ! ö! ! U,U

ö!
! 1
U

ö! U, ! U )|

| ö! ! U ! ö! ! U,U
ö!

! 1
U

ö! U, ! U |

(

= n log

'
| ö! U ||Diag( ö! ! U ! ö! ! U,U

ö!
! 1
U

ö! U, ! U )|

| ö! U || ö! ! U ! ö! ! U,U
ö!

! 1
U

ö! U, ! U |

(

= n log

'
| ö! U ||Diag( ö! ! U ! ö! ! U,U

ö!
! 1
U

ö! U, ! U )|

| ö! |

(

= n
0

log(| ö! U |) + log( |Diag( ö! ! U ! ö! ! U,U
ö!

! 1
U

ö! U, ! U )|)
1

! n log(| ö! |)

So, in this case, every minimizeröS of T(U) belongs to

argmin
U ) [p]: |U |= k

log(| ö! U |) + log( |Diag( ö! ! U ! ö! ! U,U
ö!

! 1
U

ö! U, ! U )|) (A.2)

Correspondingly, in this case, the subsets belonging to (A.2) are exactly the maximum likelihood estimators

for S in the restricted Gaussian model that only consists of distributions also in theök-dimensional subset

factor model (see AppendixA.7.5 in the proof of Theorem 1).

Solving (A.2) also handles the case that every (k +1) by ( k +1) principal sub-matrix of ö! is not full rank.

In this case, there must be a size-k subset U such that T(U) = 0, and we should fail to reject. However,

every (k + 1) by ( k + 1) principal sub-matrix of ö! is not full rank if and only if the minimized value of ( A.2)

is !' . Thus solving (A.2) is su"cient to handle both cases.

We can easily modify our algorithms from Section2.3.1to e"ciently search for a subset that solves (A.2).

We detail how to do this in Appendix A.3.

BecauseöS results in the most empirically diagonal residual covariance, it is immediate that öS asymptot-

ically (Þxed p, n goes to inÞnity) recovers a subset that results in an exactly diagonal population residual

covariance, provided that ök 2 k&. Unfortunately, this does not necessarily mean thatöS will recover a subset

S for which the subset factor model (3.2) is satisÞed, because the subset factor model requires that the

unique factors are independent. We can at best guarantee that they are uncorrelated. Nonetheless, aside

from some pathological cases, we can guarantee recovery.
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Lemma A.2.4 uses the following less restrictive version of the subset factor model to state our recovery

result:

X S ( F +( (0, D ) Cov(X S, +) = 0

X ! S = W (X S ! EF [X S]) + µ! S + +.
(A.3)

Lemma A.2.4. Consider samplesx(1) , . . . , x(n ) " Rp drawn from a distribution P that satisÞes(A.3) for

some size-k set S. Suppose thatP has population covariance! such that ! S / 0. Then, with probability

one, P eventually satisÞes(A.3) with öS as the number of samplesn tends to inÞnity.

A.2.4 The PCSS model

We provide an exactly analogous discussion for the PCSS model (3.1). Recall that the k-dimensional

PCSS model is the set of distributions satisfying

X S ( F

X ! S | X S ( N (µ! S + W (X S ! EF [X S]), $2I p! k ).
(3.1, revisited)

for some size-k set S. Again, our procedure returns ök, the smallest k for which we fail to reject the null
?H0 : |S| ) k that the data generating distribution belongs to the k-dimensional PCSS model. Like before,

we provide a test for this null that is valid in Þnite samples and we comment on some qualities of the selected

subset öS. Because the PCSS model makes a Gaussian assumption, we do not need to discuss asymptotics.

Motivating a test statistic

Like in Appendix A.2.1, we consider a generalized LRT. SpeciÞcally, we compare the dataÕs likelihood

under a totally unrestricted multivariate Gaussian model to its likelihood under a restricted multivariate

Gaussian model, where the restricted multivariate Gaussian model only considers distributions that are also

in k-dimensional PCSS model. Again, suppose that! / 0. Identical reasoning as in AppendixA.2.1 along

with computations from the proof of Theorem 1 (see AppendixA.7.5) imply that the LRT test statistic is

min
U ) [p]: |U |= k

n log

#

@
$

0
Tr( ö! ! U ! ö! ! U,U

ö!
! 1
U

ö! U, ! U )/ (p ! k)
1p! k

| ö! ! U ! ö! ! U,U
ö!

! 1
U

ö! U, ! U |

%

A
&

Again, we will consider a generalization of this statistic that allows ö! to be singular:

?Tk = min
U ) [p]: |U |= k

?T(U), ?T(U) = n log

#

@
$

0
Tr( ö! ! U ! ö! ! U,U

ö!
+
U

ö! U, ! U )/ (p ! k)
1p! k

| ö! ! U ! ö! ! U,U
ö!

+
U

ö! U, ! U |

%

A
&
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Determining a critical value

Like in Appendix A.2.1, we will consider a size-k subset S for which the data generating distribution

satisÞes (3.1) and study the distribution of ?T(S). For simplicity we will assume that the principal vari-

able distribution F admits a density. Like before, the residual covariance still has a conditional Wishart

distribution, and we can use the WishartÕs Bartlett decomposition to show that?T(S) has distribution

n log

#

@
$

#

$

0
÷%2

(p! k )( p! k ! 1) / 2 +
2 p! k

j =1 %2
n ! k ! j

1

p ! k

%

&

p! k B
#

$
p! kC

j =1

%2
n ! k ! j

%

&

%

A
& (A.4)

In (A.4), { %2
#} , { ÷%2

#} are mutually independent chi-squared random variables with degrees of freedom speciÞed

by their subscript. DeÞning ?Qn,p,k (1 ! ! ) as the (1! ! )-quantile of (A.4), Lemma A.2.5 establishes a valid

Þnite sample test for the null ?H0 : |S| ) k.

Lemma A.2.5. Consider n > p samplesx(1) , . . . , x(n ) " Rp drawn from a distribution P that satisÞes(3.1)

for some size-k set S where0 ) k < p . Suppose further thatP admits a density. Then ?T(S) has distribution

(A.4) and, as a consequence,P( ?Tk > ?Qn,p,k (1 ! ! )) ) ! .

Proposition A.2.1 establishes error control of our procedure for the PCSS model. It is analogous to

Theorem 4.

Proposition A.2.1. Consider n > p samplesx(1) , . . . , x(n ) " Rp from a distribution P that admits a density

and let k& be the smallestk for which P belongs to thek-dimensional PCSS model(3.1). If ök is the smallest

k for which the test statistic ?Tk is not strictly larger than the critical value ?Qn,p,k (1 ! ! ), then

P(ök > k &) ) !.

Examining the selected subset

As in Appendix A.2.3 we ultimately select the subset ?S that globally minimizes ?T(U). Like before, we

can characterize this subset as an MLE. Supposing that everyk by k principal sub-matrix of ö! is full rank

and no size-k subset empirically perfectly linearly reconstructs the remaining variables, similar computations

to those in Appendix A.2.3 shows that a size-k subsetU minimizes ?T(U) if and only if it solves

argmin
U ) [p]: |U |= k

log | ö! U | + ( p ! k) log(Tr( ö! ! U ! ö! ! U,U
ö!

! 1
U

ö! U, ! U )/ (p ! k)) (A.5)

Under the same conditions, it is also true that U solves (A.5) if and only if it is the MLE for S in the

restricted multivariate Gaussian model that only contains distributions also in the k-dimensional PCSS

model (see AppendixA.7.5 in the proof of Theorem 1)

If the conditions from the previous paragraph are not met, it is unfortunately the case that the subset

that minimizes ?T(U) may not solve (A.5). The conditions from the previous paragraph are not met, however,

if and only if the minimized objective of (A.5) is !' . Solving (A.5) thus warns us if this is the case, but it

is not totally su"cient as was true in Appendix A.2.3.

We show how to search for the subset that solves (A.5) using Section2.3.1Õs algorithms in AppendixA.3.
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Criterion/Method Algorithm 1 Naive
McCabeÕs First Criterion O(min{ p2k, pk3} ) O(p4k) or O(pk4)
McCabeÕs Second Criterion O(p2k) O(p3k2)
McCabeÕs Third Criterion O(p3k) O(p3k2)
McCabeÕs Fourth Criterion O(p3k) O(p3k2)

Table A.1: A time complexity comparison of our algorithms to the naive algorithms that, when features are
added or removed from the current subset, recompute the objective as written with no optimizations. The
reported time corresponds to one complete run of Algorithm1 or one iteration of Algorithm 2. McCabe
himself pointed out that his Þrst criteria of minimizing |! ! S ! ! ! S,S ! ! 1

S ! S,! S | is equivalent to maximizing
|! S |, so we report the naive time complexities for both versions of the objective.

Analogous to LemmaA.2.4, Lemma A.2.6 uses the following generalization of the PCSS model to state

a subset recovery result:

X S ( F +( (0, $2I ) Cov(X S, +) = 0

X ! S = W (X S ! EF [X S]) + µ! S + +.
(A.6)

It says that ?S eventually will result in a isotropic population residual covariance.

Lemma A.2.6. Consider samplesx(1) , . . . , x(n ) " Rp drawn from a distribution P that satisÞes(A.6) for

some size-k set S. Suppose further that, at the population level, some set ofk variables perfectly linearly

reconstruct the remaining. Then, with probability one, P eventually satisÞes(A.6) with ?S as the number of

samplesn tends to inÞnity.

A.3 E!cient subset search for other objectives

To modify Algorithm 1 and Algorithm 2 to perform subset search under a new objective we simply need

to alter f in (2.3) so that i -" U 0 [p] that minimizes f (i, á) also minimizes the new objective over the subsets

U + i . In this section, we explicitly give f (i, á) that allow us to search for subsets that minimizeT(á) (see

Section 3.3), ?T(á) (see Appendix A.2.4), and McCabeÕs other three criteria. We generalize all of McCabeÕs

criteria by changing inverses to pseudo-inverses, thereby allowing for singular! . Correctness of our proposed

f á(i, á) are implied by derivations in Appendix A.7.17.

For McCabeÕs criteria, TableA.1 contrasts the time complexity of our algorithms with that of naive

implementations. In the naive implementation, the practitioner recomputes the objective as written with

no optimizations when adding/removing elements to/from the current subset. For both our algorithms and

the naive implementation, the time complexity of searching for subsets that minimizeT(á) and ?T(á) matches

that of McCabeÕs second criterion.

Minimizing T(á): The discussion in AppendixA.2.3 tells us that it su"ces to Þnd a subset that minimizes

log |! S | + log( |Diag(! R (X # S ,X S ) )|). To perform this search, use

f (i, U, ! R (X,X U ) ) = log(( ! R (X,X U ) )ii )

+
"

j '$U + i

log
0

(! R (X,X U ) )jj ! (! R (X,X U ) )
2
ij / (! R (X,X U ) )ii áI ( ! R ( X,X U ) ) ii > 0

1
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Minimizing ?T(á): The discussion in Appendix A.2.3 suggests Þnding a subset that minimizes log|! S | +

(p! k) log(Tr( ! R (X # S ,X S ) )/ (p! k)). If the objective value is not !' then solving this problem is su"cient.

Otherwise we cannot say anything concrete. To perform this search, use

f (i, U, ! R (X,X U ) ) = log(( ! R (X,X U ) )ii )

+ ( p ! k) álog
0

Tr( ! R (X,X U ) ) ! * (! R (X,X U ) )¥i * 2
2/ (! R (X,X U ) )ii áI ( ! R ( X,X U ) ) ii > 0

1

McCabeÕs Þrst criterion: McCabeÕs Þrst criterion suggests selecting a subset that minimizes|! ! S !

! ! S,S ! ! 1
S ! S,! S |. We generalize this to selecting the subset which minimizes|! ! S ! ! ! S,S ! +

S ! S,! S | =

|! R (X,X S ) |. For simplicity, we will assume that there exists a size-k subset such that |! S | > 0. If this is

not the case, then every sizek subset has redundant variables which can be perfectly linearly reconstructed

by other variables in the subset, and the practitioner should use a smaller subset size. To perform subset

search according to McCabeÕs Þrst criterion use:

f (i, ! R (X,X U ) ) = ! (! R (X,X U ) )ii

Alternatively, as we add/remove variables to/from U, we can keep track of! +
U instead of ! R (X,X U ) using

[Petersen and Pedersen, 2008, 3.2.7] and instead use

f (i, ! , ! +
U ) = ! (! ii ! ! iU ! +

U ! Ui )

Lemma 1 implies that this is equivalent to our earlier suggestion, but it has smaller time complexity when

k 1
#

p.

McCabeÕs third criterion: McCabeÕs third criterion suggests selecting a subset that minimizes* ! ! S !

! ! S,S ! ! 1
S ! S,! S *2

F . We generalize this to selecting the subset which minimizes* ! ! S ! ! ! S,S ! +
S ! S,! S *F =

* ! R (X,X S ) * 2
F . To perform subset search according to McCabeÕs third criterion use:

f (i, ! R (X,X U ) ) = [( * " *2
2/" i )2 ! 2" %! R (X,X U ) "/" i ] áI $i > 0

where " = ( ! R (X,X U ) )¥i .

McCabeÕs fourth criterion: McCabeÕs fourth criterion suggests selecting a subset that maximizes

Tr( ! ! 1
! S ! ! S,S ! ! 1

S ! S,! S ). This is equivalent to maximizing the sum of squared cannonical correlations

betweenX S and X ! S . We generalize this to selecting the subset which maximizes Tr(! +
! S ! ! S,S ! +

S ! S,! S )

which has the same interpretation in the more general case where! is singular. Consider a currently selected

subsetU. Fix an i -" U and let V = U + i . Take j and h to be the rank of i in V and ! U respectively. So, for

example, (! V )jj = ! ii and (! ! U )hh = ! ii Then, to perform subset search in accordance with McCabeÕs

fourth criterion use

f (i, U, ! , ! R (X # U ,X U ) , ! R (X U ,X # U ) , ! +
! U , ! +

U ) =

Tr(( ! +
V )! j, ! j ! R (X U ,X # U ) ) +

" %! +
V "

" j
I $j > 0 ! I ( ! R ( X # U ,X U ) ) hh > 0
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where " = ! V,i ! ! V,! V ! +
! V ! ! V,i , and we compute! +

V from ! +
U and ! +

! V from ! +
! U using [Petersen and

Pedersen, 2008, 3.2.7]. We keep track of! +
U and ! +

! U as we add/remove elements to/fromU using [Petersen

and Pedersen, 2008, 3.2.7] and keep track of! R (X # U ,X U ) and ! R (X U ,X # U ) using Lemma1 as usual.

If ! / 0, then we can give an exact closed form for the replacementf given above:

f (i, U, ! , ! R (X # U ,X U ) , ! ! 1
! U , ! ! 1

U ) =
" %

! j ! ! 1
U " ! j

" j
!

(! %" ! j )2

*" j
!

! %! R (X U ,X # U ) ! + 2 ! %" ! j ! " j

*

where ! = ! ! 1
U ! Ui , * = ! ii ! ! iU ! and " is as before, but now we can explicitly compute! +

! V = ! ! 1
! V =

(! ! 1
! U )! h, ! h ! (! ! U )! h,h (! ! U )h, ! h / (! ! U )hh . Also, as we add elements toU, [Khan, 2008] now allows us

to keep track of ! +
U = ! ! 1

U and ! +
! U = ! ! 1

! U with simpler closed form updates.

A.4 The high-dimensional consistency of CSS

In this section we characterize a high-dimensional setting where the size-k CSS estimate (1.1) one gets

from the sample covariance is consistent for the size-k CSS solution according to the population covariance

(2.1). In particular, we Þx k and imagine observingn samples from a distribution P over Rp, where p is

possibly growing with n. We denote the population covariance underP as ! " Sp" p
+ . Our analysis applies

in the proportional asymptotic regime, where p/n converges to a constant. For the result to apply,P must

satisfy three assumptions asn grows.

Assumption 1 (Light-tailed data) . The sub-Gaussian norm (see [Vershynin, 2018, DeÞnition 2.5.6]) of

each variable is bounded above by a constant independent ofp and n.

Assumption 2 (Low-dimensional invertibility) . The minimum of the smallest eigenvalues of all thek , k

principal sub-matrices of ! is bounded below by a positive constant independent ofp and n.

Assumption 3 (Separation). For some * > 0, the achieved CSS objective for the population best subset

S& = argmin
S# [p],|S|= k

Tr( ! ! ! ¥S ! +
S ! ¥S)

is well separated from the objective achieved by any other subset

min
S'= S%

Tr( ! ! ! ¥S ! +
S ! ¥S) ! Tr( ! ! ! ¥S%! +

S%! ¥S%) = $( p1/ 2+ %)

Note that Assumption 2 is much weaker than assuming a lower bound on the minimum eigenvalue of! .

Under Assumption 2 , ! can still be singular.

Under the above three assumptions, Theorem11 guarantees that the in-sample CSS solution is consistent

for the population CSS solution.

Theorem 11 (High-dimensional setting where CSS is consistent). Suppose we observe samplesx(1) , . . . , x(n ) "

Rp with sample covarianceö! " Sp" p
+ from a distribution P with population covariance! " Sp! p

+ . Fix k, and

consider the proportional asymptotic regime wherep/n converges to a constant asn, p & ' . If P satisÞes
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Assumption 1, Assumption 2, and Assumption 3 as n, p & ' , then any in-sample CSS solution

öS " argmin
S# [p],|S|= k

Tr( ö! ! ö! ¥S
ö!

+
S

ö! ¥S)

is consistent for the population CSS solution

S& " argmin
S# [p],|S|= k

Tr( ! ! ! ¥S ! +
S ! ¥S),

i.e.,

lim
n *(

P( öS = S&) = 1 .

Note that, by Assumption 3, the population CSS solution S& is eventually unique.

The rest of this section is a proof of Theorem11. We use* á *2 to denote the spectral norm of a matrices.

We denote the sorted eigenvalues of a positive semi-deÞnite matrixA " Sq" q
+ as ) 1(A ) 2 á á á 2) q(A ) 2 0.

For a matrix M " Rq" k we denote its sorted top-k singular values ass1(M ) 2 á á á 2sk (M ) 2 0. We use

ci to denote positive constants that are independent ofn and p. If we introduce a new ci , that means that

such aci exists. Also, we make use of the stochastic calculus notation of [Vaart , 1998, Chapter 2].

A.4.1 Central argument

First we consider the case thatX ( (0, ! ), ! " Sp" p
+ is mean-zero and let?! ij = n! 1 2 n

#=1 X (#)
i X (#)

j be

our estimate of ! = E [XX %]. We will use the notation

Obj(# , U) = p! 1/ 2! %Tr( # ! # ¥U # +
U # U ¥).

to denote the CSS objective for the covariance# " Sp" p
+ , scaled byp! 1/ 2! %. Our goal is to show that ÷S,

which is a minimizer (break ties randomly) of Obj( ?! , S) for size-k subsetsS, is consistent for S&, which

is the minimizer of Obj( ! , S) for size-k subsetsS. By Assumption 3, Obj( ! , S) eventually has a unique

minimizer.

Assumption 3 tells us exactly that

min
S'= S%

Obj( ! , S) ! Obj( ! , S&) = $(1) ,

If we show that

max
S# [p]: |S|= k

?'( S) = op(1), ?'( S) = |Obj( ! , S) ! Obj( ?! , S)|

then ÷S will be consistent for S& via the following argument:

P( ÷S = S&) = P(Obj( ?! , S&) < min
S'= S%

P(Obj( ?! , S))

2 P( max
S# [p]: |S|= k

?'( S) <
1
2

( min
S'= S%

Obj( ! , S) ! Obj( ! , S&)))

= 1 ! o(1)
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Considering an arbitrary size-k subsetS, we Þx t > 0 and devote the rest of the argument to showing that

P( ?'( S) > t ) = o

' 5
p
k

6 ! 1
(

. (A.7)

Then, the fact that max S# [p]: |S|= k
?'( S) = op(1) follows trivially from a union bound.

We start by re-writing ?'( S). For two square positive semi-deÞnite matricesA and B , von NeumannÕs

trace inequality [Mirsky , 1975] implies that |Tr( AB )| ) | Tr( A )||Tr( B )|. Then, for four square positive

semi-deÞnite matrices?A , ?B , A , and B , we have that

|Tr( ?A ?B ! AB )| = |Tr( ?A ?B ! ?AB + ?AB ! AB )|

) | Tr( ?A ( ?B ! B )) | + |Tr(( ?A ! A )B )|

) | Tr( ?A )| á |Tr( ?B ! B )| + |Tr( ?A ! A )| á |Tr( B )|.

Using this fact we can reconÞgure?'( S)

?'( S)

= p! 1/ 2! %|Tr( ?! ! ?! ¥S
?!

+
S

?! S¥) ! Tr( ! ! ! ¥S ! +
S ! S¥)|

) p! 1/ 2! %|Tr( ?! ! ! )| + p! 1/ 2! %|Tr( ?! S¥
?! ¥S

?!
+
S ! ! S¥! ¥S ! +

S )|

) p! 1/ 2! %|Tr( ?! ! ! )| + p! 1/ 2! %|Tr( ?! S¥
?! ¥S)| á |Tr( ?!

+
S ! ! +

S )| + p! 1/ 2! %|Tr( ?! S¥
?! ¥S ! ! S¥! ¥S )| á |Tr( ! +

S )|

) p! 1/ 2! %|Tr( ?! ! ! )| + p! 1/ 2! %|Tr( ?! S¥
?! ¥S ! ! S¥! ¥S )| á |Tr( ?!

+
S ! ! +

S )|

+ p! 1/ 2! %|Tr( ! S¥! ¥S )| á |Tr( ?!
+
S ! ! +

S )| + p! 1/ 2! %|Tr( ?! S¥
?! ¥S ! ! S¥! ¥S )| á |Tr( ! +

S )|

We can further bound some of these terms. We know from Assumption1 that max i $ [p] ! ii ) c1 and

therefore also maxi $ [p],j $ [p] |! ij | ) c1, so |Tr( ! S¥! ¥S )| ) kpmaxi $ [p],j $ [p] ! 2
ij ) c2p. We also know from

Assumption 2 that |Tr( ! +
S )| ) k* ! ! 1

S *2 ) c3. Hence, we have

?'( S) ) p! 1/ 2! %|Tr( ?! ! ! )|
D EF G

!" 1 (S)

+ p! 1/ 2! %|Tr( ?! S¥
?! ¥S ! ! S¥! ¥S )| á |Tr( ?!

+
S ! ! +

S )|

+ c2 p1/ 2! %|Tr( ?!
+
S ! ! +

S )|
D EF G

!" 3 (S)

+ c3 p! 1/ 2! %|Tr( ?! S¥
?! ¥S ! ! S¥! ¥S )|

D EF G
!" 2 (S)

If we provide appropriate tail bounds for the ?' i (S), i.e. show that for any t > 0 that

P( ?' i (S) > t ) = o

' 5
p
k

6 ! 1
(

,
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where the right-hand-side bound is independent ofS. Then it is straightforward to establish the tail bound

(A.7) for ?'( S). We devote the rest of the argument to establishing this tail bound for ?' 1(S), ?' 2(S), and
?' 3(S).

A.4.2 Establishing tail bounds

Tail bound for ?' 1(S)

We start by getting a concentration bound for the entries of ?! ij . Using the Orlicz norm notation from

Section 2.7.1 ofVershynin [2018], Assumption 1 implies that *X i *+ 2 ) c4. We can use [Vershynin, 2018,

Lemma 2.7.7] to see that*X i X j *+ 1 ) * X i *+ 2 *X j *+ 2 ) c5 implying that all the X i X j are sub-exponential.

For any x 2 0, [Vershynin, 2018, Corollary 2.8.3 ] gives the following concentration bound for the entries
?! ij :

P(| ?! ij ! ! ij | 2 x) ) 2 exp
H
! c6 min

H
x2, x

I
n

I
(A.8)

Now, we use the union bound along with our sub-exponential concentration result

P(' 1(S) > t ) ) P(p! 1/ 2! %
p"

i =1

| ?! ii ! ! ii | > t ) (triangle inequality)

)
p"

i =1

P
0

| ?! ii ! ! ii | > p ! 1/ 2+ %t
1

(union bound)

) 2pexp
0

! c6 min
0

np! 1+2 %t2, np! 1/ 2+ %t
11

(sub-exponential concentration)

= o

' 5
p
k

6 ! 1
(

Tail bound for ?' 2(S)

To get a tail bound for ' 2(S) we need a concentration result for ?!
2
ij . Fix some constant c7 > 0 and

deÞne ?Bij = max {| 2! ij + c7|, |2! ij ! c7|} . Two things are true. First, if | ?! ij + ! ij | > ?Bij , then it must be

the case that | ?! ij ! ! ij | > c 7. Second ?Bij ) c8 for some constant. Considering somex 2 0, we can now get

a concentration result for ?!
2
ij .

P
0

| ?!
2
ij ! ! 2

ij | > x
1

= P
0

| ?!
2
ij ! ! 2

ij | > x, | ?! ij + ! ij | ) ?Bij

1
+ P

0
| ?!

2
ij ! ! 2

ij | > x, | ?! ij + ! ij | > ?Bij

1

) P
0

| ?! ij ! ! ij | > x/ ?Bij

1
+ P

0
| ?! ij + ! ij | > ?Bij

1

) P
0

| ?! ij ! ! ij | > x/c 8

1
+ P

0
| ?! ij ! ! ij | > c 7

1
(deÞnition of ?Bij )

) 2 exp(! c9 min
H
x2, x

I
n) + 2 exp( ! c10n) (sub-exponential concentration)

With this result under our belt, getting a tail bound for ?' 2(S) is straight-forward.
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P( ?' 2(S) > t )

) P(p! 1/ 2! %
"

i $ S

p"

j =1

| ?!
2
ij ! ! 2

ij | > t ) (triangle inequality)

=
"

i $ S

p"

j =1

P
0

| ?!
2
ij ! ! 2

ij | > k ! 1p! 1/ 2+ %t
1

(union bound)

) 2pk exp
0

! c11 min
0

np! 1+2 %t2, np! 1/ 2+ %
11

+ 2pk exp(! c10n) (concentration for ?!
2
ij )

= o

' 5
p
k

6 ! 1
(

Tail bound for ?' 3(S)

We will get a tail bound for ' 3(S) via a concentration inequality for the singular values ofX ¥S ! ! 1/ 2
S "

Rn " k , where X ¥S " Rn " k is random matrix with i.i.d samples of X S as rows. Essentially, concentration of

these singular values this will imply concentration of the eigenvalues of?!
! 1
S .

Using Assumption 1 and Assumption 2, we can show that the rows ofX ¥S ! ! 1/ 2
S " Rn " k are isotropic

sub-gaussian random vectors with bounded sub-gaussian norm:

* ! ! 1/ 2
S X S*+ 2 = sup

1v12 =1
* (! ! 1/ 2

S X S)%v*+ 2

= sup
1v12 =1

#

$

J
J
J
J
J
X %

S

'
! ! 1/ 2

S v

* ! ! 1/ 2
S v*2

( J
J
J
J
J

+ 2

* ! ! 1/ 2
S v*2

%

&

) * ! ! 1/ 2
S *2 sup

1÷v12 =1
* ÷v%X S*+ 2

) * ! ! 1
S *1/ 2

2 sup
1÷v12 =1

k"

i =1

|vi |*X S*+ 2

) * ! ! 1
S *1/ 2

2 max
i $ [p]

*X i *+ 2 sup
1÷v12 =1

* ÷v*1

) c12.

Note that in the above v, ÷v " Rk have Þxed (non-growing) dimension becausek is Þxed. [Vershynin, 2018,

Theorem 4.6.1], then tells us that there is a constantc13 such that for any x 2 c13,

P
5

max
i $ [k ]

|si (X ¥S ! ! 1/ 2
S ) ! n1/ 2| 2 x

6
) 2 exp(! c14(x ! c13)2), (A.9)

To apply this result we need to note two facts. First, whenever the Þrstk singular values ofX ¥S ! ! 1/ 2
S

are positive, that means that ! ! 1/ 2
S

?! S ! 1/ 2
S is invertible, so ?! S must be invertible. Second, whenever?! S is
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invertible,

|Tr( ?!
+
S ! ! +

S )| = |Tr( ?!
! 1
S ! ! ! 1

S )|

= |Tr(( ?!
! 1
S ! S ! I k )! ! 1

S )|

) | Tr( ?!
! 1
S ! S ! I k )||Tr( ! ! 1

S )|

) k* ! ! 1
S *2|Tr( ! 1/ 2

S
?!

! 1
S ! 1/ 2

S ! I k )|

) k* ! ! 1
S *2|Tr(( ! ! 1/ 2

S
?! S ! ! 1/ 2

S )! 1 ! I k )|

) k2* ! ! 1
S *2| max

i $ [k ]
|s! 2

i (n! 1/ 2X ¥S ! ! 1/ 2
S ) ! 1|

) c15 max
i $ [k ]

|s! 2
i (n! 1/ 2X ¥S ! ! 1/ 2

S ) ! 1|

where we have again made use of Assumption2. To Þnalize our argument, we will need to make use of the

following lemma.

Lemma A.4.1. Fix some a " (0, 1). There exists someb > 0 such that for all x > 0

|x ! 1| < a =6 b|x ! 1| 2 | x! 2 ! 1| (A.10)

Proof. If x = 1 the right hand inequality is always true, so consider x -= 1. If |x ! 1| < a , then

|x! 2 ! 1|
|x ! 1|

=
|1 ! x2|

x2|x ! 1|

=
1 + x

x2

)
2 + a

(1 ! a)2

So we can takeb = (2 + a)/ (1 ! a)2.
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Now we can prove the tail bound for ?' 3(S). Fix some c16 " (0, 1). Then for large enoughn,

P
0

?' 3 > t
1

) P
5

p1/ 2! %|Tr( ?!
+
S ! ! +

S )| > t, max
i $ [k ]

|si (n! 1/ 2X ¥S ! ! 1/ 2
S ) ! 1| < c 16

6

+ P
5

max
i $ [k ]

|si (n! 1/ 2X ¥S ! ! 1/ 2
S ) ! 1| 2 c16

6

) P
5

max
i $ [k ]

|s! 2
i (n! 1/ 2X ¥S ! ! 1/ 2

S ) ! 1| > c 17p! 1/ 2+ %t, max
i $ [k ]

|si (n! 1/ 2X ¥S ! ! 1/ 2
S ) ! 1| < c 16

6

+ P
5

max
i $ [k ]

|si (n! 1/ 2X ¥S ! ! 1/ 2
S ) ! 1| 2 c16

6

( ?! S is invertible on the event)

) P
5

max
i $ [k ]

|si (n! 1/ 2X ¥S ! ! 1/ 2
S ) ! 1| > c 18p! 1/ 2+ %t, max

i $ [k ]
|si (n! 1/ 2X ¥S ! ! 1/ 2

S ) ! 1| < c 16

6

+ P
5

max
i $ [k ]

|si (n! 1/ 2X ¥S ! ! 1/ 2
S ) ! 1| 2 c16

6

(Lemma A.4.1 with a = c16)

) P
5

max
i $ [k ]

|si (X ¥S ! ! 1/ 2
S ) ! n1/ 2| > c 18n1/ 2p! 1/ 2+ %t

6
+ P

5
max
i $ [k ]

|si (X ¥S ! ! 1/ 2
S ) ! n1/ 2| 2 n1/ 2c16

6

) 2 exp(! c19(n1/ 2p! 1/ 2+ %t ! c20)2) + 2 exp( ! c21(n1/ 2 ! c22)2)

(apply Equation ( A.9) once n large enough)

= op

' 5
p
k

6 ! 1
(

.

A.4.3 Estimation with mean

Now we allow X ( (µ, ! ), ! " Sp" p
+ to have a non-zero mean. Now with

?! = n! 1
n"

#=1

(X (#)
i ! µ)(X (#)

i ! µ)T ,

we still let ?S be a minimizer of Obj(?! , S) (with ties broken randomly). Also still we let S& be the (eventually

unique) minimizer of Obj( ! , S) for size-k subsetsS. Now we deÞneöS to be the minimizer of Obj( ö! , S)

(with ties broken randomly) where

?! = n! 1
n"

#=1

(X (#)
i ! öµ)(X (#)

i ! öµ)T , öµ = n! 1
n"

#=1

X (#)
i ,

and we want to show that öS is consistent for S&.

By our earlier arguments, we know that

max
S# [p]: |S|= k

?'( S) = op(1), ?'( S) = p! 1/ 2+ %|Obj( ?! , S) ! Obj( ! , S)|
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If we can show that also

max
S# [p]: |S|= k

K'( S) = op(1), K'( S) = p! 1/ 2+ %|Obj( ö! , S) ! Obj( ?! , S)|.

then we have consistency, because

P( öS = S&)

= P(Obj( ö! , S&) < min
S'= S%

P(Obj( ö! , S))

2 P
5

max
S# [p]: |S|= k

K'( S) <
1
4

( min
S'= S%

Obj( ! , S) ! Obj( ! , S&)) , max
S# [p]: |S|= k

?'( S) <
1
4

( min
S'= S%

Obj( ! , S) ! Obj( ! , S&))
6

= 1 ! o(1)

Again, we consider an arbitrary size-k subsetS, Þx t > 0, and devote the rest of the argument to showing

that

P( K'( S) > t ) = o

' 5
p
k

6 ! 1
(

.

Then, the fact that max S# [p]: |S|= k
K'( S) = op(1) follows trivially from a union bound.

Again we reconÞgureK'( S) and bound it, similar to how we did before.

K'( S)

= p! 1/ 2! %|Tr( ö! ! ö! ¥S
ö!

+
S

ö! S¥) ! Tr( ?! ! ?! ¥S
?!

+
S

?! S¥)|

) p! 1/ 2! %|Tr( ö! ! ?! )| + p! 1/ 2! %|Tr( ö! S¥
ö! ¥S

ö!
+
S ! ?! S¥

?! ¥S
?!

+
S )|

) p! 1/ 2! %|Tr( ö! ! ?! )| + p! 1/ 2! %|Tr( ö! S¥
ö! ¥S)| á |Tr( ö!

+
S ! ?!

+
S )| + p! 1/ 2! %|Tr( ö! S¥

ö! ¥S ! ?! S¥
?! ¥S)| á |Tr( ?!

+
S )|

) p! 1/ 2! %|Tr( ö! ! ?! )| + p! 1/ 2! %|Tr( ö! S¥
ö! ¥S ! ?! S¥

?! ¥S)| á |Tr( ö!
+
S ! ?!

+
S )|

+ p! 1/ 2+ %|Tr( ?! S¥
?! ¥S ! ! S¥! ¥S )| á |Tr( ö!

+
S ! ?!

+
S )| + p! 1/ 2! %|Tr( ! S¥! ¥S )| á |Tr( ö!

+
S ! ?!

+
S )|

+ p! 1/ 2! %|Tr( ö! S¥
ö! ¥S ! ?! S¥

?! ¥S)| á |Tr( ?!
+
S ! ! +

S )| + p! 1/ 2! %|Tr( ö! S¥
ö! ¥S ! ?! S¥

?! ¥S)| á |Tr( ! +
S )|

) p! 1/ 2! %|Tr( ö! ! ?! )|
D EF G

"" 1 (S)

+ p! 1/ 2! %|Tr( ö! S¥
ö! ¥S ! ?! S¥

?! ¥S)|
D EF G

!" 2 (S)

á|Tr( ö!
+
S ! ?!

+
S )|

+ p! 1/ 2+ %|Tr( ?! S¥
?! ¥S ! ! S¥! ¥S )| á |Tr( ö!

+
S ! ?!

+
S )| + c2 p1/ 2+ %|Tr( ö!

+
S ! ?!

+
S )|

D EF G
"" 3 (S)

+ p! 1/ 2! %|Tr( ö! S¥
ö! ¥S ! ?! S¥

?! ¥S)| á |Tr( ?!
+
S ! ! +

S )|
D EF G

!" 3 (S)

+ c3 p! 1/ 2! %|Tr( ö! S¥
ö! ¥S ! ?! S¥

?! ¥S)|
D EF G

"" 2 (S)
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Our above results already imply tail bounds for the ?' i (S), i.e., we know for any t > 0 that

P( ?' i (S) > t ) = o

' 5
p
k

6 ! 1
(

,

We know show the same tail bounds for theK' i (S), i.e., we show for anyt > 0 that

P( K' i (S) > t ) = o

' 5
p
k

6 ! 1
(

,

It is then straightforward to establish the required tail bound ( A.7) for K'( S).

Prior to proceeding, we note it is easy to verify that

?! ! ö! = µ(µ ! öµ)T + öµ(öµ ! µ)T =6 ?! ij ! ö! ij = (öµi ! µi )(öµj ! µj ).

Tail bound for K' 1(S)

By Assumption 1, the X i are sub-Guassian and maxi *X i *+ 2 is bounded by some constantc23. Therefore,

[Vershynin, 2018, Theorem 2.6.3] gives us sub-Gaussian concentration, i.e., for anyx > 0:

P(|öµi ! µi | 2 x) ) 2 exp
H
! c24t2n

I
.

We can then get our tail bound by applying a union bound.

P( K' 1(S) > t ) = P(p! 1/ 2! %
p"

i =1

(öµi ! µi )2 > t )

)
p"

i =1

P
0

|öµi ! µ| > (tp! 1/ 2+ %)
1
2

1
(union bound)

) 2pexp
0

! c24tnp! 1/ 2+ %
1

(sub-Gaussian concentration)

= o

' 5
p
k

6 ! 1
(

.

Tail bound for K' 2(S)

As was the case for?' 2(S), it su"ces to examine the di!erent ö!
2
ij ! ?!

2
ij . Fix some constantc25 > 0 and

deÞne KBij = max { 2! ij + c25, 2! ij ! c25} . Two things are true. First, rewriting

ö! ij + ?! ij = 2 ! ij + 2( ?! ij ! ! ij ) + ( ö! ij ! ?! ij )

makes it clear that | ö! ij + ?! ij | > KBij implies that either 2| ?! ij ! ! ij | > c 25/ 2 or | ö! ij ! ?! ij | > c 25/ 2. Second,
KBij ) c26 for some constant. Thus for anyx 2 0,
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P
0

| ö!
2
ij ! ?!

2
ij | > x

1

= P
0

| ö!
2
ij ! ?!

2
ij | > x, | ö! ij + ?! ij | ) KBij

1
+ P

0
| ö!

2
ij ! ?!

2
ij | > x, | ö! ij + ?! ij | > KBij

1

) P
0

| ö! ij ! ?! ij | > x/ KBij

1
+ P

0
| ö! ij + ?! ij | > KBij

1

) P
0

| ö! ij ! ?! ij | > x/c 26

1
+ P

0
| ?! ij ! ! ij | > c 25/ 4

1
+ P

0
| ö! ij ! ?! ij | > c 25/ 2

1

(deÞnition of KBij and union bound)

= P (|öµi ! µi | á |öµj ! µj | > x/c 26) + P
0

| ?! ij ! ! ij | > c 25/ 4
1

+ P (|öµi ! µi | á |öµj ! µj | > c 25/ 2)

) P(|öµi ! µi | > (x/c 26)1/ 2) + P(|öµj ! µj | > (x/c 26)1/ 2) + P
0

| ?! ij ! ! ij | > c 25/ 4
1

+ P
0

|öµi ! µi | > (c25/ 2)1/ 2
1

+ P
0

|öµj ! µj | > (c25/ 2)1/ 2
1

(union bound)

) 4 exp(! c27xn) + 5 exp( ! c28n)

(sub-Gaussian and sub-exponential concentration)

We can Þnish the argument the same way as we did for?' 2(S).

P( K' 2(S) > t )

) P(p! 1/ 2! %
"

i $ S

p"

j =1

| ö!
2
ij ! ?!

2
ij | > t ) (triangle inequality)

=
"

i $ S

p"

j =1

P
0

| ö!
2
ij ! ?!

2
ij | > k ! 1p! 1/ 2+ %t

1
(union bound)

) 4pk exp(! c29tnp! 1/ 2+ %) + 5 pk exp(! c30n) (concentration for ö!
2
ij )

= o

' 5
p
k

6 ! 1
(

Tail bound for K' 3(S)

We Þrst develop the following bound, which holds whenever bothö! S and ?! S are invertible.

|Tr( ö!
+
S ! ?!

+
S )| = |Tr( ö!

! 1
S ! ?!

! 1
S )|

= |Tr( ! ! 1
S ! 1/ 2

S ( ö!
! 1
S ! ?!

! 1
S )! 1/ 2

S )|

) k* ! ! 1
S *2 á

L
L
LTr

0
(! ! 1/ 2

S
?! S ! ! 1/ 2

S + ! ! 1/ 2
S ( ö! S ! ?! S )! ! 1/ 2

S )! 1 ! (! ! 1/ 2
S

ö! S ! ! 1/ 2
S )! 1

1L
L
L

) c31

L
L
LTr

0
(! ! 1/ 2

S
?! S ! ! 1/ 2

S + ! ! 1/ 2
S ( ö! S ! ?! S )! ! 1/ 2

S )! 1 ! (! ! 1/ 2
S

ö! S ! ! 1/ 2
S )! 1

1L
L
L
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Crucially, we can show that * ! ! 1/ 2
S ( ö! S ! ?! S )! ! 1/ 2

S *2 concentrates to zero. For anyx 2 0, we have

P(* ! ! 1/ 2
S ( ö! S ! ?! S )! ! 1/ 2

S *2 2 x)

) P(* ö! S ! ?! S*2 2 * ! ! 1
S * ! 1

2 x)

) P(* ö! S ! ?! S*F 2 * ! ! 1
S * ! 1

2 x)

)
"

i $ S

"

j $ S

P(| öµi ! µi | á |öµj ! µj | 2 k! 2* ! ! 1
S * ! 2

2 x2) (triangle inequality + union bound)

)
"

i $ S

"

j $ S

P(| öµi ! µi | 2 k! 1* ! ! 1
S * ! 1

2 x) + P(| öµj ! µj | 2 k! 1* ! ! 1
S * ! 1

2 x) (union bound)

) 4 exp(! c32x2n) (sub-Gaussian concentration)

Henceforth we refer to* ! ! 1/ 2
S ( ö! S ! ?! S )! ! 1/ 2

S *2 as E . We will need the following lemma.

Lemma A.4.2. Fix some a > 0. There exists b > 0 such that for all x, y 2 c

|x! 1 ! y! 1| ) b|x ! y| (A.11)

Proof.

|x! 1 ! y! 1| =
|x ! y|

xy
)

1
c2 |x ! y|

So one can takeb = 1 /c 2.

The Bauer-Fike theorem [Bauer and Fike, 1960] tells us that every eigenvalue of! ! 1/ 2
S

?! S ! ! 1/ 2
S + E

is within *E *2 of an eigenvalue of! ! 1/ 2
S

?! S ! ! 1/ 2
S . Note that because! S is always full-rank, whenever

! ! 1/ 2
S

?! S ! ! 1/ 2
S + E is invertible, so is ö! S . Using Bauer-Fike, we Þnd whenever?! S and ö! S are both

invertible that

L
L
LTr

0
(! ! 1/ 2

S
?! S ! ! 1/ 2

S + ! ! 1/ 2
S ( ö! S ! ?! S )! ! 1/ 2

S )! 1 ! (! ! 1/ 2
S

ö! S ! ! 1/ 2
S )! 1

1L
L
L

) k

'
1

) k (! ! 1/ 2
S

ö! S ! ! 1/ 2
S ) ! * E *2

!
1

) 1(! ! 1/ 2
S

ö! S ! ! 1/ 2
S ) + *E *2

(

(Bauer-Fike)

= k

'
1

s2
k (MX ¥S! ! 1/ 2

S ) ! * E *2

!
1

s2
1(MX ¥S! ! 1/ 2

S ) + *E *2

(

where MX ¥S = X ¥S ! 1µT
S .

Now we can get our tail bound. Fix somec33 " (0, 1) and also somec34 " (0, (1 ! c33)2). We see for large

enoughn that
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P
0

K' 3 > t
1

) P
5

p1/ 2! %|Tr( K!
+
S ! K!

+
S )| > t, max

i $ [k ]
|si (n! 1/ 2MX ¥S! ! 1/ 2

S ) ! 1| ) c33, *E *2 ) c34

6

+ P(max
i $ [k ]

|si (n! 1/ 2MX ¥S! ! 1/ 2
S ) ! 1| > c 33) + P(|E *2 > c 34)

(union bound)

) P
5

|s2
1(MX ¥S! ! 1/ 2

S ) ! s2
k (MX ¥S! ! 1/ 2

S )| + 2 *E *2 > c 35k! 1p! 1/ 2+ %t, max
i $ [k ]

|si (n! 1/ 2MX ¥S! ! 1/ 2
S ) ! 1| ) c33, *E *2 ) c34

6

+ P(max
i $ [k ]

|si (MX ¥S! ! 1/ 2
S ) ! n1/ 2| > c 33n1/ 2) + P(|E *2 > c 34)

(both ö! S and ?! S invertible on event, apply Lemma A.4.2)

) P
0

|s2
1(MX ¥S! ! 1/ 2

S ) ! s2
k (MX ¥S! ! 1/ 2

S )| > c 36p! 1/ 2+ %t
1

+ P(*E *2 > c 37p! 1/ 2+ %t) + P(max
i $ [k ]

|si (MX ¥S! ! 1/ 2
S ) ! n1/ 2| > n 1/ 2c33) + P(|E *2 > c 34)

(union bound)

) P
0

|s2
1(MX ¥S! ! 1/ 2

S ) ! s2
k (MX ¥S! ! 1/ 2

S )| > c 36p! 1/ 2+ %t
1

+ 4 exp(! c38p! 1+ %nt 2) + 2 exp( ! c39(n1/ 2 ! c40)2) + 4 exp( ! c41n)

(earlier concentration bounds oncen is large enough)

The last three terms are o
0Hp

k

I ! 1
1

, so all that remains to show is that the Þrst term is as well. By a

union bound

P
0

|s2
1(MX ¥S! ! 1/ 2

S ) ! s2
k (MX ¥S! ! 1/ 2

S )| > c 36p! 1/ 2+ %t
1

) P
0

|s2
1(MX ¥S! ! 1/ 2

S ) ! 1| > c 42p! 1/ 2+ %t
1

+ P
0

|s2
k (MX ¥S! ! 1/ 2

S ) ! 1|) > c 42p! 1/ 2+ %t
1
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Thus, letting c43 = max {| 2 ! c44|, |2 + c44|} , it su"ces to see that

P
5

max
i $ [k ]

|s2
i (n! 1/ 2MX ¥S! ! 1/ 2

S ) ! 1| > c 42p! 1/ 2+ %t
6

= P
5

max
i $ [k ]

|s2
i (n! 1/ 2MX ¥S! ! 1/ 2

S ) ! 1| > c 42p! 1/ 2+ %t, max
i $ [k ]

|si (n! 1/ 2MX ¥S! ! 1/ 2
S ) + 1 | ) c43

6

+ P
5

max
i $ [k ]

|si (n! 1/ 2MX ¥S! ! 1/ 2
S ) + 1 | > c 43

6

) P
5

max
i $ [k ]

|si (n! 1/ 2MX ¥S! ! 1/ 2
S ) ! 1| > c 45p! 1/ 2+ %t

6
+ P

5
max
i $ [k ]

|si (n! 1/ 2MX ¥S! ! 1/ 2
S ) ! 1| > c 44

6

) P
5

max
i $ [k ]

|si (MX ¥S! ! 1/ 2
S ) ! n1/ 2| > c 45n1/ 2p! 1/ 2+ %t

6
+ P

5
max
i $ [k ]

|si (|MX ¥S! ! 1/ 2
S ) ! n1/ 2| > c 44n1/ 2

6

) 2 exp(! c46(n1/ 2p! 1/ 2+ %t ! c47)2) + 2 exp( ! c48(n1/ 2 ! c49)2)

(Apply Equation ( A.9) once n large enough)

= o

' 5
p
k

6 ! 1
(

where we have applied the same technique as we did for?' 2(S).

A.5 Additional theoretical results

A.5.1 Estimation error of regression coe!cients

In this section, we use the Þnite sample bounds we developed in AppendixA.4 to study the regression

coe"cients from the regression of X ! U on X U , where U is some size-k subset. More concretely, we aim

to measure the quality of the observed regression coe"cientsö! ! U,U
ö!

! 1
U as an estimate of the population

regression coe"cients! ! U,U ! ! 1
U . We will use the 2-to-' norm to measure our estimation error,

* ö! ! U,U
ö!

! 1
U ! ! ! U,U ! ! 1

U *2*( = max
j '$U

* ö!
! 1
U

ö! Uj ! ! ! 1
U ! Uj * 2.

Considering variablesj -" U, the 2-to-' norm captures the worst-caseL 2 estimation error for the regression

coe"cients from the regression of X j on X U . Because our analysis comes from Þnite sample bounds, it

applies even in the high-dimensional where the number of variablesp and the sample sizen are comparable

in size. Along with providing a bound that holds for a speciÞc subsetU, we also provide a bound that holds

uniformly over all size-k subsets. Because it is uniform, it is informative even for a subset that is chosen by

a possibly complicated and non-deterministic CSS algorithm.

Proposition A.5.1 states our error control result. In Proposition A.5.1, we adopt two of the assumptions

from Appendix A.4, this time also requiring that constants be independent ofk:

Assumption 4 (Light-tailed data) . The sub-Gaussian norm (see [Vershynin, 2018, DeÞnition 2.5.6]) of

each variable is bounded above by a constant independent ofn, p, and k.

Assumption 5 (Low-dimensional invertibility) . The minimum of the smallest eigenvalues of all thek , k

principal sub-matrices of ! is bounded below by a positive constant independent ofn, p, and k.



APPENDIX A. SUPPLEMENTARY MATERIAL RELATING TO COLUMN SUBSET SELECTION 97

Proposition A.5.1. Consider observing samplesx(1) , . . . , x(n ) " Rp from a mean-zero distribution X ( P

satisfying Assumption 4 and Assumption 5, and let ö! = n! 1 2 n
i =1 x( i ) (x( i ) )% denote the sample covariance.

For a size-k subsetU, let M be the sub-Gaussian norm ofX U and set B = max j '$U * ! Uj * 2. Then for any

t " (0, 1),

P(* ö! ! U,U
ö!

! 1
U ! ! ! U,U ! ! 1

U *2*( > t ) ) c1pk exp

'

!
5

c2tn 1/ 2

k1/ 2 max(BM 2, M 2, 1)
! 1

6 2

+

(

for some constantsc1, c2 > 0 that are independent ofn, p, k. As a consequence,

P
5

max
U # [p]: |U |= k

* ö! ! U,U
ö!

! 1
U ! ! ! U,U ! ! 1

U *2*( > t
6

) c1pk+1 k exp

'

!
5

c3tn 1/ 2

k2 ! 1
6 2

+

(

,

where c3 > 0 is another constant independent ofn, p, k.

In Proposition A.5.1, the light-tail assumption is necessary to ensure that our estimates concentrate, and

the invertibility assumption is necessary to ensure that the estimateö!
! 1
U of ! ! 1

U is well-behaved. We assume

mean-zero data for simplicity. By applying identical arguments to those in Appendix A.4.3, we can modify

Proposition A.5.1 to accommodate data with non-zero mean.

While Proposition A.5.1 may appear hard to parse at Þrst, what it tells us is quite simple: excluding log

factors, the 2-to-' regression coe"cient estimation error for a subsetU scales (up to logarithmic factors)

at worst as
!

k/n max(BM 2, M 2, 1), where M is the sub-Gaussian norm ofX U and B = max j '$U *&Uj *2

is the maximum L 2 norm of the covariance between the variablesU and variables j -" U. If the B and M 2

can be bounded by constants that have no dependence onk, n, or p, then the estimation error scales (up to

logarithmic factors) at worst as
!

k/n .

A situation where we may reasonably believe that the estimation error scales at worst (up to logarithmic

factors) as
!

k/n is if our data comes from thek-dimensional PCSS model (3.1) and we consider coe"cient

estimates for population subsetS. It is not unreasonable to imagine that the variables in S have little

dependence, as if the principal variables are highly correlated and explain redundant variation, a smaller

and less dependent principal variable set may better model the data. Hence, we can reasonably restrict to

the case where the sub-Gaussian norm ofX S and the maximum eigenvalue of! S are bounded by a constant

independent of n, p, and k. One simple case where this is true is when the principal variables are exactly

independent (because of Assumption4) . Henceforth, when we say bounded by a constant, we mean a

constant independent ofn, p and k. In this case, we have immediately thatM is bounded by a constant.

To deal with B , we note that by Assumption 4, the maximum variance of the variables in ! S is bounded

above by a constant. Because of the covariance structure induced by the PCSS model, this means that

maxj '$S ! jS ! ! 1
S ! Sj = max j '$S * ! ! 1/ 2

S ! Sj * 2
2 and therefore maxj '$S * ! ! 1/ 2

S ! Sj * 2 are also bounded above

by a constants. Since

B = max
j '$S

* ! Sj * 2
2 ) * ! 1/ 2

S *2 max
j '$S

* ! ! 1/ 2
S ! Sj * 2 = * ! S*1/ 2

2 max
j '$S

* ! ! 1/ 2
S ! Sj * 2,

and * ! S*1/ 2
2 is bounded above by a constant, so isB . Hence, if the principal variables are su"ciently

non-dependent, we can reasonably imagine that the regression coe"cient error for the principal variable set

S (up to logarithmic factors) scales at worst as
!

k/n .
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In general, however, for a set of more correlated variablesU, the sub-Gaussian norm ofX U or the

maximum eigenvalue of! U can grow with k. Still, even in the most general case, it is straightforward to

use Assumption4 to bound M ) c4
#

k and B ) c4
#

k for some constantc4 > 0. Hence we still Þnd that

the estimation error (up to logarithmic factors) scales at worst ask2/
#

n. In fact, Proposition A.5.1 tells us

that this error bound holds uniformly over all size-k subsets, so it applies even for a subset selected via a

complex and possibly non-deterministic CSS algorithm.

Since k is typically much smaller than n and p, the estimation error is quite small in both cases, even

when the number of variablesp and sample sizen are comparable in magnitude.

A.5.2 Selecting the best subset

We identify a handful of settings where our greedy (Algorithm 1) and/or swapping (Algorithm 2) algo-

rithms Þnd the best subset according to the CSS objective (2.1). In the below, we consider performing CSS

on a covariance matrix ! and suppose we are aiming to select a size-k subset. Proofs of the claims can be

found in Appendix A.7.19.

1. Independence : Supposing that ! is a diagonal matrix, both our greedy and swapping algorithms

Þnd an optimal solution.

2. Perfect reconstruction : Suppose! is such that there exists a set ofk variables that perfectly

linearly reconstruct the remaining. Then both our greedy and swapping algorithms will Þnd such a set

of variables, and therefore Þnd an optimal solution.

3. Equicorrelation : If ! is a equicorrelation matrix, then all subsets have the same objective value by

symmetry, and thus our algorithms trivially Þnd an optimal solution. Note that our covariance view

from Section 2.2 greatly simpliÞes our analysis of this setting.

4. Block diagonal : Suppose! is a block diagonal correlation with k blocks, i.e., there arek groups of

variables. Let M 1 " Rq" q, . . . , M k " Rq" q be the di!erent blocks. Supposing that each group has a

strong enough representative, i.e., there exists a row/columni j in each of the j = 1 , . . . , k blocks such

that *M ¥i j * 2
2 > q/ 2, then our greedy algorithm will Þnd the optimal solution.

Empirically we veriÞed that when ! ij = 0|i ! j | (covariance of an AR(1) process) our greedy and swapping

algorithms are not guaranteed to Þnd the optimal solution.

A.6 L2 Random variables as a Hilbert space

The results of this section are generally known but hard to Þnd covered in full generality. We give detailed

account of them as they are particularly useful for proving the results in this article. Consider a probability

space ($, F , P). Upon identifying random variables which are equal almost surely in the same equivalence

class, the random variables inL 2($ , F , P) form a complete Hilbert space. Equality between random variables

denotes membership to the same equivalence class, i.e., almost sure equality. For two real-valued random

variables X, Y " L 2, the inner product ;X, Y <H , given by E[XY ], induces a norm*X *2
H = E[X 2]. As abuse

of notation, when dealing with random vectors Z " Rk with entries Zi in L 2, we let *Z *2
H =

2 k
i =1 *Zi *2

H ,

so *Z *2
H = Tr( E [ZZ %]).
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Since weÕre working in a Hilbert space, we can project random variables onto linear subspaces of our

Hilbert space. We only project onto Þnite dimensional subspaces, so we donÕt concern ourselves with the

subtleties of inÞnite dimensional subspaces. IfG is a subspace ofH , we denote the projection ofX onto G

as ProjG(X ). For random vectors, ProjG(Z ) is the random vector with i th entry Proj G(Zi ). We denote the

subspace spanned by the entries ofZ as Span(Z ), but as an abuse of notation we write ProjZ (á) instead of

ProjSpan( Z ) (á). The following Lemma helps us compute projections:

Lemma A.6.1. For random vectors X " Rp, Y " Rq,

{ E [Y X %]E [XX %]+ + E : E " Rq" p such that E X = 0 } = argmin
B $ Rq! p

E [*Y ! B X *2
2].

Theorem 12 provides some useful facts about these projections.

Theorem 12. Consider random vectorsX " Rp, Y " Rq and deÞneP = E[Y X %]E [XX %]+ X and R =

Y ! P. Then,

(i) P = Proj X (Y ),

(ii) E [PR%] = 0 and E[XR %] = 0, i.e., each entry of X and P is orthogonal to each entry ofR,

(iii) *Y *2
H = *P*2

H + *R*2
H ,

(iv) E [PP%] = E[Y X %]E [XX %]+ E [XY %] and E[RR%] = E[Y Y%] ! E [Y X %]E [XX %]+ E [XY %].

The following is a useful corollary of Theorem12.

Corollary 9. Considering random vectorsX " Rp, Y " Rq, Y = W X + + with E [X+%] = 0 if and only if

W = E[Y X %]E [XX %]+ + E where E " Rq" p such that E X = 0 .

A.7 Proofs and derivations

A.7.1 Proof of Lemma A.6.1

Minimizing E[*Y ! B X *2
2] = E [Tr(( Y ! B X )(Y ! B X )%] = Tr( E [Y Y%] ! 2B E[XY %]+ B E[XX %]B %)

with respect to B is an unconstrained convex minimization problem. ThusB is a minimizer if and only if

it sets the Þrst derivative to 0. Using [Petersen and Pedersen, 2008, 2.5.2] to compute the Þrst derivative,

we get B is a solution if and only if B E [XX %] ! E [Y X %] = 0.

We check that B = E[Y X %]E [XX %]+ is a solution. If v " Rp is in the null space of E [XX %],

then 0 = v%E[XX %]v = E[(X %v)2], so X %v = 0. Then also E[Y X %]v = E[Y (X %v)] = 0. Then,

for our choice of v, (E [Y X %]E [XX %]+ E [XX %] ! E [Y X %])v = 0. If v " Rp is not in the null space

of E [XX %], then E[XX %]+ E [XX %]v = v, so (E [Y X %]E [XX %]+ E [XX %] ! E [Y X %])v = 0. Thus

(E [Y X %]E [XX %]+ E [XX %] ! E [Y X %])v = 0 for all v " Rp, so E[Y X %]E [XX %]+ E [XX %] ! E [Y X %] = 0.

For any E " Rq" p such that E X = 0 it is obvious that E [Y X %]E [XX %]+ + E is a solution. If ÷B

is also a solution, then ÷B E[XX %] ! E [Y X %] = 0 and thus (E [Y X %]E [XX %]+ ! ÷B )E [XX %] = 0. Thus
÷B = E[Y X %]E [XX %]+ + E for someE " Rq" p such that E E[XX %] = 0. Since alsoE E[XX %]E % = 0,

we have that Tr(E [E X (E X )%])) = E [*E X *2
2] = 0 so E X = 0.
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A.7.2 Proof of Theorem 12

We prove each result in the order the are presented.

(i) The i th entry of Proj X (Y ) is given by Yi ! (b&)%X , whereb& minimizes *Yi ! b%X *2
H = E[(Yi ! b%X )2]

over b. By Lemma A.6.1, b& must be given by thei th row of E [Y X %]E [XX %]+ + E for someE " Rq" p

such that E X = 0. Thus, up to almost sure equality, that the i th entry of Proj X (Y ) is given by

Yi ! (E [Y X %]E [XX %]+ )i ¥X .

(ii) From (i) we know that Pj is ProjX (Yj ) and Ri = Yi ! ProjX (Yi ). From standard properties of

projections in Hilbert spaces, we know thatPj " Span(X ) and Ri is orthogonal to anything in Span(X ).

thus Pj and Ri are orthogonal, meaning exactly that E [PR%] = 0. Same argument applies forX .

(iii) From (ii) we know that E [Pi Ri ] = 0. Thus, since Yi = Pi + Ri we have*Yi *2
H = E[Y 2

i ] = E [R2
i ] +

E [P2
i ] = *Pi *2

H + *Ri *2
H .

(iv) We can computeE [P P%] = E[Y X %]E [XX %]+ E [XX %]E [XX %]+ E [XY %] = E[Y X %]E [XX %]+ E [XY %].

SinceY = P+ R and we knowE[P R%] = 0 from (ii) , we immediately getE [Y Y%] = E[PP%]+ E[RR%].

So, E [RR%] = E[Y Y%] ! E [P P%] = E[Y Y%] ! E [Y X %]E [XX %]+ E [XY %].

A.7.3 Proof of Corollary 9

The reverse direction follows as ifW = E[Y X %]E [XX %]+ + E , then W X = P and + = R as in

the statement of Theorem 12. Thus by Theorem 12(ii) , E [X+%] = 0. For the forward direction, by the

properties of projections in Hilbert spaces, it is only possible for+i to be uncorrelated with X if W i ¥X

equals ProjX (Yi ) = Pi . Therefore we must haveW = E[Y X %]E [XX %]+ + E where E " Rq" p such that

E X = 0 by Theorem 12(i) .

A.7.4 Proof of Proposition 1 and Proposition 2

By Lemma A.6.1 and Theorem 12(iv) ,

min
B $ Rp ! k

E [*X ! B X S*2
2] = Tr( E [XX %] ! E [XX %]¥SE [XX %]+S E [XX %]S¥).

Taking X to be mean-zero, this immediately implies Proposition2. To prove Proposition 1, let X be

uniformly random over the rows of the matrix X and evaluate the expectations on both sides.

A.7.5 Proof of Theorem 1

We provide a proof of Theorem1. We then provide the analogous result when we allow the covariance of

X ! S |X S to be diagonal (see (A.1)). Lastly we provide the analogous results for both these cases when we

assume that the principal variable distribution F is Gaussian.

PCSS model

Suppose we restrictF to have a probability density bounded by K < ' . Our model is parameterized by

, = ( S, f, µ ! S , W , $2) where f is the density of F . Let öµ and ö! be the sample mean and sample covariance
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of our data. Fix a size-k subsetS. The negative log-likelihood, scaled by 1/n , under our model is given by

!
1
n

n"

i =1

&(x( i ) ; , )

= !
1
n

n"

i =1

0
&(x( i )

S ; , ) + &(x( i )
! S |x( i )

S ; , )
1

=
1
n

n"

i =1

log(f (x( i )
S )) +

1
2

á
1
n

n"

i =1

0
(p ! k) log(22) + ( p ! k) log $2 + $! 2*x( i )

! S ! µS ! W (x( i )
S ! µ! S )*2

2)
1

= !
1
n

n"

i =1

f (x( i )
S ) +

p ! k
2

log$2 +
1

2$2 á
p! k"

j =1

'
1
n

n"

i =1

((x( i )
! S )j ! (µS)j ! W j ¥(x( i )

S ! µ! S )) 2

(

+
(p ! k) log(22)

2
.

We know that ! 1
n

2 n
i =1 log(f (x( i )

S )) is bounded below by ! log(K ). By adding together n bump functions

are narrow enough and attain their maximum height of K at eachx(i ) and placing any remaining mass in the

tails of f , we can Þnd anf that attains this bound. Although µS = EF [X S] is not explicitly known, we can

absorb (µS)j into W j ¥µ! S for each j , so it is an inconsequential parameter. So, without loss of generality

we setµS = öµS in the above. For c > 0, the function log x + c
x is minimized at x = c and has minimized value

log(c) + 1. Thus we should pick (µ! S )j and W j ¥ to minimize 1
n

2 n
i =1 ((x( i )

! S )j ! (µ! S )j ! W j ¥(x( i )
S ! öµS))2.

This is a convex problem. From the Þrst order condition one can compute the minimizing value for (µ! S )j is

(öµ! S )j , and then apply LemmaA.6.1 to compute that the minimizing value of W j ¥ is given by (ö! ! S,S )j ¥
ö!

+
S .

Plugging in these minimizing values gives

1
n

n"

i =1

((x( i )
! S )j ! (µ! S )j ! W j ¥(x( i )

S ! öµS))2 = ( ö! ! S )jj ! ( ö! ! S,S )j ¥
ö!

+
S ( ö! S,! S )¥j .

Since no k variables perfectly linearly reconstruct the remaining, we know at least one of (ö! ! S )jj !

( ö! ! S,S )j ¥
ö!

+
S ( ö! S,! S )¥j is positive. The minimizing value of $2 is thus attained at

$2 =
1

p ! k

p! k"

j =1

( ö! ! S )jj ! ( ö! ! S,S )j ¥
ö!

! 1
S ( ö! S,! S )¥j = Tr( ö! ! S ! ö! ! S,S

ö!
+
S

ö! S,! S )/ (p ! k).

Plugging in all our minimizing values, the negative log likelihood is

! log(K ) +
p ! k

2
log

0
Tr( ö! ! S ! ö! ! S,S

ö!
+
S

ö! S,! S )/ (p ! k)
1

+
p ! k

2
(1 + log(22)) .

Thus the S which minimizes the negative log-likelihood is the one which minimizes Tr(ö! ! S ! ö! ! S,S
ö!

+
S

ö! S,! S ) =

Tr( ö! ! ö! ¥S
ö!

+
S

ö! S¥), completing the claim.

In the case that F is completely unrestricted, our model is parameterized by, = ( S, F, µ! S , W , $2). Fix
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a size-k subsetS. The negative log hybrid likelihood is given by

!
1
n

n"

i =1

&(x( i ) ; , )

= !
1
n

'
n"

i =1

&(x( i )
S ; , ) ! &(x( i )

! S |x( i )
S ; , )

(

= !
1
n

n"

i =1

log(F (x( i )
S )) !

1
n

n"

i =1

&(x( i )
! S |x( i )

S ; , ).

By [Owen, 2001, Theorem 2.1], the optimal choice ofF is that which puts weight 1/n on eachx(i ) . For this

minimizing F , the negative log hybrid likelihood is log(n) ! 1
n

2 n
i =1 &(x( i )

! S |x( i )
S ; , ). The argument is then

identical to the one above.

Diagonal conditional covariance

We show the analogous result for the when we allow the covariance ofX ! S |X S to be diagonal (see (A.1)).

We will assume that every (k + 1) by ( k + 1) principal sub-matrix of ö! is full rank.

In place of $2 > 0 we have the diagonal matrix D / 0 as a parameter. Fix a subsetS and again

decompose the likelihood:

!
1
n

n"

i =1

&(x( i ) ; , ) = !
1
n

n"

i =1

0
&(x( i )

S ; , ) + &(x( i )
! S |x( i )

S ; , )
1

.

The maximum likelihood estimate of the density f is the same as before, and Þnding the remaining maxi-

mizers is similar to before:

!
1
n

n"

i =1

&(x( i )
! S |x( i )

S ; , )

=
1
2

p! k"

j =1

'

logD jj +
1

D jj
á

'
1
n

n"

i =1

((x( i )
! S )j ! (µS)j ! W j ¥(x( i )

S ! µ! S )) 2

((

+
(p ! k) log(22)

2
.

Following the reasoning above, we setW j ¥ to minimize 1
n

2 n
i =1 ((x( i )

! S )j ! (µ! S )j ! W j ¥(x( i )
S ! öµS))2 resulting

in a minimized value of (ö! ! S )jj ! ( ö! ! S,S )j ¥
ö!

! 1
S ( ö! S,! S )¥j > 0 where the inequality and invertability of ö!

! 1
S

come from our new assumption. Like before, this minimized value is the minimizing choice forD jj , implying

that the minimizing D is given by Diag(ö! ! S ! ö! ! S,S
ö!

! 1
S

ö! S,! S ). The minimized negative log-likelihood is

then given by

! log(K ) +
1
2

log(|Diag( ö! ! S ! ö! ! S,S
ö!

! 1
S

ö! S,! S )|) +
p ! k

2
(1 + log(22)) .

So a subset minimizes the negative log-likelihood if and only if it minimizes log(|Diag( ö! ! S ! ö! ! S,S
ö!

! 1
S

ö! S,! S )|).

The argument for minimizing the negative hybrid log-likelihood is then identical to the one above.
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Gaussian principal variable distribution F

Now we derive the analogous results when we require that the principal variable distributionF is a

Gaussian, soX S ( N (µS, C ) where C / 0. First consider the PCSS model with this restriction. Along

with the assumption that no k variables perfectly reconstruct the rest, we require that everyk by k principal

sub-matrix of ! is full rank. The model is parameterized by (S, µ, C , W , $2). Fix a subset S. The negative

log-likelihood, scaled by 1
n , is given by

!
1
n

n"

i =1

&(x( i ) ; , ) = !
1
n

n"

i =1

0
&(x( i )

S ; , ) + &(x( i )
! S |x( i )

S ; , )
1

.

Fix a size-k subsetS. We can ignore the dependence of! 1
n

2 n
i =1 &(x( i )

! S |x( i )
S ; , ) on µS for the same reason in

the proof of Theorem 1. Minimizing ! 1
n

2 n
i =1 (&(x( i )

S ; , ) with respect to C and µS is equivalent Þnding the

unrestricted MLE for a multivariate Gaussian. Since ö! S is invertible by our new assumption, the minimizing

values ofC and µS are ö! S and öµS. The minimizing values of W, $2 are then identical to those in the proof

of Theorem 1 by the same computations, and the minimized value of the negative log-likelihood is

1
2

log | ö! S | +
p ! k

2
log

0
Tr( ö! ! S ! ö! ! S,S

ö!
! 1
S

ö! S,! S )/ (p ! k)
1

+
p
2

(1 + log(22)) .

So the subset which minimizes the negative log-likelihood is one which minimizes log| ö! S |+( p! k) log(Tr( ö! ! S !
ö! ! S,S

ö!
! 1
S

ö! S,! S )/ (p ! k). This is su"cient to prove the claim.

In the case that the principal variable distribution F is a Gaussian and the covariance ofX ! S | X S

is allowed to be diagonal, we again assume that every (k + 1) by ( k + 1) principal sub-matrix of ö! is full

rank. Then proof is identical to above. The subset which minimizes the negative log-likelihood is one which

minimizes log|! S | + log( |Diag( ö! ! S ! ö! ! S,S
ö!

! 1
S

ö! S,! S )|).

A.7.6 Proof of Theorem 2

Throughout this proof, we denote the sorted eigenvalues of a positive semi-deÞnite matrixA " Sq" q
+

as ) 1(A ) 2 á á á 2) q(A ) 2 0. For a matrix M " Rq" k we denote its sorted top-k singular values as

s1(M ) 2 á á á 2sk (M ) 2 0. We also let * á *2 denote the spectral norm of a matrix.

In Appendix A.4, we identiÞed a high-dimensional setting where the in-sample CSS solution (which is

exactly the MLE öS) is consistent for the population CSS solution. This is the subject of Theorem11, whose

proof is the bulk of Appendix A.4. If we can show that (1) the assumptions of Theorem11 are satisÞed and

(2) that the population subset S is also the population CSS solution oncen is large enough, then Theorem2

is immediately implied by Theorem 11. We recall the assumptions of Theorem11 below.

Assumption 1 (Light-tailed data) . The sub-Gaussian norm (see [Vershynin, 2018, DeÞnition 2.5.6]) of

each variable is bounded above by a constant independent ofp and n.

Assumption 2 (Low-dimensional invertibility) . The minimum of the smallest eigenvalues of all thek , k

principal sub-matrices of ! is bounded below by a positive constant independent ofp and n.
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Assumption 3 (Separation). For some * > 0, the achieved CSS objective for the population best subset

S& = argmin
U # [p],|U |= k

Tr( ! ! ! ¥U ! +
U ! ¥U )

is well separated from the objective achieved by any other subset

min
U '= S%

Tr( ! ! ! ¥U ! +
U ! ¥U ) ! Tr( ! ! ! ¥S%! +

S%! ¥S%) = $( p1/ 2+ %)

To show that the conditions of Theorem 2 imply these assumptions and also imply that the population

subsetS is eventually the same as the population CSS minimizerS&, we will need two linear algebra lemmas

whose results are well-known [joriki , Pavel].

Lemma A.7.1. For any positive semi-deÞnite matrixA written in block matrix notation

A =

N
A 11 A 12

A 21 A 22,

O

we have) 1(A ) ) ) 1(A 11) + ) 1(A 22).

Proof. We recall the proof from joriki . Let v be a unit vector. We can write v =
P
v1 v2

QT
as v =

*v1*
P
v1/ *v1* 0

QT
+ *v2*2

P
0 v2/ *v2*2

QT
. Thus we have written v as c1u2 + c2u2 where u1, u2, and

c =
P
c1, c2

QT
" R2 are all unit vectors. DeÞning the matrix

B =

N
uT

1 A 11u1 uT
1 A 12u2

uT
2 A 11u1 uT

2 A 22u2.

O

it is the case that vT A v = cT B c by construction. Therefore,

vT A v = cT B c

) ) 1(B )

) Tr( B )

= uT
1 A 11u1 + uT

2 A 22u2

) ) 1(A 11) + ) 1(A 22)

Because the inequality holds for all unit vectorsv, it must be the case that ) 1(A ) ) ) 1(A 11) + ) 1(A 22) as

desired.

Lemma A.7.2. For any positive deÞnite matrix A " Sk" k
++ written in block matrix notation

A =

N
A 11 A 12

A 21 A 22,

O

the minimum eigenvalue of the Schur compelmentA 22 ! A 21A ! 1
11 A 12 is at least as large as the minimum

eigenvalue ofA .
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Proof. We recall the proof from Pavel.

N
A 11 A 12

A 21 A 22

O

=

N
I k1 0

A 21A ! 1
11 I k2

O N
A 11 0

0 A 22 ! A 21A ! 1
11 A 12

O N
I k1 A ! 1

11 A 12

0 I k2

O

,

Let

V :=

RN
x

y

O

" Rk : x + A ! 1
11 A 12y = 0

S

.

Note that if z =
P
xT yT

QT
" V , then

N
I k1 A ! 1

11 A 12

0 I k2

O N
x

y

O

=

N
0

y

O

.

so

zT A z = yT (A 22 ! A 21A ! 1
11 A 12)y (A.12)

Also *z*2
2 2 * y*2

2. This is su"cient to imply that

min
z$ Rk ,z '=0

zT A z
zT z

) min
z$V ,z '=0

zT A z
zT z

) min
y$ Rk 2 '=0

yT (A 22 ! A 21A ! 1
11 A 12)y

yT y

which establishes the claim

Now we catalogue what the conditions of Theorem2 tell us:

1. Because all the sub-gaussian norm of each variable is bounded above by a constant, there must be

some constantC > 0 such that all the entries of ! have absolute value bounded above byC.

2. There are constantsm > 0 and v > 0 such that ) k (! S ) > m and $2 2 v.

3. There are constants1 > 0 and c1, . . . , ck > 0 such that, if Ni is the number of entries ofW ¥i whose

absolute value is strictly less than1, then eventually Ni 2 ci p1/ 2+ %. As a consequence, there is some

constant c > 0 such that eventually mini $ [k ] Ni 2 cp1/ 2+ %.

Of course, all these constants are independent ofn and p. With this information in hand, we can show

both that the assumptions hold and that S will eventually be the same asS&.

Sub-Gaussianity : Assumption 1 is itself assumed in the satement of Theorem2.

Low-dimensional invertibility : Consider any size-k subset U that is entirely disjoint from S. We can

write the joint covariance of all the variables in U and S in block matrix form as

! S2 U =

N
! S ! SU

! US ! US ! ! 1
S ! SU + $2I k

O
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One can conÞrm by direct computation that

! ! 1
S2 U =

N
! ! 1

S + $! 2! ! 1
S ! SU ! US ! ! 1

S ! $! 2! ! 1
S ! SU

! $! 2! US ! ! 1
S $! 2I k

O

.

We can bound*! SU ! US *2 ) Tr( ! SU ! US ) ) k2C2. Then, applying Lemma A.7.1, we have

) 1(! ! 1
S2 U ) ) ) 1(! ! 1

S + $! 2! ! 1
S ! SU ! US ! ! 1

S ) + ) 1($! 2I k )

= * ! ! 1
S + $! 2! ! 1

S ! SU ! US ! ! 1
S *2 + $! 2

) * ! ! 1
S *2 + $! 2* ! ! 1

S *2
2* ! SU ! US *2 + $! 2

) m! 1 + v! 1m! 2k2C2 + v! 1.

As a consequence, we have that

) k (! S2 U ) 2 (m! 1 + v! 1m! 2k2C2 + v! 1)! 1 > 0.

Now if we consider any size-k subset ?U, the matrix ! !U is a principal sub-matrix of ! S2 U for some choice of

size-k subsetU. Therefore by CauchyÕs eigenvalue interlacing theoremBhatia [1997],

) k (! !U ) 2 (m! 1 + v! 1m! 2k2C2 + v! 1)! 1 > 0.

and we have established that Assumption2 holds.

Separation : Now we establish both that Assumption 3 holds and that S& and S are eventually the same.

Recall that X # = W #¥X S + +for &-" S, where for ease of notation, we index thep! k rows of W by elements

of ! S. Fix any size-k subset U that is not equal to S, so that there is somei " S that is not in U. To

establish Assumption 3 and that S and S& are eventually equal, it will su"ce to argue the following

¥ If &-" S 3 U then

(! ## ! ! #U ! ! 1
U ! U#) ! (! ## ! ! #S! ! 1

S ! S#) 2 0.

¥ If &-" S 3 U and W #i 2 1, then

(! ## ! ! #U ! ! 1
U ! U#) ! (! ## ! ! #S! ! 1

S ! S#) 2 /

where / > 0 is some constant.
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To see why this is su"cient, note that

H
Tr( ! ! ! ¥U ! ! 1

U ! U ¥)
I

!
H
Tr( ! ! ! ¥S ! ! 1

S ! S¥)
I

2
"

#'$S2 U,W !i 3 w

T
(! ## ! ! #U ! ! 1

U ! U#) ! (! ## ! ! #S! ! 1
S ! S#)

U

+
"

#'$S2 U,W !i <w

T
(! ## ! ! #U ! ! 1

U ! U#) ! (! ## ! ! #S! ! 1
S ! S#)

U

!

L
L
L
L
L

"

#$ S2 U

(! ## ! ! #U ! ! 1
U ! U#) ! (! ## ! ! #S! ! 1

S ! S#)

L
L
L
L
L

2 / (Ni ! k) ! 4kC

2 / min
j $ [k ]

Nj ! /k ! 4kC

2 /cp
1
2 + %! /k ! 4kC

where the last inequality holds for large enoughn and we have also bounded

L
L
L
L
L

"

#$ S2 U

Tr( ! ## ! ! #U ! ! 1
U ! U#) ! Tr( ! ## ! ! #S! ! 1

S ! S#)

L
L
L
L
L

)
"

#$ S2 U

2|Tr( ! ##)| ) 4kC.

This bound has no dependence onU, and therefore it holds that for large enoughn that

min
U '= S

Tr( ! ! ! ¥U ! ! 1
U ! U ¥) ! Tr( ! ! ! ¥S ! ! 1

S ! S¥) 2 /cp
1
2 + %! /k ! 4kC

Sincep is growing by assumption, this is su"cient to imply both Assumption 3 and that S is the eventually

the same as the population CSS minimizerS&.

We devote the rest of the proof to showing the claim. LetL be the Cholesky decomposition of! S , so

! = L T L . If we write the population covariance in block matrix form with the subset S as the Þrst block

and the remaining variables as the second block, then it is straightforward to check it admits the following

Cholesky decomposition

! =

N
L T L T W T

0 $I p! k

OT N
L T L T W T

0 $I p! k

O

Let v1, . . . , vp " Rp be the columns of this Cholesky decomposition. For a subsetT + [p], denote the span of

{ vj : j " T} as Span(T), the projection of x " Rp onto the span as ProjT (x), and the component of x that

is orthogonal to this subspace asRT (x) = x ! ProjT (x). By construction, the columns satisfy vT
s vt = ! st .

Also they satisfy for &-" S that

v# = n# +
"

j $ S

W #j vj = n# + ÷v# (A.13)

where

1. the n# are orthogonal to each other and the subspace Span(S),

2. the n# all have norm *n#*2
2 = $2,

3. the ÷v# =
2

j $ S W #j vj are in Span(S).
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It is also easy to conÞrm that, for a subsetT + [p], the norm *RT (vj )*2
2 is exactly the Schur complement

! jj ! ! jT ! ! 1
T ! T j . As a consequence, recalling the universal lower boundm > 0 for ) k (! S ), Lemma A.7.2

tells us that

*RS! j (vj )* 2
2 2 ) k (! S ) 2 m,

where S ! j is the subsetS with j removed.

Now Þx a size-k subsetU that is not equal to S. There must be at least somei " S that is not in U.

Considering &-" S 3 U, our goal is to lower bound the di!erence between

! ## ! ! #U ! ! 1
U ! U# = min

$ $ Rk
*v# !

"

j $ U

" j vj * 2
2,

where for notational simplicity we index the entries of " by the j " U, and ! ##! ! #S! ! 1
S ! S# = $2. We can

rewrite the objective

*v# !
"

j $ U

" j vj * 2
2

= * ÷v# !
"

j $ U 4 S

" j vj !
"

j $ U \ S

" j ÷vj * 2
2 + $2 + $2

"

j $ U \ S

" 2
j

= *ProjU 4 S(÷v#) !
"

j $ U \ S

" j ProjU 4 S(÷vj ) !
"

j $ U 4 S

" j vj * 2
2 + *RU 4 S(÷v#) !

"

j $ U \ S

" j RU 4 S(÷vj )*2
2 + $2 + $2

"

j $ U \ S

" 2
j

We see immediately that ! ## ! ! #U ! ! 1
U ! U# 2 $2. No matter what values of " j we pick for j " U \ S, the

quantity

ProjU 4 S(÷v#) !
"

j $ U \ S

" j ProjU 4 S(÷vj )

will always been in Span(S), so we will always set" j for j " U \ S to make the left-most term equal to zero.

Thus, letting q = |U 8 S| we are left with

! ## ! ! #U ! ! 1
U ! U# = argmin

$ $ Rq
*RU 4 S(÷v#) !

"

j $ U \ S

" j RU 4 S(÷vj )*2
2 + $2

"

j $ U \ S

" 2
j + $2

The right hand side is a ridge regression problem with a unique solution" & that has a closed form. Let we

let A " Rp" q be the matrix whose columns are given by the vectorsRU 4 S(÷vi ). Because

*RU 4 S(÷vi )*2
2 ) * ÷vi *2

2 ) * vi * 2
2 ) C (A.14)

We know that the trace and therefore largest eigenvalue ofA T A is at most kC. This implies the largest

singular value of A is at most k1/ 2C1/ 2. Let U " Rp" p be the orthogonal matrix with columns ui , whose

Þrst q columns are the top q left singular vectors of A , [Hastie et al., 2009, Equation 3.47] implies for the
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optimal " & that

*RU 4 S(÷v#) !
"

j $ U \ S

" &
j RU 4 S(÷vi )*2

2 =
q"

i =1

5
1 !

si (A )2

si (A )2 + $2

6 2

(uT
i RU 4 S(÷v#))2 +

p"

i = q+1

(uT
i RU 4 S(÷v#))2

2
5

1 !
kC

kC + $2

6 2 p"

i =1

(uT
i RU 4 S(÷v#))2

=
5

1 !
kC

kC + $2

6 2

*RU 4 S(÷v#)*2
2

Now we just need to lower bound*RU 4 S(÷v#)*2
2. Recall that i " S but i -" U. Then we can decompose

RU 4 S(÷v#) = RU 4 S(
"

j $ S

W #j vj )

=
"

j $ S\ U

W #j RU 4 S(vj )

= W #i RS! i (RU 4 S(vi )) + W #i ProjS! i (RU 4 S(vi )) +
"

j $ S\ U,j '= i

W #j RU 4 S(vj )

The Þrst vector is orthogonal to Span(S! i ), whereas the remaining vectors in the expression live in Span(S!

i ). Because Span(U 8 S) + Span(S ! i ), we also have thatRS! i (RU 4 S(vi )) = RS! i (vi ), and therefore that

*RU 4 S(÷v#)*2
2 2 * W #i RS! i (RU 4 S(vi )) *2

2

2 * W #i RS! i (vi )* 2
2

2 W 2
#i m

where we have recalled from above that*RS! i (vi )* 2
2 2 m. If &is such that |W#i | 2 1, then putting everything

together gives that

(! ## ! ! #U ! ! 1
U ! U#) ! (! ## ! ! #S! ! 1

S ! S#) 2
5

1 !
kC

kC + $2

6 2

12m > 0.

A.7.7 Proof of Theorem 3

The reverse direction is obvious. We show the forward direction. For simplicity weÕll assumeX is mean

zero. For the general case apply the same argument toX ! µ. SinceZ " Rk has covarianceI k , if Z = B X

then B " Rk" p must be rank k. Plugging Z = B X into our factor model equation, we get that X =

W B X + +, where + is uncorrelated with B X . By Corollary 9, W = ! X, B X ! ! 1
B X = ! B %(B ! B %)! 1. Our

expressionX = W B X + +follows the deÞnition of regression component decomposition given in [Sch¬onemann

and Steiger, 1976]. Referencing [Sch¬onemann and Steiger, 1976, Equation 2.6] and the discussion following

it, the covariance D of + has rank exactly p ! k. SinceD is diagonal, this means exactlyk of its entries are

0. Let S + [p] be the subset of indices such ifi " S then D ii = 0 and thus +i = 0. Then X S = W S¥B X .

It clear that since + is uncorrelated with B X , it must also be uncorrelated with X S. Since X S and B X

have full rank covariances,W S¥ must be full rank and thus invertible, and we can write B X = W ! 1
S¥ X S.
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Plugging this into our original factor model we have X ! S = MW X S + + where MW = W ! S¥W ! 1
S¥ and X S is

uncorrelated with +.

A.7.8 Proof of Lemma 1

By Lemma A.6.1 the residual R(Y, Z) is given by Y ! ! Y Z ! +
Z Z . By standard properties of projections

in Þnite dimensional Hilbert spaces,R(X, X S) = R(R(X, X U ), R(X i , X U )). We can therefore compute,

! R (X,X S ) = ! R (R (X,X U ) ,R (X i ,X U )))

= ! R (X,X U ) ! ! R (X,X U ) ,R (X i ,X U ) !
+
R (X i ,X U ) ! R (X i ,X U ) ,R (X,X U )

= ! R (X,X U ) ! (! R (X,X U ) )¥i (! R (X,X U ) )i ¥/ (! R (X,X U ) )ii áI ( ! R ( X,X U ) ) ii > 0.

Where the second equality follows from Theorem12(iv) . Also using Theorem12(iv) we can compute that

(! R (X,X U ) )¥i = ! ¥i ! ! ¥T ! +
T ! T,i .

A.7.9 Proof of Lemma A.2.1

Supposex(1) , . . . , x(n ) " Rp are drawn from a distribution satisfying ( A.1) for a size-k subset S, k < p ,

and population mean µ.

First we show that the quantiles of T(S) from ( 3.4) are bounded by those of (3.5). We will perform our

analysis conditional onx(1)
S , . . . , x(n )

S (hence, the independence betweenX S and +is crucial). Let X S " Rn " k

and X ! S " Rn " (p! k ) be the matrices with rows x(i )
S and x(i )

! S . DeÞninge(i ) = ( x( i )
! S ! µ! S ) ! W (x( i )

S ! µS)

and öe(i ) = ( x( i )
! S ! öµ! S ) ! ö! ! S,S

ö!
+
S (x( i )

S ! öµS), let the matrices E , öE " Rn " (p! k ) have rowse(i ) and öe(i ) . Note

that e( i ) are the unique factors+ for the i th sample. Having conditioned on thex( i )
S , we are exactly in the

setting of Þxed-X Ordinary Least Squares (OLS). In particular, we are running a multi-response regression

of X ! S on X S where the responses are independent. TheöE are the residuals from OLS, whileE are the

residuals one would get from using the population regression coe"cients. With this in mind, letH " Rn " n

be the orthogonal projection matrix onto the span of the columns ofX S and 1 " Rn , a n-dimensional vector

of ones. By construction,H has rank r ) k + 1. Therefore,

ö! ! S ! ö! ! S,S
ö!

+
S

ö! S,! S =
1
n

öE
% öE

=
1
n

X %
! S(I n ! H )X ! S

=
1
n

((X S ! 1µ%
S )W % + 1µ%

! S + E )%(I n ! H )(( X S ! 1µ%
S )W % + 1µ%

! S + E )

=
1
n

E %(I n ! H )E .

Let N " Rn " (p! k ) and M " R(n ! r ) " (p! k ) be random matrices with i.i.d N (0, 1) entries and R " Rn " n

be a rotation such that R %(I n ! H )R is diagonal matrix with 1 on the Þrst n ! r diagonal entries and 0
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otherwise. Then we can compute

n log

'
|Diag(E %(I n ! H )E )|

|E %(I n ! H )E |

(

= n log

'
|Diag(D ! 1/ 2E %(I n ! H )ED ! 1/ 2)|

|D ! 1/ 2E %(I n ! H )ED ! 1/ 2|

(

d= n log

'
|Diag(N %(I n ! H )N |)

|N %(I n ! H )N |

(

d= n log

'
|Diag(N %R %(I n ! H )RN |)

|N %R %(I n ! H )RN |

(

d= n log

'
|Diag(M %M )|

|M %M |

(

d= n log
5

|Diag(Wp! k (I p! k , n ! r )) |
|Wp! k (I p! k , n ! r )|

6

d= n
p! k"

j =2

log

'

1 +
÷%2

j ! 1

%2
n ! r ! j +1

(

.

where Wp! k (I p! k , n ! r ) is a Wishart distribution and { %2
#} , { ÷%2

#} are mutually independent chi-squared

random variables with degrees of freedom speciÞed by their subscript. The Þnal equality in distribution

follows from the Bartlett decomposition of Wisharts [Anderson et al., 1958, Corollary 7.2.1]. For clarity, we

specify that the Þnal distribution is a point mass at zero whenk = p ! 1.

Recall that these equalities in distribution are conditional. Sincer ) k + 1, it is clear that the quantiles

of n
2 p! k

j =2 log
0

1 +
÷, 2

j # 1

, 2
n # k # j

1
are always at least as large as those ofn

2 p! k
j =2 log

0
1 +

÷, 2
j # 1

, 2
n # r # j +1

1
. Since the

conditional quantiles of T(S) are always bounded above by the quantiles ofn
2 p! k

j =2 log
0

1 +
÷, 2

j # 1

, 2
n # k # j

1
, the

marginal quantiles must be as well.

Now we can easily establish the Þnal claim. Recall thatQn,p,k (1 ! ! ) is the (1 ! ! )-quantile of

n
2 p! k

j =2 log
0

1 +
÷, 2

j # 1

, 2
n # k # j

1
. SinceTk ) T(S),

P(Tk > Q n,p,k (1 ! ! )) ) P(T(S) > Q n,p,k (1 ! ! )) ) !.

A.7.10 Proof of Lemma A.2.2

First, some preliminaries. DeÞne the function vec(á) that maps a symmetric matrix M " Rq" q to a vector

m " Rq(q+1) / 2 that contains all itÕs unique entries. Ifm = vec(M ), then we will index m by mij for i ) j

so that mij = M ij . The inverse map is denoted vec! 1(á). We will use the stochastic calculus notation of

[Vaart , 1998, Chapter 2] and also freely refer to results from this chapter.

Suppose we observex(1) , . . . , x(n ) drawn from a distribution that satisÞes (3.2) for some size-k subsetS

where k < p ! 1. In the case that k = p ! 1, T(S) is a point mass at zero and the result is obvious. Recall

E and H from the proof of Lemma A.2.1 and consider the function g(M ) = log( |Diag(M )|) ! log(|M |).

Computations in the proof of Lemma A.2.1 imply that T(S) = ng(E T (I n ! H )E /n ), and it thus su"ces to

show that ng(E T (I n ! H )E /n ) ! %2
(p! k )( p! k ! 1) / 2. We will show this result in steps.

Step One - CLT for vec( E T E/n ): Let a = vec(E T E /n ) and ÷a " Rp(p! 1) / 2 be only the entries of a

that correspond to the non-diagonal entries ofE T E /n . We index ÷a as ÷aij , i < j . The standard multivariate
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CLT tells us that
#

n÷a ! N (0, V ) where V " Rp(p! 1) / 2" p(p! 1) / 2 is such that V ij,st = D ii D jj if i = s, j = t

and 0 otherwise. Furthermore, by the weak law of large numbersaii ! D ii = op(1).

Step Two - Controlling vec( E T HE/n ): We want to control E T HE /n , the di!erence betweenE T E /n

and E T (I n ! H )E /n . Particularly we want to show that ( E T HE /n )ij = op(n! 1/ 2), i ) j . To do so it

su"ces to show that *E T HE *2
F = Op(1). Noting that H is the sum of the outer product of at most k + 1

unit vectors, it su"ces to show that *E T vvT E *2
F = *E T v*4

2 = Op(1) for an arbitrary sequence of unit

vectors v " Rn . To show this, it su"ces to show that
2 n

i =1 e( i )
# vi = ( E T v)# = Op(1) for all 1 ) &) p. But

Var(
2 n

i =1 e( i )
# vi ) = D ##

2 n
i =1 v2

i = D ## and E [
2 n

i =1 e( i )
# vi ] = 0, so this must be the case by Chebyshev.

Step Three - CLT for vec( E T ( I n ! H )E/n ): Let aH = vec(E T (I n ! H )E /n ) and ÷aH " Rp(p! 1) / 2

be only the entries ofa that correspond to the non-diagonal entries ofE T (I n ! H )E /n . Step Two implies

that
#

n(÷a ! ÷aH ) = op(1), so
#

n÷aH ! N (0, V ) by SlutskyÕs lemma and Step One, whereV is as in Step

One. Furthermore, sinceaii ! (aH )ii = op(1), we also have (aH )ii ! D ii = op(1) by SlutskyÕs.

Step Four - Delta Method for g(E T ( I n ! H )E/n ): DeÞne the function f : Rq(q+1) / 2 & R by

f (m) = g(vec! 1(m)). We will consider the domain of f to be the open set ofm such that vec! 1(m) is a

positive deÞnite matrix. On this domain f is C( . We will take a second order Taylor expansion of the

function f around an d " R(p! k )( p! k+1) / 2 such that vec! 1(d) = D . Note then dij = 0 for i < j . We can

compute the Þrst and second order partial derivatives off using [Petersen and Pedersen, 2008, Section 2]:

3f (m)
3mij

=

)
*

+

! 2(vec! 1(m)) ! 1
ij i -= j

m! 1
ii ! (vec! 1(m)) ! 1

ii i = j,

32f (m)
3mij 3mst

=

)
333*

333+

2((vec! 1(m)) ! 1
is (vec! 1(m)) ! 1

jt + (vec ! 1(m)) ! 1
it (vec! 1(m)) ! 1)js i -= j, s -= t

2(vec! 1(m)) ! 1
is (vec! 1(m)) ! 1

js i -= j, s = t

((vec! 1(m)) ! 1
is )2 ! m! 2

ii I i = s i = j, s = t.

By repeated application of [Petersen and Pedersen, 2008, 9.1.2], itÕs clear thatf 2 0 on its domain. Further

f (d) = 0. In line with this, all the Þrst order partial derivatives of f are zero atd. Many of the second order

partial derivatives are also zero. TaylorÕs theorem gives the following expansion off around d:

f (m) =
"

i<j

D ! 1
ii D ! 1

jj m2
ij

+
"

i 1 , j 1 ,i 2 , j 2 ,i 3 , j 3

ci 1 j 1 i 2 j 2 i 3 j 3

3f 3(d + t(m ! d))
3mi 1 j 1 3mi 2 j 2 3mi 3 j 3

(mi 1 j 1 ! di 1 j 1 )(mi 2 j 2 ! di 2 j 2 )(mi 3 j 3 ! di 3 j 3 ).

for somet " [0, 1] and constantsci 1 j 1 i 2 j 2 i 3 j 3 . It is then clear that

ng(E T (I n ! H )E /n ) = nf (vec(E T (I ! H )E /n )) =
"

i<j

D ! 1
ii D ! 1

jj (
#

n(aH )ij )2 + op(1),
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and by continuous mapping theoremng(E T (I n ! H )E /n ) ! %2
(p! k )( p! k ! 1) / 2.

A.7.11 Proof of Lemma A.2.3

The case that k = p ! 1 is obvious, so we considerk < p ! 1 without loss of generality.

First we will argue that the Qn,p,k (1 ! ! ), the (1 ! ! )-quantile of (3.5), converges toQp,k (1 ! ! ), the

(1 ! ! )-quantile of a %2
(p! k )( p! k ! 1) / 2 distribution as the number of samplesn tends to inÞnty. Consider

observing x(1) , . . . , x(n ) samples drawn from a distribution that satisÞes (3.2) for a size-k subset S, and

suppose the principal variable distribution F admits a density. Following the proof of Lemma A.2.1, we

see that T(S) will have distribution exactly ( 3.5) since ö! S will be full-rank with probability one. But

Lemma A.2.2 tells us that T(S) ! %2
(p! k )( p! k ! 1) / 2. This implies that Qn,p,k (1 ! ! ) tends to Qp,k (1 ! ! ) as

n & 0.

Now, by SlutskyÕs and LemmaA.2.2 we know that T(S) ! Qn,p,k (1 ! ! ) ! %2
(p! k )( p! k ! 1) / 2 ! Qp,k (1 ! ! ).

Since 0 is a continuity point of %2
(p! k )( p! k ! 1) / 2 ! Qp,k (1 ! ! ) we have that

lim sup
n *(

P(Tk ! Qn,p,k (1 ! ! ) > 0) ) lim sup
n *(

P(T(S) ! Qn,p,k (1 ! ! ) > 0)

= P(%2
(p! k )( p! k ! 1) / 2 ! Qp,k (1 ! ! ) > 0)

= !.

A.7.12 Proof of Theorem 4

First we show the asymptotic result. Consider a samplex(1) , . . . , x(n ) from a distribution P and suppose

that k& is the smallestk for which P belongs to the subset factor model (3.2). Note that every distribution

belongs to the (k ! 1)-dimensional factor model sok& ) k + 1. Recall that ök is the smallest k for which

Tk ) Qn,p,k (1 ! ! ). Then, using Lemma A.2.3,

lim sup
n *(

P(ök > k &) ) lim sup
n *(

P(Tk % > Q n,p,k %(1 ! ! )) ) !

Now, for the Þnite sample result. Letk& be the smallestk for which P satisÞes the model (A.1) for some

size-k subsetS, and take ök as before. It is now possible thatk& = p, but P(ök > k ) = 0 if so. Thus, without

loss of generality, we can suppose thatk& < p . Then, from lemma A.2.1

P(ök > k &) ) P(Tk % > Q n,p,k %(1 ! ! )) ) !.

A.7.13 Proof of Lemma A.2.4

First we show that a distribution P satisÞes (A.3) with a size-k set S if and only if, for the population

covariance! , ! ! S ! ! ! S,S ! +
S ! S,! S is diagonal and positive deÞnite. First we show the forward direction.

We know that X ! S ! µ! S = W (X S ! µS) + + where Cov(X S, +) = 0. Then Corollary 9 tells us that

X ! S ! µ! S = ! ! S,S ! +
S (X S ! µS) + +. Via this, we can compute that ! S = ! ! S,S ! +

S ! S,! S + D where

D / 0 so! S ! ! ! S,S ! +
S ! S,! S is diagonal and positive deÞnite. For the reverse direction Corollary9 tells

us that X ! S ! µ! S = ! ! S,S ! +
S (X S ! µS) + + where Cov(X S, +) = 0. A simple computation shows that +

must have diagonal, positive deÞnite covariance and thus the distribution satisÞes (A.3) with a size-k set S .
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Now, consider n > p samplesx(1) , . . . , x(n ) " Rp drawn from a distribution P that satisÞes (A.3) for

some size-k set S and suppose thatP has population covariance! such that ! S / 0. Then it must be the

case that ! / 0. Thus, for every size-k subsetU, |! ! U ! ! ! U,U ! +
U ! U, ! U | > 0. Since ö! converges almost

surely to ! as n & ' , we have that, for every size-k subsetU,

log

'
|Diag( ö! ! U ! ö! ! U,U

ö!
+
U

ö! U, ! U )|

| ö! ! U ! ö! ! U,U
ö!

+
U

ö! U, ! U |

(

(A.15)

converges almost surely to

log
5

|Diag(! ! U ! ! ! U,U ! ! 1
U ! U, ! U )|

|! ! U ! ! ! U,U ! ! 1
U ! U, ! U |

6
(A.16)

As a consequence of [Petersen and Pedersen, 2008, 9.1.2], (A.16) is zero if and only if ! ! U ! ! ! U,U ! ! 1
U ! U, ! U

is diagonal and otherwise it is strictly greater than zero. Thus, By the discussion above, it is zero whenP

satisÞes (A.3) with U, and otherwise it is strictly greater than zero. Since öS minimizes T(U) it must also

minimize (A.15). And since (A.15) converges almost surely to (A.16), eventually öS will be one of the U for

which (A.16) is zero, meaningP will eventually satisfy ( A.3) with öS.

A.7.14 Proof of Lemma A.2.5

We adopt the notation from the proof of lemma A.2.1. Similarly we perform our analysis conditional on

the x( i ) . Recall that

ö! ! S ! ö! ! S,S
ö!

+
S

ö! S,! S =
1
n

E %(I n ! H )E .

Since we have assumed thatF has a density, we know that rank(H ) = k +1. We can then similarly compute

?T(S) = n log

'
(Tr( E T (I n ! H )E )/ (p ! k))p! k

|E T (I n ! H )E |

(

= n log

'
(Tr( $! 1E T (I n ! H )E $! 1)/ (p ! k))p! k

|$! 1E T (I n ! H )E $! 1|

(

d= n log
5

(Tr( Wp! k (I p! k , n ! k ! 1))/ (p ! k))p! k

|Wp! k (I p! k , n ! k ! 1)|

6

d= n log

#

$

'
÷%2

(p! k )( p! k ! 1) / 2 +
2 p! k

j =1 %2
n ! k ! j

p ! k

( p! k B
#

$
p! kC

j =1

%2
n ! k ! j

%

&

%

&

whereWp! k (I p! k , n ! r ) is a Wishart distribution, { %2
#} , { ÷%2

#} are mutually independent chi-squared random

variables with degrees of freedom speciÞed by their subscript, and again the Þnal equality in distribution

follows from the Bartlett decomposition of Wisharts [Anderson et al., 1958, Corollary 7.2.1]. Although these

equalities in distribution are conditional, since the Þnal distribution does not depend on thex( i ) , it also

holds marginally. Note that the distribution is a point mass at zero when k = p ! 1.



APPENDIX A. SUPPLEMENTARY MATERIAL RELATING TO COLUMN SUBSET SELECTION 115

Now we can easily establish the Þnal claim. Recall that?Qn,p,k (1 ! ! ) is the (1 ! ! )-quantile of

n log

#

$

'
÷%2

(p! k )( p! k ! 1) / 2 +
2 p! k

j =1 %2
n ! k ! j

p ! k

( p! k B
#

$
p! kC

j =1

%2
n ! k ! j

%

&

%

&

Since ?Tk ) ?T(S),

P( ?Tk > ?Qn,p,k (1 ! ! )) ) P( ?T(S) > ?Qn,p,k (1 ! ! )) ) !.

A.7.15 Proof of Proposition A.2.1

Let k& be the smallestk for which P satisÞes the model (A.1) for some size-k subsetS, and recall that
ök is the smallest k for which ?Tk ) ?Qn,p,k (1 ! ! ). It is possible that k& = p, but then P(ök > k ) = 0 if so.

Thus, without loss of generality, we can suppose thatk& < p . Then, from lemma A.2.5,

P(ök > k &) ) P( ?Tk % > ?Qn,p,k %(1 ! ! )) ) !.

A.7.16 Proof of Lemma A.2.6

First we claim that a distribution P satisÞes (A.6) with a size-k set S if and only if, for the population

covariance ! , ! ! S ! ! ! S,S ! +
S ! S,! S is isotropic, i.e., equal to 1I p! k for some 1 > 0. The argument is

identical to that in the proof of Lemma A.2.4.

Now, consider n > p samplesx(1) , . . . , x(n ) " Rp drawn from a distribution P that satisÞes (A.6) for

some size-k subset S. Further suppose that, at the population level no set ofk variables perfectly linearly

reconstruct the rest. This implies that Tr( ! ! U ! ! ! U,U ! +
U ! U, ! U ) is never zero for any size-k subset U.

Then, since ö! converges almost surely to! as n & ' , we can guarantee that

log

'
(Tr( ö! ! U ! ö! ! U,U

ö!
+
U

ö! U, ! U )/ (p ! k)) (p! k )

| ö! ! U ! ö! ! U,U
ö!

+
U

ö! U, ! U |

(

(A.17)

converges almost surely to

log
5

(Tr( ! ! U ! ! ! U,U ! +
U ! U, ! U )/ (p ! k)) (p! k )

|! ! U ! ! ! U,U ! +
U ! U, ! U |

6
(A.18)

We claim that ( A.18) is zero if and only if ! ! U ! ! ! U,U ! +
U ! U, ! U is of the form 1I p! k . To see this note

that ( A.18) is (resp. strictly) larger than zero if and only if

Tr( ! ! U ! ! ! U,U ! +
U ! U, ! U )/ (p ! k)

|! ! U ! ! ! U,U ! +
U ! U, ! U |1/ (p! k )

(A.19)

is (resp. strictly) larger than one. But ( A.19) is always larger than or equal to one because it is the ratio of

the arithmetic mean to the geometric mean of the eigenvalues of! ! U ! ! ! U,U ! +
U ! U, ! U . Equality is only

attained when all the eigenvalues are equal, i.e., when! ! U ! ! ! U,U ! +
U ! U, ! U is of the form 1I p! k , which

completes the claim.

By the discussion above, this quantity will be zero whenP satisÞes (A.6) with U, and otherwise it will be
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strictly greater than zero. Since ?S minimizes ?T(U), eventually it will be one of the U for which this quantity

is zero, and thus eventuallyP will satisfy ( A.3) with ?S.

A.7.17 Correctness of subset search algorithms

We provide computations which justify the correctness algorithms in Section2.3.1as well as AppendixA.3.

Minimizing T(á): [Petersen and Pedersen, 2008, 9.1.2] and Lemma1 jointly tell us that log |! U + i | =

log | ö! U | + log(( ö! R (X,X U ) )ii ). Using Lemma 1, we can compute

log | ö! U + i | + Tr(log(Diag( ö! R (X # ( U + i ) ,X U + i ) )))

= log | ö! U | + log(( ö! R (X,X U ) )ii ) + Tr(log(Diag(( ö! R (X,X U + i ) )! (U + i ) )))

= log | ö! U | + log(( ö! R (X,X U ) )ii )

+ Tr(log(Diag(( ö! R (X,X U ) ! ( ö! R (X,X U ) )¥i ( ö! R (X,X U ) )i ¥/ ( ö! R (X,X U ) )ii áI ( ö! R ( X,X U ) ) ii > 0)! (U + i ) )))

= log | ö! U | + log(( ö! R (X,X U ) )ii ) +
"

j '$U + i

log(( ö! R (X,X U ) )jj ! ( ö! R (X,X U ) )
2
ij / ( ö! R (X,X U ) )ii áI ( ö! R ( X,X U ) ) ii > 0)

which is su"cient to imply that the i -" U we select minimizes the objective over subsetsU + i .

Minimizing ?T(á): Following similar reasoning to above, we can compute

log |! U + i | + ( p ! k) log(Tr( ! R (X # ( U + i ) ,X U + i ) )/ (p ! k))

= log |! U | + log(( ! R (X,X U ) )ii ) + ( p ! k) log(Tr( ! R (X,X U + i ) )) ! (p ! k) log(p ! k)

= log |! U | + log(( ! R (X,X U ) )ii )

+ ( p ! k) log(Tr( ! R (X,X U ) ! (! R (X,X U ) )¥i (! R (X,X U ) )i ¥/ (! R (X,X U ) )ii áI ( ! R ( X,X U ) ) ii > 0)) ! (p ! k) log(p ! k)

= log |! U | + log(( ! R (X,X U ) )ii ) + ( p ! k) log(Tr( ! R (X,X U ) ) ! * (! R (X,X U ) )¥i * 2
2/ (! R (X,X U ) )ii áI ( ! R ( X,X U ) ) ii > 0)

! (p ! k) log(p ! k)

which is su"cient to imply that the i -" U we select minimizes the objective over subsetsU + i .

McCabeÕs Þrst criterion: If there exists a k by k principal sub-matrix of ! that is full rank then minimiz-

ing |! ! S ! ! ! S,S ! +
S ! S,! S | is equivalent to maximizing |! S |. Consider having a currently selected subset

U. We know from above that |! U + i | = |! U | á(! R (X,U ) )ii . This is su"cient to imply that the i -" U we

select minimizes the objective over subsetsU + i .

McCabeÕs second criterion: Consider having currently selected a subsetU. For i -" U let " =

(! R (X,X U ) )¥i . Then from Lemma 1:

Tr( ! R (X,X U + i ) ) = Tr( ! R (X,X U ) !
"" %

" i
áI $i > 0)

= Tr( ! R (X,X U ) ) !
||" ||22

" i
áI $i > 0
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which is su"cient to imply that the i -" U we select minimizes the objective over subsetsU + i .

McCabeÕs third criterion: Consider having currently selected a subsetU. For i -" U let " = ( ! R (X,X U ) )¥i .

Then from Lemma 1:

* ! R (X,X U + i ) *
2
F = * ! R (X,X U ) !

"" %

" i
áI $i > 0*2

F

= Tr(( ! R (X,X U ) !
"" %

" i
áI $i > 0)%(! R (X,X U ) !

"" %

" i
áI $i > 0))

= * ! R (X,X U ) *
2
F +

N
*" *4

2

" 2
i

!
2" %! R (X,X U ) "

" i

O

áI $i > 0

which is su"cient to imply that the i -" U we select minimizes the objective over subsetsU + i .

McCabeÕs fourth criterion: McCabeÕs fourth criterion suggests Þnding a subsetS that maximizes

Tr( ! +
S ! S,! S ! +

! S ! ! S,S ).

We brießy justify that our generalized objective has the same interpretation. Fix a subsetS. It is well

known that Tr( ! +
S ! S,! S ! +

! S ! ! S,S ) is the sum of the squared canonical correlations when! / 0 [McCabe,

1984]. When ! is singular, suppose that the ranks of! S and ! ! S are r 1 and r 2 respectively. Then let Q1

and Q2 be rotations so that the last k ! r 1 and p! k ! r 2 entries of Q1X S and Q2X ! S are zero. LetY1 " Rr 1

and Y2 " Rr 2 be the Þrst r 1 and r 2 entries of X S and X ! S . By the deÞnition of canonical correlations, the

sum of the squared canonical correlations betweenX S and X ! S and Y1 and Y2 are the same, and it is easy

to verify that Tr( ! ! 1
Y1

! Y1 ,Y2 ! ! 1
Y2

! Y2 ,Y1 ) is equal to Tr( ! +
S ! S,! S ! +

! S ! ! S,S ).

Now, we compute that

Tr( ! +
S ! S,! S ! +

! S ! ! S,S ) = Tr( ! +
S (! S ! ! R (X S ,X # S ) )) = rank( ! S ) ! Tr( ! +

S ! R (X S ,X # S ) )

Consider having currently selected a subsetU. Take a Þxed i -" U and let V = U + i . Take j, h to be

as described in the presentation of the modiÞed algorithm.! V will have rank larger than ! U by one if

feature i cannot be exactly reconstructed by the features inU and the same rank as! U otherwise. So,

rank(! V ) = rank( ! U ) + I ( ! R ( X # U ,X U ) ) hh > 0. Taking ÷" = ! ¥i ! ! ¥,! V ! +
! V ! ! V,i , we know from Lemma 1

that

! R (X,X # V ) = ! R (X,X # U ) ) +
÷" ÷" %

÷" i
áI ÷$i > 0

From this, deÞning " = ÷" V , and recalling that " j = ÷" i , we have

! R (X V ,X # V ) = ! R (X V ,X # U )
+

"" %

" j
áI $j > 0

Sincei " ! U, the j th row and column of ! R (X V ,X # U ) ) are zeros. Putting everything together

rank(! V ) ! Tr( ! +
V ! R (X V ,X # V ) )

= rank( ! U ) + I ( ! R ( X # U ,X U ) ) hh > 0 ! Tr(( ! +
V )! j, ! j ! R (X U ,X # U ) ) ) !

" %! +
V "

" j
áI $j > 0
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which is su"cient to imply that the i -" U we select minimizes the objective over subsetsU + i .

Now we consider the case where! / 0. First, ! +
S = ! ! 1

S so our objective simpliÞes to minimizing

Tr( ! ! 1
S ! R (X S ,X # S ) ). In this setting, [ Khan, 2008] tells us that ! ! 1

! V = ( ! ! 1
! U )! h, ! h ! (! ! U )! h,h (! ! U )h, ! h / (! ! U )hh .

Consider " from before. Since! / 0, " j > 0, so ! R (X V ,X # V ) = ! R (X V ,X # U ) ) + "" %/" j . Also from [Khan,

2008], letting ! = ! ! 1
U ! Ui , * = ! ii ! ! iU ! , we know that (! ! 1

V )! j, ! j = ! ! 1
U ! !! %/* , (! ! 1

V )! j,j = ! !/*

and (! ! 1
V )j,j = 1 /* . Again, recalling that the j th row and column of ! R (X V ,X # U ) ) are zeros becausei " ! U

we can compute

Tr( ! ! 1
V ! R (X V ,X # V ) ) = Tr(( ! ! 1

U ! !! %/* )( ! R (X U ,X # U ) + " ! j " %
! j /" j ) ! !" %

! j /* ) ! ! %" ! j /* + " j /* )

= Tr( ! ! 1
U ! R (X U ,X # U ) ) +

" T
! j ! ! 1

U " ! j

" j
!

(! T " ! j )2

*" j
!

! %! R (X U ,X # U ) ! + 2 ! %" ! j ! " j

*

which is su"cient to imply that the i -" U we select minimizes the objective over subsetsU + i .

A.7.18 Proof of Proposition A.5.1

Fixing a size-k subset U and some variablei -" U we show Þnite sampleL 2 norm concentration for the

coe"cients ö! iU
ö!

+
U from the regression ofX i on X U . The rest of the result then follows trivially from a

union bound. We will use the same notation as in AppendixA.4 and refer to results from there as well. The

one di!erence is that the ci represent positive constants that are independent ofn, p, and alsok.

First we re-conÞgure

* ö!
+
U

ö! Ui ! ! +
U ! Ui * 2 = * ö!

+
U

ö! Ui ! ! +
U

ö! Ui + ! +
U

ö! Ui ! ! +
U ! Ui * 2

) * ö!
+
U ! ! +

U *2* ö! Ui * 2 + * ö! Ui ! ! Ui * 2* ! +
U *2

) * ö! Ui ! ! Ui * 2* ö!
+
U ! ! +

U *2 + * ! Ui * 2* ö!
+
U ! ! +

U *2 + * ö! Ui ! ! Ui * 2* ! +
U *2

) * ö! Ui ! ! Ui * 2* ö!
+
U ! ! +

U *2 + B * ö!
+
U ! ! +

U *2 + c1* ö! Ui ! ! Ui * 2

where in the last line we have used Assumption5 to bound *! +
U *2 = * ! ! 1

U *2 and bounded *! Ui * 2 by

B = max j $! U * ! Uj * 2. Fixing t " (0, 1), it su"ces to get tail bounds for two things:

Tail bound for * ö! iU ! ! iU *2 : Because of Assumption4 we can apply our sub-exponential concen-

tration result ( A.8) and get a tail bound for * ö! iU ! ! iU *2.

P(* ö! iU ! ! iU *2 > t ) = P(
"

j $ U

( ö! ij ! ! ij )2 > t 2)

)
"

j $ U

P( ö|! ij ! ! ij | > t/k 1/ 2) (union bound)

) k exp(! c2 min( t/k 1/ 2, t2/k )n) (sub-exponential concentration)

) k exp
5

! c2t2n
k

6
(t < 1)

Tail bound for * ö!
+
U ! ! +

U *2 : To get concentration for * ö!
+
U ! ! +

U *2 we note that, on the event that
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ö!
+
U is invertible, we can use Assumption2 to see that

* ö!
+
U ! ! +

U *2 = * ö!
! 1
U ! ! ! 1

U *2

= * ! ! 1/ 2
U (! 1/ 2

U
ö!

! 1
U ! 1/ 2

U ! I k )! ! 1/ 2
U *

) * ! ! 1
U *2* ! 1/ 2

U
ö!

! 1
U ! 1/ 2

U ! I k *2

) c3* ! 1/ 2
U

ö!
! 1
U ! 1/ 2

U ! I k *2

= c3 max
j $ [k ]

|s! 2
j (n! 1/ 2X ¥U ! ! 1/ 2

U ) ! 1|

We recall the concentration result [Vershynin, 2018, Theorem 4.6.1]. Let M be the sub-Gaussian norm of

X U . Then for any x 2 0

P(max
j $ [k ]

|si (X ¥U ! ! 1/ 2
U ) ! n1/ 2| > cM 2(k1/ 2 + x)) ) 2 exp(! x2),

which means more generally for anyx that

P(max
j $ [k ]

|si (X ¥U ! ! 1/ 2
U ) ! n1/ 2| > x ) ) 2 exp(! (x/ (cM 2) ! k1/ 2)2

+ ),

Fix some c4 > 0. Then we can apply this result to see that

P(* ö!
+
U ! ! +

U *2 > t )

) P
5

* ö!
+
U ! ! +

U *2 > t, max
i $ [k ]

|sj (n! 1/ 2X ¥U ! ! 1/ 2
U ) ! 1| < c 4

6

+ P
5

max
j $ [k ]

|sj (n! 1/ 2X ¥U ! ! 1/ 2
U ) ! 1| 2 c4

6

) P
5

max
i $ [k ]

|s! 2
j (n! 1/ 2X ¥U ! ! 1/ 2

U ) ! 1| > c 5t, max
i $ [k ]

|sj (n! 1/ 2X ¥U ! ! 1/ 2
U ) ! 1| < c 4

6

+ P
5

max
j $ [k ]

|sj (n! 1/ 2X ¥U ! ! 1/ 2
U ) ! 1| 2 c4

6

( ö! U is invertible on the event)

) P
5

max
j $ [k ]

|si (n! 1/ 2X ¥U ! ! 1/ 2
U ) ! 1| > c 6t, max

j $ [k ]
|si (n! 1/ 2X ¥U ! ! 1/ 2

U ) ! 1| < c 4

6

+ P
5

max
j $ [k ]

|si (n! 1/ 2X ¥U ! ! 1/ 2
U ) ! 1| 2 c4

6

(Lemma A.4.1 with a = c4)

) P
5

max
j $ [k ]

|si (X ¥U ! ! 1/ 2
U ) ! n1/ 2| > c 6n1/ 2t

6
+ P

5
max
j $ [k ]

|si (X ¥U ! ! 1/ 2
U ) ! n1/ 2| 2 c4n1/ 2

6

) 2 exp(! (c6n1/ 2t/ (cM 2) ! k1/ 2)2
+ ) + 2 exp( ! (c4n1/ 2/ (cM 2) ! k1/ 2)2

+ )

(above singular value concentration)

) 4 exp(! (c7n1/ 2t/M 2 ! k1/ 2)2
+ ) ( t < 1)
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Putting everything together, we can use a union bound to see that

P(* ö! iU
ö!

+
U ! ! iU ! +

U *2 > t )

) P(* ö! iU ! ! iU *2 >
t1/ 2
#

3
) + P(* ö!

+
U ! ! +

U *2 >
t1/ 2
#

3
)

+ P(* ö!
+
U ! ! +

U *2 >
t

3B
) + P(* ö! iU ! ! iU *2 >

t
3c1

)

) 2P(* ö!
+
U ! ! +

U *2 > c 9t/ max(B, 1)) + 2 P(* ö! iU ! ! iU *2 > c 10t)

= 8 exp( ! (c11n1/ 2t/ (max(BM 2, M 2)) ! k1/ 2)2
+ ) + 2 k exp

0
! (c12n1/ 2t/k 1/ 2)2

1

= 8 exp(! k(c11n1/ 2t/ (k1/ 2 max(BM 2, M 2)) ! 1)2
+ ) + 2 k exp

0
! (c12n1/ 2t/k 1/ 2 ! 1)2

+

1

) c13k exp(! (c14n1/ 2t/ (k1/ 2 max(BM 2, M 2, 1)) ! 1)2
+ )

= c13k exp

'

!
5

c14tn 1/ 2

k1/ 2 max(BM 2, M 2, 1)
! 1

6 2

+

(

Since the Þnal bound has no dependence oni , we have by a union bound overi -" U that

P(* ö! ¥U
ö!

+
U ! ! ¥U ! +

U *2*( > t ) ) c13pk exp

'

!
5

c14tn 1/ 2

k1/ 2 max(BM 2, M 2, 1)
! 1

6 2

+

(

Since one can easily show using Assumption4 that B ) c14
#

k and M ) c15
#

k, we also have the bound

P(* ö! ¥U
ö!

+
U ! ! ¥U ! +

U *2*( > t ) ) c13pk exp

'

!
5

c16tn 1/ 2

k2 ! 1
6 2

+

(

,

where the right hand side has no dependence on the subsetU. By union bounding over all subsetsU, we get

P( max
U # [p]: |U |= k

* ö! ¥U
ö!

+
U ! ! ¥U ! +

U *2*( > t ) ) c13pk+1 k exp

'

!
5

c16tn 1/ 2

k2 ! 1
6 2

+

(

.

A.7.19 Proofs of Þnding best subset

We give proofs that our greedy (Algorithm 1) and swapping (Algorithm 2) algorithms Þnd the best

subset in certain settings. Our language suggests that there is one best subset, but all the arguments hold

if multiple subsets are tied for having the lowest CSS objective value.

Diagonal covariance

If ! is a diagonal matrix, then the CSS objective for a subsetS is simply
2

j '$S ! jj . It is clear this is

minimized when S is the set of variables with the largest variances.

Greedy: Lemma 1 implies that our greedy algorithm will select the remaining variable with highest variance

on each iteration.
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Swapping: Lemma 1 implies that our swapping algorithm can always improve the objective by swapping

out a variable in the selected set that does not have one of the topk variances for one that does.

Perfect reconstruction

If ! is such that there exists a set ofk variables that perfectly linearly reconstruct the remaining, then

all the variables are in the span of thesek variables. This means all the variables live in aq-dimensional

linear subspace whereq ) k.

Greedy : On the i -th iteration of our greedy algorithm, if the dimension of the subspace spanned by the

previous selections is< q, then there must be at least one remaining variable that is not yet perfectly linearly

reconstructed by our selections so far (otherwise the variables would live in a linear subspace of dimension

< q). By Lemma 1 our greedy algorithm will select one such variable on thei th iteration, and therefore the

dimension of the subspace spanned by our selections must increase by one (because weÕve added something

linearly independent to our currently selected subset). Thus, by the end of thekth iteration we must have

selected a subset that spans aq-dimensional subspace. Our selected variables must necessarily act as a basis

of the q-dimensional subspace that all the variables live in, and the greedy algorithm will thus achieve an

objective value of zero.

Swapping : For our swapping algorithm, if there is a size-k subset S that spans a subspace of dimension

< q ) k, then there must be (1) a variable j 1 in that size-k subset that is perfectly linearly reconstructed

by the remaining k ! 1 variables and (2) some variablej 2 not in the subset that we cannot perfectly

linearly reconstruct with variables in the subset (otherwise all our variables would live in a< q dimensional

subspace). Lemma1 tells us that swapping variable j 1 out of S and j 2 into S improves the CSS objective.

It also increases the dimension of the subspace spanned by the variables inS by one. Thus, our swapping

algorithm will swap variables out until the dimension of the subspace spanned by variables in the selected

subset isq, and by the same reasoning as for our greedy algorithm, the swapping algorithm will eventually

achieve a CSS objective of zero.

Block diagonal

If ! is a block diagonal correlation matrix with blocks M i " Rq" q, and each block has a row/column with

squareL 2 norm > q/ 2, then the best subset is one that consists of the variable from each block that has the

largest row/column norm in the block. To see why, consider a subsetS that does not have a representative

from each block. In particular, it must be missing a representative from some blockM i 1 and have at least

two representatives from some blockM i 2 . If we remove all the representatives from blockM i 2 then Lemma 1

tells us that the CSS objective can increase by at mostq (because onlyq unit variance variables are in the

block, and those variables are independent of all the variables in the other blocks). If we then add back in

the two variables with largest row/column norm from block M i 1 and M i 2 then Lemma 1 tells us that the

CSS objective will decrease by strictly more thanq. This new subset has less variables than our original

subset and a lower CSS objective. Thus, the best subset must have exactly one representative from each

block. Lemma 1 implies it should be the variable with the largest row/column norm from each block.
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Greedy: We can prove the greedy algorithm Þnds the optimal subset by induction. On the Þrst iteration,

it is trivially true that the greedy algorithm will select a variable from a block it hasnÕt selected from yet.

Lemma 1 tells us that, for whatever block it selects from, it will select the variable with largest row/column

norm. Suppose now that up to the (i ! 1)st iteration, our greedy algorithm has never selected two variables

from the same block and has always has selected the variable in each block with the largest row/column

norm. Then on the i th iteration, if the greedy algorithm selects a variable from a new block with largest

row/column norm, Lemma 1 tells us that it will reduce the CSS objective by strictly more than q/2. If it

selects a variable from a block it has previously selected from however, it can reduce the CSS objective by

only strictly less than q/2, because a variable can only further reduce the reconstruction error for variables

in its own block, and Lemma 1 tells us that the cumulative reconstruction error for a block that already has

a selected representative is strictly less thanq/2. Thus on the i th iteration our greedy algorithm will select a

variable from a new block, and Lemma1 guarantees that it will select a variable that has largest row/column

norm in said block. This is su"cient to imply that the greedy algorithm will Þnd the best subset.



Appendix B

Supplementary material relating to

selective inference

B.1 Permutation test p-value

The randomized permutation test from Proposition 3 of Hemerik and Goeman[2018] uses the p-value

p =
# { 1 ) j ) w : T(gj (X )) > T (X )}

w
+ Uaux

# { 1 ) j ) w : T(gj (X )) = T(X )}
w

,

where Uaux ( Unif([0 , 1]) adds auxiliary randomness that is independent ofX .

B.2 F -test p-value

For the matrix X " Rn " d, let X q " Rn " q denote the matrix that just contains the Þrst q columns ofX .

Then deÞne

RSSf = *Y ! X (X %X )! 1X %Y*2
2

RSSr = *Y ! X q(X %
q X q)! 1X %

q Y*2
2

Under the null H0 : " q+1 = á á á= " d = 0, the F statistic

F =
(RSSr ! RSSf )/ (p ! q)

RSSf / (n ! p ! 1)

has an exactFd! q,n ! q! 1 distribution conditional on X . Let G denote the CDF of theFd! q,n ! q! 1 distribution.

Under H0, the p-value p = 1 ! G(p) for this test has an exact Unif([0, 1]) distribution conditional on X .

B.3 Selective dominance and independence

Consider a p-valuep for the null H0 which is selectively dominant. Suppose that underPH 0 the p-value

p is always independent of some random variableZ . We show that p is then selectively dominant givenZ .

123
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Fix a distribution P in the null H0 and let f (x) be PDF of p. Considering a selection functions(x) such

that
/ 1

0 s(x)f (x) > 0, we have that

/ t
0 s(x)f (x)dx

/ 1
0 s(x)f (x)dx

)

/ t
0 s(x)dx

/ 1
0 s(x)dx

for all t " [0, 1]

from the selective dominance (4.3) of p.

Now, consider a new selection functions(x, z). Note that due to independence,f (x) is still the conditional

PDF of p given Z = z. For any z such that
/ 1

0 s(x, z)f (x) > 0, it follows from above that

/ t
0 s(x, z)f (x)dx

/ 1
0 s(x, z)f (x)dx

)

/ t
0 s(x, z)dx

/ 1
0 s(x, z)dx

for all t " [0, 1]

If under s(x, z), we haveP(S = 1) = 0, then the selective dominance condition (4.3) trivially holds. On the

other hand, if P(S = 1) > 0, then we have shown in AppendixB.19.1 that
/ 1

0 s(x, Z )f (x) > 0 a.e. under

P(á|S = 1). Thus the above guarantees that a.e. underP(á|S = 1),

/ t
0 s(x, Z )f (x)dx

/ 1
0 s(x, Z )f (x)dx

)

/ t
0 s(x, Z )dx

/ 1
0 s(x, Z )dx

for all t " [0, 1].

By arguments from Appendix B.19.1, the left-hand side is equal to the left-hand side of (4.3) a.e. under

P(á|S = 1), and the right-hand side equals the right-hand side of (4.3) a.e. under P(á|S = 1), so we have

established the claim.

B.4 Data carving for the Þle-drawer problem

We have two data samplesX 1 ( N (µ, 2) and X 2 ( N (µ, 2) that are independent and want to test

H0 : µ ) 0. Suppose we only do inference because we observed thatX 1 > t for some thresholdt. If we

consider the p-valuepfull = 1 ! #(( X 1 + X 2)/ 2), then our selection function is given by

s(x) = P(X 1 > t |pfull = x)

= P(X 1 > t |
X 1 + X 2

2
= # ! 1(1 ! x))

= 1 ! #( t ! # ! 1(1 ! x))

where we have used that N
X 1

X 1 + X 2
2

O

( N

'N
µ

µ

O

,

N
2 1

1 1

O(

so

X 1|
X 1 + X 2

2
= y ( N (y, 1)
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Thus our corrected p-value is given by

pcarve =

/ pfull

0 1 ! #( t ! # ! 1(1 ! x))dx
/ 1

0 1 ! #( t ! # ! 1(1 ! x))dx

pcarve =

/ (
øX . (z)(1 ! #( t ! z))dz

/ (
!( . (z)(1 ! #( t ! z))dz

=

/ (
øX . (z)(1 ! #( t ! z))dz

1 ! #( t/
#

2)

We now show that pcarve is monotone non-decreasing int. Letting Z and Y be independent standard

normal random variables and Þxing some constanta, the selective p-value is given by

pcarve =
P(Z + Y > t, Z > a )

P(Z + Y > t )
= P(Z > a |Z + Y > t )

for a = øX . Letting W = Z + Y we can write Z = 1
2 W + + where + is independent ofW . This gives us

pcarve = P(
1
2

W + + > a|W > t ) = E [P(W > 2(a ! +)|W > t, +)|W > t ] = E [P(W > 2(a ! +)|W > t, +)]

Then the fact that pcarve is monotone non-decreasing int follows from the fact that P(W > c |W > t ) is

monotone non-decreasing int for every constant c:

P(W > c |W > t ) =

)
*

+

P (W >c )
P (W >t ) if t ) c,

1 if t > c.

B.5 More info on data splitting, carving, Þssion, and thinning

Crucially, in Example 10, the conditional distribution of the random variable X 1 used for selection given

the p-value pfull did not depend on the unknown parameterµ. Hence, the selection functions(x) had no

dependence onµ, and we were able to construct our selective p-value without any issues. This did not happen

by accident, and is actually a consequence of more general and interesting fact regarding the relationship

between between data splitting, data carving, data Þssion [Leiner et al., 2023], and data thinning [Dharamshi

et al., 2024, Neufeld et al., 2024].

In the most basic version of data Þssion, we add and subtract independent normal noiseZ ( N (0, 1)

to a normal sample X ( N (µ, 1) to get two independent samplesX 1, X 2 ( N (µ, 2) centered at the same

mean. This is meant to mimic data splitting: the Þrst sample can be used for selection and the second for

inference. Data thinning generalizes this idea by considering a random vectorX from a parametric family

and adding noise to makek new random vectorsX 1, . . . , X k that (1) are independent and (2) can be used

to recover X via a deterministic function X = T(X 1, . . . , X k ). Vanilla data thinning involves using some

of the X i to perform selection and then the rest to do inference. Data carving, however, suggests using a

p-value p = p(T(X 1, . . . , X n )) that leverages all of the data, despite some of theX i having been used for

selection. Because the noise we add toX to get the X i has no dependence on the unknown parameter, the

joint distribution of the X i given p also has no dependence on the unknown parameter. Therefore, contrary

to the what Leiner et al. [2023] suggest, the selection functions(x) is always known, and we can always

apply our framework to data carve and get more power. If the selection process is highly complicated, it

is true that s(x) may be very di"cult to compute, but in theory it is always accessible to us via extensive
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simulations.

B.6 Post selection inference for the LASSO

In the below example, we freely refer to results fromLee et al. [2016b].

Example 11 (Post selection inference for the LASSO). Suppose thatp is a valid p-value for testing the

null H0 and it is selectively dominant givenZ . Imagine there are known functionsq+ (z) ) q! (z) and v(z),

and we only choose to testH0 with p when x(Z ) > 0 and p " [q+ (Z ), q! (Z )]. Applying our framework with

the selection function s(x) = I (p " [q+ (Z ), q! (Z )]) I (v(Z ) > 0), Theorem 5 tells us that we control selective

Type I error if we reject according to the selective p-valuepsel = p! q+ (Z )
q# (Z ) ! q+ (Z ) :

PH 0

5
p ! q+ (Z )

q! (Z ) ! q+ (Z )
) ! |S = 1

6
) !. (B.1)

Now, suppose we observe n-dimensional dataY " N (µ, $2) and a Þxed matrixX " Rn " p. For a Þxed

regularization strength ) , the LASSO solution is composed of a Þtted coe!cient vectorö" " Rp and a sign

vector ös " Rp that satisfy the following Karush-Kuhn-Tucker conditions:

X %(X ö" ! Y ) + ) ös = 0 ,

ösi = sign( ö" j ) if ö" j -= 0 ,

ösi " [! 1, 1] if ö" j = 0 .

We deÞne the Þtted model from the LASSO to be the set

öM = { i " { 1, . . . , p} : |ösi | = 1 }

For almost every ) , this is equal to the set ofi " [p] for which ö" i is non-zero.

Now we establish our inferential target. For a subsetM + [p], deÞneX M " Rn "| M | to be the matrix that

has the columns ofX indexed byM . Our goal is to do inference on the population parameters for the model

M ,

" M = argmin
b$ R | M |

E [*Y ! X M b*2
2] = X  

M µ.

Particularly, we focus on doing inference on thej th index of this parameter vector" M
j = e%

j X  
M µ by testing

the null H M
0,j : " M

j ) 0. Letting $ M = X  
M (X  

M )%, we see thate%
j X  

M y ( N (" M
j , $2$ M

jj ). Thus we can test

this null using the p-value

pM
j = 1 ! #

#

$ e%
j X  

M y

$
4

$ M
jj

%

& ,

which is selectively dominant by Example3. However, we only use this p-value to test the null when we

observe that öM = M .

DeÞne Z = ( I n ! (X  
M )%ej e%

j X  
M / $ M

jj )Y so that Y and Z are independent. Lemma 5.1 ofLee et al.
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[2016b], often dubbed the polyhedral lemma, precisely tells us that there are functions

qM,s, +
j (z) = 1 ! #

#

$ VM,s, + (z)

$
4

$ M
jj

%

&

qM,s, !
j (z) = 1 ! #

#

$ VM,s, ! (z)

$
4

$ M
jj

%

&

VM,s, 0(z)

of z, such that

{ öM = M, ösM = s} = { pM
j " [qM,s, +

j (Z ), qM,s, !
j (Z )], V0

M,s (Z ) 2 0}

The functions VM,s, ! (z), VM,s, + (z), VM,s, 0(z) match those given inLee et al. [2016b].

Now it is easy to see that rejecting the data-dependent nullH öM
0,j when (p öM

j ! q
öM, ös,+

j (Z )) / (q
öM, ös,!

j (Z ) !

q
öM, ös,+

j (Z )) is at most ! controls Type I error conditionally on öM , and therefore also marginally. If H M
0,j

is false, then trivially P(falsely reject H öM
0,j | öM = M, ösM = s) = 0 ) ! . For the case that H M

0,j is true, the

selection event öM = M and ösM = s is the same as selectingpM
j for inference in (B.1), so

P(falsely reject H
öM

0,j | öM = M, ösM = s) = P

#

$
p öM

j ! q
öM, ös,+

j (Z )

q
öM, ös,!

j (Z ) ! q
öM, ös,+

j (Z )
) !

L
L
L
L
L
L

öM = M, ösM = s

%

&

= P

'
pM

j ! qM,s, +
j (Z )

qM,s, !
j (Z ) ! qM,s, +

j (Z )
) !

L
L
L
L
L

öM = M, ösM = s

(

) !

Conditional error control on öM then follows from the law of total probability,

P(falsely reject H
öM

0,j | öM = M ) =
"

s${! 1,1} | M |

P(ösM = s| öM = M )P(falsely reject H
öM

0,j | öM = M, ösM = s)

) !
"

s${! 1,1} | M |

P(ösM = s| öM = M )

= !,

as does marginal error control,

P(falsely reject H
öM

0,j ) =
"

M # [p]

P( öM = M )P(falsely reject H
öM

0,j | öM = M )

) !
"

M # [p]

P( öM = M )

= !.
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B.7 Comparing conditional and simultaneous inference

We consider a setting where we haven independent and selectively dominant p-valuesp1, . . . , pn that

are all anti-conservative, i.e.,pj = Unif([0 , 1]). At worst, these p-values are exact uniforms (e.g., they come

from the boundary of the null).

We will show that, on an event with probability at least 1 ! +, the conditional procedure, which rejects

when p(1) ) !p (2) , can only reject if p(1) ) C- /n for some constantC- > 0. Hence, without conservative

nulls, the conditional approach behaves roughly on the same order as the classical approach (Sidak).

Letting U1, . . . , Un be independent Unif([0, 1]) random variables, two facts are clear. First that U(2) (

Beta(2, n ! 1) has mean 2
n +1 < 2

n and standard deviation
4

2(n ! 1)
(n +1) 2 (n +2) ) 2

n , and second thatp(2) = U(2) .

Fix any + > 0. We have by ChebyshevÕs inequality that

P
5

p(2) )
2
n

(1 + +! 1
2 )

6
2 P(p(2) ) E [U(2) ] +

4
Var( U(2) )/

#
+)

2 P(U(2) ) E [U(2) ] +
4

Var( U(2) )/
#

+)

2 P(|U(2) ! E [U(2) ]| <
4

Var( U(2) )/
#

+)

2 1 ! +

DeÞneC- = 2(1 + +! 1
2 )! and the event A- = { p(2) ) 2

n (1 + +! 1
2 )} . The event A- has probability at least

1! +. Furthermore, on this event, the conditional procedure never rejects whenp(1) > C - /n , completing our

claim.

In other words, the conditional procedure can only reject whenp(1) ) C- /n (aside for on a small proba-

bility event), and hence su!ers the same curse of dimensionality as the classical method:

P(p(1) ) !p (2) and p(1) > C - /n ) ) P(Ac
- ) ) + for some constantC- independent ofn.

B.8 Conditional inference on winners

We Þrst provide the standard derivation for the conditional LCB and CI for the winning mean in the

setting of independent Gaussian data. Then we show that it matches our p-value viewpoint. We then argue

that the selective p-value we use for this winner problem is monotone in the null parameter, which allows us

to prove the some facts about the more general conditional LCB and CI that applies for all MLR families.

Finally, we use our p-value viewpoint to argue that, in the independent Gaussian case, the standardized

distance between the winnerX W and conditional LCB is purely a function of the standardized distance

between the winnerX W and runner-up X R .

B.8.1 Standard derivation

Suppose we observe independent Gaussian dataX ( N (µ, I n ) and want to make a LCB for the mean

µW of the winner W = argmax i $ [n ] X i .

To construct the conditional LCB, we follow the framework of Fithian et al. [2017]. Letting R be the index

of the runner-up (second largest observation), we note that the deviation ofX W from µW has a truncated
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normal distribution once we condition on W and the nuisance statisticsX ! W :

X W ! µW | W, X ! W ( T N (0, 1, X R ! µW , ' ). (B.2)

Let

q1! ! (xr , µw ) = Quantile µ (1 ! !, X W ! µW | W = w, X ! w = x! w ) (B.3)

denote the 1! ! quantile of this conditional distribution ( B.2), which is a function of largest entry xr of

x! w and the meanµw at the winning index. It is straightforward to show that

LCB cond (X ) = { µ0 : µ0 > X W ! q1! ! (X R , µ0)} (B.4)

is a 1! ! conÞdence region forµW that has exact coverage conditional onW and X ! W :

Pµ (µW " LCB cond (X )|W, X ! W ) = Pµ (X W ! µW < q1! ! (X R , µW )|W, X ! W ) = 1 ! !.

Later, via our p-value viewpoint, we will argue that this conÞdence region is indeed an LCB.

Fixing some 0< ! 1, ! 2 < ! such that ! 1 + ! 2 = ! , we also see that

CI cond (X ) = { µ0 : X W ! q! 2 (X R , µ0) > µ 0 > X W ! q1! ! 1 (X R , µ0)} (B.5)

is a 1! ! conÞdence region that has exact coverage conditional onW and X ! W . Again, later via our p-value

viewpoint we will argue that this region is a CI.

B.8.2 The p-value viewpoint

For the same setting as above, we want to use the p-valuespµ 0
i = 1 ! #( X i ! µ0) to characterize when the

conditional LCB does not include µ0 " R. This happens exactly whenµ0 is not included in the set (B.4).

Examining (B.2), (B.3), and (B.4), this happens whenX W ! µ0 is at least as large as the 1! ! quantile Q

of a standard normal truncated to be larger than X R ! µ0. This quantile satisÞes

! =
1 ! #( Q)

1 ! #( X R ! µ0)
.

Solving for Q gives Q = # ! 1(1 ! ! (1 ! #( X R ! µ0))), meaning we reject exactly when

X W ! µ0 2 # ! 1(1 ! ! (1 ! #( X R ! µ0))) 76 1 ! #( X W ! µ0) ) ! (1 ! #( X R ! µ0))

76 pµ 0
(1) ) !p µ 0

(2) .

Now we do the same for the conditional CI (B.5). We want to characterize when µ0 is not included in

the set (B.5). Examining ( B.2), (B.3), and (B.5), this happens either whenX W ! µ0 is at least as large as

the 1 ! ! 1 quantile or at most as small as the! 2 quantile of the same truncated normal distribution. That

is, either

X W ! µ0 2 # ! 1(1 ! ! 1(1 ! #( X R ! µ0))) 76 pµ 0
(1) ) ! 1pµ 0

(2) ,
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or

X W ! µ0 ) # ! 1(1 ! (1 ! ! 1)(1 ! #( X R ! µ0))) 76 pµ 0
(1) 2 (1 ! ! 2)pµ 0

(2) ,

This will match the conditional CI we give later, which we will write in terms of p-values.

B.8.3 Monotonicity of the selective p-value

Recall the setting whereX i ( P&i are independent samples from some parametric familyP& with MLR

in T(x), and let p&0
i be the UMP p-values for testing H0 : , ) , 0.

We want to show that the selective p-valuep&0
j / mini '= j p&0

j is monotone non-decreasing in, 0. This will

imply that p&0
(1) /p &0

(2) is monotone non-decreasing in, 0. So long as we can write our selection function in terms

of the data with no dependence on, 0, Appendix B.15.3 guarantees that this will be the case. Recall that

each p-valuep&0
i is a function of T(X i ) and auxiliary uniform random variables Ui,aux that are independent

of the data and each other. Imagining using our framework withp = p&0
j and Z = ( T(X ! j ), U! j,aux ), we

can write our selection function in terms of the data T(X i ) and Ui,aux as

÷s(t j , uj , t ! j , u! j ) =

)
333*

333+

1, if t j > maxi '= j t i ,

1, if t j = max i '= j t i and uj ) maxi '= j :t i = t j ui ,

0, otherwise.

where t! j and u! j jointly represent z.

Because this selection function does not depend on, 0, Appendix B.15.3 guarantees that the selective

p-value resulting from it will be monotone. Note that, to apply Appendix B.15.3, we also needed to ensure

that Z did not depend on , 0, which is was not the case in Example8Õs original treatment, but is the case in

our current treatment.

B.8.4 The conditional LCB and CI for MLR families

Again suppose that X i ( P&i are independent samples from some MLR familyP&, and let p&0
i be the

UMP p-values for testing H0 : , ) , 0. Let W = argmin i $ [n ] p&0
i be the index of the smallest p-value, and

deÞne the parameter vector ( = ( , 1, . . . , , n ).

First we claim that

{ , 0 : p&0
(1) /p &0

(2) > ! }

is a LCB for the winning parameter , W that has exact 1! ! coverage conditional onW . The region being

an LCB follows from what we showed earlier: p&0
(1) /p &0

(2) is monotone non-decreasing in, 0. We get exact

1! ! coverage becausep&j
j has an exact uniform distribution given p&j

! j under P# (see LemmaB.15.3). Thus

conditional on W = j and p&j
! j (i.e., conditional on selection andZ ), Theorem 5 tells us that the selective

p-value p&j
j / mini '= j p&j

i has an exact uniform distribution conditional on selection:
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P#

'

, W "

R

, 0 :
p&0

(1)

p&0
(2)

> !

S

|W = j

(

= P#

'

, j "

R

, 0 :
p&0

j

mini '= j p&0
i

> !

S

|W = j

(

= P#

'
p&j

j

mini '= j p&j
i

> ! |W = j

(

= 1 ! !,

Likewise, we see that

{ , 0 : ! 1 < p &0
(1) /p &0

(2) < 1 ! ! 2}

is a CI for , W that has exact 1! ! coverage conditional onW . The fact that it is a CI again follows from

the monotonicity of p&0
(1) /p &0

(2) , and exact coverage follows from an identical argument to the one above.

B.8.5 Distance between winner and conditional LCB

Consider observing Gaussian dataX ( N (µ, $2I n ) and let W and R be the indices of the winner

and runner up respectively. We will use our p-value viewpoint to show that that the standardized distance

D = ( X W ! öµ)/$ between the winnerX W and the conditional LCB öµ for µW depends only on the standardized

gap (X W ! X R )/$ between the winner and runner-up. Per our earlier discussions, the conditional LCB öµ

satisÞes

pöµ (X W )
pöµ (X R )

= ! 76
1 ! #(( X W ! öµ)/$ )
1 ! #(( X R ! öµ)/$ )

= ! 76
1 ! #( D)

1 ! #( D ! (X W ! X R )/$ )
= !.

Clearly then, D is a function of (X W ! X R )/$ and does not at all depend on the problem dimensionn.

B.9 Conditional inference on winners for exponentials

Recall the exponential distribution X ( Exp() i ) which has PDF

f ' (x) =

)
*

+

)e ! 'x x > 0,

0 x ) 0
.

DeÞning T(x) = 1 /x , we see forx > 0 and ) 2 2 ) 1, the ratio

f ' 2 (x)/f ' 1 (x) =
) 2

) 1
exp

5
!

) 2 ! ) 1

T(x)

6

is monotone non-decreasing inT(x). Thus this family has an MLR in T(x), and the UMP test for H0 : ) ) ) 0

thus rejects whenT(X ) is large, or correspondingly whenX is small. In particular, noting that the CDF of

X is given by

FX (x) =

)
*

+

1 ! e! 'x x > 0,

0 x ) 0
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it rejects according to the p-value p' 0
= 1 ! e! ' 0 X (see AppendixB.15.1 for details about UMP testing in

MLR families).

Now consider observing some independent dataX i ( Exp() i ). We know from Appendix B.8 that the

selective p-valuep' 0
(1) /p ' 0

(2) is monotone non-decreasing in) 0. Using LÕHopitalÕs rule, we can compute that

lim
' 0 - 0

p' 0
(1)

p' 0
(2)

= lim
' 0 - 0

1 ! e! ' 0 X (1)

1 ! e! ' 0 X (2)

= lim
' 0 - 0

X (1) e! ' 0 X (1)

X (2) e! ' 0 X (2)

=
X (1)

X (2)
,

which is su"cient to imply our claim in the main text.

B.10 Hybrid inference on winners

We Þrst provide the standard derivation for the hybrid LCB and CI for the winning mean in the setting

of independent Gaussian data. Then we show that it matches our p-value viewpoint. We then provide

more general hybrid conÞdence regions that apply for all MLR families, and show that they are indeed an

LCB and CI. Finally, we use our p-value viewpoint to argue that, in the independent Gaussian case, the

standardized distance between the winnerX W and conditional LCB is purely a function of the standardized

distance between the winnerX W and runner-up X R as well as the problem dimensionn.

B.10.1 Standard derivation

We want to make a hybrid LCB for the mean µW of the winner W = argmax i $ [n ] X i in the case of

independent Gaussian dataX ( N (µ, I n ) with unknown mean µ " Rn .

The core idea behind hybrid inference is giving a conÞdence regionChyb (X ) that has a very high proba-

bility of containing µW on a ÒgoodÓ eventGµ . Oddly, this good event depends on the unknown parameter.

For some " < ! , we needGµ to happen with probability at least 1 ! " . Then, if we ensure that Chyb (X )

has at least (1! ! )/ (1 ! " ) coverage on theGµ , it will achieve 1 ! ! coverage overall:

Pµ (µW " Chyb (X )) = Pµ (Gµ )Pµ (µW " Chyb (X )|Gµ ) + Pµ (Gc
µ )Pµ (µW " Chyb (X )|Gc

µ )

2 (1 ! " )
5

1 ! !
1 ! "

6

= 1 ! !.

Considering some" < ! and deÞning" n = 1 ! (1 ! " )1/n , our good event is that the conÞdence lower

bounds X i ! z1! $n for the meansµi all simultaneously hold:

Gµ = { X i < µ i + z1! $n for all i " [n]} .

It is not hard to show that this good event happens with probability exactly 1 ! " .
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We note that our treatment di!ers slightly from Andrews et al. [2023]. Andrews et al. [2023] focus on

making conÞdence intervals, and rheir good event is that there are CIs (not LCBs) that simultaneously cover

all the µi . The purpose of restricting to this good event is that on this good event, we know all theX i are

not too far from their µi , and therefore our inferences on this event should not result in exploding intervals

(even if they are of conditional ßavor). Because the explosion only happens for the lower endpoint, however,

it is most important to ensure that the X i are not too far above their means. Hence we put all our" error

budget on the good event into making simultaneous LCBs, rather than two-sided CIs likeAndrews et al.

[2023].

Now, we can make a conÞdence region that contains the mean with probability at least (1! ! )/ (1 ! " )

on this good event. If we condition onGµ along with W and X ! W , the deviation of X W from µW has a

truncated normal distribution like ( B.2) that is further truncated from above:

X W ! µW | W, X ! W , Gµ ( T N (0, 1, X R ! µW , z1! $n ). (B.6)

On the good event Gµ , we always have that X R ! µW < X W ! µW < z 1! $n , so the lower truncation is

indeed below the upper one. Let

qh
1# "
1# #

(xr , µw ) = Quantile µ

5
1 ! !
1 ! "

, X W ! µW | W = w, X ! w = x! w , Gµ

6
(B.7)

denote the (1! ! )/ (1 ! " ) quantile of the conditional distribution ( B.6), which is a function of the largest

entry xr of x! w and the winning mean µw . Per the prior discussion, the function (B.7) only makes sense if

xr ! µ0 at most z1! $n , and we will take the quantile (B.7) to be !' if it is not. It is then straightforward

to show that

LCB hyb (X ) = { µ0 : µ0 > X W ! qh
1# "
1# #

(X R , µ0)} (B.8)

contains µW with high probability conditional on W , X ! W , and the event Gµ :

Pµ (µW " LCB hyb (X )|W, X ! W , Gµ ) = Pµ (X W ! µW < q h
1# "
1# #

(X R , µW )|W, X ! W , Gµ ) =
1 ! !
1 ! "

.

Based on our earlier discussions, this is su"cient to imply that LCB hyb (X ) from ( B.8) will contain µW with

probability at least 1 ! ! . We argue later (via our p-value viewpoint) that ( B.8) is an LCB.

Similarly, Þxing some/ 1, / 2 > 0 such that / 1 + / 2 = 1 = (1 ! ! )/ (1 ! " ) = ! ! $
1! $ , we can argue that

CI hyb (X ) = { µ0 : X W ! qh
. 2

(X R , µ0) > µ 0 > X W ! qh
1! . 1

(X R , µ0)} (B.9)

will contain µW with probability at least 1 ! ! . Again, we will show via our p-value viewpoint that ( B.9) is

a CI.

B.10.2 The p-value viewpoint

For the same setting as above, we want to use the p-valuespµ 0
i = 1 ! #( X i ! µ0) to characterize when

the hybrid LCB ( B.8) does not contain µ0 " R. Examining (B.6), (B.7), and (B.8), we can consider two

cases to Þgure out when this happens.
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Case One - X R ! µ0 2 z1! $n : If X R ! µ0 2 z1! $n , then qh
1# "
1# #

(W, X ! W , µ0) = !' , so µ0 cannot be in

(B.8). This case happens precisely when

X R ! µ0 2 z1! $n 76 1 ! #( X R ! µ0) ) 1 ! #( z1! $n ) 76 pµ 0
(2) ) " n .

Case Two - X R ! µ0 < z 1! $n : If X R ! µ0 < z 1! $n , then µ0 is not in (B.8) exactly when X W ! µ0 is at

least as large as the1! !
1! $ quantile Q of a standard normal truncated to be larger than X R ! µ0 but smaller

than z1! $n . This quantile satisÞes

! ! "
1 ! "

=
#( z1! $n ) ! #( Q)

#( z1! $n ) ! #( X R ! µ0)
=

1 ! " n ! #( Q)
1 ! " n ! #( X R ! µ0)

Solving for Q gives

Q = # ! 1
5

1 ! " n !
! ! "
1 ! "

(1 ! " n ! #( X R ! µ0))
6

= # ! 1
55

1 !
! ! "
1 ! "

6
(1 ! " n ) +

! ! "
1 ! "

#( X R ! µ0)
6

,

so µ0 is not in (B.8) exactly when

X W ! µ0 2 # ! 1
55

1 !
! ! "
1 ! "

6
(1 ! " n ) +

! ! "
1 ! "

#( X R ! µ0)
6

76 1 ! #( X W ! µ0) )
5

1 !
! ! "
1 ! "

6
" n +

! ! "
1 ! "

(1 ! #( X R ! µ0))

76 pµ 0
(1) )

! ! "
1 ! "

pµ 0
(2) +

5
1 !

! ! "
1 ! "

6
" n

It turns out we can combine these two cases. Becausepµ 0
(1) ) pµ 0

(2) , the fact that pµ 0
(2) ) " n in Case One

implies that pµ 0
(1) ) " n also. Therefore in Case One,pµ 0

(1) must be strictly smaller than a mixture of pµ 0
(2) and

" n :

pµ 0
(1) )

! ! "
1 ! "

pµ 0
(2) +

5
1 !

! ! "
1 ! "

6
" n . (B.10)

Therefore, if say µ0 is not included whenever (B.10), we will always say it is not included in Case One, and

we will say it is not included at the appropriate times in Case Two.

Now, we do the identical analysis for the hybrid CI (B.9). Case One is identical. We redo Case Two below.

Case Two - X R ! µ0 < z 1! $n : If X R ! µ0 < z 1! $n , then µ0 is not in (B.9) exactly when X W ! µ0 is at

least as large as the 1! / 1 quantile of the same truncated normal, and at most as small as that truncated

normalÕs/ 2 quantile. That is, when either

X W ! µ0 2 # ! 1 (/ 1(1 ! " n ) + (1 ! / 1)#( X R ! µ0))

76 pµ 0
(1) ) / 1pµ 0

(2) + (1 ! / 1)" n
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or

X W ! µ0 ) # ! 1 ((1 ! / 2)(1 ! " n ) + / 2#( X R ! µ0))

76 pµ 0
(1) 2 (1 ! / 2)pµ 0

(2) + / 2" n

By the same reasoning as above, we can combine the two cases, and say that we do not includeµ0

whenever

pµ 0
(1) ) / 1pµ 0

(2) + (1 ! / 1)" n or pµ 0
(1) 2 (1 ! / 2)pµ 0

(2) + / 2" n .

B.10.3 The hybrid LCB and CI for MLR families

Recall the setting whereX i ( P&i are independent samples from some parametric familyP& with MLR

in T(x), and let p&0
i be the UMP p-values for testing H0 : , ) , 0. Let ( = ( , 1, . . . , , n ) be the parameter

vector and let W argmini $ [n ] p&0
i be the index of the smallest p-value.

We will present a hybrid LCB and CI for , W and directly prove their validity. Importantly, note that

the event G# = { p&i
i 2 " n for all i " [n]} happens with probability 1 ! " under P# . Thus it su"ces to show

that our conÞdence regions have (1! ! )/ (1 ! " ) coverage on this event, per our earlier discussion. Also

importantly, thanks to p&j
j having a uniform distribution under P&j (see LemmaB.15.3), the conditional

distribution of p&j
j given W = j , p&j

! j , and G# is a uniform distribution on [ " n , mini '= j p&j
i ]. Using this, we

can see that 7
, 0 : p&0

(1) >
! ! "
1 ! "

p&0
(2) +

5
1 !

! ! "
1 ! "

6
" n

8

is a 1! ! conÞdence region for, W :

P#

5
, W "

7
, 0 : p&0

(1) >
! ! "
1 ! "

p&0
(2) +

5
1 !

! ! "
1 ! "

6
" n

8
|W = j, p &j

! j , B#

6

= P#

'

, j "

R

, 0 :
p&0

j ! " n

mini '= j p&0
i ! " n

>
! ! "
1 ! "

S

|W = j, p &j
! j , B#

(

= P#

'
p&0

j ! " n

mini '= j p&0
i ! " n

>
! ! "
1 ! "

|W = j, p &j
! j , B#

(

=
1 ! !
1 ! "

,

To see that the region is actually an LCB, we rewrite it as

R

, 0 :
p&0

(1)

p&0
(2)

>
! ! "
1 ! "

+
5

1 !
! ! "
1 ! "

6
" n

B
p&0

(2)

S

(B.11)

because we know thatp&0
(2) is monotone non-decreasing in, 0 and also from Appendix B.8 that p&0

(1) /p &0
(2) is

monotone non-decreasing in, 0, once some, 0 belongs to (B.11) all larger , 0 will as well. Hence, it is an

LCB.

Considering / 1, / 2 > 0 such that / 1 + / 2 = ( ! ! " )/ (1 ! " ), we can do the exact same analysis for the
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(a) n = 10 (b) n = 100 (c) n = 1000

Figure B.1: For n = 10 (left), n = 100 (middle), and n = 1000 (right) the distance between the hybrid LCB
to the winner (dash-dot line) and union bound LCB to the winner (dotted and solid line) with ! = 0 .05 and
" = 0 .005 plotted as a function of the gap between the winning and runner-up observation.

hybrid CI V
, 0 : / 1p&0

(2) + (1 ! / 1)" n < p &0
(1) < (1 ! / 2)p&0

(2) + / 2" n

W

to show that it both covers , W with probability at least 1 ! ! and that it is indeed a CI.

Note that, when put in our selective dominance framework, the hybrid selection event actually depends

on the null parameter , 0. Hence we cannot argue monotonicity of the selective p-value via AppendixB.15.3

as we did in the conditional case, and instead had to use di!erent arguments to justify that our conÞdence

regions were actually an LCB and CI.

B.10.4 Distance between winner and hybrid LCB

Consider observing Gaussian dataX ( N (µ, $2I n ) and let W and R be the indices of the winner

and runner up respectively. We will use our p-value viewpoint to show that the standardized distance

D = ( X W ! X R )/$ between the winnerX W and the hybrid LCB öµ for µW depends only on the standardized

gap (X W ! X R )/$ between the winner and runner-up. Per our earlier discussion the hybrid LCB öµ satisÞes

pöµ (X W ) =
! ! "
1 ! "

pöµ (X R ) +
5

1 !
! ! "
1 ! "

6
" n

1 ! #
5

X W ! öµ
$

6
=

! ! "
1 ! "

5
1 ! #

5
X R ! öµ

$

66
+

5
1 !

! ! "
1 ! "

6
" n

76 1 ! #( D) =
! ! "
1 ! "

5
1 ! #

5
D !

X W ! X R

$

66
+

5
1 !

! ! "
1 ! "

6
" n .

Clearly then, D is a function of (X W ! X R )/$ and n.

B.11 Comparing hybrid inference to the union bound

As discussed earlier the hybrid cuto! (5.9) is strictly larger than the union bound cuto! ( 5.11) when

p(1) > " n . Thus, both procedures reject whenp(1) ) " n . When p(1) > " n , the hybrid procedure rejects but
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the union bound does not whenever

p(1) "
5

(! ! " )p(2) ,
! ! "
1 ! "

p(2) +
5

1 !
! ! "
1 ! "

6
" n

X

When p(2) = 1 and n = 1, the length of the interval is " , which is the largest it can possible be. Thus, in the

case where we can have additional rejections, the hybrid cuto! is never more than" plus the union bound

cuto!. Andrews et al. [2023] suggests taking" = !/ 10, so when! = 0 .05, for example," = 0 .005 is quite

small.

Still, this is not a precise statement about power gain. The computations required to compute the power

gain analytically are messy, so instead we gauge the power gain via simulation. We sample dataX ( N (µ, I n )

for n = 10 and attempt to reject the winning null HW : µW ) 0 where W = argmin i $ [n ] 1 ! #( X i ) is the

index of the smallest p-valuepi = 1 ! #( X i ).

We choosen = 10 because it is a reasonably small dimension size where one may apply hybrid inference

(e.g., the main example fromAndrews et al. [2023] has n = 13). Let R denote the index of the runner-up

(second smallest p-value). For the dimensionsn = 10, 100, 1000, FigureB.1 compares the distance from the

winner X W the hybrid LCB and the union bound LCB. As illustrated in the plot, the beneÞt of hybrid

inference dissipates as the dimension of the problem increases. This is because conditioning on the Ògood

eventÓ has less and less of an e!ect asn grows.

Our simulation results indicate that hybrid inference typically results in a fairly small power gain. We

consider two simulated settings:

Needle in a haystack: First, we consider a needle-in-the-haystack setting whereµ1 > 0 and all the other

µi for i -= 1 are set to µ2. We try µ2 = ! 2, 0, 2. The power comparison is ploted in FigureB.2. Whenever we

truly have a needle-in-the-haystack problem, i.e.,µ1 > µ 2, hybrid inference results in essentially no power

gain. The only setting where we see some gain (up to around 0.05) is when µ2 > µ 1. In this setting we

actually have a dense alternative (many small signals). We expect the top two p-values to be close to each

other, so conditional methods should perform poorly. The union bound approach indeed performs essentially

identically to the level " classical test (not pictured). Hybrid, however, manages to eke out some additional

power. Both methods pale in comparison to the level! classical test however, which would achieve power

> 0.95 throughout the whole plot (not pictured). For various values of $1 and $2, which we assume are

known, we also tried re-running the experiments withX 1 ( N (µ1, $2
1) and X i ( N (µ2, $2

2) when i > 1. The

results were not appreciably di!erent.

Two possible signals: Seeing as the hybrid and union bound approaches both reject based on the winning

and running-up p-value, we ran a simulation for all pairs µ1, µ2 " {! 3, ! 2.9, . . . , 2.9, 3} with µ1 > µ 2 and

µ1 > 0. We forcibly set µi = !' for i > 2. For each setting we ranN = 10000 to get an empirical estimate

of power for each method. Across the 1492 simulated settings, the median empirical power increase from

hybrid was 9 0.003, the 90th percentile empirical power increase was9 0.023 and the maximum empirical

power increase was9 0.042. As the results indicate, the power increases from hybrid were negligible for

most settings. We also re-ran the same simulations but sampledX 1 ( N (µ, $2
1) and X 2 ( N (µ, $2

2) for

various values of$1 and $2, which we assume are known. The results were not appreciably di!erent, and, if

anything, the di!erence in power was notably smaller for some values of$1 and $2.
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(a) µ2 = ! 2 (b) µ2 = 0 (c) µ2 = 2

Figure B.2: For µ2 = 0 (left), µ2 = ! 0.5 (middle), and µ2 = ! 1 (right) the empirical power over N = 104

trials of the hybrid inference approach versus the union bound approach for the needle-in-the-haystack
alternative. One standard error bands are also plotted. For the most part, they are so small that they are
hardly visible.

B.12 Number of ties in rank veriÞcation

Considering a random vectorX " Rn let

Yi =
X i ! X j

2
, Yj =

X i + X j

2
, Y# = X # for &-= i, j, (B.12)

Suppose thatX i 2 X k for all k -= i , and X i = X # for some&-= i (i.e., there is at least one tie). We count

the number of ties in for the winner in three di!erent cases.

¥ SupposeYj > maxk '= i,j Yk . If any of the X k for k -= i, j were equal toX i , then we would have

Yk = X k =
X i + X k

2
2

X i + X j

2
= Yj

which would be a contradiction. Thus, if there is a tie, the only possible tie isX j . Since,

1 + |{ &-= i : Y# = max
k '= i

Yk }| = 2

in this case, we are done.

¥ Suppose thatYj < maxk '= i,j Yk . Then someX k for k -= i, j must be strictly than larger X j . Otherwise

we would have for everyk -= i, j that

Yj =
X i + X j

2
2

X i + X k

2
2 X k = Yk ,

which is a contradiction. Thus, if there is a tie, the number of ties is one plus the number ofX k for

k -= i, j that are equal to each other. In this case, this matches

1 + |{ &-= i : Y# = max
k '= i

Yk }| ,

so we are done.

¥ Now suppose thatYj = max k '= i,j Yk . In this case we must haveX j = X i . If not, then X j < X i and
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there must be some&-= i, j such that X i = X #, so

Yj =
X i + X j

2
<

X i + X #

2
= X # = Y#,

which is a contradiction. Thus Yj = X i in this case, and the number of ties is therefore clearly

1 + |{ &-= i : Y# = max
k '= i

Yk }| .

B.13 Selective p-value for rank veriÞcation in exponential families

Supposep is a p-value for the null H0 that is selectively dominant given Z and we selectp to use for

inference according to the selection function

s(x, z) =

)
333*

333+

1 if x < q + (z),

1
N (z) if x " [q+ (z), q(z)],

0 otherwise,

,

Then the adjusted p-value (4.4) is given by

psel =

/ p
0 s(x, Z )dx

/ 1
0 s(x, Z )dx

=

)
3*

3+

p
q+ (Z )+ 1

N ( Z ) (q(Z ) ! q+ (Z )) if p < q+ (Z ),
q+ (Z )+ 1

N ( Z ) (p! q+ (Z ))

q+ (Z )+ 1
N ( Z ) (q(Z ) ! q+ (Z )) if p " [q+ (Z ), q(Z )],

,

which can be re-written as

psel =
p ! (1 ! 1

N (Z ) )(p ! q+ (Z ))+

q+ (Z ) + 1
N (Z ) (q+ (Z ) ! q(Z ))

.

This is su"cient to imply the claim from the main text.

B.14 Rank veriÞcation additional details

Example 12 (Rank veriÞcation in exponential families). Supposep is a p-value for the null H0 that is

selectively dominant givenZ . If we selectp to use for inference according to the selection function

s(x, z) =

)
333*

333+

1 if x < q + (z),

1
N (z) if x " [q+ (z), q(z)],

0 otherwise,

,

where N (z) > 1 and 0 ) q+ (z) ) q(z) ) 1 are known functions of z, then the selective p-value from(4.4)

turns out to be (see AppendixB.13 for computations)

psel =
p ! (1 ! 1

N (Z ) )(p ! q+ (Z ))+

q+ (Z ) + 1
N (Z ) (q(Z ) ! q+ (Z ))

. (B.13)
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Therefore, Theorem 5 tells us that rejecting when(B.13) is at most ! is a selective Type I error controlling

procedure:

PH 0

'
p ! (1 ! 1

N (Z ) )(p ! q+ (Z ))+

q+ (Z ) + 1
N (Z ) (q(Z ) ! q+ (Z ))

. ) ! | S = 1

(

) !. (B.14)

Now, suppose we observeX drawn from the exponential family (6.7) and let W be the index of the largest

X i (with ties broken randomly). For i -= j , Example 4 tells us that the UMPU p-valuep = pij from (6.11)

for the null H0,ij : , i ) , j is selectively dominant given the transformed nuisance statisticsY! i from (6.8).

Taking q+
ij (Y! i ), qij (Y! i ), Ni (Y! i ), and f from (6.12), (6.13), (6.14), it is now easy to show that rejecting

the data-dependent nullH0,W j for j -= W when

pW j ! (1 ! 1
N W

)(pW j ! q+
W j )+

q+
W j + 1

N W
(qW j ! q+

W j )
) ! (B.15)

controls Type I error conditionally on W .

For i -= j , if H0,ij is false, then trivially P(falsely reject H0,W j |W = i ). For the case that H0,ij is true,

the eventW = i is the same event as selectingpij for inference in (B.13), so

P(falsely reject H0,W j |W = i ) = P

'
pW j ! (1 ! 1

N W
)(pW j ! q+

W j )+

q+
W j + 1

N W
(qW j ! q+

W j )
) !

L
L
L
L
L

W = i

(

= P

'
pij ! (1 ! 1

N i
)(pij ! q+

ij )+

q+
ij + 1

N i
(qij ! q+

ij )
) !

L
L
L
L
L

W = i

(

,

) !.

which is su!cient to imply conditional error control.

Now suppose we reject the data-dependent null3 j '= W H0,W j when we reject all of the individual nulls

H0,W j for j -= W . It is straightforward to see that this will control Type I error both conditionally on W and

marginally. If i is such that , i > , j for all j -= i , then trivially P(falsely reject 3 j '= W H0,W j |W = i ) = 0 . If

this is not true, then there exists somek -= i such that , k 2 , i , so

P(falsely reject 3 j '= W H0,W j |W = i ) ) P(falsely reject H0,W k |W = i ) ) !.

Again, marginal error control follows from the usual law of total probability argument:

P(falsely reject 3 j '= W H0,W j ) =
n"

i =1

P(W = i )P(falsely reject 3 j '= W H0,W j |W = i )

) !
n"

i =1

P(W = i )

= !.
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B.15 Selective dominance and one-sided testing

In this appendix, we establish the selective dominance property for UMP p-values in MLR families

and UMPU p-values in exponential families. We also show that in these cases, the adjusted p-value from

Theorem 5 is monotone in the parameter, under suitable conditions. Throughout the appendix, we draw

from the discussion and proof strategy in Appendix B.1 ofLei and Fithian [2018].

B.15.1 MLR Families

We consider a parametric family P& parameterized by a real parameter, " R such that each P& has

density p&(x) with respect to some carrier measureµ. We will suppose that these densities share support

(i.e., for any two , and , + we havep&(x) > 0 76 p&$(x) > 0). Further, we suppose that for any , ) , +,

the likelihood ratio p&$(x)/p &(x) is a monotone non-decreasing function of some real-valued functionT(x)

on this support (i.e., for any x1 ) x2 with p&(x1), p&(x2) > 0, we havep&$(x1)/p &(x1) ) p&$(x2)/p &(x2)).

Recall that for a testing problem, the critical function . (x) (see [Lehmann et al., 1986, Section 3.1]) tells

us the probability of rejecting the null having observed data x, so . (X ) = P(reject H0|X ). From Theorem

3.4.1 ofLehmann et al. [1986] we know the test governed by the critical function

. (x) =

)
333*

333+

1 if T(x) > C

/ if T(x) = C

0 otherwise

(B.16)

is UMP for testing H0 : , ) , 0 against the alternatives Ha : , > , 0 so longC and / satisfy

P&0 (T(X ) > C ) + /P &0 (T(X ) = C) = !. (B.17)

Denote the left-continuous survival function of T(X ) and its right-hand limit under P&0 as

G(t) = P&0 (T(X ) 2 t) G+ (t) = lim
u- t

G(u).

SinceG(t) is a monotone non-increasing function, we can also deÞne its generalized inverse

G! 1(z) = inf { t : G(t) ) z} ,

Lemma B.15.1 gives a natural way to setC and / in Equation ( B.16) to get an UMP test.

Lemma B.15.1 (An UMP test) . Adopting the convention that 0/ 0 = 0, taking C = G! 1(! ) and / =

(! ! G+ (C)) / (G(C) ! G+ (C)) in Equation (B.16) gives an UMP test.

Proof. At continuity points t of G(á), we haveG(G! 1(t)) = t and alsoP(T(X ) = t) = 0. Thus, if C = G! 1(! )

is a continuity point of G(á), then G+ (C) = P&0 (T(X ) > C ) = P&0 (T(X ) 2 C) = G(C) = ! and / = 0, so

the constraint (B.17) is immediately satisÞed.

If C = G! 1(! ) is not a continuity point of G(á), then G(C) ! G+ (C) > 0 and the constraint (B.17) is

also immediately satisÞed. To ensure that we still have a valid test, however, we need/ " [0, 1]. This is true

so long as! " [G+ (C), G(C)]. We know that G(t) ) ! for any t > C , so G+ (C) ) ! . If G(C) < ! , then we
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could Þnd somet! < C such that G(C) < ! by left-continuity, but this would contradict that C = G! 1(! ),

Þnishing the proof.

Letting Uaux ( Unif([0 , 1]) be auxiliary randomness that is independent ofX , a simple way to instantiate

the test from Lemma B.15.1is to reject wheneverT(X ) > C or whenT(X ) = C and Uaux ) / . LemmaB.15.2

explains how this is the same as rejecting when the p-value, termed as a fuzzy p-value inGeyer and Meeden

[2005],

p = G+ (T(X )) + Uaux (G(T(X )) ! G+ (T(X ))) (B.18)

is at most ! .

Lemma B.15.2 (Fuzzy p-value is UMP). Rejecting H0 : , ) , 0 when the fuzzy p-value(B.18) is at most !

instantiates the test from LemmaB.15.1, and is therefore UMP.

Proof. We rewrite

p = (1 ! Uaux )G+ (T(X )) + Uaux G(T(X ))

and consider four cases.

¥ If t < G ! 1(! ) then we can Þnd somet+ > t such that G(t+ ) > ! . Thus G(t) 2 G+ (t) > ! . So p > !

wheneverT(X ) < G ! 1(! )

¥ If t = G! 1(! ) and G! 1(! ) is a continuity point of G(á), then G+ (t) = G(t) = ! . Thus, in this case

p ) ! wheneverT(X ) = G! 1(! ) and Uaux ) ! ! G+ (G# 1 ( ! ))
G(G# 1 ( ! )) ! G+ (G# 1 ( ! )) = ' .

¥ If t = G! 1(! ) and G! 1(! ) is not a continuity point of G(á), then we must have that G(t) ! G+ (t) > 0.

Also by right continuity we have G(t) 2 ! and by how G! 1(á) is deÞned we haveG+ (t) ) ! . In this

casep ) ! also wheneverT(X ) = G! 1(! ) and Uaux ) ! ! G+ (G# 1 ( ! ))
G(G# 1 ( ! )) ! G+ (G# 1 ( ! )) .

¥ If t > G ! 1(! ) then G+ (t) ) G(t) ) ! . So p ) ! wheneverT(X ) > G ! 1(! ).

This implies the following set equalities:

{ p ) ! } = { T(X ) > G ! 1(! )} 3
7

T(X ) = G! 1(! ), Uaux )
! ! G+ (G! 1(! ))

G(G! 1(! )) ! G+ (G! 1(! ))

8

= { T(X ) > C } 3 { T(X ) = C, Uaux ) / }

Lemma B.15.3 shows that p ( Unif([0 , 1]) under P&0 , which will be useful for us later.

Lemma B.15.3 (Fuzzy p-value is uniform at null boundary) . Under P&0 , the p-value(B.18) has a Unif([0, 1])

distribution.

Proof. Using the set equality from LemmaB.15.2 but replacing ! with z " (0, 1), we Þnd
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P&0 (G+ (T(X )) + Uaux (G(T(X )) ! G+ (T(X ))) ) z)

= P&0 (T(X ) > G ! 1(z)) + P&0

5
T(X ) = G! 1(z), U )

z ! G+ (G! 1(z))
G(G! 1(z)) ! G+ (G! 1(z))

6

= P&0 (T(X ) > G ! 1(z)) + P&0 (T(X ) = G! 1(z))P&0

5
U )

z ! G+ (G! 1(z))
G(G! 1(z)) ! G+ (G! 1(z))

6

= G+ (G! 1(z)) + ( G(G! 1(z)) ! G+ (G! 1(z))) á
z ! G+ (G! 1(z))

G(G! 1(z)) ! G+ (G! 1(z))

= z.

Now we can show that p is a selectively dominant p-value for testing the null H0 : , ) , 0. In what

follows, we consider some Þxed, ) , 0 and prove some facts that allow us to relate the distribution ofT(X )

under P&0 to its distribution under P&.

Lemma B.15.4 (Distribution of T(X )) . Let g&(T(x)) be a non-increasing function that equals the likelihood

ratio p&(x)/p &0 (x) on the support and

4(A) =
Y

I (T(x) " A)p&0 (x)µ(dx)

be the measure ofT(X ) under X ( P&0 . Then

P&(T(X ) " A) =
Y

A
g&(t)4(dt)

Proof. We know that

P&(T(X ) " A) =
Y

I (T(x) " A)p&0 (x)g&(T(x))µ(dx),

so we need to show that

Y
I (T(x) " A)p&0 (x)g&(T(x))µ(dx) =

Y

A
g&(t)4(dt) (B.19)

If g&(T(x)) = I (T(x) " A+) happens to be an indicator then (B.19) holds. Therefore, we can apply the

standard machine (see the discussion after Equation 42 inLei and Fithian [2018]) to show that ( B.19) holds

for all non-negative functions g&(á).

Lemma B.15.5 (Distribution of ( T(X ), Uaux )) . If 5 denotes the product measure of4 and Lebesgue measure

) on [0, 1], i.e., the distribution of (T(X ), Uaux ) under P&0 , then

P&((T(X ), U) " B ) =
Y

B
g&(t)5(dt, du) (B.20)

Proof. We will Þrst argue that (B.20) holds for any B which is a product setA1 , A2. We can further reduce
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to the case that g&(T(x)) = I (T(x) " A+
1) is an indicator. Then we see using our previous lemma that

P&((T(X ), Uaux ) " A1 , A2) = P&(T(X ) " A1)P(Uaux " A2)

=
Y

A 1

g&(t)4(dt) á
Y

A 2

) (du)

=
Y

A 1 4 A $
1

4(dt) á
Y

A 2

) (du)

=
Y

A 1 4 A $
1 " A 2

5(dt, du)

=
Y

A 1 " A 2

g&(t)5(dt, du)

To handle the case of generalg&(á) we can again simply apply the standard machine.

The full result then follows from an application of the 2 ! ) theorem: the set ofB for which (B.20) holds

is a ) -system, and (B.20) holds for every set in the 2 system of all product setsB = A1 , A2.

Note that our p-value p is a deterministic function of T(X ) and Uaux :

p = m(T(X ), Uaux ) m(t, u) = G+ (t) + u(G(t) ! G+ (t)) .

As such, we sometimes write our selection function as a function ofT(X ) and Uaux :

s(t, u) = s(m(t, u)) .

We use this abuse of notation in our next lemma, which characterizes the conditional distribution ofT(X )

given selection.

Lemma B.15.6 (Distribution of ( T(X ), Uaux ) given selection). For any selection function s(x) under which

p has a positive probability of selection underP&,

P&((T(X ), Uaux ) " B |S = 1) =

/
B g&(t)s(t, u)5(dt, du)
/

g&(t)s(t, u)5(dt, du)

Proof. First note that

P&((T(X ), Uaux ) " B |S = 1) =
P&((T(X ), Uaux ) " B, S = 1)

P&(S = 1)
.

Thus it su"ces to show for any set B that

P&((T(X ), Uaux ) " B, S = 1) =
Y

B
g&(t)s(t, u)5(dt, du).

By the deÞnition of conditional expectation

P&((T(X ), Uaux ) " B, S = 1) = E&[E&[I (S = 1) | T(X ), Uaux ]I ((T(X ), Uaux ) " B )]

= E&[s(T(X ), Uaux )I ((T(X ), Uaux ) " B )]
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If s(t, u) = I (( t, u) " B ) is an indicator function, then the result is implied by our previous lemma. We again

get the result for general selection functionss(t, u) by applying the standard machine.

With these lemmas under our belt, we can show PropositionB.15.1, the main result of this sub-section.

Sincep ( P$0
Unif([0 , 1]) by Lemma B.15.3, this proposition is su"cient to imply selective dominance.

Proposition B.15.1. For any selection function s(x) for which p has positive probability of selection under

P&,

P&(p ) z|S = 1) ) P&0 (p ) z|S = 1) .

Proof. First we show that P&(S = 1) > 0 =6 P&0 (S = 1) > 0. We show the contrapositive. If

0 = P&0 (S = 1) = E&0 [E&0 [S|p]]

= E&0 [s(p)]

= E&0 [s(T(X ), Uaux )],

then s(T(X ), Uaux ) = 0 a.e. under P&0 . Therefore,

P&(S = 1) = E&[s(T(X ), Uaux )] = E&0 [g&(T(X ))s(T(X ), Uaux )] = 0 .

Now, Þx z " (0, 1). If z is such that P&(p ) z|S = 1) = 0 then the desired inequality is trivial. To handle

the non-trivial case, we recall LemmaB.15.2 and note three facts:

¥ If ( t, u) " m! 1([0, z]) then t 2 G! 1(z),

¥ If ( t, u) " m! 1((z,1]) then t ) G! 1(z),

¥ The setsm! 1([0, z]) and m! 1((z,1]) are disjoint.

Thus,

1
P&(p ) z|S = 1)

=

/
m # 1 ([0 ,1]) g&(t)s(t, u)5(dt, du)

/
m # 1 ([0 ,z ]) g&(t)s(t, u)5(dt, du)

=

/
m # 1 ([0 ,z ]) g&(t)s(t, u)5(dt, du) +

/
m # 1 (( z,1]) g&(t)s(t, u)5(dt, du)

/
m # 1 ([0 ,z ]) g&(t)s(t, u)5(dt, du)

= 1 +

/
m # 1 (( z,1]) g&(t)s(t, u)5(dt, du)

/
m # 1 ([0 ,z ]) g&(t)s(t, u)5(dt, du)

2 1 +
g&(G! 1(z))

/
m # 1 (( z,1]) s(t, u)5(dt, du)

g&(G! 1(z))
/

m # 1 ([0 ,z ]) s(t, u)5(dt, du)

= 1 +

/
m # 1 (( z,1]) s(t, u)5(dt, du)

/
m # 1 ([0 ,z ]) s(t, u)5(dt, du)

=
1

P&0 (p ) z|S = 1)
,

where to Þnish we have noted thatg&0 (t) = 1 almost everywhere in the measure5.
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B.15.2 Exponential families

Suppose we observe dataX " Rm from an exponential family P& parameterized by, " Rn i.e., under P&

the data X has density

g&(x) = exp( , 1T1(x) + á á á+ , n Tn (x) ! - (, ))g(x)

with respect to some carrier measureµ. We consider the problem of testingH0 : , i ) , 0,i .

The UMPU test for H0 : , i ) , 0,i is valid conditional on T! i (X ). More speciÞcally, Theorem 4.4.1 of

Lehmann et al. [1986] tells us that any test of the form

. (t i , t ! i ) =

)
333*

333+

1 if t i > C 0(t ! i )

/ (t ! i ) if t i = C0(t ! i )

0 otherwise

where the functions / (á) and C0(á) satisfy

E&i = &0,i [. (Ti (X ), t ! i )|T! i (X )] = ! a.e. underP&i = &0,i

is UMPU for testing H0 : , i ) , 0,i . Lemma 2.7.2 ofLehmann et al. [1986] tells us that the conditional

distribution of Ti (X ) given T! i (X ) = t! i admits a density

g&i ,t # i (t i ) = exp( , i t i ! ÷- (, i ))

with respect to some base measureµt # i . This density has an MLR in t i (to be speciÞc, we are imagining

observingTi (X ) from its conditional distribution T! i (X ), and the map T(á) from the previous sub-section is

actually the identity). Hence, a concrete UMPU test is to just run our UMP test from the previous section

using the conditional distribution given T! i (X ) = t! i . In particular, our work from the previous section

implies that it is UMPU to reject using the p-value

p = G+ (Ti (X )|T! i (X )) + Uaux (G(Ti (X )|T! i (X )) ! G+
i (Ti (X )|T! i (X ))) , (B.21)

where Uaux is an uniform random variable independent of the data and

G(t i |t ! i ) = P&0 (Ti (X ) 2 t|T! i (X ) = t! i ) G+ (t i |t ! i ) = lim
u- t i

G(u|t ! i ).

We argue that this p-value is selectively dominant givenZ . Fix a distribution P in the null. If we

consider some selection functions(x, z) such that P(S = 1) = 0, then ( 4.3) holds trivially. Instead consider

the case that P(S = 1) > 0 and let f z (x) denote the conditional PDF of p given Z = z. Proposition B.15.1

along with Lemma B.15.3 tells us exactly that for z such that
/ 1

0 s(x, z)f z (x)dx > 0,

/ t
0 s(x, z)f z (x)

/ 1
0 s(x, z)f z (x)

)

/ t
0 s(x, z)

/ 1
0 s(x, z)

for all t " [0, 1].

Arguments in Appendix B.19.1 and Appendix B.19.2 then tell us that the following three facts are true a.e.

under P(á|S = 1): (1)
/ 1

0 s(x, Z )f Z (x)dx > 0 , (2) the left-hand side of the above equals the left-hand side
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of (4.3), and (3) the right-hand side of the above equals the right-hand side of (4.3). Combined these facts

imply that p is selectively dominant givenZ .

B.15.3 Monotonicity of selective MLR p-values

In this sub-section, we consider data (X, Z ) where the conditional distribution X |Z = z ( P&,z is

parameterized by , " R and has an MLR in T(x). Because we do everything conditional onZ = z, without

loss of generality we can just work withX and understand that the results will hold a.e. overZ . Letting

G&0 (t) = P&0 (T(X ) 2 t) G&0 ,+ (t) = lim
u- t

G&0 (u)

we let

p&0 = G&0 ,+ (T(X )) + Uaux (G&0 (T(X )) ! G&0 ,+ (T(X )))

be the UMP p-value for testing H0 : , ) , 0. Again, Uaux is a uniform random variable independent of the

data. Let

m&0 (t, u) = G&0 ,+ (t) + u(G&0 (t) ! G&0 ,+ (t))

be the map such that m&0 (T(X ), U) = p&0 .

Considering a class of selection functionss&0 (x) such that
/ 1

0 s&0 (x) > 0 (when Z is present we need
/ 1

0 s&0 (x, Z ) > 0 almost surely), we want to show that the selective p-values from Theorem5,

p&0
sel =

/ p$0

0 s&0 (x)dx
/ 1

0 s&0 (x)dx
,

are monotone non-decreasing in, 0. SpeciÞcally, we will show that this is true when the selection function

s&0 (x) is independent of , 0 once written in terms of the data (i.e., selection can be stated in terms of the

data without reference to the null parameter being tested). Formally, we establish monotonicity whenever

there exists ÷s(á, á), independent of , 0, such that

s&0 (x) = ÷s(t, u) for all t, u with x = m&0 (t, u),

Like before, we now consider some Þxed, ) , 0 and let g&(T(x)) be the non-increasing function that

equals the likelihood ratio p&(x)/p &0 (x) on the support. The next lemma allows us to rewrite the selective

p-value in a useful way.

Lemma B.15.7. Letting Er,s = { (t, u) : t > r or t = r and u ) s} . For any t and u such that m&(t, u) = y,

Y y

0
s&(x)dx =

Y

E t,u

g&(t)÷s(t, u)5(dt, du).

Proof. First we handle the case that s&(x) = I (x " B&) is an indicator of membership to some set. Then

the left-hand side of the equation is the Lebesgue measure of the set{ x : x ) y} intersected with B&. By

Lemma B.15.3 this is the same as the probability under P& of the p-value p& being at most y and in B&.

By our choice of t and u, the set di!erence betweenEt,u and the set { (t, u) : m&0 (t, u) ) y} is measure

zero underP&. Thus by Lemma B.15.5 and how ÷s is deÞned, the right-hand side of the equation is also the
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probability probability under P& of the p-value p& being at most y and in B&. We again get the result for

general selection functionss&(x) by applying the standard machine.

According the the previous lemma,

p&
sel =

/ p$

0 s&(x)dx
/ 1

0 s&(x)dx
=

/
E T ( X ) ,U aux

g&(t)÷s(t, u)5(dt, du)
/

g&(t)÷s(t, u)5(dt, du)

Hence it would su"ce to show that for all r and s,

/
E r,s

g&(t)÷s(t, u)5(dt, du)
/

g&(t)÷s(t, u)5(dt, du)

is monotone in non-decreasing in, . This is the subject of our next lemma.

Lemma B.15.8. For any r and s, the quantity

/
E r,s

g&(t)÷s(t, u)5(dt, du)
/

g&(t)÷s(t, u)5(dt, du)

is monotone non-decreasing in, .

Proof. The proof strategy is the same as our earlier results. We would like to show that

/
E r,s

g&(t)÷s(t, u)5(dt, du)
/

g&(t)÷s(t, u)5(dt, du)
)

/
E r,s

g&0 (t)÷s(t, u)5(dt, du)
/

g&0 (t)÷s(t, u)5(dt, du)

If the numerator of the left-hand side is zero then the inequality must hold. In the other case we see that

/
g&(t)÷s(t, u)5(dt, du)

/
E r,s

g&(t)÷s(t, u)5(dt, du)
= 1 +

/
E c

r,s
g&(t)÷s(t, u)5(dt, du)

/
E r,s

g&(t)÷s(t, u)5(dt, du)

2 1 +
g&(r )

/
E c

r,s
÷s(t, u)5(dt, du)

g&(r )
/

E r,s
÷s(t, u)5(dt, du)

= 1 +

/
E c

r,s
÷s(t, u)5(dt, du)

/
E r,s

÷s(t, u)5(dt, du)

=

/
g&0 (t)÷s(t, u)5(dt, du)

/
E r,s

g&0 (t)÷s(t, u)5(dt, du)

where we have noted that if (t, u) " Er,s then t 2 r and if (t, u) " Er,s then t ) r , and also that g&0 (t) = 1

almost everywhere in the measure5.

B.16 Selecting multiple p-values for inference

In this appendix, we generalize our selective dominance framework to allow us to select multiple p-values

for inference.
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Suppose we havek p-values for the nulls H0,i that are selectively dominant given some commonZ . We

require that these p-values are conditionally independent givenZ . DeÞnek binary selection random variables

Sj " { 0, 1} , where Sj = 1 when pj is selected. The relationship betweenpj , Z , and Sj is governed by the

selection functions1

sj (x, z) = p(Sj = 1 |pj = x, Z = z)

Furthermore, we demand that the di!erent selections happen independently, i.e.,

P(S1 = 1 , . . . , Sk = 1 | p1, . . . , pk , Z ) =
kC

j =1

P(Sj = 1 | pj , Z ) a.e. under P (B.22)

DeÞne the selective p-values from Theorem5 psel,j =
/ pj

0 sj (x, Z )dx/
/ 1

0 sj (x, Z )dx. Our goal is to show

that these selective p-values remain independent and are also valid p-values after selection:

P4 k
i =1 H 0,i

(psel, 1 ) t1, . . . , psel,j ) t1|S1 = 1 , . . . , Sj = 1) )
kC

j =1

t j for all t " [0, 1]k (B.23)

Fix a distribution P in the global null. As this statement is vacuously true when P(S1 = 1 , . . . , Sj =

1) = 0, it su"ces to suppose that P(S1 = 1 , . . . , Sj = 1) > 0, in which case we can deÞne the conditional

probability measures

Q(A) = P(A|S1 = 1 , . . . , Sk = 1) =
P(A, S1 = 1 , . . . , Sk = 1)

P(S1 = 1 , . . . , Sk = 1)

and

Qj (A) = P(A|Sj = 1) =
P(A, Sj = 1)

P(Sj = 1)

Note that Q is absolutely continuous with respect to all the Qj and alsoP, so any statement which is true

a.e. under anyQj or a.e underP is also true a.e. underQ.

By taking expectations of (B.22) conditional on Z with respect to both sides, we Þnd that theSj are

independent givenZ a.e. underP (and thus also a.e. underQ). The following equalities hold a.e. underP.

P(S1 = 1 , . . . , Sk = 1 | Z ) = E[P(S1 = 1 , . . . , Sk = 1 |p1, . . . , pk , Z ) | Z ]

= E

9

;
kC

j =1

P(Sj = 1 |pj , Z )

L
L
L
L
L
L

Z

<

> (Equation ( B.22))

=
kC

j =1

E [P(Sj = 1 |pj , Z )] (pj conditionally independent given Z )

=
kC

j =1

P(Sj = 1 |Z )

where we have used that thepj are conditionally independent givenZ to move the expectation inside the

product.

Now, we recall from Appendix B.19.1 that the selective p-value psel,j is a continuous function of pj for

1Again, formally s(pj , Z ) = E [S|pj , Z ].
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a.e. Z under Qj , and therefore this is true for a.e. Z under Q. Namely, we have for all t " [0, 1]k that

Q(psel, 1 ) t1, . . . , psel,k ) tk |Z ) = Q(p1 " A1,Z,t , . . . , pk " Ak,Z,t |Z ) a.e. under Q

To be speciÞc, forz such that
/ 1

0 sj (x, z)dx > 0, the Aj,z,t are Borel sets such that
/ y

0 sj (x, z)/
/ 1

0 sj (x, z) )

t j 76 y " Az . Now, the following equalities hold for all t " [0, 1]k a.e. underQ:

EQ [I (p1 " A1,Z,t ) . . . I (pk " Ak,Z,t ) | Z ]

=
EP [I (p1 " A1,Z,t )S1 . . . I (pk " Ak,Z,t )Sk | Z ]

EP [S1 . . . Sk | Z ]
(Lemma B.19.1)

=
EP [I (p1 " A1,Z,t ) . . . I (pk " Ak,Z,t )EP [S1 . . . Sk | p1, . . . , pk , Z ]| | Z ]

EP [S1 . . . Sk | Z ]
(LoTE)

=
EP [I (p1 " A1,Z,t )EP [S1 = 1 |pk , Z ] . . . I (pk " Ak,Z,t )EP [Sk = 1 |pk , Z ]| | Z ]

EP [S1 . . . Sk | Z ]
(Equation ( B.22))

=
kC

i =1

EP [I (pi " Ai,Z,t )EP [Si = 1 |pi , Z ]|Z ]
EP [Si,Z |Z ]

(earlier result)

=
kC

i =1

EP [I (pi " Ai,Z,t )Si |Z ]
EP [Si |Z ]

(LoTE)

=
kC

i =1

EQ i [I (pi " Ai,Z,t )|Z ] (Lemma B.19.1)

=
kC

i =1

EQ i [I (psel,i ) t i )|Z ] (earlier reasoning)

)
kC

i =1

t i (Theorem 5)

Of course, the fact that

P(psel, 1 ) t1, . . . , psel,k ) tk |Z, S1 = 1 , . . . , Sj = 1) )
kC

j =1

t j for all t " [0, 1]k a.e. underQ

is su"cient to imply ( B.23).

B.16.1 Adaptive versions of FisherÕs combination test

We can use our generalized framework to come up with variants of FisherÕs combination test that are more

powerful when some null p-values are conservative (i.e., they have super-uniform distributions). Corollary10,

which is of similar ßavor to the conditional inference on winners procedure, gives a conditional version of

FisherÕs combination test that only uses the bottomk p-values for inference. In Corollary10 s procedure,k

must be pre-speciÞed.
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(a) &= 3 (b) &= 5 (c) &= 10

Figure B.3: For &= 3 (left), &= 5 (middle), and &= 10 (right), power of the k = 3 conditional, ' = 0 .5
truncated, and original FisherÕs combination test for data drawn fromN (µ, I 10) with µ1 = á á á= µ# varying
according to the x-axis andµ#+1 = á á á= µn = ! 2. Power results from an average overN = 104 trials, error
bands (barely visible) denote one standard error, and the level! = 0 .1 is denoted by the dashed line.

Corollary 10 (FisherÕs top-k combination test). Suppose thatpi are n independent and selectively dominant

p-values for the nullsH0,i , and let H0,( j ) denote the null corresponding to thej th smallest p-value (with ties

broken randomly). For some Þxedk ) n, rejecting the data-dependent global null8k
j =1 H0,( j ) (and therefore

also the global null8n
i =1 H0,i ) when

! 2
k"

j =1

log(p( j ) /p (k+1) ) 2 Quantile(1 ! !, %2
2k ) (B.24)

controls Type I error at level ! conditional on the indices of the smallestk p-values (and therefore also

marginally).

Examining (B.24), we see that when the (k +1)st p-value provides essentially no evidence against the null

(so p(k+1) 9 1), running Corollary 10Õs test is like running FisherÕs test using just the bottomk p-values and

ignoring that any selection took place. In this case, our test statistic will be essentially identical to FisherÕs

original test statistic, but the critical value required for rejection will be much smaller. On the ßip-side, if

many of the p(j ) for j ) k are not su"ciently smaller than p(k+1) , then Corollary 10Õs test statistic will be

small and the test will fail to reject.

Another approach to improving FisherÕs combination test is truncation: only use a p-value for inference

if it is below some Þxed threshold' " R [Zaykin et al., 2002]. Corollary 11, which is identical to the test

from Proposition 2 of Zhao et al. [2019], gives a version of FisherÕs truncated combination test that is still

valid whenever the p-values are independent and selectively dominant2.

Corollary 11. Suppose thatpi are n independent and selectively dominant p-values for the nullsH0,i , and

Þx n thresholds ' i " [0, 1]. Letting j " J denote the random set of indices for whichpj ) ' j , rejecting the

data-dependent global null8 j $ J H0,j (and therefore also the global null8n
i =1 H0,i ) when

! 2
k"

j =1

log(pj /' j ) 2 Quantile(1 ! !, %2
2|J | )

2We give a variant that is valid conditional on which p-values are selected. If we just care about rejecting the global null
# n

i =1 H 0,i , we can give a more powerful test via marginalization, as Zaykin et al. [2002] do.
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controls Type I error at level ! conditional on J (and therefore also marginally).

If somepj are substantially lower than their truncation point ' j but most are above it, then Corollary 11

will be powerful. In this case, Corollary 11Õs test will have a slightly smaller statistic compared to FisherÕs

original combination test, but a much smaller critical value. Hence, the truncated Fisher test is most

powerful when some p-values come from strong alternatives but many come from conservative nulls. As

such, Corollary 11 generalizes the truncated Fisher test to the settings where it is most applicable. On the

ßip-side, if most of the pj are below' j , the truncated test statistic will pay a penalty due to selection, while

the critical value required for rejection will remain essentially unchanged compared to FisherÕs original test.

To illustrate the beneÞts and drawbacks of these methods, we display their power alongside that of

FisherÕs original test for a simplen = 10 dimensional Gaussian problem. We sampleX ( N (µ, I n ) and use

the p-values pi = 1 ! #( X i ) try and detect the existence of a positive mean. For& " { 3, 5, 10} , we vary

the strength µ1 = á á á= µ# > 0 of our signals and setµ#+1 = á á á= µn = ! 2 to be conservative nulls. We

do inference using the bottomk = 3 p-values for the conditional version of FisherÕs method and set the

truncation ' = 0 .5 for the truncated version (i.e., we includepi for which X i > 0). The results are displayed

in Figure B.3.

As expected, the new methods outperform FisherÕs original method when conservative nulls are present.

When & = 3 and the bottom three p-values are much smaller than the rest, the conditional method does

incredibly well. As expected, its performance quickly degrades when&= 5 , 10 and the fourth smallest p-value

becomes close to the bottom three. The truncated method is more robust, and still considerably improves

power when & = 5. Unsurprisingly, both selective methods perform worse than FisherÕs original method

when &= 10 and every µi is a signal (i.e., all p-values are sub-uniform).

B.16.2 Proof of Corollary 10

Suppose we haven independent and selectively dominant p-valuespi for the nulls H0,i . We consider a

subset pi 1 , . . . , pi k of them to use for inference. Denoting the remaining asZ = ( pi k +1 , . . . , pi n ), we have

that pi 1 , . . . , pi k are conditionally independent givenZ . We select thepi j for j ) k to use for inference when

they are smaller than all the p-values in Z , i.e., we use the selection functionssj (x, z) = I (x ) mink zk ).

For these selection functions, the condition Equation (B.22) is obviously satisÞed, and Equation (B.23) tells

us that, under the global null 8k
j =1 H0,i j , the selective p-valuespi j / min#'${ i 1 ,...,i k } p# are independent and

valid p-values after selection. In particular, if we denote the 1! ! quantile of the %2
d distribution as Qd, a

consequence of Equation (B.23) is that

P4 k
j =1 H 0,i j

(! 2
k"

j =1

log(pi j / min
#'${ i 1 ,...,i k }

p#) 2 Q2k |Si 1 = 1 , . . . , Si k = 1) (B.25)

To show conditional error control, we Þrst note that if 8k
j =1 H0,i j is false, then trivially

P(falsely reject 8k
i =1 H0,( i ) |Si 1 = 1 , . . . , Si k = 1) = 0 ) !.

For the case that8k
j =1 H0,i j is true, then the event Si 1 = 1 , . . . , Si k = 1 is the same as selecting thepi 1 , . . . , pi k
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for inference in (B.25), so

P(falsely reject 8k
i =1 H0,( i ) |Si 1 = 1 , . . . , Si k = 1)

= P(! 2
k"

j =1

log(p( j ) /p (k+1) ) 2 Q2k |Si 1 = 1 , . . . , Si k = 1)

= P(! 2
k"

j =1

log(pi j / min
#'${ i 1 ,...,i k }

p#) 2 Q2k |Si 1 = 1 , . . . , Si k = 1)

) !.

Now, letting J denote the set of indices of the bottomk p-values, It follows from the deÞnition of conditional

expectation that P(A|J ) = P(A|Sj = 1 for all j " J ) a.e. under P, and the above therefore implies that

P(falsely reject 8k
i =1 H0,( i ) |J ) ) ! a.e. underP. Marginal error control then follows from the law of total

expectation.

To see that the same applies for the global null repeat the same argument and replace any mentions of

8k
j =1 H0,i j and 8k

j =1 H0,( j ) with 8n
i =1 H0,i .

B.16.3 Proof of Corollary 11

Suppose we haven independent and selectively dominant p-valuespi for the nulls H0,i . We selectpj to

use for inference when it is smaller than some pre-speciÞed threshold' j , i.e., we use the selection functions

sj (x) = I (x ) ' j ). Let Sj be the indicator that the j th p-value is selected andJ be the random set of indices

of the selected p-values. For these selection functions, the condition (B.22) is obviously satisÞed, and (B.23)

tells us that, under the global null 8k
j =1 H0,i j , the selective p-valuespi j /' j are independent and valid p-values

after selection. In particular, if we denote the 1! ! quantile of the %2
d distribution as Qd, a consequence of

Equation (B.23) is that

P4 k
j =1 H 0,i j

(! 2
k"

j =1

log(pi j /' j ) 2 Q2k |Si 1 = 1 , . . . , Si k = 1)

To show conditional error control, we Þrst note that if 8k
j =1 H0,i j is false, then trivially

P(falsely reject 8k
j $ J H0,j |Si 1 = 1 , . . . , Si k = 1) = 0 ) !.

For the case that8k
j =1 H0,i j is true, then the event Si 1 = 1 , . . . , Si k = 1 is the same as selecting thepi 1 , . . . , pi k

for inference in (B.16.3), so

P(falsely reject 8k
j $ J H0,j |Si 1 = 1 , . . . , Si k = 1)

= P(! 2
"

j $ J

log(pj /' j ) 2 Q2k |Si 1 = 1 , . . . , Si k = 1)

= P(! 2
k"

j =1

log(pi j /' j ) 2 Q2k |Si 1 = 1 , . . . , Si k = 1)

) !.
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It follows from the deÞnition of conditional expectation that P(A|J ) = P(A|Sj = 1 for all j " J ) a.e. under

P, and the above therefore implies thatP(falsely reject 8 j $ J H0,j |J ) ) ! a.e. under P. Marginal error

control then follows from the law of total expectation.

To see that the same applies for the global null repeat the same argument and replace any mentions of

8k
j =1 H0,i j and 8 j $ J H0,j with 8n

i =1 H0,i .

B.17 Simultaneous approach

For sake of comparison, we consider simultaneous inference approaches that leverage the known covariance

structure &.

B.17.1 TukeyÕs test

The typical simultaneous inference approach that is cognizant of the covariance structure & is TukeyÕs

honestly signiÞcant di!erence (HSD) test [Tukey, 1951]. TukeyÕs test, once adapted to our problem, enables

us to reject 3 i $ S,j '$SH %
ij whenever

min
i $ S,j '$S

X i ! X j ! *
vij

2 h1! ! , h1! ! = Quantile
5

1 ! !, max
i '= j

|Zi ! Zj |
vij

6
with Z = X ! µ. (B.26)

We justify that rejecting 3 i $ S,j '$SH %
ij whenever (B.26) is satisÞed is an error controlling procedure later. In

contrast, our selective test is guaranteed to reject3 i $ S,j '$SH %
ij at least whenever

min
i $ S,j '$S

X i ! X j ! *
vij

2 z1! !/ 2, z1! !/ 2 = Quantile (1 ! !, Z ) with Z ( N (0, 1) (B.27)

When n = 2, these two rejection regions coincide. But as soon asn > 2, the quantile h1! ! becomes strictly

larger than z1! !/ 2, and our testÕs rejection region becomes a strict superset of TukeyÕs HSD rejection region.

In the case that the X i are independent, the growth ofh1! ! is at least on the order of
#

logn (we will show

this later). The quantile z1! !/ 2 that our procedure uses, however, stays Þxed.

B.17.2 A reÞnement of TukeyÕs HSD

Based o! of the approach inBoÞnger[1983, 1985b] and Hsu [1981b], we derive an approach that dominates

TukeyÕs HSD test. These earlier works assume an isotropic covariance. To handle the case with general

covariances, we will have to come up with a slightly di!erent procedure than what currently exists in the

literature. It is not tractable, but it still helps inform us of the limits of simultaneous inference.

Let Z = X ! µ be a centered version ofX , so that Z ( N (0, &), and let ) denote the set of permutations

over n elements. DeÞning

q1! ! = max
/ $ $

Quantile

#

$ 1 ! !, max

)
*

+
Z/ # 1 (K ) ! Z/ # 1 (K +1)

v/ # 1 (K ) ,/ # 1 (K +1)
, max

i 3 K +1 ,
j , K

Z/ # 1 ( i ) ! Z/ # 1 ( j )

v/ # 1 ( i ) ,/ # 1 ( j )

,
-

.

%

& , (B.28)
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we argue that we can safely draw the inference mini $ S µi > maxj '$S µj + * whenever

min
i $ S,j '$S

X i ! X j ! *
vij

2 q1! ! . (B.29)

Assume that the entries of µ are sorted (with ties dealt with arbitrarily). DeÞne I + to be the largest

index in S (corresponding to the smallest mean) andJ + to be the smallest index not in S (corresponding to

the largest mean). DeÞneI " S and J " S to be the indices that minimize X i ! X j ! %
vij

for i " S and j " S. A

false rejection happens exactly whenX I ! X J ! %
vIJ

> q1! ! and also µI $ ! µJ $ ! * ) 0. Note that I + 2 K , and

I + = K =6 J + = K + 1 and I + > K =6 J + ) K . With this in mind, we can bound

P(false rejection) = P
5

µI $ ! µJ $ ! * ) 0,
X I ! X J ! *

vIJ
! q1! ! 2 0

6

) P
5

µI $ ! µJ $ ! *
vI $J $

) 0,
X I $ ! X J $ ! *

vI $J $
! q1! ! 2 0

6

) P
5

µI $ ! µJ $ ! *
vI $J $

)
X I $ ! X J $ ! *

vI $J $
! q1! !

6

) P
5

q1! ! )
X I $ ! µI $

vI $J $
!

X J $ ! µJ $

vI $J $

6

) P
5

q1! ! )
ZI $ ! ZJ $

vI $J $

6

) P

#

$ q1! ! ) max

)
*

+
ZK ! ZK +1

vK,K +1
, max

i 3 K +1 ,
j , K

Zi ! Zj

vij

,
-

.

%

&

) !

where the last inequality follows from the deÞnition ofq1! ! .

Having proven the validity of this simultaneous method, we make two points. First, we could not use the

1 ! ! quantile of

max

)
*

+
ZK ! ZK +1

vK,K +1
, max

i 3 K +1 ,
j , K

Zi ! Zj

vij

,
-

.

in our procedure because, in the non-isotropic covariance case, computing this quantile requires us to know

how to order the samples by their means. Second,q1! ! is certainly at most

h1! ! = Quantile
5

1 ! !, max
i '= j

|Zi ! Zj |
vij

6
, (B.30)

which justiÞes the validity of the TukeyÕs HSD variant that we proposed earlier.

Now, let us compare our selective test to this simultaneous approach. It is easy to see thatq1! ! 2 z1! !/ 2,

where the inequality is strict exactly when n > 2. Therefore, the rejection region (B.27) matches the

simultaneous rejection region (B.29) when n = 2, and is a strict superset of it when n > 2.

In the case that the X i are independent, we can more explicitly quantify the di!erence in the two rejection

regions. Suppose thatn is arbitrarily large and, without loss of generality, that K < n/ 2 (the case that

K 2 n/ 2 can be handled with an identical argument). Let 2 be the permutation such that 2! 1(K ) satisÞes
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&/ # 1 (K ) ,/ # 1 (K ) ) &m,m for all m. Then,

max

)
*

+
Z/ # 1 (K ) ! Z/ # 1 (K +1)

v/ # 1 (K ) ,/ # 1 (K +1)
, max

i 3 K +1 ,
j , K

Z/ # 1 ( i ) ! Z/ # 1 ( j )

v/ # 1 ( i ) ,/ # 1 ( j )

,
-

.

2 max
i 3 K +1

Z/ # 1 ( i ) ! Z/ # 1 (K )

v/ # 1 ( i ) ,/ # 1 (K )

2 max
i 3 K +1

Z/ # 1 ( i )

v/ # 1 ( i ) ,/ # 1 (K )
! max

i 3 K +1

Z/ # 1 (K )

v/ # 1 ( i ) ,/ # 1 (K )

2 max
i 3 K +1

Z/ # 1 ( i )

v/ # 1 ( i ) ,/ # 1 (K )
! max

i 3 K +1

Z/ # 1 (K ) I (Z/ # 1 (K ) > 0)
v/ # 1 ( i ) ,/ # 1 (K )

= max
i 3 K +1

Z/ # 1 ( i ) I (Z/ # 1 ( i ) > 0)
v/ # 1 ( i ) ,/ # 1 (K )

!
Z/ # 1 (K ) I (Z/ # 1 (K ) > 0)

#
2
!

&/ # 1 (K ) ,/ # 1 (K )
+ op(1)

2 max
i 3 K +1

Z/ # 1 ( i ) I (Z/ # 1 ( i ) > 0)
#

2
!

&/ # 1 ( i ) ,/ # 1 ( i )
+ Op(1)

2
1

#
2

max
i 3 K +1

Z/ # 1 ( i )!
&/ # 1 ( i ) ,/ # 1 ( i )

+ Op(1)

= O(
!

logn) + Op(1)

where the last equality follows from applying standard extreme value theory results regarding the concen-

tration of the maximum of independent standard Gaussians [Haan and Ferreira, 2006] and the fact that

n ! K 2 n/ 2 per our assumption. As a consequence,q1! ! must grow at least on the order of
#

logn as well.

This implies that, in the independent case, the HSD quantile (B.30) grows at least on the order of
#

logn

also.

B.18 ConÞdence lower bound for rank veriÞcation

By inverting the test ( 6.3) for di!erent values of * (i.e., considering the set of* for which we fail to

reject), we get a conÞdence region for the gap mini $ S µi ! maxj '= S µj that is valid conditional on S. It is

not immediately clear, however, that this region will result in a conÞdence lower bound (i.e., there is some

smallest * for which we fail to reject). We provide an argument that it does.

Appendix B.15.3 tells us that, because our original marginal p-valuesp%
ij in (B.36) come from the UMP

test in a MLR family, and because our selection event does not depend on the parameter* we are testing,

the selective p-valuesp%
sel,ij from (B.37) are non-decreasing in*. If, for i " S and j -" S we deÞne

öµij =

)
333*

333+

' , p%
sel,ij < ! for all *,

!' , p%
sel,ij > ! for all *,

sup{ * : p%
sel,ij = ! } otherwise,

then it is straightforward to argue that Theorem 9Õs procedure will fail to reject if and only if * >

mini $ S,j '$S öµij . Therefore the inverted conÞdence region does indeed correspond to a conÞdence lower bound.
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B.19 Proofs

B.19.1 Proof of Theorem 5

First we prove a useful lemma.

Lemma B.19.1. For a measureP and an eventB with P(B ) > 0 deÞne the conditional measureQ(E) =

P(E |B ) = P(E 8 B )/P (B ). Then, for a random variable X ,

Q(A|X ) =
P(A, B |X )

P(B |X )
a.e. under Q

Proof. First note that EP [I (P(B |X ) = 0) I (B )] = EP [I (P(B |X ) = 0) EP [I (B )|X ]] = 0, so P(B |X ) > 0 a.e.

on the set I (B ), Thus it must be the case that P(B |X ) > 0 a.e. underQ. Now we can compute for any

Borel C that

EQ

Z
P(A, B |X )

P(B |X )
I (P(B |X ) > 0)I (X " C)

X

= EP

Z
P(A, B |X )

P(B |X )
I (P(B |X ) > 0)I (X " C)I (B )

X
/P (B ) (standard machine)

= EP

Z
P(A, B |X )

P(B |X )
I (P(B |X ) > 0)I (X " C)P(B | X )

X
/P (B ) (tower property)

= EP [P(A, B | X )I (P(B |X ) > 0)I (X " C)]/P (B )

= P(A, B, P (B |X ) > 0, X " C)/P (B ) (deÞnition of conditional expectation)

= Q(A, P (B |X ) > 0, X " C) (deÞniton of Q)

= EQ [I (A)I (X " C)] (P(B |X ) positive Q a.e.)

= EQ [Q(A | X )I (X " C)]. (deÞnition of conditional expectation)

Thus P (A,B |X )
P (B |X ) I (P(B |X ) > 0) satisÞes the deÞnition of the conditional expectation ofI (A) given X

under Q. SinceI (P(B |X ) > 0) = 1 a.e. under Q, we are done.

Equipped with this lemma, we can provide a proof.

Fix a probability distribution P in H0 and let f z (x) be the conditional PDF of p given Z = z. If

P(S = 1) = 0, then our convention is that P(psel ) ! |Z, S = 1) and P(psel ) ! |S = 1) are identically zero,

so the result is immediate.

Now consider the non-trivial case, whereP(S = 1) > 0 and the conditional probability measure Q(A) =

P(A|S = 1) = P(A, S = 1) /P (S = 1) is well deÞned. We Þrst show that (4.5) holds.

We start by showing that P(S+ = 1) > 0 also. First, we compute

EP [S|Z ] = EP [EP [S|p, Z]|Z ] = EP [s(p, Z)|Z ] =
Y 1

0
s(x, Z )f Z (x)dx

and likewise

EP [S+|Z ] = EP [EP [S|U, Z]|Z ] = EP [s(U, Z)|Z ] =
Y 1

0
s(x, Z )dx.
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Whenever
/ 1

0 f z (x)s(x, z)dx > 0, it must be the case thisz that the function s(x, z) is not zero Lebesgue

almost everywhere inx. Therefore
/ 1

0 s(x, z)dx > 0 =6
/ 1

0 f z (x)s(x, z)dx > 0. Thus we have both that

EP [S|Z ] > 0 =6 EP [S+|Z ] > 0 everywhere

and the contrapositive

EP [S+|Z ] = 0 = 6 EP [S|Z ] = 0 everywhere P

Now, sinceP(S = 1) = EP [EP [S|Z ]], it cannot be the case that EP [S|Z ] = 0 a.e. under P. By the Þrst

implication above we must then also haveP(S+ = 1) = EP [EP [S+|Z ]] > 0 as well. Thus we can also deÞne

the conditional probability measure Q+(A) = P(A|S+ = 1) = P(A, S+ = 1) /P (S+ = 1). Now, with both these

probability measures at our disposal, we prove two lemmas.

Lemma B.19.2. EP [S|Z ] > 0 a.e. under Q and EP [S+|Z ] > 0 a.e. under Q+.

Proof. The fact that EP [S|Z ] > 0 a.e. underQ follows from the fact that

P(EP [S|Z ] = 0 , S = 1) = EP [I (EP [S|Z ] = 0) S]

= EP [I (EP [S|Z ] = 0) EP [S|Z ]]

= 0

The fact that EP [S+|Z ] > 0 a.e. underQ+ can be shown by an identical proof.

Lemma B.19.3. Q+(Z " A) = 0 = 6 Q(Z " A) = 0 , and as a consequenceQ+(Z " A) = 1 = 6 Q(Z "

A) = 1

Proof. SinceQ+(Z " A) = P(Z " A, S+ = 1) /P (S+ = 1), we have

Q+(Z " A) = 0

76 P(Z " A, S+ = 1) = EP [I (Z " A)EP [S+|Z ]] = 0

76 I (Z " A)EP [S+|Z ] = 0 a.e. under P

76 P(Z " A, E P [S+|Z ] > 0) = 0

By our earlier results, however, P(Z " A, E P [S|Z ] > 0) ) P(Z " A, E P [S+|Z ] > 0) = 0. Thus P(Z "

A, E P [S|Z ] > 0) = 0, and the same set of equivalences tell us thatQ(Z " A) = 0.

The consequence follows from the fact thatQ+(Z " A) = 1 = 6 Q+(Z " Ac) = 0 = 6 Q(Z " Ac) =

0 =6 Q(Z " A) = 1.

Now, deÞne the function

FU |z,S $=1 (t) =

/ t
0 s(x, z)dx

/ 1
0 s(x, z)dx

so that psel = FU |Z,S $(p). For z such that
/ 1

0 s(x, z)dx > 0, the above is a monotone non-decreasing and
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continuous function of t. For such z, we can deÞne its generalized inverse

F ! 1
U |z,S $=1 (x) = inf { t : FU |z,S $=1 (t) > x }

which satisÞesFU |z,S $=1 (F ! 1
U |z,S $=1 (x)) = x and FU |z,S $=1 (t) ) x 76 t ) F ! 1

U |z,S $=1 (x). By Lemma B.19.2

and the fact that EP [S+|Z ] > E P [S|Z ] everywhere, FU |ZS $=1 (t) will be a continuous function of x with

probability one both under Q and Q+. The following string of equalities and inequalities then hold almost

surely under Q:

Q(FU |Z,S $=1 (p) ) t|Z )

= Q(p ) F ! 1
U |Z,S $=1 (t)|Z ) (FU |ZS $=1 (t) continuous a.e. underQ)

) Q+(U ) F ! 1
U |Z,S $=1 (t)|Z ) (selective dominance)

= t (Lemma B.19.1)

We justify the last equality. First we use Lemma B.19.1 to note that a.e. under Q+ we have

Q+(U ) t|Z ) =
P(U ) t, S+ = 1 |Z )

P(S+ = 1 |Z )

=
EP [I (U ) t)P(S+ = 1 |U, Z)|Z ]

EP [P(S+ = 1 |U, Z)|Z ]

=

/ t
0 s(x, Z )dx

/ 1
0 s(x, Z )dx

= FU |Z,S $=1 (t)

Thus a.e. underQ+ it holds that

Q+(U ) F ! 1
U |Z,S $=1 (t)|Z ) = FU |Z,S $=1 (F ! 1

U |Z,S $=1 (t)) = t

Writing the event Q+(U ) F ! 1
U |Z,S $=1 (t)|Z ) = t as Z " A for some Borel setA, Lemma B.19.3 tells us that

Q+(Z " A) = 1 = 6 Q(Z " A) = 1, which establishes the claim. Finally, we (4.6) from the law of total

expectation.

In the case that Q(p ) t|Z ) = t a.e. under Q, then by the same computations as earlier we can

directly compute that Q(p ) t|Z ) = FU |Z,S $=1 (t) a.e. under Q, and we can directly compute that Q(p )

F ! 1
U |Z,S $=1 (t)|Z ) = FU |Z,S $=1 (F ! 1

U |Z,S $=1 (t)) = t a.e. under Q, i.e., we get exact equality a.e. underQ as

claimed in (4.7).

B.19.2 Proof of Theorem 6

Fix a probability distribution P in H0 and let f z (x) be the conditional PDF of p given Z = z. If

P(S = 1) = 0, then our convention is that P(p ) ! |Z, S = 1) = 0, so ( 4.3) holds automatically. Thus we

can consider only selection functionss(x, z) for which P(S = 1) > 0. We argued in Appendix B.19.1 that

when P(S = 1) > 0 we also haveP(S+ = 1) > 0. Correspondingly, we deÞne the conditional measures
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Q(A) = P(A|S = 1) = P(A, S = 1) /P (S = 1) and Q+(A) = P(A|S = 1) = P(A, S = 1) /P (S = 1).

For now, consider Þxedz for which
/ 1

0 s(x, z)f z (x)dx > 0. For such z, we argued in Appendix B.19.1

that
/ 1

0 s(x, z)f z (x)dx > 0 also. For suchz, we argue that the inequality

/ t
0 s(x, z)f z (x)dx

/ 1
0 s(x, z)f z (x)dx

)

/ t
0 s(x, z)dx

/ 1
0 s(x, z)dx

holds for all t " [0, 1]. If
/ t

0 s(x, z)f z (x)dx = 0 then the inequality trivially holds. Otherwise, we see that

/ 1
0 s(x, z)f z (x)dx

/ t
0 s(x, z)f z (x)dx

= 1 +

/ 1
t s(x, z)f z (x)dx

/ t
0 s(x, z)f z (x)dx

2 1 +
f z (t)

/ 1
t s(x, z)dx

f z (t)
/ t

0 s(x, z)dx

= 1 +

/ 1
t s(x, z)dx

/ t
0 s(x, z)dx

=

/ 1
0 s(x, z)dx

/ t
0 s(x, z)dx

,

which is su"cient to imply the claim.

To Þnish the argument, we note by LemmaB.19.2 that E [S|Z ] =
/ 1

0 s(x, Z )f Z (x)dx > 0 a.e. underQ.

Applying Lemma B.19.1, we Þnd that a.e. underQ

Q(p ) t|Z ) =
P(p ) t, S = 1 |Z )

P(S = 1 |Z )

=
EP [I (p ) t)P(S = 1 |p, Z)|Z ]
EP [I (p ) t)P(S = 1 |p, Z)|Z ]

=

/ t
0 s(x, Z )f Z (x)dx

/ 1
0 s(x, Z )f Z (x)dx

and a.e. underQ+

Q+(U ) t|Z ) =
P(U ) t, S+ = 1 |Z )

P(S+ = 1 |Z )

=
EP [I (U ) t)P(S+ = 1 |U, Z)|Z ]

EP [P(S+ = 1 |U, Z)|Z ]

=

/ t
0 s(x, Z )dx

/ 1
0 s(x, Z )dx

But, we can write the event that Q+(U ) t|Z ) =
# t

0 s(x,Z )dx
# 1

0 s(x,Z )dx
asZ " A for some Borel setA, and LemmaB.19.3

tells us that since Z " A is measure one underQ+ it is also measure one underQ. That is, we have a.e.
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under Q that

Q+(U ) t|Z ) =

/ t
0 s(x, Z )dx

/ 1
0 s(x, Z )dx

Combined, we have a.e. underQ that Q(p ) t|Z ) ) Q+(U ) t|Z ), which is the desired claim.

Now we show the converse part of the statement. Again Þx a probability distribution P in H0, and

suppose there is a setB such that P(Z " B ) > 0 and for all z " B the conditional density f z is everywhere

continuous and not non-decreasing. More speciÞcally, all we require is that for allz " E , there are two

points y1(z) < y 2(z) such that f z (x) is strictly larger in a neighborhood around y1(z) than in a neighborhood

around y2(z), and these neighborhoods are disjoint. In particular for + > 0 let N- (y) = ( y ! +, y+ +) be

a ball around y. Then we need there to bey1(z), y2(z), +(z) > 0, and some1(z) > 0 such that, for

all w1 " N- (z) (y1(z)) and w2 " N- (z) (y2(z)), w1 < w 2 but f z (w2) + 1(z) < f z (w1). If f z is everywhere

continuous and not non-decreasing, this will be true. DeÞneH (z) = inf { f z (w1) : w1 " N- (z) (y1(z)) } and

L(z) = sup { f z (w2) : w2 " N- (z) (y2(z)) } so H (z) > L (z). Then consider the selection function

s(x, z) =

)
*

+

1 if x " N- (z) (y1(z)) 3 N- (z) (y2(z)) and z " B

0 otherwise.

We show that, for this selection function, selection happens with positive probability:

P(S = 1) = EP [EP [P(S = 1 |p, Z)|Z ]]

= EP [
Y 1

0
s(x, Z )f Z (x)dx]

2 EP [
Y 1

0
s(x, Z )f Z (x)dxI (Z " B )]

2 EP [2+(Z )1(Z )I (Z " B )] > 0

Thus the conditional probability measure Q and Q+ are well deÞned. Next we show thatQ(Z " E) = 1, so

we know that Z " E a.e. underQ:

Q(Z " E) =
P(Z " E, S = 1)

P(S = 1)

=
EP [I (Z " E)EP [P(S = 1 |p, Z)|Z ]]

EP [EP [P(S = 1 |p, Z)|Z ]]

=
EP [I (Z " E)

/ 1
0 s(x, Z )f Z (x)dx]

EP [
/ 1

0 s(x, Z )f Z (x)dx]

=
EP [I (Z " E)

/ 1
0 s(x, Z )f Z (x)dx]

EP [I (Z " E)
/ 1

0 s(x, Z )f Z (x)dx]

= 1 ,

where we have noted thats(x, z) is zero everywhere ifz -" E .

Finally, for z " E , deÞnet(z) to be a value such that t(z) > w 1 for all w1 " N- (z) (y1(z)) and t(z) < w 2
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for all w2 " N- (z) (y2(z)). We know from earlier that a.e. under Q

Q(p ) t(Z )|Z ) =

/ t (Z )
0 s(x, Z )f Z (x)dx
/ 1

0 s(x, Z )f Z (x)dx
,

where the numerator is at least 2+(Z )1(Z ) > 0, so also a.e. underQ so,

1
Q(p ) t(Z )|Z )

= 1 +

/ 1
t (Z ) s(x, Z )f Z (x)dx

/ t (Z )
0 s(x, Z )f Z (x)dx

) 1 +
2+(Z )L (Z )
2+(Z )H (Z )

< 2,

and

Q(p ) t(Z )|Z ) > 1/ 2.

On the other hand, we also have from above that a.e. underQ

Q+(U ) t(Z )|Z ) =

/ t (Z )
0 s(x, Z )dx
/ 1

0 s(x, Z )dx

=
2+(Z )
4+(Z )

= 1 / 2.

Thus we have shown that, a.e. underQ, there exists somet " [0, 1] such that Q(p ) t|Z ) > Q +(U ) t),

which means that p is not selectively dominant givenZ .

B.19.3 Proof of Corollary 3

Suppose we haven independent and selectively dominant p-valuespi for the null hypothesesH0,i . Suppose

we usepj to test H0,j only when we observe thatpj is strictly larger than " n but still the smallest of all

the p-values. We can apply Chapter 4Õs framework withp = pj , Z = p! j and the selection function

s(x, z) = I (" n < x < mink zk ). It is straightforward to see that Theorem 5Õs selective p-value ispsel is

(pj ! " n )/ (min i '= j pi ! " n ), and Theorem 5 therefore tells us that

PH 0,j

5
pj ! " n

mini '= j pi ! " n
)

! ! "
1 ! "

L
L
L
LS = 1

6
)

! ! "
1 ! "

.

Re-arranging things we get

PH 0,j

5
pj )

! ! "
1 ! "

min
i '= j

pi +
5

1 !
! ! "
1 ! "

6
" n

L
L
L
LS = 1

6
)

! ! "
1 ! "

. (B.31)

Letting W be the index of the smallest p-value (with ties broken randomly), we can now prove the claim
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that rejecting H0,W when

p(1) )
! ! "
1 ! "

p(2) +
5

1 !
! ! "
1 ! "

6
" n

controls Type I error at level ! . Considering any distribution P, let B be the event that a p-value corre-

sponding to a true null is at most " n . Then P(B ) ) " and P(B c) 2 1 ! " . If H0,j is false, we trivially have

have P(falsely reject H0,W |W = j, B c) = 0 ) (! ! " )/ (1 ! " ). If H0,j is true, the event W = j andB c is the

same event as selectingpj for inference in (B.31), so

P(falsely reject H0,W |W = j, B c) = P
5

p(1) )
! ! "
1 ! "

p(2) +
5

1 !
! ! "
1 ! "

6
" n

L
L
L
LW = j, B c

6

= P
5

pj )
! ! "
1 ! "

min
i '= j

pi +
5

1 !
! ! "
1 ! "

6
" n

L
L
L
LW = j, B c

6

)
! ! "
1 ! "

.

Our result then follows from law of total probability:

P(falsely reject H0,W )

= P(falsely reject H0,W , B ) + P(falsely reject H0,W , B c)

) P(B ) + P(B c)P(falsely reject H0,W |B c)

) P(B ) + P(B c)
n"

j =1

P(falsely reject H0,W |W = j, B c)P(W = j |B c)

= P(B ) + (1 ! P(B ))
! ! "
1 ! "

n"

j =1

P(W = j |B c)

! ! "
1 ! "

+
1 ! !
1 ! "

P(B )

)
! ! "
1 ! "

+
1 ! !
1 ! "

"

= !.

B.19.4 Proof of Corollary 2 and Corollary 4

It su"ces to argue that closing our hybrid global null testing procedure rejects H0,(k ) if and only if

p( j ) )
! ! "
1 ! "

p( j +1) +
5

1 !
! ! "
1 ! "

6
" n ! j +1

for all j ) k. We will deÞne p(n +1) = 1 so that the right-hand side of the above equals! when j = n.

Correspondingly, for subsetsI + [p] of size one, we deÞne the hybrid procedure to reject the global nullH I, 0

when the lone p-value is at most! . For subsetsI of size strictly more than one, supposing that the smallest

p-value in I is the &th smallest p-value and the second smallest p-value inI is the mth smallest p-value, the

hybrid procedure rejects the global null H I, 0 when

p(#) )
! ! "
1 ! "

p(m ) +
5

1 !
! ! "
1 ! "

6
" |I | .
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Necessity: For 1 ) j ) k, let I n ! j +1 be the sizen ! j + 1 subset that excludes thej ! 1 smallest p-values

(when j = 1 then I = [ p]). This subset includes the index of thekth smallest p-value, so we must rejectH0,I

to reject H0,(k ) . It rejects exactly when

p(j ) )
! ! "
1 ! "

p( j +1) +
5

1 !
! ! "
1 ! "

6
" n ! j +1

so our conditions are necessary.

Su$ciency: Consider a subsetI that contains the index of the kth smallest p-value. If it is size-one, then

we reject because

p(k ) )
! ! "
1 ! "

p(k+1) +
5

1 !
! ! "
1 ! "

6
" n ! k+1 )

! ! "
1 ! "

+
5

1 !
! ! "
1 ! "

6
" = !.

Now suppose thatI is sizen ! j + 1 for some j < n . Its smallest p-value is the&th smallest p-value for some

&) k and &) j , and its second smallest p-value is themth smallest p-value for somem > &. We reject

because

p(#) )
! ! "
1 ! "

p(#+1) +
5

1 !
! ! "
1 ! "

6
" n ! #+1

)
! ! "
1 ! "

p(m ) +
5

1 !
! ! "
1 ! "

6
" n ! j +1

=
! ! "
1 ! "

p(m ) +
5

1 !
! ! "
1 ! "

6
" |I | .

B.19.5 Proof of Theorem 7

We complete the proof in three steps.

Applying Neymann-Pearson

First we argue that it is su"cient to show that

lim inf
n *(

P

'
1 ! #( X (n )

W )

1 ! #( X (n )
R )

) !

(

2 lim inf
n *(

P(1 ! #( X (n )
1 ) ) ! ),

Our goal is to show that

lim inf
n *(

inf
( $H n

P(. &
n rejects ) ! P(. n rejects ) 2 0,

or equivalently,

lim inf
n *(

P(. &
n rejects ) ! sup

( $H n

P(. n rejects ) 2 0.

DeÞning the point nulls ?H (n )
0,i : µ(n )

i = 0, let ?H0 = 8n
i =1

?H0 be the global point null that all the means are

identically zero, and also let ?H n be the set of tests that maintain level ! Type I error when testing ?H0. Then

lim inf
n *(

P(. &
n rejects ) ! sup

( $H n

P(. n rejects ) 2 lim inf
n *(

P(. &
n rejects ) ! sup

( $ !H n

P(. n rejects ).
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The term sup( $ !H n
P(. n rejects ) is the highest power that can be achieved by a level! test trying to

distinguish between the point null that all the means are 0 and the alternative that the means are given

by µ(n ) . The most powerful test is given by Neymann-Pearson [Lehmann et al., 1986, Theorem 3.2.1], and

becauseµ(n )
j = 0 for j > 1, it is not hard to verify that it rejects when X 1 is large (it is an identical

computation to [Lehmann et al., 1986, Example 3.2.1]). More speciÞcally, this test will reject when 1!

#( X (n )
1 ) ) ! . Therefore

sup
( $ !H n

P(. n rejects ) = P(1 ! #( X (n )
1 ) ) ! ),

and it su"ces for us to show

lim inf
n *(

P

'
1 ! #( X (n )

W )

1 ! #( X (n )
R )

) !

(

! P(1 ! #( X (n )
1 ) ) ! ) 2 0,

where we have recalled that. &
n rejects when (1! #( X (n )

W )) / (1 ! #( X (n )
R )) ) ! .

Studying the conditional test

In this part of the proof, which is thanks to Rahul Kanekar, we argue that for any + > 0 there exists a

G such that wheneverg 2 G

xw 2 z1! ! + + =6
1 ! #( xw )

1 ! #( xw ! g)
) !

To show this, we deÞnea = ! xw and study

#( a)
#( a + g)

=
#( xw )

1 ! #( xw ! g)

By LÕHopitalÕs rule, wheneverg > 0 we have

lim
a*!(

#( a)
#( a + g)

= lim
a*!(

. (a)
. (a + g)

= lim
a*!(

e! a2 / 2

e! (a+ g)2 / 2
= lim

a*!(
ega+ g 2

2 = 0 (B.32)

Given this, Þx g1 > 0 and considerR ) z! ! + such that #( a)/ (#( a + g)) ) !
2 for all a ) R. Because

#( a)/ (#( a + g)) is decreasing ing for any Þxeda, we have for all g 2 g1 that

sup
a, R

#( a)
#( a + g)

) sup
a, R

#( a)
#( a + g1)

)
!
2

. (B.33)

Furthermore, for all a " [R, z! ! +] and any g we have

#( a)
#( a + g)

)
#( z! ! +)
#( R + g)

We can take g2 large enough such that

#( z! ! +)
#( R + g2)

) ! (1 ! +),
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so that for any g 2 g2

sup
a$ [R,z " ! - ]

#( a)
#( a + g)

)
#( z! ! +)
#( R + g)

)
#( z! ! +)
#( R + g2)

) +(1 ! ! ) (B.34)

Taking G = max( g1, g2) we see that wheneverg 2 G,

sup
a, z" ! -

#( a)
#( a + g)

) max(! (1 ! +),
!
2

) < !.

Correspondingly, we have that wheneverg 2 G,

sup
x w 3 z1# " + -

1 ! #( xw )
1 ! #( xw ! g)

< !,

which is su"cient to prove the claim.

Final probabilistic arguments

Now we can put everything together to prove the claim. Fix some+ > 0 and take G to be such that

wheneverg 2 G then

xw 2 z1! ! + + =6
1 ! #( xw )

1 ! #( xw ! g)
) !.

P

'
1 ! #( X (n )

W )

1 ! #( X (n )
R )

> !

(

= P

'
1 ! #( X (n )

W )

1 ! #( X (n )
W ! (X (n )

W ! X (n )
R ))

> !, X (n )
W ! X (n )

R 2 G

(

+ P(X (n )
W ! X (n )

R < G )

= P

'
1 ! #( X (n )

W )

1 ! #( X (n )
W ! (X (n )

W ! X (n )
R ))

> !, X (n )
W ! X (n )

R < G

(

+ P(X (n )
W ! X (n )

R 2 G))

) P(X (n )
W < z 1! ! + +, X(n )

W ! X (n )
R < G ) + P(X (n )

W ! X (n )
R < G )

) P(X (n )
W < z 1! ! + +) + P(X (n )

W ! X (n )
R < G )

) P(X (n )
1 < z 1! ! + +) + P(X (n )

W ! X (n )
R < G )

BecauseX (n )
W ! X (n )

R
p
!& ' , we know that lim inf n *( P(X (n )

W ! X (n )
R < G ) = 0, and we can take the limit

on both sides to see that

lim inf
n *(

P

'
1 ! #( X (n )

W )

1 ! #( X (n )
R )

> !

(

) lim inf
n *(

P(X (n )
1 < z 1! ! + +)

Then, taking the inÞmum over + gives us that

lim inf
n *(

P

'
1 ! #( X (n )

W )

1 ! #( X (n )
R )

> !

(

) inf
-> 0

lim inf
n *(

P(X (n )
1 < z 1! ! + +)

If we knew that

inf
-> 0

lim inf
n *(

P(X (n )
1 < z 1! ! + +) = lim inf

n *(
P(X (n )

1 < z 1! ! ),
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then we would be done:

lim inf
n *(

P

'
1 ! #( X (n )

W )

1 ! #( X (n )
R )

> !

(

) lim inf
n *(

P(X (n )
1 < z 1! ! )

76 lim inf
n *(

P

'
1 ! #( X (n )

W )

1 ! #( X (n )
R )

) !

(

2 lim inf
n *(

P(X (n )
1 2 z1! ! )

76 lim inf
n *(

P

'
1 ! #( X (n )

W )

1 ! #( X (n )
R )

) !

(

2 lim inf
n *(

P(1 ! #( X (n )
1 ) ) ! )

The remainder of our argument is devoted to showing that this is the case. First we derive that

inf
-> 0

lim inf
n *(

P(X (n )
1 < z 1! ! + +) ! P(X (n )

1 < z 1! ! ) = inf
-> 0

lim inf
n *(

P(z1! ! < X (n )
1 < z 1! ! + +)

= inf
-> 0

lim inf
n *(

#( z1! ! + +! µn
1 ) ! #( z1! ! ! µ(n )

1 )

= inf
-> 0

lim inf
n *(

+. (#n )

where we have used the mean value theorem and#n is some value betweenz1! ! + +! µ(n )
1 and z1! ! ! µ(n )

1 + +.

Because. (á) is bounded by 1, we must have

inf
-> 0

lim inf
n *(

P(X (n )
1 = inf

-> 0
+lim inf

n *(
. (#n ) ) inf

-> 0
+= 0

Therefore

inf
-> 0

lim inf
n *(

P(X (n )
1 < z 1! ! + +) ! P(X (n )

1 < z 1! ! ) = 0

=6 inf
-> 0

lim inf
n *(

P(X (n )
1 < z 1! ! + +) = inf

-> 0
lim inf
n *(

P(X (n )
1 < z 1! ! ) = lim inf

n *(
P(X (n )

1 < z 1! ! ).

and we are done.

B.19.6 Proof of Theorem 8

We will couple our random variables, soX (n )
i = Zi + µ(n )

i and consider the sequence of problems given

by

µ(n )
i =

)
333*

333+

log logn, i = 1 ,

log logn ! 2
#

logn, i = 2 , . . . , $
#

n%

! n, otherwise
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We show the result for * = 1. To show it for * " (0, 1), apply the same argument to the sequence of problems

µ(n )
i =

)
333*

333+

# ! 1(z1! ! ) ! # ! 1(z1! %), i = 1 ,

# ! 1(z1! ! ) ! # ! 1(z1! %) ! 2
#

logn, i = 2 , . . . , $
#

n%

! n, otherwise

Prior to proving the result, we Þrst need to recall facts from extreme value theory facts. DeÞneM n =

max1, i , n X i and mn = min 1, i , n X i . It is known (see [Bovier, 2005, Lemma 1.2.1] that

an (M n ! bn ) d!& L, an =
!

2 logn, bn =
!

2 logn !
log logn + log(42)

2
#

logn

where L is a Gumbel distribution. Essentially, we can write

M n = a! 1
n Yn + bn

where Yn = Op(1) and converges in distribution to a Gumbel. Becausemn
d= ! M n we can also write

mn = a! 1
n Wn ! bn

where Wn = Op(1) and converges in distribution to ! 1 times a Gumbel. Letting q1! ! be the 1! ! quantile

of a Gumbel distribution, we Þnd that

z1! ! n = Quantile(1 ! !, M n )

= a! 1
n Quantile(1 ! !, Y n ) + bn

= a! 1
n (q1! ! + o(1)) + bn

=
!

2 logn + O
5

log logn
#

logn

6

Now, we proceed by showing that three sequences of events of interest happen with probability one as

n & ' . DeÞne

An = X (n )
1

Bn = max
2, i ,.

/
n 0

X (n )
i

Cn = min
2, i ,.

/
n 0

X (n )
i

Dn = max
.
/

n 0+1 , i , n
X (n )

i

¥ We see that

P(An > B n ) 2 P(Z1+ > M .
/

n 0 ! 2
!

logn)

= P
0

Z1 ! a! 1
.
/

n 0Y.
/

n 0 > b.
/

n 0 ! 2
!

logn
1
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BecauseZ1 ! a! 1
.
/

n 0Y.
/

n 0 = Op(1) and b.
/

n 0 ! 2
#

logn & !' , we have that

lim inf
n *(

P(An > B n ) 2 lim inf
n *(

P
0

Z1 ! a! 1
.
/

n 0Y.
/

n 0 > b.
/

n 0 ! 2
!

logn
1

= 1

=6 lim
n *(

P(An > B n ) = 1

¥ We see that

P(Cn > D n ) 2 P(m.
/

n 0 + log log n ! 2
!

logn > M n ! n)

= P(a! 1
.
/

n 0W.
/

n 0 ! a! 1
n Yn > b.

/
n 0 + bn + log log n ! 2

!
logn ! n)

Becausea! 1
.
/

n 0W.
/

n 0 ! a! 1
n Yn = Op(1) and b.

/
n 0 + bn + log log n ! 2

#
logn ! n & !' , we have that

lim inf
n *(

P(Cn > D n ) 2 lim inf
n *(

P(m.
/

n 0 + log log n ! 2
!

logn > M n ! n)

=6 lim
n *(

P(Cn > D n ) = 1

¥ We see that

P(An ! Cn < 4z1! $ ( n )
n / 2) 2 P(An ! Cn < 4z1! ! n )

2 P(Z1 ! m.
/

n 0 + 2
!

logn < 4z1! ! n )

= P(Z1 ! a! 1
.
/

n 0W.
/

n 0 < 4z1! ! n ! b.
/

n 0 ! 2
!

logn)

BecauseZ1 ! a! 1
.
/

n 0W.
/

n 0 = Op(1) and 4z1! ! n ! b.
/

n 0 ! 2
#

logn & ' , we have that

lim inf
n *(

P(An ! Cn < 4z1! $ ( n )
n / 2) 2 lim inf

n *(
P(Z1 ! a! 1

.
/

n 0W.
/

n 0 < 4z1! ! n ! b.
/

n 0 ! 2
!

logn) = 1

=6 lim
n *(

P(An ! Cn < 4z1! $ ( n )
n

/ 2) = 1

Based on the above we know that the sequence of events

Gn = { An > B n > C n > D n and An ! Cn < 4z1! $ ( n )
n

}

is such that

lim
n *(

P(Gn ) = 1 .

Formally, this can be shown by writing Gc as the union of Þnitely many events whose probabilities all tend

to zero, and applying a union bound.

We Þnish the proof by showing three things, that in junction imply the result.
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Assumption that X (n )
W (n ) ! X (n )

R (n )
p
!& ' holds

Fixing any constant K we see that

lim sup
n *(

P(X (n )
W (n ) ! X (n )

R (n ) ) K ) ) lim sup
n *(

P(An ! Bn ) B, Gn ) + P(Gc
n )

) lim sup
n *(

P(An ! Bn ) K )

So it su"ces to show that lim sup n *( P(An ! Bn ) K ) = 0, or equivalently that lim inf n *( P(An ! Bn >

K ) = 1. We see that

P(An ! Bn > K ) 2 P(Z1 ! M .
/

n 0 + 2
!

logn > K )

P(Z1 ! a! 1
.
/

n 0Y.
/

n 0 > K + b.
/

n 0 ! 2
!

logn)

BecauseZ1 ! a! 1
.
/

n 0Y.
/

n 0 = Op(1), and b.
/

n 0 ! 2
#

logn.

lim inf
n *(

P(An ! Bn > K ) 2 lim inf
n *(

P(Z1 ! a! 1
.
/

n 0Y.
/

n 0 > K + b.
/

n 0 ! 2
!

logn) = 1

LSI is powerless

Note that on the event Gn , the number of observations that are within 4z1! $ ( n )
n / 2 (i.e., the value N from

(5.5)) of the winner is at least $
#

n% ! 1. Leveraging this fact, we can use a union bound to show that LSI

is powerless in the limit. Recalling / (n ) = ! ! " (n ) and / (n )
k = 1 ! (1 ! ! )1/k , we have

P(. LSI rejects) ) P(. LSI rejects, Gn ) + P(Gc
n )

) P(Z1 + log log n 2 z1! ! n , Gn ) + P(Z1 + log log n 2 z1! . ( n )
&

'
n (# 1

, Gn ) + P(Gc
n )

) 2P(Z1 2 z1! ! &
'

n (# 1
! log logn) + P(Gc

n )

BecauseZ1 = Op(1), z1! ! &
'

n (# 1
! log logn & ' , and alsoP(Gc

n ) & 0, we have

lim sup
n *(

P(. LSI rejects) ) lim sup
n *(

2P(Z1 2 z1! ! &
'

n (# 1
! log logn) + P(Gc

n ) = 0 .

Other tests are powerful

The test that just uses the Þrst coordinate attains power one:
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lim inf
n *(

inf
( n $H n

! P(. n rejects) = lim inf
n *(

sup
( n $H n

P(. n rejects)

2 lim inf
n *(

P(1 ! #( X (n )
1 ) ) ! )

= lim inf
n *(

P(Z1 2 z1! ! ! log logn)

= 1 .

B.19.7 Proof of Proposition 3

First, we show that P(µ " CRmarg
1! ! ) = 1 ! ! . This is straightforward:

P(µ " CRmarg
1! ! ) = P(X " Rmarg

1! ! (µ))

= P(X W ! µW ) qmarg
1! ! (µ))

= 1 ! !

Now for the second part of the statement, let1 " Rn be the n-dimensional ones vector. Then

qmarg
1! ! (11) = Quantile(1 ! !, X W ! µW )

= Quantile(1 ! !, max
1, i , n

X i ! 1)

= Quantile(1 ! !, max
1, i , n

(X i ! 1))

= Quantile(1 ! !, max
1, i , n

Zi )

= z1! ! n

where the Zi are i.i.d standard normal random variables. Therefore, if1 > X W ! z1! ! n , we must have

11 " CRmarg
1! ! ,

1 2 X W ! z1! ! n =6 (11)W 2 X W ! qmarg
1! ! (11)

Since 1! #( X W ) > ! n =6 X W ! z1! ! n < 0, this means we can Þnd1 < 0 such that 11 " CRmarg
1! ! (X ),

which Þnishes the proof.

B.19.8 Proof of Theorem 9

We show the equivalent statement that rejecting the the data dependent union null3 i $ S,j '$SH %
ij when

max
i $ S,j '$S

T
1 ! #( D %

ij )
U

!

9

; 1 ! #

#

$ D %
ij ! max

k$ S, #'$S:
) ij,k! < 0

1
) ij,k!

D 0
k#

%

&

<

>

9

; 1 ! #

#

$ D %
ij ! min

k$ S, #'$S:
) ij,k! > 0

1
) ij,k!

D 0
k#

%

&

<

> !

9

; 1 ! #

#

$ D %
ij ! max

k$ S, #'$S
) ij,k! < 0

1
) ij,k!

D 0
k#

%

&

<

>

) !. (B.35)

ensures that, conditional onS, the probability of a false rejection is at most ! .
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Without loss of generality, we perform our analysis conditional on the speciÞc eventS = { 1, . . . , K }

that the X 1, . . . , X K are larger than the X K +1 , . . . X n . Our strategy will mimic that presented in Hung and

Fithian [2019a] and Fithian [2015]. First, for pairs i ) K and j > K , we come up with a test for rejecting

H %
ij that maintains error control conditional on S = { 1, . . . , K } . We reject 3 i , K,j>K H %

ij when these tests

reject for all i ) K , j > K . Lemma 4 of Hung and Fithian [2019a], which is adopted from Berger [1982],

ensures that in doing so we maintain error control conditional onS = { 1, . . . , K } .

Fix some i ) K and j > K . To design a test for rejectingH %
ij that maintains error control conditional on

S = { 1, . . . , K } , we will use the selective dominance machinery Chapter4. Normally, to maintain marginal

Type I error control, we reject the null H %
ij using the p-value

p%
ij = 1 ! #( D %

ij ). (B.36)

DeÞning

+%
ij,k# = D 0

k# ! 0ij,k# D %
ij

it is straightforward to verify that the random vector +%
ij , which consists of the entries+%

ij,k# for pairs k ) K

and & > K , is independent ofD %
ij and therefore alsop%

ij . Since the p-value (B.36) corresponds to running

a one-sided uniformly most powerful (UMP) test in a monotone likelihood ratio family (MLR), Example 3

tells us that it is selectively dominant given Z = +%
ij (where Z is the random vector such that Zk# = +%

ij,k# ).

All that remains to do is characterize when we are selecting the p-valuep%
ij to use for inference (i.e., when

S = { 1, . . . , K } , what values is this p-value taking?). Theorem5 then tells how to adjust the p-value to get

a selective p-value. RejectingH %
ij when this selective p-value is below! maintains error control conditional

on S = { 1, . . . , K } .

To do so, we considerk ) K and & > K and rewrite the event

X k > X # 76 D 0
k# > 0

76 +%
ij,k# + 0ij,k# D %

ij > 0

This leads to three cases:

1. If 0ij,k# > 0 then X k > X # 76 D %
ij > ! 1

) ij,k!
+%

ij,k# ,

2. If 0ij,k# = 0 then X k > X # 76 +%
ij,k# > 0,

3. If 0ij,k# < 0 then X k > X # 76 D %
ij < ! 1

) ij,k!
+%

ij,k#

Ultimately, we see that

S = { 1, . . . , K } 76 X k > X # for all k ) K and & > K

76 D %
ij "

#

$ max
k, K, #>K :

) ij,k! > 0

!
1

0ij,k#
+%

ij,k# , min
k , K, #>K :

) ij,k! < 0

!
1

0ij,k#
+%

ij,j#

%

& and min
k, K, #>K :

) ij,k! =0

+%
ij,k# > 0.

Essentially, the selection eventS = { 1, . . . , K } corresponds to selectingp%
ij (B.36) to use for inference
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according to the selection function

s(x, z) =

)
333*

333+

1 if x "

#

$ 1 ! #

#

$ min
k, K, #>K :

) ij,k! < 0

! 1
) ij,k!

zk#

%

& , 1 ! #

#

$ max
k, K, #>K :

) ij,k! > 0

! 1
) ij,k!

zk#

%

&

%

& and min
k, K, #>K :

) ij,k! =0

zk# > 0.

0 otherwise

Theorem 5 then tells us that the selective p-value is

p%
sel,ij =

T
1 ! #( D %

ij )
U

!

9

; 1 ! #

#

$ min
k, K, #>K :

) ij,k! < 0

! 1
) ij,k!

+%
ij,jk

%

&

<

>

9

; 1 ! #

#

$ max
k, K, #>K :

) ij,k! > 0

! 1
) ij,k!

+%
ij,jk

%

&

<

> !

9

; 1 ! #

#

$ min
k, K, #>K :

) ij,k! < 0

! 1
) ij,k!

+%
ij,jk

%

&

<

>

.

Recalling the deÞnition of+ij,k# , we can rewrite this selective p-value as

p%
sel,ij =

T
1 ! #( D %

ij )
U

!

9

; 1 ! #

#

$ D %
ij ! max

k, K, #>K :
) ij,k! < 0

1
) ij,k!

D 0
k#

%

&

<

>

9

; 1 ! #

#

$ D %
ij ! min

k , K, #>K :
) ij,k! > 0

1
) ij,k!

D 0
k#

%

&

<

> !

9

; 1 ! #

#

$ D %
ij ! max

k, K, #>K :
) ij,k! < 0

1
) ij,k!

D 0
k#

%

&

<

>

. (B.37)

Our proposed procedure of rejecting3n
i , K,j>K H %

ij whenever (B.35) holds corresponds exactly to rejecting

when all these selective p-values are at most! , establishing the validity of the procedure.

B.19.9 Proof of Theorem 10

We again without loss of generality perform our analysis conditional on the speciÞc eventS = { 1, . . . , K } .

Again Þx i ) K and j > K . Recall that if a > b > c , then (b ! c)/ (a ! c) ) b/a. Using this fact, we can

bound every selective p-value (B.37):
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T
1 ! #( D %

ij )
U

!

9

; 1 ! #

#

$ D %
ij ! max

k, K, #>K :
) ij,k! < 0

1
) ij,k!

D 0
k#

%

&

<

>

9

; 1 ! #

#

$ D %
ij ! min

k , K, #>K :
) ij,k! > 0

1
) ij,k!

D 0
k#

%

&

<

> !

9

; 1 ! #

#

$ D %
ij ! max

k, K, #>K :
) ij,k! < 0

1
) ij,k!

D 0
k#

%

&

<

>

)
1 ! #( D %

ij )

1 ! #

#

$ D %
ij ! min

k , K, #>K :
) ij,k! > 0

1
) ij,k!

D 0
k#

%

&

= max
k, K, #>K :

) ij,k! > 0

1 ! #( D %
ij )

1 ! #
0

D %
ij ! 1

) ij,k!
D 0

k#

1 .

We restrict our attention to pairs k ) K and & > K such that 0ij,k# > 0 and further bound the term

inside the above maximium in two separate cases.

Case one: D !
ij " D 0

k" . Since 1
) ij,k!

2 1, in this case we haveD %
ij ! 1

) ij,k!
D 0

k# ) 0, so

1 ! #( D %
ij )

1 ! #( D %
ij ! 1

) ij,k!
D 0

k#)
)

1 ! #( D %
ij )

1 ! #(0)
) 2 max

i , K,j>K
p%

ij

Case two: D !
ij > D 0

k" . To handle this case we Þrst show that

f (x) =
1 ! #( x)

1 ! #( x ! 1
) ij,k!

D 0
k#)

is a non-increasing function ofx. The derivative of the function is

f +(x) =
. (x).

0
x ! 1

) ij,j!
D 0

k#

1

0
1 ! #

0
x ! 1

) ij,k!
D 0

k#

112

#

$ 1 ! #( x)
. (x)

!
1 ! #

0
x ! 1

) ij,k!
D 0

k#

1

.
0

x ! 1
) ij,k!

D 0
k#

1

%

& ) 0

where the inequality follows from the fact that the Mills ratio (1 ! #( x)) /. (x) is strictly decreasing [Baricz,

2008, Mills , 1926], and we always have

x > x !
1

0ij,k#
D 0

k#

because0ij,k# 2 0 and D 0
k# 2 0. The non-positiveness of the derivative and the fact thatD %

ij > D 0
k# implies

that
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1 ! #( D %
ij )

1 ! #( D %
ij ! 1

) ij,k!
D 0

k#)
)

1 ! #( D 0
k#)

1 ! #( D 0
k# ! 1

) ij,k!
D 0

k#)

)
1 ! #( D 0

k#)
1 ! #(0)

) 2 max
i , K,j>K

p0
ij .

where we have thatD 0
k# ! 1

) ij,k!
D 0

k# ) 0 because 1
) ij,k!

2 1 and D 0
k# 2 0.

To Þnish the proof of the theorem, we note that if * 2 0, then p%
ij 2 p0

ij for all i ) K, j 2 K , so

2 max
i , K,j>K

p0
ij ) 2 max

i , K,j>K
p%

ij

To Þnish the proof of the remark following the theorem, note that if * < 0, then p0
ij 2 p%

ij for all

i ) K, j 2 K , so

2 max
i , K,j>K

p%
ij ) 2 max

i , K,j>K
p0

ij

B.19.10 Proof of Corollary 5

First we show that because & is diagonal, fori, k -= j, & that 0ij,k# 2 0. DeÞning cij,k# = Cov( X i !

X j , X k ! X #), it su"ces to show that cij,k# 2 0. We see that

cij,k# = & ii I i = k + & jj I j = # 2 0

This simpliÞes Theorem9Õs procedure considerably. Again, without loss of generality, we perform our

analysis conditional on S = { 1, . . . , K } . Because,* = 0 and 0ij,k# 2 0 for i, k ) K and j, & > K , the

condition (B.35) is satisÞed exactly when

max
i , K,j>K

1 ! #( D 0
ij )

1 ! #

#

$ D 0
ij ! min

k , K, #>K :
) ij,k! > 0

1
) ij,k!

D 0
k#

%

&

) !.

Letting I and J be as in the statement of the corollary, we have the the bound

max
i , K,j>K

1 ! #( Dij )

1 ! #

#

$ max
k, K, #>K :

) ij,k! > 0

D ij ! 1
) ij,k!

Dk#

%

&

) 2(1 ! #( D 0
IJ )) ,
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from proof of Theorem 10. It is also the case that

max
i , K,j>K

1 ! #( D 0
ij )

1 ! #

#

$ D 0
ij ! min

k , K, #>K :
) ij,k! > 0

1
) ij,k!

D 0
k#

%

&

2
1 ! #( D 0

IJ )

1 ! #

#

$ D 0
IJ ! min

k , K, #>K :
) IJ,k! > 0

1
) IJ,k!

D 0
k#

%

&

2
1 ! #( D 0

IJ )
1 ! #( D 0

IJ ! 1
) IJ,IJ

D 0
IJ )

= 2(1 ! #( D 0
IJ )) ,

so the two expressions are in fact equal. This is su"cient to imply the claim.

B.19.11 Proof of Corollary 6

Like in the proof of Corollary 5, we Þrst argue fori, k -= j, & that cij,k# = Cov( X i ! X j , X k ! X #) is always

non-negative. This follows because

cij,kl = (1 ! 0)$2I i = k + (1 ! 0)$2I j = # 2 0

Then the proof essentially is then identical to that of Corollary 5. We only need to show that the indices

I and J of the observations inside and outside the topK that minimize

D 0
ij =

X i ! X j

vij
=

X i ! X j!
2$2 ! 20$2

over i " S and j -" S are the indices of theK th largest entry and (K + 1)st largest entry respectively. But

the above is clearly minimized if we takei to be the index of the smallest entry in S (i.e., the K th largest

entry) and j to be the index of the largest entry outside ofS (i.e., the (K + 1)st largest entry), so we are

done.

B.19.12 Proof of Corollary 7

Similar to the proof of Corollary 5, we Þrst argue fori -= j, & that cij,i# = Cov( X i ! X j , X i ! X #) is always

non-negative. We can compute

cij,i# = $2 ! $20|i ! j | ! $20|i ! #| + $20|j ! #|

When 0 2 0 we have that cij,i# 2 $2(1 ! 20). When 0 ) 0, we have that cij,i# 2 $2(1 ! | 0| ! 02). Thus, as

long as0 " [ 1!
/

5
2 , 1

2 ], we havecij,i# 2 0.

The identical argument to Corollary 5 then implies the result for when K = 1. The argument for

K = n ! 1 is identical.

B.19.13 Proof of Corollary 8

We consider applying our method to the observation ö2 while using the covariance & = ö2/t ! ö2ö2%/t .

Without loss of generality, suppose that ö2 is in sorted order, so ö21 2 á á á 2ö2n . Similar to the proof of
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Corollary 5, we Þrst show for 1-= j, & that c1j, 1# = Cov( X i ! X j , X k ! X #) is always non-negative. This

follows as

c1j, 1# =
1
t
(ö21(1 ! ö21) + ö21ö2j + ö21ö2# ! ö2j ö2#)

=
1
t
(ö21(1 ! ö21) + ö21ö2j + (ö21 ! ö2j )ö2#)

2 0

Second, we note that since the ö2 are in sorted order, the indexJ -= 1 that minimizes

D 0
1j =

#
t(ö21 ! ö2j )

!
ö21(1 ! ö21) + ö2j (1 ! ö2j ) + 2ö21ö2j

=

#
t(ö21 ! ö2j )

!
ö21 + ö2j ! (ö21 ! ö2j )2

is clearly J = 2. With these facts in places, an identical argument to that in Corollary 5 implies the result.
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