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Recommender systems have become foundational to modern digital platforms, guiding users toward
relevant content across a range of domains including e-commerce, entertainment, and social media.
Central to the design of such systems is the challenge of accurately modeling user preferences and item
characteristics to provide personalized recommendations. Statistical modeling offers a principled
and interpretable approach to this task, particularly in settings where understanding user behavior
is as important as achieving high predictive accuracy. However, with the ever-increasing scale
of data—often involving millions of users and items—ensuring computational efficiency becomes
critical.

This thesis is motivated by the need for scalable and interpretable statistical methods in the
context of recommender systems. The first part of the work addresses this need by developing ef-
ficient estimation techniques for crossed random effects models with random slopes. These models
extend classical mixed effects frameworks by allowing for individual-specific variation in the effects of
covariates, thereby capturing nuanced patterns of user-item interaction. To overcome the computa-
tional bottlenecks associated with traditional estimation techniques, we propose scalable algorithms
based on method of moments and variational inference. These methods enable estimation at the
scale required for real-world applications while preserving the flexibility and interpretability of the
underlying models. The proposed approaches are validated through simulations and experiments on
large-scale recommendation datasets.

The second part of the thesis focuses on factor analysis as a means of modeling latent structure in
user-item interaction data. Factor models provide a low-rank approximation to the high-dimensional
covariance structure, uncovering hidden traits such as preference for genre, complexity, or popular-
ity that influence user behavior. Furthermore, we propose hybrid models that integrate factor
analysis with crossed random effects, yielding a flexible framework capable of capturing both latent
dimensions and observed heterogeneity. This integration strikes a balance between scalability and
interpretability, offering a robust modeling paradigm for complex and sparse recommendation data.

Together, the methods developed in this thesis aim to advance the statistical foundations of
recommender systems by providing tools that are both theoretically sound and practically scalable.
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�k�X�8 �L�Q�M�@�/�B���;�Q�M���H �+���b�2�, �*�Q�K�T���`�B�b�Q�M �Q�7 ���+�+�m�`���+�v �B�M �2�b�i�B�K���i�B�M�;� a ���M�/� b �#���b�2�/ �Q�M �E�G

�/�B�p�2�`�;�2�M�+�2 ���M�/ �6�`�Q�#�2�M�B�m�b �M�Q�`�K �#�v �p���`�B���i�B�Q�M���H �1�J �U�T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�V ���M�/ �H�K�2�`�U�2�t�@

�B�b�i�B�M�; ���H�;�Q�`�B�i�?�K�V�X �h�?�2 �T�H�Q�i �7�Q�` �H�K�2�` �B�b �/�B�b�+�Q�M�i�B�M�m�2�/ ���7�i�2�`N = 105 �/�m�2 �i�Q �H���`�;�2

�+�Q�K�T�m�i���i�B�Q�M���H �i�B�K�2 �7�Q�` �ó�H�K�2�`�ô�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�d

�k�X�e �L�Q�M �/�B���;�Q�M���H �+���b�2�, �*�Q�K�T���`�B�b�Q�M �Q�7 ���+�+�m�`���+�v �B�M �2�b�i�B�K���i�B�M�;� ���M�/� 2
e �#�v �p���`�B���i�B�Q�M���H �1�J

�U�T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�V ���M�/ �H�K�2�`�U�2�t�B�b�i�B�M�; ���H�;�Q�`�B�i�?�K�V�X �h�?�2 �T�H�Q�i �7�Q�` �H�K�2�` �B�b �/�B�b�+�Q�M�i�B�M�m�2�/

���7�i�2�Ǹ = 105 �/�m�2 �i�Q �i�?�2 �H���`�;�2 �+�Q�K�T�m�i���i�B�Q�M���H �i�B�K�2 �7�Q�` �ó�H�K�2�`�ô�X �h�?�2 �2�`�`�Q�`�b �B�M �2�b�i�B�K���i�B�M�;

� ���`�2 �+�H�Q�b�2 �i�Q �2���+�? �Q�i�?�2�` �7�Q�` �i�?�2 �B�H�H�m�b�i�`���i�2�/ ���H�;�Q�`�B�i�?�K�b�- �r�?�B�+�? �H�2���/�b �i�?�2 �H�B�M�2�b �B�M �i�?�2

�T�H�Q�i �i�Q �+�Q�B�M�+�B�/�2�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�3

�B�t



�k�X�d �L�Q�M�@�/�B���;�Q�M���H �+���b�2�, �*�Q�K�T���`�B�b�Q�M �Q�7 �2�b�i�B�K���i�B�Q�M �i�B�K�2 �#�v �#���+�F�}�i�i�B�M�;�- �+�H�m�#�#�2�/ �#���+�F�}�i�@

�i�B�M�;�- �p���`�B���i�B�Q�M���H �1�J�- ���M�/ �+�H�m�#�#�2�/ �p���`�B���i�B�Q�M���H �1�J �U�7�Q�m�` �T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�b�V ���M�/

�ó�H�K�2�`�ô�U�2�t�B�b�i�B�M�; ���H�;�Q�`�B�i�?�K�V�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�N

�k�X�3 �L�Q�M�@�/�B���;�Q�M���H �+���b�2�, �*�Q�K�T���`�B�b�Q�M �Q�7 �M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b �#�v �#���+�F�}�i�i�B�M�;�- �+�H�m�#�#�2�/ �#���+�F�@

�}�i�i�B�M�;�- �p���`�B���i�B�Q�M���H �1�J�- ���M�/ �+�H�m�#�#�2�/ �p���`�B���i�B�Q�M���H �1�J �U�7�Q�m�` �T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�b�V ���M�/

�ó�H�K�2�`�ô�U�2�t�B�b�i�B�M�; ���H�;�Q�`�B�i�?�K�V�X �h�?�2 �T�H�Q�i �7�Q�` �H�K�2�` �B�b �/�B�b�+�Q�M�i�B�M�m�2�/ ���7�i�2�`N = 105 �/�m�2 �i�Q

�i�?�2 �H���`�;�2 �+�Q�K�T�m�i���i�B�Q�M���H �i�B�K�2 �7�Q�` �ó�H�K�2�`�ô�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�y

�k�X�N �L���B�p�2�i�v ���M�/ �2�{�+�B�2�M�+�v �Q�7� �P�G�a�r�B�i�? �`�2�b�T�2�+�i �i�Q� �:�G�a;1 �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�k

�k�X�R�y �L���B�p�2�i�v ���M�/ �2�{�+�B�2�M�+�v �Q�7� �P�G�a�r�B�i�? �`�2�b�T�2�+�i �i�Q� �:�G�a;2 �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�j�j

�j�X�R �>�B�b�i�Q�;�`���K �Q�7 ���;�2 �7�Q�` �7�2�K���H�2�b ���M�/ �K���H�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�3

�j�X�k �6�`�2�[�m�2�M�+�v �Q�7 �;�2�M�`�2 �Q�7 �K�Q�p�B�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�N

�j�X�j �o�B�b�m���H�B�b���i�B�Q�M �Q�7 �T�`�2�/�B�+�i�B�Q�M ���+�+�m�`���+�v �Q�7 �>���`�/�A�K�T�m�i�2 ���H�;�Q�`�B�i�?�K ���M�/ �T�`�2�/�B�+�i�B�Q�M�b �#�v

�J�Q�/�2�H�8�X �h�?�2 �`�2�/ �+�m�`�p�2 �b�?�Q�r�b �� �b�K�Q�Q�i�?�2�/ �}�i �Q�7 �i�?�2 �T�`�2�/�B�+�i�2�/ �`���i�B�M�;�b ���;���B�M�b�i �i�?�2 �i�`�m�2

�`���i�B�M�;�b�- �r�?�B�H�2 �i�?�2 �#�H�m�2 �H�B�M�2 �`�2�T�`�2�b�2�M�i�b �i�?�2 �B�/�2���H �`�2�7�2�`�2�M�+�2 �H�B�M�2x = y�X �h�?�2 �T�`�2�/�B�+�i�B�Q�M

���+�+�m�`���+�v �Q�7 �i�?�2 �i�r�Q �K�Q�/�2�H�b �B�b �p�B�b�m���H�H�v �p�2�`�v �b�B�K�B�H���`�- �r�B�i�? �J�Q�/�2�H�8�?���p�B�M�; �� �b�H�B�;�?�i �2�/�;�2�X�8�k

�j�X�9 �o�B�Q�H�B�M �T�H�Q�i �b�?�Q�r�B�M�; �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �T�`�2�/�B�+�i�B�Q�M�b �7�`�Q�K �J�Q�/�2�H�8���i �2���+�? �H�2�p�2�H �Q�7 �i�?�2

�Q�m�i�+�Q�K�2 �p���`�B���#�H�2 �U�h�`�m�2 �_���i�B�M�;�V�X �h�?�2 �T�H�Q�i �b�?�Q�r�b �i�?���i �i�?�2 �K�2���M �T�`�2�/�B�+�i�2�/ �`���i�B�M�; �+�Q�M�@

�/�B�i�B�Q�M���H �Q�M �i�?�2 �i�`�m�2 �`���i�B�M�; �b�i�2���/�B�H�v �B�M�+�`�2���b�2�b �r�B�i�? �i�?�2 �i�`�m�2 �`���i�B�M�;�- ���M�/ �i�?���i �T�`�2�/�B�+�i�B�Q�M�b

���`�2 ���T�T�`�Q�t�B�K���i�2�H�v �M�Q�`�K���H�H�v �/�B�b�i�`�B�#�m�i�2�/ ���`�Q�m�M�/ �i�?�2 �i�`�m�2 �`���i�B�M�;�X�X �X �X �X �X �X �X �X �X �X �X �X�8�j

�j�X�8 �h�?�B�b �}�;�m�`�2 �2�t���K�B�M�2�b �?�Q�r �i�?�2 �H���i�2�M�i �7���+�i�Q�` �2�b�i�B�K���i�2�/ �#�v �J�Q�/�2�H�8�`�2�H���i�2�b �i�Q �i�?�2 �+�Q�@

�p���`�B���i�2�b ���;�2 ���M�/ �:�2�M�/�2�`�X �h�?�2 �b�+���i�i�2�` �T�H�Q�i �/�B�b�T�H���v�b �i�?�2 �D�Q�B�M�i �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �i�?�2

�?�B�/�/�2�M �7���+�i�Q�` ���M�/ ���;�2�- �b�?�Q�r�B�M�; �M�Q �+�H�2���` �/�2�T�2�M�/�2�M�+�2�X �h�?�2 �?�B�b�i�Q�;�`���K �b�?�Q�r�b �i�?�2 �+�Q�M�@

�/�B�i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �7���+�i�Q�` �#�v �;�2�M�/�2�`�- �`�2�p�2���H�B�M�; �M�2���`�H�v �B�/�2�M�i�B�+���H �/�B�b�i�`�B�#�m�i�B�Q�M�b

�7�Q�` �#�Q�i�? �;�`�Q�m�T�b�X �h�Q�;�2�i�?�2�`�- �i�?�B�b �b�m�;�;�2�b�i�b �i�?���i �i�?�2 �?�B�/�/�2�M �7���+�i�Q�` �+���T�i�m�`�2�b �H���i�2�M�i �m�b�2�`

�+�?���`���+�i�2�`�B�b�i�B�+�b �/�B�b�i�B�M�+�i �7�`�Q�K ���;�2 ���M�/ �:�2�M�/�2�`�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�9

�"�X�R �:�2�M�2�`���H �b�2�i�m�T�, �*�Q�K�T���`�B�b�Q�M �Q�7 ���+�+�m�`���+�v �B�M �2�b�i�B�K���i�B�M�;� ���M�/� 2
e �#�v �p���`�B���i�B�Q�M���H �1�J

�U�T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�V ���M�/ �H�K�2�`�U�2�t�B�b�i�B�M�; ���H�;�Q�`�B�i�?�K�V�X �h�?�2 �2�`�`�Q�`�b �B�M �2�b�i�B�K���i�B�M�;� ���`�2

�+�H�Q�b�2 �i�Q �2���+�? �Q�i�?�2�` �7�Q�` �i�?�2 �B�H�H�m�b�i�`���i�2�/ ���H�;�Q�`�B�i�?�K�b�- �r�?�B�+�? �H�2���/�b �i�?�2 �H�B�M�2�b �B�M �i�?�2 �T�H�Q�i �i�Q

�+�Q�B�M�+�B�/�2�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�3

�"�X�k �:�2�M�2�`���H �b�2�i�m�T�, �*�Q�K�T���`�B�b�Q�M �Q�7 ���+�+�m�`���+�v �B�M �2�b�i�B�K���i�B�M�;� a ���M�/� b �#���b�2�/ �Q�M �E�G �/�B�p�2�`�@

�;�2�M�+�2 ���M�/ �6�`�Q�#�2�M�B�m�b �M�Q�`�K �#�v �p���`�B���i�B�Q�M���H �1�J �U�T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�V ���M�/ �H�K�2�`�U�2�t�B�b�i�B�M�;

���H�;�Q�`�B�i�?�K�V�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�N

�"�X�j �:�2�M�2�`���H �b�2�i�m�T�, �*�Q�K�T���`�B�b�Q�M �Q�7 �2�b�i�B�K���i�B�Q�M �i�B�K�2 �#�v �#���+�F�}�i�i�B�M�;�- �+�H�m�#�#�2�/ �#���+�F�}�i�i�B�M�;�-

�p���`�B���i�B�Q�M���H �1�J�- ���M�/ �+�H�m�#�#�2�/ �p���`�B���i�B�Q�M���H �1�J �U�7�Q�m�` �T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�b�V ���M�/ �ó�H�K�2�`�ô�U�2�t�@

�B�b�i�B�M�; ���H�;�Q�`�B�i�?�K�V�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�y
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�*�?���T�i�2�` �R

�A�M�i�`�Q�/�m�+�i�B�Q�M

�A�M �i�Q�/���v�ö�b �/�B�;�B�i���H �2�+�Q�b�v�b�i�2�K�- �T�2�`�b�Q�M���H�B�x�2�/ �`�2�+�Q�K�K�2�M�/���i�B�Q�M�b ���`�2 ���i �i�?�2 �?�2���`�i �Q�7 �m�b�2�` �2�M�;���;�2�K�2�M�i�X

�S�H���i�7�Q�`�K�b �b�m�+�? ���b �L�2�i�~�B�t�- �u�Q�m�h�m�#�2�- ���K���x�Q�M�- ���M�/ �a�i�B�i�+�? �6�B�t �`�2�H�v �Q�M �`�2�+�Q�K�K�2�M�/�2�` �b�v�b�i�2�K�b �i�Q �}�H�i�2�`

�p���b�i �+���i���H�Q�;�b �Q�7 �+�Q�M�i�2�M�i ���M�/ �/�2�H�B�p�2�` �i���B�H�Q�`�2�/ �b�m�;�;�2�b�i�B�Q�M�b �i�?���i �K���i�+�? �m�b�2�`�b�ö �T�`�2�7�2�`�2�M�+�2�b�X ���b �i�?�2�b�2

�T�H���i�7�Q�`�K�b �b�+���H�2�- �i�r�Q �7�m�M�/���K�2�M�i���H �+�?���H�H�2�M�;�2�b �2�K�2�`�;�2�, �/���i�� �b�T���`�b�B�i�v ���M�/ �+�Q�K�T�m�i���i�B�Q�M���H �2�{�+�B�2�M�+�v�X

�l�b�2�`�b �i�v�T�B�+���H�H�v �2�M�;���;�2 �r�B�i�? �Q�M�H�v �� �b�K���H�H �b�m�#�b�2�i �Q�7 ���p���B�H���#�H�2 �B�i�2�K�b�- �H�2���/�B�M�; �i�Q �� �b�T���`�b�2 �K���i�`�B�t �Q�7

�Q�#�b�2�`�p�2�/ �B�M�i�2�`���+�i�B�Q�M�b�X ���/�/�B�i�B�Q�M���H�H�v�- �i�?�2 �K�B�b�b�B�M�;�M�2�b�b �B�b �B�`�`�2�;�m�H���`���/�B�z�2�`�2�M�i �m�b�2�`�b �`���i�2 �/�B�z�2�`�2�M�i �M�m�K�@

�#�2�`�b �Q�7 �B�i�2�K�b�- �r�B�i�? �M�Q �+�Q�M�b�B�b�i�2�M�i �T���i�i�2�`�M�X �_�2�+�Q�K�K�2�M�/�2�` �b�v�b�i�2�K�b �K�m�b�i �Q�T�2�`���i�2 �Q�M �i�?�B�b �B�M�+�Q�K�T�H�2�i�2
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b �7�Q�`i 6= i 0; j 6= j 0:

�a�i���M�/���`�/ ���T�T�`�Q���+�?�2�b �7�Q�` �}�i�i�B�M�; �b�m�+�? �K�Q�/�2�H�b �U�B�M�+�H�m�/�B�M�; �ó�H�K�2�`�ô �7�m�M�+�i�B�Q�M �Q�7 �ó�H�K�2�9�ô �H�B�#�`���`�v �B�M �_�V
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�2�b�i�B�K���i�2�b �7�Q�`(ai )R
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yij = � 0 + ai + bj + �t�hij (� + ~a i + ~bj ) + " ij ; 8i 2 f 1; � � � ; Rg; j 2 f 1; � � � ; Cg; �U�k�X�k�V

�r�?�2�`�2 �r�2 �?���p�2 ���m�;�K�2�M�i�2�/ �U�j�X�R�V �r�B�i�? �`���M�/�Q�K �b�H�Q�T�2�b~a i 2 Rp ���M�/~bj 2 Rp�X �q�2 ���b�b�m�K�2 �i�?���i

~a i � N p(0; ~� a) ���M�/~bj � N p(0; ~� b)�X �q�2 �7�m�`�i�?�2�` ���b�b�m�K�2 �i�?���i(ai ; ~a i ) �7�Q�H�H�Q�r�b �� �K�m�H�i�B�p���`�B���i�2 �;���m�b�b�B���M
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ij (� + a i + bj ) + " ij ; 8i 2 f 1; � � � ; Rg; j 2 f 1; � � � ; Cg: �U�k�X�j�V
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e) ���`�2
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�+�Q�K�T���i�B�#�H�v �B�M�i�Q �� �K���i�`�B�t �B�MRN � (p+1) �XV 2 RN � N �`�2�T�`�2�b�2�M�i�b �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t �Q�7 �i�?�2N �@�p�2�+�i�Q�`

Y �- �r�?�B�+�? �B�b �� �b�Q�K�2�r�?���i �+�Q�K�T�H�2�t �7�m�M�+�i�B�Q�M �Q�7 �U� ; � a ; � b; � 2
e �V�,

V =
�
X � aX �h� �

�
ZaZ �h

a

�
+

�
X � bX �h� �

�
ZbZ �h

b

�
+ � 2

e I N ; �U�k�X�8�V

�r�?�2�`�2Za 2 f 0; 1gN � R �/�2�M�Q�i�2�b �i�?�2 �B�M�/�B�+���i�Q�` �U�Q�M�2�@�?�Q�i �2�M�+�Q�/�B�M�;�V �K���i�`�B�t �7�Q�` �+�H�B�2�M�i�b�-Zb 2 f 0; 1gN � C

�/�2�M�Q�i�2�b �i�?�2 �B�M�/�B�+���i�Q�` �K���i�`�B�t �7�Q�` �B�i�2�K�b ���M�/A � B �/�2�M�Q�i�2�b �2�H�2�K�2�M�i�r�B�b�2 �U�>���/���K���`�/�V �T�`�Q�/�m�+�i �Q�7 �K���i�`�B�t

A ���M�/B �X �G�2�i �/���i�� �T�Q�B�M�it1 �`�2�7�2�` �i�Q �i�?�2 �+�H�B�2�M�i�@�B�i�2�K �T���B�`(i 1; j 1) ���M�/ �/���i�� �T�Q�B�M�it2 �`�2�7�2�` �i�Q �i�?�2 �T���B�`

(i 2; j 2)�- �i�?�2�M

Vt 1 ;t 2 =

8
>>>>>><

>>>>>>:

0; �B�7i 1 6= i 2 ���M�/j 1 6= j 2;

x �h
i 1 j � bx i 2 j ; �B�7i 1 6= i 2 ���M�/j 1 = j 2 = j;

x �h
ij 1

� ax ij 2 ; �B�7i 1 = i 2 = i ���M�/j 1 6= j 2;

�t�hij � a �t�hij + �t�hij � b�tij + � 2
e ; �B�7(i 1; j 1) = ( i 2; j 2) = ( i; j ):

�U�k�X�e�V

�h�?�2 �#�Q�i�i�Q�K �i�2�`�K �B�M �U�k�X�e�V �`�2�T�`�2�b�2�M�i�b �� �/�B���;�Q�M���H �i�2�`�K �B�MV�- �B�X�2�X �i�?�2 �p���`�B���M�+�2 �Q�7yij �X �h�?�2 �K���t�B�K�m�K

�H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�2 �U�J�G�1�V �Q�7� �B�b ���H�b�Q �i�?�2 �;�2�M�2�`���H�B�x�2�/ �H�2���b�i �b�[�m���`�2�b �U�:�G�a�V �2�b�i�B�K���i�2�X �>�2�M�+�2 �B�7V �r�2�`�2

�F�M�Q�r�M �U�B�X�2�X �r�2 �?���p�2 �2�b�i�B�K���i�2�b �7�Q�` �B�i�b �B�M�;�`�2�/�B�2�M�i�b�V�- �r�2 �+�Q�m�H�/ �/�B�`�2�+�i�H�v �2�b�i�B�K���i�2� �#�v �:�G�a�X �>�Q�r�2�p�2�`�-

�b�B�M�+�2V �B�b �;�2�M�2�`���H�H�v �/�2�M�b�2 ���M�/ �M�Q�i �m�b�2�7�m�H�H�v �b�i�`�m�+�i�m�`�2�/�- �Q�#�i���B�M�B�M�;�̂ �:�G�a �M���B�p�2�H�v �#�v �:�G�a �r�Q�m�H�/ �#�2

�+�Q�K�T�m�i���i�B�Q�M���H�H�v �T�`�Q�?�B�#�B�i�B�p�2 �UO(N 3)�V�X

�Ç �P�m�` �}�`�b�i ���T�T�`�Q���+�? �i���+�F�H�2�b �i�?�B�b �:�G�a �T�`�Q�#�H�2�K �m�b�B�M�; �K�2�i�?�Q�/�@�Q�7�@�K�Q�K�2�M�i �2�b�i�B�K���i�2�b �7�Q�` �i�?�2 �+�Q�p���`�B�@

���M�+�2 �T���`���K�2�i�2�`�b�X �A�M �a�2�+�i�B�Q�M�k�X�k�- �r�2 �/�2�b�+�`�B�#�2 ���M �2�{�+�B�2�M�i �#���+�F�}�i�i�B�M�; �T�`�Q�+�2�/�m�`�2 �7�Q�` �2�b�i�B�K���i�B�M�;

� �#�v �:�G�a �B�7 �i�?�2 �i�?�2 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b ���`�2 �F�M�Q�r�M�X �q�2 ���H�b�Q �T�`�Q�p�B�/�2 �+�Q�M�b�B�b�i�2�M�i �2�b�i�B�K���i�2�b

�Q�7 �i�?�2 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b �m�b�B�M�; �K�2�i�?�Q�/�@�Q�7�@�K�Q�K�2�M�i�b�- ���b �/�2�b�+�`�B�#�2�/ �B�M �a�2�+�i�B�Q�M�k�X�j�X �"�Q�i�? �Q�7

�i�?�2 �i���b�F�b �+���M �#�2 ���+�+�Q�K�T�H�B�b�?�2�/ �B�MO(N ) �i�B�K�2�X

�h�?�2 �/�`���r�#���+�F �Q�7 �i�?�B�b �}�`�b�i ���T�T�`�Q���+�? �B�b �i�?���i �r�?�2�Mp �B�b �H���`�;�2 ���M�/ �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b ���`�2 �M�Q�M�@

�/�B���;�Q�M���H�- �i�?�2 �K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b �K���v �M�Q�i �T�`�Q�/�m�+�2 ���+�+�m�`���i�2 �2�b�i�B�K���i�2�b �7�Q�` �i�?�2 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b�X

�.�B�`�2�+�i �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�B�Q�M �Q�7 ���H�H �i�?�2 �T���`���K�2�i�2�`�b �m�b�B�M�; �U�j�X�R�9�V �b�2�2�K�b �Q�m�i �Q�7 �i�?�2 �[�m�2�b�i�B�Q�M�X

�Ç �A�M �Q�m�` �b�2�+�Q�M�/ ���T�T�`�Q���+�?�- �r�2 �K���t�B�K�B�x�2 ���M ���T�T�`�Q�t�B�K���i�B�Q�M �i�Q �i�?�2 �H�B�F�2�H�B�?�Q�Q�/ �U�j�X�R�9�V �m�b�B�M�;�p���`�B���@

�i�B�Q�M���H �1�J�i�Q �2�b�i�B�K���i�2 �i�?�2 �}�t�2�/ �2�z�2�+�i�b ���M�/ �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b �b�B�K�m�H�i���M�2�Q�m�b�H�v�X �A�i �?�2�H�T�b �m�b

�B�M �2�b�i�B�K���i�B�M�; �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b �T�`�2�+�B�b�2�H�v �2�p�2�M �r�?�2�M �i�?�2�v ���`�2 �m�M�b�i�`�m�+�i�m�`�2�/ �Q�`p �B�b �b�m�{�+�B�2�M�i�H�v



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �3

�H���`�;�2�X ���M�Q�i�?�2�` ���/�p���M�i���;�2 �Q�7 �i�?�B�b ���T�T�`�Q���+�? �B�b �B�i�b �+�Q�K�T�m�i���i�B�Q�M���H �2�{�+�B�2�M�+�v�- �r�B�i�? �2���+�? �b�i�2�T ���i

�K�Q�b�iO(N )�X

�h�?�2 �p���`�B���i�B�Q�M���H �1�J ���H�;�Q�`�B�i�?�K �B�b �+�H�Q�b�2�H�v �`�2�H���i�2�/ �i�Q �i�?�2 �#���+�F�}�i�i�B�M�; ���H�;�Q�`�B�i�?�K�X �o���`�B���i�B�Q�M���H �1�J �?���b

�#�2�2�M �T�`�2�p�B�Q�m�b�H�v �2�t�T�H�Q�`�2�/ �7�Q�` �7���b�i ���M�/ ���+�+�m�`���i�2 �2�b�i�B�K���i�B�Q�M �Q�7 �M�Q�M�@�M�2�b�i�2�/ �#�B�M�Q�K�B���H �?�B�2�`���`�+�?�B�+���H �K�Q�/�2�H�b

�#�v�:�Q�T�H�2�`�m�/�(�k�y�k�k�)�X �q�2 �b�T�2�2�/ �m�T �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �`���i�2 �7�Q�` �#�Q�i�? �Q�7 �i�?�2 ���T�T�`�Q���+�?�2�b �� �#���+�F�}�i�i�B�M�;

���M�/ �p���`�B���i�B�Q�M���H �1�J �� �m�b�B�M�; �� �i�2�+�?�M�B�[�m�2 �`�2�7�2�`�`�2�/ �i�Q ���b �ó�+�H�m�#�#�B�M�;�ô �/�B�b�+�m�b�b�2�/ �B�M �a�2�+�i�B�Q�M�k�X�k�X

�k�X�R�X�R �S���T�2�` �P�m�i�H�B�M�2

�Ç �A�M �a�2�+�i�B�Q�M�k�X�k�- �r�2 �/�B�b�+�m�b�b �i�?�2 �#���+�F�}�i�i�B�M�; ���T�T�`�Q���+�? �r�B�i�? ���M�/ �r�B�i�?�Q�m�i �+�H�m�#�#�B�M�;�X

�Ç �A�M �a�2�+�i�B�Q�M�k�X�j�- �r�2 �/�B�b�+�m�b�b �i�?�2 �2�b�i�B�K���i�B�Q�M �Q�7 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b �m�b�B�M�; �i�?�2 �K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b

�B�M �i�r�Q �b�+�2�M���`�B�Q�b�, �r�?�2�M �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b�-� a ���M�/� b ���`�2 �/�B���;�Q�M���H�- ���M�/ �r�?�2�M �i�?�2�v ���`�2

�M�Q�M�@�/�B���;�Q�M���H�X

�Ç �A�M �a�2�+�i�B�Q�M�k�X�9�- �r�2 �/�B�b�+�m�b�b �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7 �p���`�B���i�B�Q�M���H �1�J �B�M �2�b�i�B�K���i�B�M�; �}�t�2�/ ���b �r�2�H�H ���b

�+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b �m�b�B�M�; ���M ���T�T�`�Q�t�B�K���i�2 �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ ���T�T�`�Q���+�?�X

�Ç �A�M �a�2�+�i�B�Q�M�k�X�8�- �r�2 �b�?�Q�r �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2�b�2 �K�2�i�?�Q�/�b �m�b�B�M�; �#�Q�i�? �b�B�K�m�H���i�2�/ ���M�/ �`�2���H �/���i���X

�k�X�k �1�b�i�B�K���i�B�Q�M �Q�7� �#�v �:�G�a �r�?�2�M �i�?�2 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b

���`�2 �F�M�Q�r�M

�A�7 �i�?�2 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b ���`�2 �F�M�Q�r�M�- �i�?�2 ���B�K �B�b �i�Q �Q�#�i���B�M�̂ �:�G�a �B�MO(N ) �i�B�K�2�X �q�2 �F�M�Q�r �i�?���i

�i�?�2 �:�G�a �2�b�i�B�K���i�2 �Q�7� �B�b

�̂ �:�G�a = ���`�; �K�B�M
�

(Y � X � ) �hV� 1(Y � X � ) = ( X �hV� 1X ) � 1X �hV� 1Y: �U�k�X�d�V

�"�m�i�- �r�2 �+�Q�m�H�/�M�ö�i �m�b�2 �i�?�2 ���#�Q�p�2 �7�Q�`�K�m�H�� �/�B�`�2�+�i�H�v �i�Q �Q�#�i���B�M�̂ �:�G�a ���b �+�Q�K�T�m�i�B�M�;V� 1 �r�Q�m�H�/ �i���F�2 ���i

�H�2���b�iO(N 3/2 ) �i�B�K�2 �B�M �i�?�2 ���#�Q�p�2 �b�2�i�i�B�M�; �U���M�/ �K�Q�`�2 �;�2�M�2�`���H�H�vO(N 3)�V�X �h�?�2 �i�?�2�Q�`�2�K �#�2�H�Q�r �?�2�H�T�b �m�b

�B�M �b�2�i�i�B�M�; �m�T �i�?�2 �K�Q�i�B�p���i�B�Q�M �7�Q�` �i�?�2O(N )�V �#���+�F�}�i�i�B�M�; ���H�;�Q�`�B�i�?�K�X

�h�?�2�Q�`�2�K �R�X�*�Q�M�b�B�/�2�` �i�?�2 �b�Q�H�m�i�B�Q�M�b �i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�2�M���H�B�x�2�/ �H�2���b�i�@�b�[�m��� �̀2�b �T� �̀Q�#�H�2�K

�K�B�M
� ;a i ;bj

RX

i =1

CX

j =1

zij (yij � �t�hij (� + a i + bj ))2

� 2
e

+
RX

i =1

a �h
i � � 1

a a i +
CX

j =1

b�h
j � � 1

b bj : �U�k�X�3�V

�h�?�2�M̂� = �̂ �:�G�a ���M�/ �i�?�2f â i gR
i =1 ���M�/f b̂j gC

j =1 ��� �̀2 �i�?�2 �#�2�b�i �H�B�M�2���` �m�M�#�B���b�2�/ �T� �̀2�/�B�+�i�B�Q�M �U�"�G�l�S�V

�2�b�i�B�K���i�2�b �Q�7 �i�?�2 � �̀��M�/�Q�K �2�z�2�+�i�b �B�7 �i�?�2 �+�Q�p���`�B���M�+�2 �T��� �̀��K�2�i�2�`�b� b�- � b ���M�/� 2
e ��� �̀2 �}�t�2�/ ���M�/ �F�M�Q�r�M�X



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �N

�>�2�`�2 �r�2 �?���p�2 �B�M�i�`�Q�/�m�+�2�/ �� �#�B�M���`�v�K���b�F�B�M�;�K���i�`�B�tZ 2 R � C �7�Q�` �2���b�2 �Q�7 �M�Q�i���i�B�Q�M�,zij = 1 �B�7 �i�?�2

�`���i�B�M�;yij �7�Q�` �i�?�2(i; j ) �+�H�B�2�M�i�@�B�i�2�K �T���B�` �B�b �Q�#�b�2�`�p�2�/�- ���M�/zij = 0 �Q�i�?�2�`�r�B�b�2�X

�_�2�K���`�F �k�X�A�M �T� �̀��+�i�B�+�2�- �r�2 �K���v ���H�b�Q �Q�#�b�2�`�p�2 �K�m�H�i�B�T�H�2 �Q�#�b�2�`�p���i�B�Q�M�b �7�Q�` �+�H�B�2�M�i�@�B�i�2�K �T���B�`�b�- �r�?�B�+�?

�2�M�i���B�H�b ���/�/�B�i�B�Q�M���H �M�Q�i���i�B�Q�M�X �P�m�` ���H�;�Q�`�B�i�?�K�b ��� �̀2 ���#�H�2 �i�Q ���+�+�Q�K�Q�/���i�2 �i�?�B�b �b�2���K�H�2�b�b�H�v�- ���b �i�?�2 �+�Q�/�2

�K�Q�b�i�H�v �B�M�p�Q�H�p�2�b �;� �̀Q�m�T�B�M�; �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b �#�v �B�i�2�K�b �Q�` �+�H�B�2�M�i�b�X �A�M �Q� �̀/�2�` �i�Q �F�2�2�T �i�?�2 �M�Q�i���i�B�Q�M �b�B�K�T�H�2�-

�r�2 � �̀2�b�i�`�B�+�i �Q�m�` �T� �̀2�b�2�M�i���i�B�Q�M �i�Q �i�?�2 �#�B�M���`�v ���M�M�Q�i�Q�i���i�B�Q�M �Q�7zij �X ���M�Q�i�?�2�` �B�K�T�Q�`�i���M�i �i�?�B�M�; �i�Q �M�Q�i�2 �?�2� �̀2

�B�b �i�?���i�- ���H�i�?�Q�m�;�? �i�?�2 �}�`�b�i �i�2�`�K �B�M�U�k�X�3�V���T�T�2���`�b ���b �� �b�m�K�K���i�B�Q�M �Q�7RC �p���H�m�2�b�- �B�i �B�b �D�m�b�i �7�Q�` �B�H�H�m�b�i� �̀��i�B�p�2

�T�m�`�T�Q�b�2�X �h�?�2 �b�m�K�K���i�B�Q�M �B�b ���+�i�m���H�H�v �T�2�`�7�Q�`�K�2�/ �Q�M�H�v �Q�M �Q�#�b�2�`�p�2�/ � �̀��i�B�M�;�b�X

�h�?�2 �i�?�2�Q�`�2�K �r���b �Q�`�B�;�B�M���H�H�v �;�B�p�2�M �#�v�_�Q�#�B�M�b�Q�M�(�R�N�N�R�)�c �r�2 �T�`�Q�p�B�/�2 ���M ���H�i�2�`�M���i�B�p�2 �T�`�Q�Q�7 �B�M ���T�@

�T�2�M�/�B�t���X�y�X�R�X �A�7 �i�?�2 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b ���`�2 �F�M�Q�r�M �Q�` �b�Q�K�2�?�Q�r �2�b�i�B�K���i�2�/�- �i�?�2 �}�t�2�/�@�2�z�2�+�i �T���`���K�@

�2�i�2�` �+���M �#�2 �2�b�i�B�K���i�2�/ �#�v �#���+�F�}�i�i�B�M�; ���H�;�Q�`�B�i�?�K�b �U�#�H�Q�+�F�@�+�Q�Q�`�/�B�M���i�2 �/�2�b�+�2�M�i�V �r�?�B�+�? �K�B�M�B�K�B�x�2 �U2:8�V�X �q�2

�2�b�i�B�K���i�2� �m�b�B�M�; �#���+�F�}�i�i�B�M�; �r�B�i�? ���M�/ �r�B�i�?�Q�m�i �+�H�m�#�#�B�M�; �b�B�K�B�H���` �i�Q�:�?�Q�b�? �2�i ���H�X�(�k�y�k�k���) ���M�/�:�?�Q�b�?

�2�i ���H�X�(�k�y�k�k�#�)�X

�k�X�k�X�R �o���M�B�H�H�� �"���+�F�}�i�i�B�M�;

�h�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M(2:8) �i�`�2���i�b �i�?�2 �i�?�`�2�2 �;�`�Q�m�T�bf a i gR
i =1 �- f bj gC

j =1 �- ���M�/� ���b �T���`���K�2�i�2�`�b �i�Q �#�2

�2�b�i�B�K���i�2�/ �#�v �H�2���b�i �b�[�m���`�2�b�- �r�B�i�?f a i gR
i =1 ���M�/f bj gC

j =1 �`�2�;�m�H���`�B�x�2�/ �p�B�� �;�2�M�2�`���H�B�x�2�/ �`�B�/�;�2 �T�2�M���H�i�B�2�b�X

�h�?�2 �B�/�2�� �Q�7 �#���+�F�}�i�i�B�M�; �B�b �i�Q �+�v�+�H�2 �i�?�`�Q�m�;�? �i�?�2 �2�b�i�B�K���i�B�Q�M �Q�7 �i�?�2 �T���`���K�2�i�2�`�b �B�M �2���+�? �;�`�Q�m�T�- �F�2�2�T�B�M�;

�i�?�2 �T���`���K�2�i�2�`�b �}�t�2�/ �B�M �i�?�2 �`�2�K���B�M�B�M�; �;�`�Q�m�T�b�- �B�X�2�X�- �� �#�H�Q�+�F �+�Q�Q�`�/�B�M���i�2 �/�2�b�+�2�M�i�X �J�B�M�B�K�B�x�B�M�; �U�k�X�3�V �B�b

�2�[�m�B�p���H�2�M�i �i�Q �K�B�M�B�K�B�x�B�M�;

RX

i =1

CX

j =1

zij (yij � �t�hij (� + a i + bj ))2 +
RX

i =1

a �h
i � a i +

CX

j =1

b�h
j � bj ; �U�k�X�N�V

�r�?�2�`�2� = � 2
e � � 1

a ���M�/� = � 2
e � � 1

b ���`�2 �i�?�2 �T�`�2�+�B�b�B�Q�M �K���i�`�B�+�2�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �i�r�Q �`���M�/�Q�K

�2�z�2�+�i�b�X �h�?�m�b�- �i�?�2 �}�i �7�Q�`a i �F�2�2�T�B�M�;f bj gC
j =1 ���M�/� �}�t�2�/ �B�b �;�B�p�2�M �#�v

â i =
� CX

j =1

zij �tij �t�hij + �
� � 1� CX

j =1

zij �tij
�

yij � �t�hij (� + bj )
� �

: �U�k�X�R�y�V

�a�B�K�B�H���`�H�v�- �}�i �7�Q�`bj �F�2�2�T�B�M�;f a i gR
i =1 ���M�/� �}�t�2�/ �B�b �;�B�p�2�M �#�v

b̂j =
� RX

i =1

zij �t ij �t �h
ij + �

� � 1� RX

i =1

zij �tij
�

yij � �t�hij (� + a i )
� �

: �U�k�X�R�R�V



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �R�y

�h�?�2 �}�i �7�Q�`� �;�B�p�2�Ma i ���M�/bj �B�b �;�B�p�2�M �#�v

�̂ =
� CX

j =1

RX

i =1

zij �tij �t�hij

� � 1� CX

j =1

RX

i =1

�
yij � �t�hij (a i + bj )

�
zij �tij

�
: �U�k�X�R�k�V

�q�2 �+�v�+�H�2 �i�?�`�Q�m�;�? �i�?�2�b�2 �2�[�m���i�B�Q�M�b �m�M�i�B�H �i�?�2 �}�i�b �+�Q�M�p�2�`�;�2�X

�_�2�K���`�F �j�X

�Ç �6�Q�` �2���+�? �;� �̀Q�m�T �Q�7 �T��� �̀��K�2�i�2�`�b�- �r�2 �7�Q�`�K �i�?�2 �T���`�i�B���H � �̀2�b�B�/�m���H�b �?�Q�H�/�B�M�; �i�?�2 �Q�i�?�2�`�b �}�t�2�/�X �h�?�2�M�- �r�2

�Q�T�i�B�K�B�x�2 �r�B�i�? � �̀2�b�T�2�+�i �i�Q �i�?���i �;� �̀Q�m�T�X �6�Q�` �i�?�2 � �̀��M�/�Q�K �2�z�2�+�i �T��� �̀��K�2�i�2�`�b�- �i�?�2 �T� �̀Q�#�H�2�K �/�2�+�Q�m�T�H�2�b�-

���b �2���+�? �b�i�2�T �B�M(2:10) ���M�/(2:11) �B�M�/�B�+���i�2�X

�Ç �*�Q�M�p�2� �̀;�2�M�+�2 �B�b �K�2���b�m� �̀2�/ �B�M �i�2�`�K�b �Q�7 �i�?�2 �}�i�b �Q�7 �i�?�2 �i�2�`�K�b�-�t�hij � ; f �t�hij a i g ���M�/f �t�hij bj g�X

�Ç �1���+�? �b�i�2�T �/�2�+� �̀2���b�2�b �i�?�2 �Q�#�D�2�+�i�B�p�2�- ���M�/ �i�?�2 ���H�;�Q�`�B�i�?�K �+�Q�M�p�2� �̀;�2�b �i�Q �i�?�2 �b�Q�H�m�i�B�Q�M �i�Q �U�k�X�3�V�X

�Ç �L�Q�i�B�+�2 �i�?���i �B�M(2:10)�- �7�Q�` �}�t�2�/i �- �r�2 �Q�M�H�v �p�B�b�B�i �i�2�`�K�bj 2 f 1; 2; : : : ; Cg �7�Q�` �r�?�B�+�?zij = 1 �X

�>�2�M�+�2�- �r�2 �p�B�b�B�i �B�M �i�Q�i���HN �i�2�`�K�b �7�Q�` ���H�Hi �X �G�B�F�2�r�B�b�2�- �i�?�B�b ���T�T�H�B�2�b �i�Q(2:11) ���M�/(3:23)�X �>�2�M�+�2

�i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i �Q�7 �Q�#�i���B�M�B�M�; ���H�H �i�?�2 ���#�Q�p�2 �}�i�b �B�bO(N )�X

�k�X�k�X�k �"���+�F�}�i�i�B�M�; �r�B�i�? �+�H�m�#�#�B�M�;

�P�M�2 �Q�7 �i�?�2 �b�?�Q�`�i�+�Q�K�B�M�;�b �Q�7 �i�?�2 �p���M�B�H�H�� �#���+�F�}�i�i�B�M�; ���H�;�Q�`�B�i�?�K �B�b �i�?���i �B�i �+���M �i���F�2 �� �H�Q�M�; �i�B�K�2 �i�Q

�+�Q�M�p�2�`�;�2�X �P�M�2 �Q�7 �i�?�2 �`�2���b�Q�M�b �B�b �i�?���i �i�?�2 �b�Q�H�m�i�B�Q�M �?���b �#�m�B�H�i�@�B�M �+�Q�M�b�i�`���B�M�i�b �i�?���i ���`�2 �M�Q�i �p�B�b�B�#�H�2 �i�Q �i�?�2

�B�M�/�B�p�B�/�m���H �b�i�2�T�b�X �h�?�2 �i�?�2�Q�`�2�K �#�2�H�Q�r �T�`�Q�p�B�/�2�b �i�r�Q �b�m�+�? �+�Q�M�b�i�`���B�M�i�b�X

�h�?�2�Q�`�2�K �k�X�h�?�2 �b�Q�H�m�i�B�Q�M�bf a i gR
i =1 ���M�/f bj gC

j =1 �Q�7(2:8) �b���i�B�b�7�v
P R

i =1 â i = 0 ���M�/
P C

j =1 b̂j = 0 �X

�S� �̀Q�Q�7�X�A�i �B�b �2�M�Q�m�;�? �i�Q �T�`�Q�p�2
P R

i =1 â i = 0 �- �i�?�2 �T�`�Q�Q�7 �7�Q�`
P C

j =1 b̂j = 0 �B�b �b�B�K�B�H���`�X �a�m�T�T�Q�b�2
P R

i =1 â i 6= 0 �-

�/�2�}�M�2�a =
P R

i =1 â i / R ���M�/~a i = â i � �a 8i �X �h�?�2�M �B�i �B�b �2���b�v �i�Q �b�?�Q�r �i�?���i

RX

i =1

~a �h
i � � 1

a ~a i =
RX

i =1

(â i � �a) �h� � 1
a (â i � �a) <

RX

i =1

â �h
i � � 1

a â i ;

�m�M�H�2�b�b�a = 0 �X �A�7 �r�2 �+�?�Q�Q�b�2�-~� = �̂ + �a�- �B�X�2�X�-~� + ~a i = �̂ + â i �- �i�?�2�M

RX

i =1

CX

j =1

zij (yij � �t�hij ( ~� + ~a i + bj ))2

� 2
e

=
RX

i =1

CX

j =1

zij (yij � �t�hij (�̂ + â i + bj ))2

� 2
e

: �U�k�X�R�j�V
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�h�?�m�b�-

�K�B�M
� ;bj

RX

i =1

CX

j =1

zij (yij � �t�hij (� + ~a i + bj ))2

� 2
e

+
RX

i =1

~a �h
i � � 1

a ~a i

< �K�B�M
� ;bj

RX

i =1

CX

j =1

zij (yij � �t�hij (� + â i + bj ))2

� 2
e

+
RX

i =1

â �h
i � � 1

a â i ;

�m�M�H�2�b�b�a = 0 �r�?�B�+�? �H�2���/�b �i�Q �+�Q�M�i�`���/�B�+�i�B�Q�M�X

�h�?�2 �i�?�2�Q�`�2�K ���#�Q�p�2 �b�?�Q�r�b �i�?���i �i�?�2 �+�Q�M�b�i�`���B�M�i
P R

i =1 â i = 0 �B�b ���m�i�Q�K���i�B�+���H�H�v �B�K�T�Q�b�2�/ �B�7 �r�2 �K�B�M�@

�B�K�B�x�2 �U�k�X�3�V �b�B�K�m�H�i���M�2�Q�m�b�H�v �B�M �i�2�`�K�b �Q�7f a i gR
i =1 ���M�/� �X �a�B�K�B�H���`�H�v�- �i�?�2 �+�Q�M�b�i�`���B�M�i

P C
j =1 b̂j = 0 �B�b

���m�i�Q�K���i�B�+���H�H�v �B�K�T�Q�b�2�/ �B�7 �r�2 �K�B�M�B�K�B�x�2 �U�k�X�3�V �b�B�K�m�H�i���M�2�Q�m�b�H�v �B�M �i�2�`�K�b �Q�7f bj gC
j =1 ���M�/� �X �q�2 �`�2�7�2�`

�i�Q �i�?�B�b ���b �ó�+�H�m�#�#�B�M�;�ô�- �7�Q�H�H�Q�r�B�M�;�:�?�Q�b�? �2�i ���H�X�(�k�y�k�k���)�X �q�2 ���H�b�Q �+�Q�K�#�B�M�2 �i�?�B�b �i�2�+�?�M�B�[�m�2 �r�B�i�? �Q�m�`

�p���`�B���i�B�Q�M���H �1�J ���T�T�`�Q���+�? �B�M �a�2�+�i�B�Q�M�k�X�9�X�j�i�Q ���+�?�B�2�p�2 �7���b�i �+�Q�M�p�2�`�;�2�M�+�2�X

�k�X�k�X�j ���M �2�{�+�B�2�M�i �r���v �i�Q �B�K�T�H�2�K�2�M�i �+�H�m�#�#�B�M�;

�q�2 �+�Q�M�b�B�/�2�` �i�?�2 �+���b�2 �Q�7 �2�b�i�B�K���i�B�M�;� ���M�/a i �r�B�i�?f bj gC
j =1 �}�t�2�/�X �h�?�B�b �r�Q�m�H�/ �#�2 �2�[�m�B�p���H�2�M�i �i�Q

�K�B�M�B�K�B�x�B�M�; �i�?�2 �H�Q�b�b �;�B�p�2�M �#�v �U�k�X�3�V �F�2�2�T�B�M�;f bj g �}�t�2�/�X �h�?�m�b�- �B�7r ij = yij � �t�hij bj �- �i�?�2�M �r�2

�K�B�M�B�K�B�x�2
� ;f a i g

RX

i =1

CX

j =1

zij
�
r ij � �t�hij (� + a i )

� 2
+

RX

i =1

a �h
i � a i ; �U�k�X�R�9�V

�r�?�B�+�? �r�Q�m�H�/ �#�2 �2�[�m�B�p���H�2�M�i �i�Q �b�B�K�m�H�i���M�2�Q�m�b�H�v �b�Q�H�p�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b�,

â i =
� CX

j =1

zij �tij �t�hij + �
� � 1� CX

j =1

�
r ij � �t�hij �

�
zij �tij

�
; �U�k�X�R�8�V

�̂ =
� CX

j =1

RX

i =1

zij �tij �t�hij

� � 1� RX

i =1

CX

j =1

�
r ij � �t�hij a i

�
zij �tij

�
; �U�k�X�R�e�V

�r�?�2�`�2� = � 2
e � � 1

a �X

�G�2�if a �/�2�M�Q�i�2 �i�?�2 �}�i �UN �p�2�+�i�Q�`�V �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �i�2�`�K�bf �t�hij â i g ���M�/X �̂ �#�2 �i�?�2N �@�p�2�+�i�Q�` �Q�7 �}�i�b

�7�Q�` �i�?�2 �}�t�2�/ �2�z�2�+�i�b�X �h�?�2�M �7�`�Q�K(2:15)�- �r�2 �+���M �r�`�B�i�2

f a = Sa(r � X �̂ ); �U�k�X�R�d�V

���M�/ �7�`�Q�K(2:16)�- �r�2 �?���p�2

X �hX �̂ = X �h(r � f a): �U�k�X�R�3�V
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�>�2�`�2�-Sa �B�b �i�?�2 �B�K�T�H�B�+�B�iN � N �H�B�M�2���` �Q�T�2�`���i�Q�` �i�?���i �+�Q�K�T�m�i�2�b �i�?�2�b�2 �}�i�b�- �Q�#�i���B�M�2�/ �#�v �b�Q�H�p�B�M�;(2:15) �7�Q�`

�2���+�?i �X �q�2 �M�Q�i�2 �i�?���i �B�7 �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b �r�2�`�2 �Q�`�/�2�`�2�/ �#�v �;�`�Q�m�T�b �Q�7i �- �i�?�2�MSa �r�Q�m�H�/ �#�2 �#�H�Q�+�F�@�/�B���;�Q�M���H�-

�r�B�i�? �i�?�2i �i�? �#�H�Q�+�F �� �;�2�M�2�`���H�B�x�2�/ �`�B�/�;�2 �Q�T�2�`���i�Q�` �K���i�`�B�t �7�Q�` �T�`�Q�/�m�+�B�M�; �i�?�2 �}�i�b �7�Q�` �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b

�r�B�i�? �i�?���i �p���H�m�2 �Q�7i �X �h�?�B�b ���H�b�Q �B�K�T�H�B�2�b �i�?���iSa �B�b ���H�r���v�b �� �b�v�K�K�2�i�`�B�+ �K���i�`�B�t�X �S�H�m�;�;�B�M�;(2:17) �B�M�i�Q

(2:18)�- �r�2 �?���p�2

X �hX �̂ = X �h(r � Sa(r � X �̂ )) : �U�k�X�R�N�V

�*�Q�H�H�2�+�i�B�M�; �i�2�`�K�b�- �r�2 �?���p�2

X �h (I � Sa) X �̂ = X �h (I � Sa) r; �U�k�X�k�y�V

���M�/ �?�2�M�+�2

�̂ =
�
X �h (I � Sa) X

� � 1
X �h (I � Sa) r: �U�k�X�k�R�V

�h�?�B�b �K�2���M�b �i�?���i �r�2 �M�2�2�/ �i�Q ���T�T�H�vSa �i�Q �2���+�? �Q�7 �i�?�2 �+�Q�H�m�K�M�b �Q�7 �s�- �+�Q�K�T�m�i�2 �i�?�2 �}�i�b�- ���M�/ �i���F�2

�`�2�b�B�/�m���H�b�- �i�Q �T�`�Q�/�m�+�2~X = ( I � Sa)X �- �i�?�2�M

�̂ =
�

~X �hX
� � 1

~X �hr �U ���bSa �B�b �b�v�K�K�2�i�`�B�+): �U�k�X�k�k�V

�q�2 �T�H�m�; �i�?�B�b�̂ �B�M �2�[�m���i�B�Q�M(2:15) �i�Q �;�2�iâ i �7�Q�` �2���+�?i �X �L�Q�r �r�2 �`�2�T�2���i �i�?�B�b �T�`�Q�+�2�b�b �?�Q�H�/�B�M�; �i�?�2f a i g

�}�t�2�/ ���i �i�?�2�B�` �H���i�2�b�i �p���H�m�2�bf â i g�- ���M�/ �2�b�i�B�K���i�2� ���M�/f bj g �i�Q�;�2�i�?�2�`�X �q�2 �+�Q�M�i�B�M�m�2 �i�?�2 ���#�Q�p�2 �T�`�Q�+�2�b�b

�i�B�H�H �}�i�b �Q�7 �i�?�2 �i�2�`�K�b�-�t�hij � ; f �t�hij a i g ���M�/f �t�hij bj g �+�Q�M�p�2�`�;�2�X

�h�?�2 �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v �7�Q�` �2���+�? �b�i�2�T �Q�7 �#���+�F�}�i�i�B�M�; �r�B�i�? �Q�` �r�B�i�?�Q�m�i �+�H�m�#�#�B�M�; �B�bO(Np2)�X

�k�X�j �1�b�i�B�K���i�B�Q�M �Q�7 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b �m�b�B�M�; �i�?�2 �K�2�i�?�Q�/ �Q�7

�K�Q�K�2�M�i�b

�J�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b �U�J�Q�J�V �B�b �� �r�B�/�2�H�v �m�b�2�/ ���T�T�`�Q���+�? �7�Q�` �2�b�i�B�K���i�B�M�; �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b�- �#�m�i

�7�Q�` �i�?�2 �K�Q�b�i �T���`�i �?���b �#�2�2�M �H�B�K�B�i�2�/ �i�Q �+���b�2�b �r�?�2�`�2 �i�?�2�`�2 ���`�2 �� �b�K���H�H �M�m�K�#�2�` �Q�7 �b�+���H���` �T���`���K�2�i�2�`�b�X

�a�2�2�- �7�Q�` �2�t���K�T�H�2�-�q�m �2�i ���H�X�(�k�y�R�k�) ���M�/�:���Q ���M�/ �P�r�2�M�(�k�y�R�d�)�X �A�M �Q�m�` �b�2�i�i�B�M�;�- �r�2 �?���p�2 �� �M�Q�p�2�H �J�Q�J

���T�T�`�Q���+�? �7�Q�` �+�`�Q�b�b�2�/ �`���M�/�Q�K �2�z�2�+�i�b �r�B�i�? �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b �Q�7 ���M�v �/�B�K�2�M�b�B�Q�M�X �P�m�` �J�Q�J ���T�T�`�Q���+�?

�?���b ���H�;�Q�`�B�i�?�K�B�+ �+�Q�K�T�H�2�t�B�i�v �H�B�M�2���` �B�MN �- ���M�/ �?�2�M�+�2 �B�b �b�+���H���#�H�2�X

�q�2 �/�B�b�+�m�b�b �i�?�2 �2�b�i�B�K���i�B�Q�M �Q�7 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b �m�M�/�2�` �i�r�Q �b�+�2�M���`�B�Q�b�, �r�?�2�M� a ���M�/� b ���`�2

���b�b�m�K�2�/ �i�Q �#�2 �/�B���;�Q�M���H�- ���M�/ �r�?�2�M �M�Q�i�?�B�M�; �B�b ���b�b�m�K�2�/�X
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�A�7� a ���M�/� b ���`�2 �/�B���;�Q�M���H �K���i�`�B�+�2�b�- �r�2 �+���M �Q�#�i���B�M �+�Q�M�b�B�b�i�2�M�i �2�b�i�B�K���i�2�b �Q�7� a ; � b�- ���M�/� 2
e �m�b�B�M�; �i�?�2

�K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b�X �P�m�` �T�`�Q�+�2�b�b �B�M�p�Q�H�p�2�b �b�Q�H�p�B�M�; �2�[�m���i�B�Q�M�b �Q�7 �i�?�2 �7�Q�`�K
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E
� RX

i =1

CX

j =1

zij (r ij � �r :: )
2

�
�
�
�X

�
=

RX

i =1

CX

j =1

zij
�
r̂ ij � �̂r ::
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�_�2�K���`�F �9�X�>�2� �̀2�-x (s)
ij � �̀2�T� �̀2�b�2�M�i�b �b�@�i�? �+�Q�p���`�B���i�2 �Q�7 �i�?�2(i; j ) �+�H�B�2�M�i�@�B�i�2�K �T���B�`�-r = Y � X � �- ���M�/

r̂ = Y � X �̂ �P�G�a�X

�h�?�2�b�2 �2�[�m���i�B�Q�M�b �+���M �#�2 �b�2�2�M ���b �� �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7 �i�?�2 �K�Q�K�2�M�i �2�[�m���i�B�Q�M�b �+�Q�M�b�B�/�2�`�2�/ �#�v�:�?�Q�b�?

�2�i ���H�X�(�k�y�k�k���)�c �r�2 �;�B�p�2 �K�Q�`�2 �B�M�b�B�;�?�i �B�M�i�Q �i�?�2�b�2 �2�[�m���i�B�Q�M�b �B�M ���T�T�2�M�/�B�t���X�y�X�j�X �l�b�B�M�; �i�?�2 �K���i�`�B�t

�7�Q�`�K�m�H���i�B�Q�M �B�M �i�?�2 ���T�T�2�M�/�B�t�- �r�2 �+���M �b�?�Q�r �i�?���i
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e(n � R):

�U�k�X�k�e�V

�_�2�K���`�F �8�X�h�?�2 �T� �̀Q�Q�7 �B�b �T� �̀Q�p�B�/�2�/ �B�M ���T�T�2�M�/�B�t���X�y�X�j�X �h�?�2 �+�Q�K�T�H�2�t�B�i�v �i�Q �+�Q�K�T�m�i�2 ���H�H �i�?�2 �[�m���M�i�B�i�B�2�b
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���#�Q�p�2 �B�bO(Np2)�X �P�M�+�2 �i�?�2�b�2 �[�m���M�i�B�i�B�2�b ��� �̀2 �+�Q�K�T�m�i�2�/�- �r�2 �b�Q�H�p�2 �2�[�m���i�B�Q�M�b(2:23); (2:24) ���M�/(2:25) �i�Q

�;�2�i �i�?�2 �+�Q�p���`�B���M�+�2 �T��� �̀��K�2�i�2�`�b�X �h�?�m�b �r�2 �Q�#�i���B�M2p + 3 �2�[�m���i�B�Q�M�b �B�M�p�Q�H�p�B�M�;2p + 3 �m�M�F�M�Q�r�M �p���`�B���M�+�2

�T��� �̀��K�2�i�2�`�b�- �r�?�B�+�? �r�2 �+���M �b�Q�H�p�2 �i�Q �Q�#�i���B�M �J�Q�J �2�b�i�B�K���i�2�b �7�Q�` �i�?�2 �+�Q�p���`�B���M�+�2 �T��� �̀��K�2�i�2�`�b�X

�l�M�/�2�` �i�?�2 �`�2�;�m�H���`�B�i�v �+�Q�M�/�B�i�B�Q�M�b �K�2�M�i�B�Q�M�b �B�M �i�?�2 �i�?�2�Q�`�2�K�b �#�2�H�Q�r�- �i�?�2 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b

�2�b�i�B�K���i�2�/ �m�b�B�M�; �i�?�2 �b�m�;�;�2�b�i�2�/ �J�Q�J ���T�T�`�Q���+�? ���`�2 �+�Q�M�b�B�b�i�2�M�i�X �q�2 �?���p�2 �B�K�T�H�2�K�2�M�i�2�/ �i�?�2 �J�Q�J

���T�T�`�Q���+�? �7�Q�` �i�?�2 �+���b�2 �r�?�2�M �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b ���`�2 �/�B���;�Q�M���H �B�M �a�2�+�i�B�Q�M2:5:1�X �h�?�2 ���T�T�`�Q���+�? �B�b

�7�Q�m�M�/ �i�Q �T�`�Q�p�B�/�2 �2�K�T�B�`�B�+���H�H�v �+�Q�M�b�B�b�i�2�M�i �2�b�i�B�K���i�2�b �7�Q�` �i�?�2 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b �r�?�B�+�? ���`�2 �i�?�2�M �m�b�2�/

�i�Q �2�b�i�B�K���i�2 �i�?�2 �}�t�2�/ �T���`���K�2�i�2�` �m�b�B�M�; �#���+�F�}�i�i�B�M�;�X

�h�?�2�Q�`�2�K �j�X�G�2�iX (a)
r (X (b)

c ) �#�2 �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b ���`� �̀��M�;�2�/ �B�M � �̀Q�r �U�+�Q�H�m�K�M�V �#�H�Q�+�F�b �b�m�+�? �i�?���i �2���+�? �#�H�Q�+�F

�?���b �� �}�t�2�/ �H�2�p�2�H �7�Q�` �i�?�2 �}�`�b�i �U�b�2�+�Q�M�/�V �7���+�i�Q�`�X ���H�b�Q ���b�b�m�K�2 �i�?���i�K���t1� r � R
� �K���t (X ( a )

r � a X ( a ) �h
r )

N ! 0�-

�K���t1� c� C
� �K���t (X ( b)

c � b X ( b) �h
c )

N ! 0 ���M�/� min (X �hX )/ N � c �7�Q�` �b�Q�K�2c > 0�- ���bN ! 1 : �h�?�2�M̂� �P�G�a�B�b

�+�Q�M�b�B�b�i�2�M�i�X

�h�?�2�Q�`�2�K �9�X�h�?�2 �K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i �2�b�i�B�K���i�2�b �Q�#�i���B�M�2�/ �m�b�B�M�; �i�?�2 ���#�Q�p�2 �K�2�i�?�Q�/ �B�b �+�Q�M�b�B�b�i�2�M�i �B�7

�i�?�2 �7�Q�m�`�i�? �K�Q�K�2�M�i�b �7�Q�`�tij ; i 2 f 1; � � � ; Rg; j 2 f 1; � � � ; Cg ��� �̀2 �m�M�B�7�Q�`�K�H�v �#�Q�m�M�/�2�/ ���M�/�̂ �P�G�a �B�b

�+�Q�M�b�B�b�i�2�M�i�X

�k�X�j�X�k� a ���M�/� b ���`�2 �m�M�b�i�`�m�+�i�m�`�2�/

�A�7 �i�?�2�`�2 ���`�2 �M�Q �+�Q�M�b�i�`���B�M�i�b �Q�M �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7� a ���M�/� b�- �i�?�2 �T�`�Q�#�H�2�K �Q�7 �2�b�i�B�K���i�B�M�; �+�Q�p���`�B���M�+�2

�T���`���K�2�i�2�`�b �#�2�+�Q�K�2�b �K�Q�`�2 �+�Q�K�T�H�B�+���i�2�/�X �A�M �i�?�B�b �+���b�2 �r�2 �r�Q�m�H�/ �b�Q�H�p�2 ���/�/�B�i�B�Q�M���H �2�[�m���i�B�Q�M�b �Q�7 �i�?�2 �7�Q�`�K

r̂ �h(I � Qr )( I � Qs)r̂ = E[r �h(I � Qr )( I � Qs)r ] �U�k�X�k�d�V

�7�Q�` �2���+�?r; s 2 f 0; � � � ; pg�X

�>�Q�r�2�p�2�`�- �r�2 �M�2�2�/� a ���M�/� b �i�Q �#�2 �T�Q�b�B�i�B�p�2 �/�2�}�M�B�i�2�- ���M�/ �b�Q�H�p�B�M�; �H�B�M�2���` �2�[�m���i�B�Q�M�b �7�Q�`� a ���M�/

� b �K���v �M�Q�i �M�2�+�2�b�b���`�B�H�v �;�m���`���M�i�2�2 �i�?�B�b �r�B�i�?�Q�m�i �B�K�T�Q�b�B�M�; ���/�/�B�i�B�Q�M���H �+�Q�M�b�i�`���B�M�i�b�X �q�2 �+���M�M�Q�i �`�2�H�v �Q�M

�+�Q�M�b�B�b�i�2�M�+�v �2�B�i�?�2�`�- �b�B�M�+�2 �r�2 �r�Q�m�H�/ �M�2�2�/ ���M �2�t�i�`�2�K�2�H�v �H���`�;�2 �b���K�T�H�2 �i�Q �;�m���`���M�i�2�2 �� �T�Q�b�B�i�B�p�2 �/�2�}�M�B�i�2

�b�Q�H�m�i�B�Q�M�X
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i bj jY ; � ] �7�Q�`i 2 f 0; � � � ; pg

���M�/j 2 f 0; � � � ; pg�X ���H�H �B�b �K���M���;�2���#�H�2 �2�t�+�2�T�i �i�?�2 �i�2�`�K�bE[a �h
i bj jY ; � ]�X �>�2�`�2�-(a1; � � � ; aR ; b1; � � � bC )

�7�Q�H�H�Q�r�b �� �K�m�H�i�B�p���`�B���i�2 �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M �+�Q�M�/�B�i�B�Q�M���H �Q�MY ���M�/ �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t �7�Q�` �i�?�2 �+�Q�M�/�B�@

�i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �r�Q�m�H�/ �Q�M�H�v �#�2 �Q�#�i���B�M�2�/ �#�v �B�M�p�2�`�i�B�M�; �� �K���i�`�B�t �Q�7 �Q�`�/�2�`(R + C)p� (R + C)p�X �h�?�2

�2�b�i�B�K���i�2 �Q�7� 2
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Y �- �r�2 �b�m�#�b�i�B�i�m�i�2 �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7� �;�B�p�2�MY �r�B�i�?q(� ) �#�2�H�Q�M�;�B�M�; �B�M �� �`�2�b�i�`�B�+�i�2�/ �b�2�i

Q �Q�7 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b�X
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Z
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�r�?�B�+�? �r�2 �p�B�2�r ���b ���M ���T�T�`�Q�t�B�K���i�B�Q�M �i�Ql(� )�c �B�7q(� ) = P(� jY;� ) �i�?�2�MF (q;� ) = l(� )�X �A�M �K�Q�`�2 �/�2�i���B�H�-

F (q;� ) =
Z

q(� ) �H�Q�;
P(Y;� j� )

q(� )
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Z

q(� ) �H�Q�;
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�

P(� jY;� )
q(� )

��
d�

= l(� ) � �E�G(q(� )kP(� jY;� )) :

���b�- �E�G(q(� )kP(� jY;� )) � 0�-F (q;� ) � l (� ) �r�B�i�? �2�[�m���H�B�i�v �B�zq(� ) = P(� jY;� )�X ���i �2���+�? �p���`�B���i�B�Q�M���H
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q(k )
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f bj gC
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�r�2 ���T�T�H�v �i�?�2 �#���+�F�}�i�i�B�M�; �T�`�Q�+�2�/�m�`�2 �b�B�K�B�H���` �i�Q �a�2�+�i�B�Q�M2:2:3 �i�Q �Q�#�i���B�M ���M �2�b�i�B�K���i�2 �Q�7SG (X j ) �;�B�p�2�M

�#�v~SG (X j ) �7�Q�` �2���+�? �+�Q�H�m�K�MX j �Q�7X �X

�G�2�i~X = ( I � ~SG )X �- �i�?�2�M �Q�m�` �2�b�i�B�K���i�2 �7�Q�` �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t �Q�7�̂ �B�b

(X �h ~X ) � 1 ~X �hbV ~X ( ~X �hX ) � 1; �U�k�X�9�N�V



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �k�R

�r�?�2�`�2bV �B�b ���M �2�b�i�B�K���i�2 �7�Q�` �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t �Q�7Y �X �l�b�B�M�; �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7bV �B�M(2:5�V�- �*�Q�p(�̂ ) �B�b

�;�B�p�2�M �#�v

(X �h ~X ) � 1 ~X �h
�

X �̂ aX �h � ZaZ �h
a + X �̂ bX �h � ZbZ �h

b + �̂ 2
e I N

�
~X ( ~X �hX ) � 1: �U�k�X�8�y�V

�A�7 �r�2 �/�B�`�2�+�i�H�v �B�K�T�H�2�K�2�M�i �i�?�2 �K���i�`�B�t �K�m�H�i�B�T�H�B�+���i�B�Q�M ���#�Q�p�2�- �i�?�2 �Q�T�2�`���i�B�Q�M �+���M�M�Q�i �#�2 �T�2�`�7�Q�`�K�2�/

�B�M �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v �r�?�B�+�? �B�b �H�B�M�2���` �B�MN �X �>�Q�r�2�p�2�`�- �2�t�T�H�Q�B�i�B�M�; �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �2�t�T�`�2�b�b�B�Q�M�- ��

�+���`�2�7�m�H �B�K�T�H�2�K�2�M�i���i�B�Q�M �#�`�B�M�;�b �i�?�2 �+�Q�K�T�H�2�t�B�i�v �/�Q�r�M �i�Q �H�B�M�2���` �B�MN �X �h�?�2 �/�2�i���B�H�b �+���M �#�2 �7�Q�m�M�/ �B�M

���T�T�2�M�/�B�t���X�y�X�8�X �h�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t �Q�7�̂ �+���M �#�2 �m�b�2�/ �i�Q �T�2�`�7�Q�`�K �B�M�7�2�`�2�M�+�2 �Q�M� ���M�/ �x�@�i�2�b�i�b�X

�k�X�8 �_�2�b�m�H�i�b

�q�2 �+�Q�K�T���`�2 �i�?�2 �i�B�K�2 �`�2�[�m�B�`�2�/ �7�Q�` �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�B�Q�M �#�v �ó�H�K�2�`�ô�"���i�2�b �2�i ���H�X�(�k�y�R�8�) �r�B�i�?

�Q�m�` �K�2�i�?�Q�/�b�X �q�2 ���H�b�Q �B�H�H�m�b�i�`���i�2 �i�?�2 �2�K�T�B�`�B�+���H �+�Q�M�b�B�b�i�2�M�+�v �Q�7 �Q�m�` �K�2�i�?�Q�/�b �m�b�B�M�; �b�B�K�m�H���i�B�Q�M�b�X �6�B�M���H�H�v�-

�r�2 �B�K�T�H�2�K�2�M�i �Q�m�` �K�2�i�?�Q�/ �Q�M �J�Q�p�B�2�G�2�M�b �/���i�� ���M�/ �a�i�B�i�+�? �6�B�t �/���i���- ���M�/ �+�Q�K�T���`�2 �i�?�2 �`�2�b�m�H�i�b �r�B�i�?

�i�?�2 �P�G�a �}�i ���M�/ �i�?�2 �+�`�Q�b�b�2�/ �`���M�/�Q�K �2�z�2�+�i�b �K�Q�/�2�H �r�B�i�? �`���M�/�Q�K �B�M�i�2�`�+�2�T�i�b �B�K�T�H�2�K�2�M�i�2�/ �#�v�:�?�Q�b�?

�2�i ���H�X�(�k�y�k�k���)�X

�k�X�8�X�R �a�B�K�m�H���i�B�Q�M�b

�1�`�`�Q�` �B�M �2�b�i�B�K���i�B�M�; �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b

�h�Q ���`�i�B�+�m�H���i�2 �i�?�2 �2�`�`�Q�`�b �B�M �2�b�i�B�K���i�B�M�;� a ���M�/� b�- �r�2 ���`�2 �m�b�B�M�; �i�r�Q �K�2�i�`�B�+�b�X

�Ç �E�G �/�B�p�2�`�;�2�M�+�2�, �q�2 �/�2�}�M�2 �i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M� a ���M�/�̂ a �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �r���v�X �G�2�iP1

�/�2�M�Q�i�2 �i�?�2 �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �K�2���M �x�2�`�Q ���M�/ �+�Q�p���`�B���M�+�2� a ���M�/P2 �/�2�M�Q�i�2 �i�?�2 �M�Q�`�K���H

�/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �K�2���M �x�2�`�Q ���M�/ �+�Q�p���`�B���M�+�2b� a �- �i�?�2�M �r�2 �/�2�}�M�2 �i�?�2 �/�B�b�i���M�+�2 �#�v
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: �U�k�X�8�R�V

�Ç �6�`�Q�#�2�M�B�m�b �M�Q�`�K �Q�7 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M� a ���M�/ b� a �,

k� a � b� akF

�6�Q�` �i�?�2 �b�B�K�m�H���i�B�Q�M�b�- �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �K�Q�/�2�H �;�B�p�2�M �#�v �U�k�X�j�V �r�B�i�? �`���M�/�Q�K �b�H�Q�T�2�b �7�Q�` ���H�H �i�?�2 �+�Q�p���`�B���i�2�b

�7�Q�` �+�H�B�2�M�i�b ���b �r�2�H�H ���b �B�i�2�K�b�X �>�Q�r�2�p�2�`�- ���b �K�2�M�i�B�Q�M�2�/ �B�M �`�2�K���`�F�R�- �B�M �T�`���+�i�B�+�2 �r�2 �i�v�T�B�+���H�H�v �B�M�+�H�m�/�2

�`���M�/�Q�K �b�H�Q�T�2�b �7�Q�` �Q�M�H�v �� �b�m�#�b�2�i �Q�7 �+�Q�p���`�B���i�2�b �7�Q�` �#�Q�i�? �+�H�B�2�M�i�b ���M�/ �B�i�2�K�b�X �q�2 �T�`�2�b�2�M�i �i�?�2 �`�2�b�m�H�i�b �7�Q�`

�i�?�2 �;�2�M�2�`���H �b�2�i�m�T �B�M ���T�T�2�M�/�B�t�" �X
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�.�B���;�Q�M���H �+���b�2

�6�Q�` �Q�m�` �b�B�K�m�H���i�B�Q�M�b�- �r�2 �+�?�Q�Q�b�2p = 3 ; � 0 = 0 :1�-� = (0 :2; 0:3; 0:4)�- ���M�/� 2
e = 1 �X �q�2 �+�Q�M�b�B�/�2�`�2�/
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�q�2 �+�?�Q�Q�b�2R = C = N 0:6 �7�Q�` �Q�m�` �b�B�K�m�H���i�B�Q�M�b �r�?�B�+�? �b���i�B�b�}�2�b �i�?�2 �b�T���`�b�B�i�v ���b�b�m�K�T�i�B�Q�M ���b �b�2�2�M �B�M

�T�`���+�i�B�+�2�f�2�@�+�Q�K�K�2�`�+�2 �/���i���X �6�Q�` �2���+�? �p���H�m�2 �Q�7N �- �r�2 �T�2�`�7�Q�`�K �R�y�y �b�B�K�m�H���i�B�Q�M�b ���M�/ �i�?�2 �T�H�Q�i �i�?�2

���p�2�`���;�2 �p���H�m�2�b�X �q�2 �?���p�2 �T�`�Q�T�Q�b�2�/ �i�?�2 �7�Q�H�H�Q�r�B�M�; ���H�;�Q�`�B�i�?�K�b�,

�"���+�F�}�i�i�B�M�;�, �q�2 �2�b�i�B�K���i�2 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b �m�b�B�M�; �i�?�2 �K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b �U�J�Q�J�V ���M�/ �i�?�2�M

�T�2�`�7�Q�`�K �#���+�F�}�i�i�B�M�; �i�Q �2�b�i�B�K���i�2 �i�?�2 �}�t�2�/ �T���`���K�2�i�2�`�X

�*�H�m�#�#�2�/ �"���+�F�}�i�i�B�M�;�, �q�2 �2�b�i�B�K���i�2 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b �m�b�B�M�; �J�Q�J ���M�/ �i�?�2�M �T�2�`�7�Q�`�K �#���+�F�}�i�@

�i�B�M�; �r�B�i�? �+�H�m�#�#�B�M�; �i�Q �2�b�i�B�K���i�2 �i�?�2 �}�t�2�/ �T���`���K�2�i�2�`�X

�o���`�B���i�B�Q�M���H �1�J�, �q�2 �m�b�2 �J�Q�J �i�Q �;�2�i ���M �B�M�B�i�B���H �2�b�i�B�K���i�2 �Q�7 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b ���M�/ �i�?�2�M �r�2

�B�K�T�`�Q�p�2 �i�?�2 �2�b�i�B�K���i�2�b �B�M �2���+�? �B�i�2�`���i�B�Q�M �m�b�B�M�; �i�?�2 �p���`�B���i�B�Q�M���H �J�@�b�i�2�T ���H�Q�M�; �r�B�i�? �2�b�i�B�K���i�B�M�;

�}�t�2�/ �T���`���K�2�i�2�`�b�X

�*�H�m�#�#�2�/ �p���`�B���i�B�Q�M���H �1�J�, �a�B�K�B�H���` �i�Q �p���`�B���i�B�Q�M���H �1�J�- �r�2 �b�i���`�i �r�B�i�? �J�Q�J �2�b�i�B�K���i�2�b �7�Q�` �+�Q�p���`�B�@

���M�+�2 �T���`���K�2�i�2�`�b ���M�/ �B�K�T�`�Q�p�B�b�2 �i�?�2�K �m�b�B�M�; �p���`�B���i�B�Q�M���H �1�J�X �q�2 ���T�T�H�v �ó�+�H�m�#�#�B�M�;�ô �i�`�B�+�F �r�?�B�H�2

�2�b�i�B�K���i�B�M�;� �i�Q �7���b�i�2�M �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2�X

�a�m�K�K���`�v �Q�7 �2�b�i�B�K���i�B�Q�M �i�B�K�2�,�h�?�2 �b�H�Q�T�2 �Q�7 �� �+�m�`�p�2 �B�M �6�B�;�m�`�2�k�X�k�`�2�T�`�2�b�2�M�i�b �i�?�2 �2�t�T�Q�M�2�M�i

�Q�7N �B�M �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v �Q�7 �i�?�2 ���b�b�Q�+�B���i�2�/ ���H�;�Q�`�B�i�?�K�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v �Q�7 �ó�H�K�2�`�ô �B�b

O(N 3/2 ) �Q�` �r�Q�`�b�2�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �i�?�2 �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v �Q�7 ���H�H �Q�7 �Q�m�` �b�m�;�;�2�b�i�2�/ ���H�;�Q�`�B�i�?�K�b �B�b

�H�B�M�2���` �B�MN �X �h�?�2 �`�2���b�Q�M �i�?���i �i�?�2 ���H�;�Q�`�B�i�?�K�b �r�B�i�? �i�?�2 �ó�+�H�m�#�#�B�M�;�ô �i�`�B�+�F �b�2�2�K �i�Q �?���p�2 �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v

�r�B�i�? �K�m�+�? �b�K���H�H�2�` �2�t�T�Q�M�2�M�i �B�MN �B�b �i�?���i �i�?�2 �M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b �`�2�[�m�B�`�2�/ �7�Q�` �i�?�Q�b�2 ���H�;�Q�`�B�i�?�K�b �i�Q

�+�Q�M�p�2�`�;�2 �/�2�+�`�2���b�2�b �r�B�i�?N �X �h�?�2�`�2�7�Q�`�2�- ���H�i�?�Q�m�;�? �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v �Q�7 �2���+�? �b�i�2�T �B�b �H�B�M�2���` �B�MN �- �i�?�2

�i�Q�i���H �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v �b�2�2�K�b �i�Q �#�2 �b�K���H�H�2�` �i�?���MO(N )�X �6�Q�`N = 105 = 100; 000�- �B�i �i���F�2�b ���`�Q�m�M�/

�i�?�`�2�2 �/���v�b �U�Q�M �i�?�2 �a�i���M�7�Q�`�/ �a�?�2�`�H�Q�+�F �+�H�m�b�i�2�` �2�p�2�M �r�B�i�? �T���`���H�H�2�H �T�`�Q�+�2�b�b�B�M�; �m�b�B�M�; �ó�K�+�H���T�T�H�v�ô �7�m�M�+�i�B�Q�M

�B�M �_�V �i�Q �T�2�`�7�Q�`�K �R�y�y �b�B�K�m�H���i�B�Q�M�b �m�b�B�M�; �ó�H�K�2�`�ô ���b �i�?�2 �}�i�i�B�M�; �7�m�M�+�i�B�Q�M�X �h�?�2�`�2�7�Q�`�2�- �B�M �i�?�2 �B�M�i�2�`�2�b�i �Q�7

�i�B�K�2�- �r�2 �/�B�b�+�Q�M�i�B�M�m�2 �m�b�B�M�; �ó�H�K�2�`�ô �7�Q�` �p���H�m�2�b �Q�7N �H���`�;�2�` �i�?���M �R�y�y�- �y�y�y�X

�6�B�;�m�`�2�k�X�j�/�2�T�B�+�i�b �2�K�T�B�`�B�+���H �+�Q�M�b�B�b�i�2�M�+�v �Q�7b� a ���M�/b� b �2�b�i�B�K���i�2�/ �i�?�`�Q�m�;�? �J�Q�J ���M�/ �p���`�B���i�B�Q�M���H

�1�J ���b �2�`�`�Q�`�b �2�t�T�H���B�M�2�/ �B�M2:5:1 �;�Q �i�Q �x�2�`�Q ���bN �B�M�+�`�2���b�2�b�X �6�B�;�m�`�22:4 �b�?�Q�r�b �i�?���i �i�?�2 ���+�+�m�`���+�v �Q�7

�/�B�z�2�`�2�M�i �2�b�i�B�K���i�2�b �Q�7� �- �B�X�2�X�-�̂ �:�G�a �Q�#�i���B�M�2�/ �i�?�Q�m�;�? �/�B�z�2�`�2�M�i ���T�T�`�Q���+�?�2�b ���M�/�̂ �J�G�1 �+�Q�B�M�+�B�/�2�- �B�X�2�X�-



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �k�j

�6�B�;�m�`�2 �k�X�k�, �.�B���;�Q�M���H �+���b�2�, �*�Q�K�T���`�B�b�Q�M �Q�7 �2�b�i�B�K���i�B�Q�M �i�B�K�2 ���M�/ �M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b �#�v �#���+�F�}�i�i�B�M�;�-
�+�H�m�#�#�2�/ �#���+�F�}�i�i�B�M�;�- �p���`�B���i�B�Q�M���H �1�J�- ���M�/ �+�H�m�#�#�2�/ �p���`�B���i�B�Q�M���H �1�J �U�7�Q�m�` �T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�b�V ���M�/
�ó�H�K�2�`�ô�U�2�t�B�b�i�B�M�; ���H�;�Q�`�B�i�?�K�V�X �h�?�2 �T�H�Q�i �7�Q�` �H�K�2�` �B�b �/�B�b�+�Q�M�i�B�M�m�2�/ ���7�i�2�`N = 105 �/�m�2 �i�Q �i�?�2 �H���`�;�2
�+�Q�K�T�m�i���i�B�Q�M���H �i�B�K�2 �7�Q�` �ó�H�K�2�`�ô�X



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �k�9

�2�`�`�Q�`�b ���`�2 �p�2�`�v �+�H�Q�b�2 �i�Q �2���+�? �Q�i�?�2�` ���M�/ �i�?�m�b�̂ �:�G�a �B�b �+�Q�M�b�B�b�i�2�M�i�X �6�B�;�m�`�22:4 ���H�b�Q �/�2�T�B�+�i�b �i�?�2 �2�K�T�B�`�B�+���H

�+�Q�M�b�B�b�i�2�M�+�v �Q�7 �i�?�2 �2�b�i�B�K���i�2 �Q�7� 2
e �Q�#�i���B�M�2�/ �i�?�`�Q�m�;�? �i�?�2 �K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b ���T�T�`�Q���+�? ���M�/ �p���`�B���i�B�Q�M���H

�1�J ���T�T�`�Q���+�?�X �q�2 �b�2�2 �i�?���i �2�b�i�B�K���i�2�b �Q�#�i���B�M�2�/ �i�?�`�Q�m�;�? �J�Q�J ���T�T�`�Q���+�? ���`�2 �+�Q�M�b�B�b�i�2�M�i �#�m�i �p���`�B���i�B�Q�M���H

�1�J �?�2�H�T�b �B�M �B�K�T�`�Q�p�B�M�; �i�?�Q�b�2 �2�b�i�B�K���i�2�b�X �h�?�2 �2�`�`�Q�`�b �K���/�2 �B�M �2�b�i�B�K���i�B�M�; ���H�H �i�?�2 �T���`���K�2�i�2�`�b �;�2�i �+�H�Q�b�2

�i�Q �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�2�b ���bN �B�M�+�`�2���b�2�b�X

�L�Q�M �/�B���;�Q�M���H �+���b�2

�6�Q�` �i�?�2 �M�Q�M�@�/�B���;�Q�M���H �+���b�2�- �r�2 ���H�b�Q �+�?�Q�Q�b�2p = 3 ; � = (0 :2; 0:3; 0:4); � 0 = 0 :1; � 2
e = 1 �X �q�2 �+�Q�M�b�B�/�2�`�2�/

� a = � b =

2

6
6
6
6
4

1 0:2 0:2 0:2

0:2 1 0:2 0:2

0:2 0:2 1 0:2

0:2 0:2 0:2 1

3

7
7
7
7
5

:

�q�2 �+�?�Q�Q�b�2R = C = N 0:6 �7�Q�` �Q�m�` �b�B�K�m�H���i�B�Q�M�b ���M�/ �b�B�K�m�H���i�2�/ �R�y�y �2�t���K�T�H�2�b �b�B�K�B�H���` �i�Q �i�?�2 �/�B���;�Q�M���H

�+���b�2�X �6�B�;�m�`�2�k�X�8�/�2�T�B�+�i�b �2�K�T�B�`�B�+���H �+�Q�M�b�B�b�i�2�M�+�v �Q�7b� a ���M�/b� b �2�b�i�B�K���i�2�/ �i�?�`�Q�m�;�? �p���`�B���i�B�Q�M���H �1�J ���b

�2�`�`�Q�`�b �2�t�T�H���B�M�2�/ �B�M2:5:1 �;�Q �i�Q �x�2�`�Q ���bN �B�M�+�`�2���b�2�b�X �6�B�;�m�`�22:6 �b�?�Q�r�b �i�?���i �i�?�2 ���+�+�m�`���+�v �Q�7 �/�B�z�2�`�2�M�i

�2�b�i�B�K���i�2�b �Q�7� �- �B�X�2�X�-�̂ �:�G�a �Q�#�i���B�M�2�/ �i�?�Q�m�;�? �/�B�z�2�`�2�M�i ���T�T�`�Q���+�?�2�b ���M�/�̂ �J�G�1 �+�Q�B�M�+�B�/�2 ���M�/ �i�?�m�b�̂ �:�G�a

�B�b �+�Q�M�b�B�b�i�2�M�i�X �h�?�2 �2�b�i�B�K���i�2�b �Q�7� 2
e �Q�#�i���B�M�2�/ �i�?�`�Q�m�;�? �J�Q�J ���T�T�`�Q���+�? ���M�/ �p���`�B���i�B�Q�M���H �1�J �/�2�T�B�+�i

�2�K�T�B�`�B�+���H �+�Q�M�b�B�b�i�2�M�+�v �B�M �}�;�m�`�22:6 ���H�i�?�Q�m�;�? �i�?�2 �2�b�i�B�K���i�2 �Q�#�i���B�M�2�/ �i�?�`�Q�m�;�? �p���`�B���i�B�Q�M���H �1�J �?���b ��

�7���b�i�2�` �`���i�2 �Q�7 �+�Q�M�p�2�`�;�2�M�+�2�X �q�2 �/�Q�M�ö�i �T�H�Q�i �i�?�2 �2�`�`�Q�` �B�M �2�b�i�B�K���i�B�M�; �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b �#�v �J�Q�J

���T�T�`�Q���+�? ���b �K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b �B�b �M�Q�i �7�`�m�B�i�7�m�H �B�M �2�b�i�B�K���i�B�M�; �+�Q�p���`�B���M�+�2�b �K���i�`�B�+�2�b �Q�7 �`���M�/�Q�K �b�H�Q�T�2�b

�r�?�2�M �i�?�2�v ���`�2�M�ö�i �/�B���;�Q�M���H�X �6�B�;�m�`�22:7 �b�?�Q�r�b �i�?���i �Q�m�` �p���`�B���i�B�Q�M���H �1�J ���M�/ �#���+�F�}�i�i�B�M�; ���T�T�`�Q���+�? �i���F�2

�� �;�`�2���i �H�2���/ �+�Q�K�T���`�2�/ �i�Q �i�?�2 �ó�H�K�2�`�ô ���T�T�`�Q���+�?�X �h�?�2 ���p�2�`���;�2 �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v �Q�7 �ó�H�K�2�`�ô ���T�T�`�Q���+�? �B�b

���i �H�2���b�iO(N 1:5) �B�M �Q�m�` �b�2�i�m�T�- �r�?�B�H�2 ���H�H �i�?�2 ���T�T�`�Q���+�? �/�B�b�+�m�b�b�2�/ �#�v �m�b �?���p�2 �i�B�K�2 �+�Q�K�T�H�2�t�B�i�vO(N )�X

�h�?�2 �M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b �`�2�[�m�B�`�2�/ �i�Q �+�Q�M�p�2�`�;�2 �;�`�Q�r�b �r�B�i�?N �7�Q�` �ó�H�K�2�`�ô ���M�/ �i�?�2 ���T�T�`�Q���+�?�2�b �r�B�i�?�Q�m�i

�+�H�m�#�#�B�M�;�- �r�?�B�H�2 �i�?�2 �M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b �/�2�+�`�2���b�2�b �r�B�i�?N �7�Q�` �+�H�m�#�#�B�M�;�@�#���b�2�/ ���T�T�`�Q���+�?�2�b�X �>�2�`�2 �B�b ��

�b�m�K�K���`�v �Q�7 �i�?�2 �`�2�b�m�H�i�b�,

�q�B�i�?�Q�m�i �*�H�m�#�#�B�M�; �q�B�i�? �*�H�m�#�#�B�M�;
�"���+�F�}�i�i�B�M�; �a�H�Q�r �+�Q�M�p�2�`�;�2�M�+�2 �6���b�i �+�Q�M�p�2�`�;�2�M�+�2
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�h�?�m�b�- �+�H�m�#�#�2�/ �p���`�B���i�B�Q�M���H �1�J �T�`�Q�p�B�/�2�b �T�`�2�+�B�b�2 �2�b�i�B�K���i�2�b �Q�7 ���H�H �i�?�2 �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b �r�B�i�? ��

�b�K���H�H �2�b�i�B�K���i�B�Q�M �i�B�K�2�X



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �k�8

�6�B�;�m�`�2 �k�X�j�, �.�B���;�Q�M���H �+���b�2�, �*�Q�K�T���`�B�b�Q�M �Q�7 ���+�+�m�`���+�v �B�M �2�b�i�B�K���i�B�M�;� a ���M�/� b �#���b�2�/ �Q�M �E�G �/�B�p�2�`�;�2�M�+�2
���M�/ �6�`�Q�#�2�M�B�m�b �M�Q�`�K �#�v �i�?�2 �K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b �U�T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�V ���M�/ �H�K�2�`�U�2�t�B�b�i�B�M�; ���H�;�Q�`�B�i�?�K�V�X
�h�?�2 �T�H�Q�i �7�Q�` �H�K�2�` �B�b �/�B�b�+�Q�M�i�B�M�m�2�/ ���7�i�2�`N = 105 �/�m�2 �i�Q �i�?�2 �H���`�;�2 �+�Q�K�T�m�i���i�B�Q�M���H �i�B�K�2 �7�Q�` �ó�H�K�2�`�ô�X



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �k�e

�6�B�;�m�`�2 �k�X�9�, �.�B���;�Q�M���H �+���b�2�, �*�Q�K�T���`�B�b�Q�M �Q�7 ���+�+�m�`���+�v �B�M �2�b�i�B�K���i�B�M�;� ���M�/� 2
e �#�v �K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b

�U�T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�V ���M�/ �H�K�2�` �U�2�t�B�b�i�B�M�; ���H�;�Q�`�B�i�?�K�V�X �h�?�2 �T�H�Q�i �7�Q�` �H�K�2�` �B�b �/�B�b�+�Q�M�i�B�M�m�2�/ ���7�i�2�`N = 105

�/�m�2 �i�Q �i�?�2 �H���`�;�2 �+�Q�K�T�m�i���i�B�Q�M���H �i�B�K�2 �7�Q�` �ó�H�K�2�`�ô�X �h�?�2 �2�`�`�Q�`�b �B�M �2�b�i�B�K���i�B�M�;� ���`�2 �+�H�Q�b�2 �i�Q �2���+�? �Q�i�?�2�`
�7�Q�` �i�?�2 �B�H�H�m�b�i�`���i�2�/ ���H�;�Q�`�B�i�?�K�b�- �r�?�B�+�? �H�2���/�b �i�?�2 �H�B�M�2�b �B�M �i�?�2 �T�H�Q�i �i�Q �+�Q�B�M�+�B�/�2�X

�k�X�8�X�k ���T�T�H�B�+���i�B�Q�M �Q�7 �+�`�Q�b�b�2�/ �`���M�/�Q�K �2�z�2�+�i�b �K�Q�/�2�H �Q�M �õ�a�i�B�i�+�? �6�B�t�ô �/���i��

�:�?�Q�b�? �2�i ���H�X�(�k�y�k�k���) ���T�T�H�B�2�/ �i�?�2 �#���+�F�}�i�i�B�M�; ���H�;�Q�`�B�i�?�K �i�Q �Q�#�i���B�M�̂ �:�G�a �7�Q�` �i�?�2 �a�i�B�i�+�? �6�B�t �/���i�� �7�Q�`

�i�?�2 �`���M�/�Q�K �B�M�i�2�`�+�2�T�i�b �K�Q�/�2�H(3:1)�X �>�2�`�2�- �r�2 �/�2�K�Q�M�b�i�`���i�2 �?�Q�r �Q�m�` ���H�;�Q�`�B�i�?�K �+���M �#�2 �m�b�2�/ �i�Q ���T�T�H�v

�i�?�2 �+�`�Q�b�b�2�/�@�`���M�/�Q�K �2�z�2�+�i�b �K�Q�/�2�H�b �i�Q �i�?�2 �a�i�B�i�+�? �6�B�t �/���i�� �m�b�B�M�; �i�r�Q �K�Q�/�2�H�b�X �h�?�2 �}�`�b�i �K�Q�/�2�H �r�2

�B�K�T�H�2�K�2�M�i �+�Q�M�b�B�/�2�`�b �� �`���M�/�Q�K �B�M�i�2�`�+�2�T�i ���M�/ �� �`���M�/�Q�K �b�H�Q�T�2 �7�Q�` �� �p���`�B���#�H�2 �M���K�2�/ �ó�K���i�+�?�ô�X �ó�J���i�+�?�ô

�B�b �� �+�Q�M�i�B�M�m�Q�m�b �p���`�B���#�H�2 �i���F�B�M�; �p���H�m�2�b �B�M �i�?�2 �`���M�;�2 �y �i�Q �R�- �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �T�`�2�/�B�+�i�2�/ �T�`�Q�#���#�B�H�B�i�v �i�?���i

�i�?�2 �+�H�B�2�M�i �r�B�H�H �F�2�2�T �i�?�2 �B�i�2�K �T�m�`�+�?���b�2�/�X �h�?�2 �b�2�+�Q�M�/ �K�Q�/�2�H �r�2 �B�K�T�H�2�K�2�M�i �+�Q�M�b�B�/�2�`�b �`���M�/�Q�K �B�M�i�2�`�+�2�T�i

���M�/ �`���M�/�Q�K �b�H�Q�T�2�b �7�Q�` �i�?�2 �p���`�B���#�H�2 �ó�K���i�+�?�ô ���M�/ �K�m�H�i�B�T�H�2 �B�M�/�B�+���i�Q�` �p���`�B���#�H�2�b �M���K�2�/ �ó�+�H�B�2�M�i �2�/�;�v�ô�-

�ó�+�H�B�2�M�i �#�Q�?�Q�ô�- �ó�B�i�2�K �2�/�;�v�ô�- �ó�B�i�2�K �#�Q�?�Q�ô�- �2�i�+�X �h�?�2�b�2 �`�2�7�2�` �i�Q �7���b�?�B�Q�M �b�i�v�H�2�b �i�?���i �/�2�b�+�`�B�#�2 �b�Q�K�2 �B�i�2�K�b

���M�/ �b�Q�K�2 �+�H�B�2�M�i�b�ö �T�`�2�7�2�`�2�M�+�2�b�X �a�Q�K�2 �+�m�b�i�Q�K�2�`�b ���M�/ �b�Q�K�2 �B�i�2�K�b �r�2�`�2 �;�B�p�2�M �i�?�2 ���/�D�2�+�i�B�p�2 �õ�2�/�;�v�ö �B�M �i�?�2

�/���i�� �b�2�i ���M�/ ���M�Q�i�?�2�` ���/�D�2�+�i�B�p�2 �r���b �õ�#�Q�?�Q�ö�- �b�?�Q�`�i �7�Q�` �õ�"�Q�?�2�K�B���M�ö�X �A�M �#�Q�i�? �Q�7 �i�?�2 �K�Q�/�2�H�b�- �r�2 ���b�b�m�K�2

�K�m�H�i�B�p���`�B���i�2 �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M�b �7�Q�` �i�?�2 �`���M�/�Q�K �2�z�2�+�i�b �7�Q�` �+�H�B�2�M�i�b ���b �r�2�H�H ���b �B�i�2�K�b�X �A�i �b�?�Q�m�H�/ �#�2

�M�Q�i�2�/ �i�?���i �i�?�2 �T�m�`�T�Q�b�2 �Q�7 �i�?�B�b �b�2�+�i�B�Q�M �B�b �M�Q�i �i�Q �+�?�Q�Q�b�2 �i�?�2 �K�Q�b�i ���T�T�`�Q�T�`�B���i�2 �`���M�/�Q�K �2�z�2�+�i�b �K�Q�/�2�H�X

�A�M�b�i�2���/�- �r�2 �r�B�b�? �i�Q �B�H�H�m�b�i�`���i�2 �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K �B�M �� �b�2�i�m�T �r�B�i�? �`���M�/�Q�K �b�H�Q�T�2�b�X ���H�Q�M�;

�r�B�i�? �}�i�i�B�M�; �i�?�2 �K�Q�/�2�H�b�- �r�2 ���H�b�Q �K�2���b�m�`�2�/ �i�?�2 �T�`�2�/�B�+�i�B�Q�M ���+�+�m�`���+�v �Q�7 �i�?�2�b�2 �K�Q�/�2�H�b ���M�/ �+�Q�K�T���`�2�/

�i�?�2�K �r�B�i�? �Q�`�/�B�M���`�v �H�2���b�i �b�[�m���`�2�b ���M�/ �i�?�2 �K�Q�/�2�H �r�B�i�? �D�m�b�i �`���M�/�Q�K �B�M�i�2�`�+�2�T�i�b�X



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �k�d

�6�B�;�m�`�2 �k�X�8�, �L�Q�M�@�/�B���;�Q�M���H �+���b�2�, �*�Q�K�T���`�B�b�Q�M �Q�7 ���+�+�m�`���+�v �B�M �2�b�i�B�K���i�B�M�;� a ���M�/� b �#���b�2�/ �Q�M �E�G �/�B�p�2�`�@
�;�2�M�+�2 ���M�/ �6�`�Q�#�2�M�B�m�b �M�Q�`�K �#�v �p���`�B���i�B�Q�M���H �1�J �U�T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�V ���M�/ �H�K�2�`�U�2�t�B�b�i�B�M�; ���H�;�Q�`�B�i�?�K�V�X
�h�?�2 �T�H�Q�i �7�Q�` �H�K�2�` �B�b �/�B�b�+�Q�M�i�B�M�m�2�/ ���7�i�2�`N = 105 �/�m�2 �i�Q �H���`�;�2 �+�Q�K�T�m�i���i�B�Q�M���H �i�B�K�2 �7�Q�` �ó�H�K�2�`�ô�X



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �k�3

�6�B�;�m�`�2 �k�X�e�, �L�Q�M �/�B���;�Q�M���H �+���b�2�, �*�Q�K�T���`�B�b�Q�M �Q�7 ���+�+�m�`���+�v �B�M �2�b�i�B�K���i�B�M�;� ���M�/� 2
e �#�v �p���`�B���i�B�Q�M���H �1�J

�U�T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�V ���M�/ �H�K�2�`�U�2�t�B�b�i�B�M�; ���H�;�Q�`�B�i�?�K�V�X �h�?�2 �T�H�Q�i �7�Q�` �H�K�2�` �B�b �/�B�b�+�Q�M�i�B�M�m�2�/ ���7�i�2�`N = 105

�/�m�2 �i�Q �i�?�2 �H���`�;�2 �+�Q�K�T�m�i���i�B�Q�M���H �i�B�K�2 �7�Q�` �ó�H�K�2�`�ô�X �h�?�2 �2�`�`�Q�`�b �B�M �2�b�i�B�K���i�B�M�;� ���`�2 �+�H�Q�b�2 �i�Q �2���+�? �Q�i�?�2�`
�7�Q�` �i�?�2 �B�H�H�m�b�i�`���i�2�/ ���H�;�Q�`�B�i�?�K�b�- �r�?�B�+�? �H�2���/�b �i�?�2 �H�B�M�2�b �B�M �i�?�2 �T�H�Q�i �i�Q �+�Q�B�M�+�B�/�2�X

�J�Q�/�2�H �R�, �`���M�/�Q�K �b�H�Q�T�2 �7�Q�` �i�?�2 �p���`�B���#�H�2 �ó�K���i�+�?�ô

�>�2�`�2�- �r�2 �B�K�T�H�2�K�2�M�i �Q�m�` �/�2�p�B�b�2�/ ���H�;�Q�`�B�i�?�K �i�Q �}�i �i�?�2 �`���M�/�Q�K �2�z�2�+�i�b �K�Q�/�2�H �r�B�i�? �� �`���M�/�Q�K �b�H�Q�T�2 �7�Q�`

�i�?�2 �ó�K���i�+�?�ô �p���`�B���#�H�2�X �h�?�m�b�- �i�?�2 �K�Q�/�2�H �r�2 �+�Q�M�b�B�/�2�` �?�2�`�2 �B�b

yij = � 0 + ~�t�hij (a i + bj ) + �t�hij � + " ij 8i 2 f 1; � � � ; Rg j 2 f 1; ; � � � ; Cg; �U�k�X�8�k�V

�r�?�2�`�2�-� �/�2�M�Q�i�2�b �i�?�2 �}�t�2�/ �2�z�2�+�i �7�Q�` �i�?�2 �2�M�i�B�`�2 �+�Q�p���`�B���i�2 �p�2�+�i�Q�`�tij �H�B�b�i�2�/ �B�M �i���#�H�2�j�X�R�X �q�2 ���b�b�m�K�2 �i�?���i

a i � N 2(0; � a) ���M�/bj � N 2(0; � b) �`�2�T�`�2�b�2�M�i �`���M�/�Q�K �2�z�2�+�i�b �7�Q�`~�tij = (1 ; �K���i�+�?ij )�X �h�?�2 �2�b�i�B�K���i�2 �Q�7

�}�t�2�/ �2�z�2�+�i �B�b �i���#�m�H���i�2�/ �B�M �i���#�H�23:1 ���b�̂ �:�G�a;1 ���M�/ �i�?�2 �}�t�2�/ �2�z�2�+�i�b �7�Q�` �`���M�/�Q�K �B�M�i�2�`�+�2�T�i�b �K�Q�/�2�H �B�b

�i���#�m�H���i�2�/ ���b�̂ �:�G�a;0�X �h�?�2 �2�b�i�B�K���i�2 �Q�7� 2
e �B�b �9�X�9�8�9 ���M�/ �i�?���i �Q�7� a ���M�/� b �B�b

c� a =

 
1:885 � 1:197

� 1:197 1:612

!

���M�/c� b =

 
0:831 � 1:623

� 1:623 4:297

!

:

�J�Q�/�2�H �k�, �`���M�/�Q�K �b�H�Q�T�2 �7�Q�` �p���`�B���#�H�2�b �ó�K���i�+�?�ô�- �ó�A�U�B�i�2�K �2�/�;�v�V�ô�- ���M�/ �ó�A�U�B�i�2�K �#�Q�?�Q�V�ô �7�Q�`

�+�H�B�2�M�i�b ���M�/ �`���M�/�Q�K �b�H�Q�T�2 �7�Q�` �p���`�B���#�H�2�b �ó�K���i�+�?�ô�- �ó�A�U�+�H�B�2�M�i �2�/�;�v�V�ô�- ���M�/ �ó�A�U�+�H�B�2�M�i �#�Q�?�Q�V�ô

�7�Q�` �B�i�2�K�b

�h�?�2 �K�Q�/�2�H �+�Q�M�b�B�/�2�`�2�/ �?�2�`�2 �B�b

yij = � 0 + �t�ha;ij a i + �t�hb;ij bj + �t�hij � + " ij 8i 2 f 1; � � � ; Rg j 2 f 1; ; � � � ; Cg; �U�k�X�8�j�V



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �k�N

�6�B�;�m�`�2 �k�X�d�, �L�Q�M�@�/�B���;�Q�M���H �+���b�2�, �*�Q�K�T���`�B�b�Q�M �Q�7 �2�b�i�B�K���i�B�Q�M �i�B�K�2 �#�v �#���+�F�}�i�i�B�M�;�- �+�H�m�#�#�2�/ �#���+�F�}�i�i�B�M�;�-
�p���`�B���i�B�Q�M���H �1�J�- ���M�/ �+�H�m�#�#�2�/ �p���`�B���i�B�Q�M���H �1�J �U�7�Q�m�` �T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�b�V ���M�/ �ó�H�K�2�`�ô�U�2�t�B�b�i�B�M�; ���H�;�Q�@
�`�B�i�?�K�V�X

�r�?�2�`�2�-� �/�2�M�Q�i�2�b �i�?�2 �}�t�2�/ �2�z�2�+�i �7�Q�` �i�?�2 �2�M�i�B�`�2 �+�Q�p���`�B���i�2 �p�2�+�i�Q�`�tij �b�B�K�B�H���` ���b ���#�Q�p�2�X �q�2 ���b�b�m�K�2

�i�?���ia i � N 4(0; � a) �`�2�T�`�2�b�2�M�i �`���M�/�Q�K �2�z�2�+�i�b �7�Q�`

�ta;ij = (1 ; �K���i�+�?ij ; �A�U�B�i�2�K �2�/�;�v) j ; �A�U�B�i�2�K �#�Q�?�Q�Vj )

���M�/bj � N 4(0; � b) �`�2�T�`�2�b�2�M�i �`���M�/�Q�K �2�z�2�+�i�b �7�Q�`

�tb;ij = (1 ; �K���i�+�?ij ; �A�U�+�H�B�2�M�i �2�/�;�v) i ; �A�U�+�H�B�2�M�i �#�Q�?�Q�Vi )

�h�?�2 �2�b�i�B�K���i�2 �Q�7 �}�t�2�/ �2�z�2�+�i �B�b �i���#�m�H���i�2�/ �B�M �i���#�H�23:1 ���b�̂ �:�G�a;2 ���M�/ �i�?�2 �2�b�i�B�K���i�2 �Q�7� 2
e �B�b �9�X�j�e�j �r�?�B�+�?

�B�b �b�K���H�H�2�` �i�?���M �2�b�i�B�K���i�2�/ �p���`�B���M�+�2 �Q�7 �M�Q�B�b�2 �2�b�i�B�K���i�2�/ �7�Q�` �J�Q�/�2�H �R�X �h�?�2 �2�b�i�B�K���i�2 �Q�7� a ���M�/� b �B�b

c� a =

0

B
B
B
B
@

1:751 � 1:015 � 0:009 0:048

� 1:015 1:422 � 0:014 � 0:034

� 0:009 � 0:014 0:340 0:047

0:048 � 0:034 0:047 0:490

1

C
C
C
C
A



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �j�y

�6�B�;�m�`�2 �k�X�3�, �L�Q�M�@�/�B���;�Q�M���H �+���b�2�, �*�Q�K�T���`�B�b�Q�M �Q�7 �M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b �#�v �#���+�F�}�i�i�B�M�;�- �+�H�m�#�#�2�/ �#���+�F�}�i�@
�i�B�M�;�- �p���`�B���i�B�Q�M���H �1�J�- ���M�/ �+�H�m�#�#�2�/ �p���`�B���i�B�Q�M���H �1�J �U�7�Q�m�` �T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�b�V ���M�/ �ó�H�K�2�`�ô�U�2�t�B�b�i�B�M�;
���H�;�Q�`�B�i�?�K�V�X �h�?�2 �T�H�Q�i �7�Q�` �H�K�2�` �B�b �/�B�b�+�Q�M�i�B�M�m�2�/ ���7�i�2�`N = 105 �/�m�2 �i�Q �i�?�2 �H���`�;�2 �+�Q�K�T�m�i���i�B�Q�M���H �i�B�K�2 �7�Q�`
�ó�H�K�2�`�ô�X

c� b =

0

B
B
B
B
@

0:834 � 1:574 0:000 � 0:022

� 1:574 4:185 � 0:032 � 0:006

0:000 � 0:032 0:024 � 0:001

� 0:022 � 0:006 � 0:001 0:022

1

C
C
C
C
A

:

�k�X�8�X�j �L���B�p�2�i�v ���M�/ �B�M�2�{�+�B�2�M�+�B�2�b �r�B�i�? �`�2�b�T�2�+�i �i�Q �P�G�a

�:�?�Q�b�? �2�i ���H�X�(�k�y�k�k���) �/�2�}�M�2�/ �M���B�p�2�i�v ���M�/ �B�M�2�{�+�B�2�M�+�v �Q�7 �P�G�a �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �`���M�/�Q�K �B�M�i�2�`�+�2�T�i�b

�K�Q�/�2�H �i�Q �2�b�i���#�H�B�b�? �i�?�2 �m�i�B�H�B�i�v �Q�7 �}�i�i�B�M�; �� �`���M�/�Q�K �2�z�2�+�i�b �K�Q�/�2�H�X �P�`�/�B�M���`�v �H�2���b�i �b�[�m���`�2�b �m�b�m���H�H�v �K���F�2

�i�r�Q �K�B�b�i���F�2�b �Q�M �+�`�Q�b�b�2�/ �`���M�/�Q�K �2�z�2�+�i�b �/���i���X �h�?�2 �}�`�b�i �B�b �i�?���i �P�G�a �B�b �M���B�p�2 ���#�Q�m�i �+�Q�`�`�2�H���i�B�Q�M�b �B�M

�i�?�2 �/���i�� ���M�/ �i�?�B�b �+���M �H�2���/ �B�i �i�Q �b�2�p�2�`�2�H�v �m�M�/�2�`�2�b�i�B�K���i�2 �i�?�2 �p���`�B���M�+�2 �Q�7�̂ �X �h�?�2 �b�2�+�Q�M�/ �B�b �i�?���i �P�G�a

�B�b �B�M�2�{�+�B�2�M�i �+�Q�K�T���`�2�/ �i�Q �:�G�a �#�v �i�?�2 �:���m�b�b�@�J���`�F�Q�p �i�?�2�Q�`�2�K�X �G�2�i�̂ �P�G�a���M�/̂� �:�G�a �#�2 �i�?�2 �P�G�a ���M�/

�:�G�a �2�b�i�B�K���i�2�b �Q�7� �- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�v �[�m���M�i�B�}�2�/ �i�?�2 �M���B�p�2�i�v ���M�/ �B�M�2�{�+�B�2�M�+�v �Q�7 �P�G�a ���b �7�Q�H�H�Q�r�b�,

�Ç �L���B�p�2�i�v�B�b �/�2�}�M�2�/ �#�v �i�?�2 �`���i�B�Q�b �o���`�:�G�a(�̂ �P�G�a;j )/ �o��� �̀P�G�a(�̂ �P�G�a;j ) �7�Q�`j 2 f 1; � � � ; pg

�Ç �A�M�2�{�+�B�2�M�+�v�B�b �/�2�}�M�2�/ �#�v �i�?�2 �`���i�B�Q�b �o���`�:�G�a(�̂ �P�G�a;j )/ �o��� �̀:�G�a(�̂ �:�G�a;j ) �7�Q�`j 2 f 1; � � � ; pg�X

�q�2 �+���`�`�v �i�?�2 �r�Q�`�F �7�Q�`�r���`�/ �#�v �/�B�b�T�H���v�B�M�; �i�?�2 �M���B�p�2�i�v ���M�/ �B�M�2�{�+�B�2�M�+�v �Q�7 �P�G�a �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2

�`���M�/�Q�K �2�z�2�+�i�b �K�Q�/�2�H �/�B�b�+�m�b�b�2�/ ���#�Q�p�2�X �6�Q�` �i�?�2 �}�`�b�i �K�Q�/�2�H�- �i�?�2 �p���H�m�2�b �Q�7 �M���B�p�2�i�v �`���M�;�2 �7�`�Q�K �k�X�e�j �i�Q



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �j�R

�N�j�j�X�9�d �r�?�B�H�2 �7�Q�` �i�?�2 �b�2�+�Q�M�/ �K�Q�/�2�H�- �i�?�2 �`���M�;�2 �B�b �j�X�3�y �i�Q �N�R�8�X�3�e�X �h�?�2�b�2 �p���H�m�2�b ���`�2 �H���`�;�2�` �i�?���M �M���B�p�2�i�v

�p���H�m�2�b �`�2�T�Q�`�i�2�/ �B�M�:�?�Q�b�? �2�i ���H�X�(�k�y�k�k���) ���b �i�?�2 �H���`�;�2�b�i �p���H�m�2 �`�2�T�Q�`�i�2�/ �#�v �i�?�2�K �r���b �j�9�8�X�k�3�X �h�?�2 �H���`�;�2�b�i
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�r�?�2�`�2̂� ; â i ; ���M�/b̂j ���`�2 �i�?�2 �2�b�i�B�K���i�2�b �Q�7� ���M�/ �"�G�l�S �2�b�i�B�K���i�2�b �Q�7a i ���M�/bj �`�2�b�T�2�+�i�B�p�2�H�v�X

�Ç �L�2�r �+�H�B�2�M�i ���M�/ �`�2�T�2���i �B�i�2�K�,�h�?�2 �+���i�2�;�Q�`�v �B�M�+�H�m�/�2�b �i�2�b�i �T�Q�B�M�i�b �r�B�i�? �+�H�B�2�M�i�b �r�?�Q�b�2 �B�M�7�Q�`�@

�K���i�B�Q�M �r���b �M�Q�i �b�2�2�M �B�M �i�?�2 �i�`���B�M�B�M�; �/���i�� ���M�/ �B�i�2�K�b �r�?�Q�b�2 �B�M�7�Q�`�K���i�B�Q�M �r���b ���p���B�H���#�H�2 �B�M �i�?�2

�i�`���B�M�B�M�; �/���i���X �h�?�2 �T�`�2�/�B�+�i�B�Q�M �Q�7 �i�?�2 �`���i�B�M�; �r���b �;�B�p�2�M �#�v
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�Q�M �R�e�3�k �K�Q�p�B�2�b�X �1���+�? �m�b�2�` �?���b �`���i�2�/ ���i �H�2���b�i �k�y �K�Q�p�B�2�b�X �h�?�2 �/���i�� �b�2�i ���H�b�Q �+�Q�K�2�b �r�B�i�? �+�2�`�i���B�M

�B�M�7�Q�`�K���i�B�Q�M �Q�M �m�b�2�`�b ���M�/ �K�Q�p�B�2�b�- �2�X�;�X�- ���;�2�- �;�2�M�/�2�` �Q�7 �m�b�2�`�b ���M�/ �;�2�M�`�2 �Q�7 �i�?�2 �K�Q�p�B�2�b�X �q�2 �m�b�2 �i�?�2

�+�Q�K�#�B�M�2�/ �B�M�7�Q�`�K���i�B�Q�M �Q�7 �m�b�2�` ���M�/ �K�Q�p�B�2�b ���b �7�2���i�m�`�2 �p�2�+�i�Q�` �7�Q�` �H�B�M�2���` �K�Q�/�2�H�- �B�X�2�X�-

�tij = ( ���;�2 �Q�7 �m�b�2�`i; �;�2�M�/�2�` �Q�7 �m�b�2�`i; �Q�M�2 �?�Q�i �2�M�+�Q�/�B�M�; �7�Q�` �;�2�M�`�2 �Q�7 �K�Q�p�B�2j ):

�6�Q�H�H�Q�r�B�M�; �`�2�K���`�F�R�- �r�2 �m�b�2 �b�m�#�b�2�i �Q�7 �+�H�B�2�M�i�@�b�T�2�+�B�}�+ �7�2���i�m�`�2�b ���b �+�Q�p���`�B���i�2�b �r�B�i�? �`���M�/�Q�K �b�H�Q�T�2 �7�Q�`

�B�i�2�K�b ���M�/ �p�B�+�2�@�p�2�`�b���X �h�?�2�`�2�7�Q�`�2�- �r�2 �2�B�i�?�2�` �m�b�2 �D�m�b�i �`���M�/�Q�K �B�M�i�2�`�+�2�T�i�b �7�Q�` �+�H�B�2�M�i�b�- �Q�` �r�2 �m�b�2 �`���M�/�Q�K

�B�M�i�2�`�+�2�T�i�b �b�m�T�T�H�2�K�2�M�i�2�/ �#�v �`���M�/�Q�K �b�H�Q�T�2�b �7�Q�` �i�?�2 �Q�M�2 �?�Q�i �2�M�+�Q�/�B�M�; �p�2�+�i�Q�` �Q�7 �;�2�M�`�2 �Q�7 �i�?�2 �K�Q�p�B�2�X

�a�B�K�B�H���`�H�v�- �r�2 �2�B�i�?�2�` �m�b�2 �D�m�b�i �`���M�/�Q�K �B�M�i�2�`�+�2�T�i�b �7�Q�` �B�i�2�K�b �Q�` �r�2 �m�b�2 �`���M�/�Q�K �B�M�i�2�`�+�2�T�i�b �b�m�T�T�H�2�K�2�M�i�2�/

�#�v �`���M�/�Q�K �b�H�Q�T�2�b �7�Q�` ���;�2 ���M�/ �;�2�M�/�2�` �Q�7 �i�?�2 �m�b�2�`�b�X �q�2 �`�2�T�`�2�b�2�M�i �i�?�2�b�2 �K�Q�/�2�H�b �#�v �J�Q�/�2�H00�- �J�Q�/�2�H01�-

�J�Q�/�2�H10�- ���M�/ �J�Q�/�2�H11�- �B�X�2�X�- �J�Q�/�2�Hij �B�b �� �K�Q�/�2�H �r�B�i�? �`���M�/�Q�K �b�H�Q�T�2�b �7�Q�` �+�H�B�2�M�i�b �B�7i �4 �R ���M�/ �`���M�/�Q�K

�b�H�Q�T�2�b �7�Q�` �B�i�2�K�b �B�7j �4 �R�X

�P�G�a �J�Q�/�2�H00 �J�Q�/�2�H01 �J�Q�/�2�H10 �J�Q�/�2�H11

�J�a�1 �R�X�k�k�9�y�X�3�3�8 �y�X�3�d�3 �y�X�3�3�R �y�X�3�d�8

�h���#�H�2 �k�X�j�, �S�`�2�/�B�+�i�B�Q�M �2�`�`�Q�` �Q�7 �`���i�B�M�;�b �B�M �J�Q�p�B�2�G�2�M�b �/���i��

�J�Q�/�2�H00 �B�b �i�?�2 �+�`�Q�b�b�2�/ �K�Q�/�2�H �2�z�2�+�i�b �K�Q�/�2�H �r�B�i�? �D�m�b�i �`���M�/�Q�K �B�M�i�2�`�+�2�T�i�b �/�B�b�+�m�b�b�2�/ �#�v�:�?�Q�b�? �2�i ���H�X

�(�k�y�k�k���) ���M�/ �B�i �b�2�`�p�2�b ���b ���M�Q�i�?�2�` �#���b�2�H�B�M�2 �K�Q�/�2�H �7�Q�` �m�b�X �h�?�2 �T�m�`�T�Q�b�2 �Q�7 �i�?�B�b �b�2�+�i�B�Q�M �r���b �i�Q �B�H�H�m�b�i�`���i�2

�i�?�2 �m�i�B�H�B�i�v �Q�7 �m�b�B�M�; �+�`�Q�b�b�2�/ �`���M�/�Q�K �2�z�2�+�i�b �K�Q�/�2�H �r�B�i�? �`���M�/�Q�K �b�H�Q�T�2�b�X ���b �i�?�2 �K�Q�/�2�H�b �r�B�i�? �`���M�/�Q�K

�b�H�Q�T�2�b �?�2�H�T�b �B�M �#�`�B�M�;�B�M�; �b�B�;�M�B�}�+���M�i �B�K�T�`�Q�p�2�K�2�M�i �B�M �T�`�2�/�B�+�i�B�Q�M ���+�+�m�`���+�v�- �B�i �2�b�i���#�H�B�b�?�2�b �i�?�2 �M�2�2�/ �Q�7

�b�+���H���#�H�2 �b�Q�H�m�i�B�Q�M �i�Q �+�`�Q�b�b�2�/ �`���M�/�Q�K �2�z�2�+�i�b �K�Q�/�2�H�X �h�?�2�b�2 �K�Q�/�2�H�b �+�Q�m�H�/ �b�2�`�p�2 ���b �2�{�+�B�2�M�i �`�2�+�Q�K�K�2�M�/�2�`

�b�v�b�i�2�K�b ���M�/ �i�?�2�v �+�Q�K�2 �r�B�i�? ���M ���/�/�B�i�B�Q�M���H ���/�p���M�i���;�2 �Q�7 �#�2�B�M�; �B�M�i�2�`�T�`�2�i���#�H�2�X



�*�>���S�h�1�_ �k�X �*�_�P�a�a�1�. �_���L�.�P�J �1�6�6�1�*�h�a �J�P�.�1�G �q�A�h�> �_���L�.�P�J �a�G�P�S�1�a �j�d

�k�X�e �*�Q�M�+�H�m�b�B�Q�M

�A�M �i�?�2 �T���T�2�`�- �r�2 �/�B�b�+�m�b�b�2�/ �2�b�i�B�K���i�B�Q�M �m�M�/�2�` �+�`�Q�b�b�2�/ �`���M�/�Q�K �2�z�2�+�i�b �K�Q�/�2�H �r�B�i�? �`���M�/�Q�K �b�H�Q�T�2�b�X �q�2

�b�m�;�;�2�b�i�2�/ �i�r�Q �/�B�z�2�`�2�M�i ���H�;�Q�`�B�i�?�K�b �#���b�2�/ �Q�M �i�?�2 �K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b �+�Q�K�#�B�M�2�/ �r�B�i�? �#���+�F�}�i�i�B�M�; ���M�/

�p���`�B���i�B�Q�M���H �1�J�X �h�?�2 �7�Q�`�K�2�` �B�b �K�Q�b�i ���T�T�`�Q�T�`�B���i�2 �r�?�2�M �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b �7�Q�` �i�?�2 �`���M�/�Q�K �2�z�2�+�i�b

���`�2 �/�B���;�Q�M���H ���M�/ �i�?�2 �H���i�i�2�` �B�b �m�b�2�7�m�H �r�?�2�M �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b ���`�2 �m�M�b�i�`�m�+�i�m�`�2�/�X �h�?�2 ���H�;�Q�`�B�i�?�K

�#���b�2�/ �Q�M �i�?�2 �K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b �r���b �b�?�Q�r�M �i�Q �?���p�2 �i�?�2�Q�`�2�i�B�+���H ���b �r�2�H�H ���b �2�K�T�B�`�B�+���H �+�Q�M�b�B�b�i�2�M�+�v

�i�Q �2�b�i�B�K���i�2 �}�t�2�/ �2�z�2�+�i�b ���M�/ �+�Q�p���`�B���M�+�2 �T���`���K�2�i�2�`�b �r�?�2�M �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b �7�Q�` �`���M�/�Q�K �2�z�2�+�i�b

�r�2�`�2 �/�B���;�Q�M���H�X �h�?�2 ���H�;�Q�`�B�i�?�K �#���b�2�/ �Q�M �p���`�B���i�B�Q�M���H �1�J �r���b ���#�H�2 �i�Q ���+�+�Q�K�T�H�B�b�? �� �K�Q�`�2 �/�B�{�+�m�H�i �i���b�F

�r�?�B�+�? �B�b �i�Q �2�b�i�B�K���i�2 �i�?�2 �T���`���K�2�i�2�`�b �r�?�2�M �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b ���`�2 �m�M�b�i�`�m�+�i�m�`�2�/ ���M�/ �b�?�Q�r�2�/ �;�`�2���i

�2�K�T�B�`�B�+���H �`�2�b�m�H�i�b�X �"�Q�i�? �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K�b �+�Q�m�H�/ �+�Q�K�T�H�2�i�2 �i�?�2 �i���b�F �i�Q �2�b�i�B�K���i�2 �}�t�2�/ ���M�/ �+�Q�p���`�B���M�+�2

�T���`���K�2�i�2�`�b �B�MO(N ) ���M�/ ���`�2 �b�m�T�2�`�B�Q�` �i�Q �ó�H�K�2�`�ô �r�?�B�+�? �i���F�2�b ���i �H�2���b�iO(N 3/2 )�X �h�?�2 ���H�;�Q�`�B�i�?�K�b �}�M�/

�?�m�;�2 ���T�T�H�B�+���i�B�Q�M�b �B�M �b�2�i�i�B�M�;�b �r�B�i�? �H���`�;�2 �b���K�T�H�2 �b�B�x�2�b ���M�/ �r�?�2�`�2 �i�?�2 �i�B�K�2 �i���F�2�M �i�Q �Q�#�i���B�M �i�?�2 �}�i �B�b

�+�`�m�+�B���H�X �a�Q �7�Q�` �2�t���K�T�H�2�- �7�Q�` �� �T�`�Q�#�H�2�K �r�B�i�?N = 100; 000 �ó�H�K�2�`�ô �K�B�;�?�i �i���F�2 �Q�p�2�` �9�y �K�B�M�m�i�2�b�- �r�?�B�H�2

�Q�m�` �K�2�i�?�Q�/�b �i���F�2 �m�M�/�2�` �R�y �b�2�+�Q�M�/�b�c �7�Q�` �T�`�Q�#�H�2�K�b �r�B�i�?N = 1 ; 000; 000 �Q�m�` �K�2�i�?�Q�/�b �i���F�2 ���`�Q�m�M�/ �j�y

�b�2�+�Q�M�/�b �U�b�2�2 �6�B�;�m�`�2�k�X�k�X�V �q�2 �/�2�K�Q�M�b�i�`���i�2�/ �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K�b �m�b�B�M�; �b�B�K�m�H���i�B�Q�M�b ���b

�r�2�H�H ���b �`�2���H �/���i���X



�*�?���T�i�2�` �j

�a�+���H���#�H�2 �`�2�+�Q�K�K�2�M�/�2�` �b�v�b�i�2�K

�#���b�2�/ �Q�M �7���+�i�Q�` ���M���H�v�b�B�b

���#�b�i�`���+�i

�_�2�+�Q�K�K�2�M�/�2�` �b�v�b�i�2�K�b �?���p�2 �#�2�+�Q�K�2 �2�b�b�2�M�i�B���H �B�M �i�?�2 �K�Q�/�2�`�M �/�B�;�B�i���H �H���M�/�b�+���T�2�- �r�?�2�`�2

�T�2�`�b�Q�M���H�B�x�2�/ �+�Q�M�i�2�M�i�- �T�`�Q�/�m�+�i�b�- ���M�/ �b�2�`�p�B�+�2�b �b�B�;�M�B�}�+���M�i�H�v �2�M�?���M�+�2 �m�b�2�` �2�t�T�2�`�B�2�M�+�2�X �q�2

�2�t�T�H�Q�`�2 �b�i���i�B�b�i�B�+���H �K�Q�/�2�H�b �7�Q�` �`�2�+�Q�K�K�2�M�/�2�` �b�v�b�i�2�K�b�- �7�Q�+�m�b�B�M�; �Q�M �+�`�Q�b�b�2�/ �`���M�/�Q�K �2�z�2�+�i�b

�K�Q�/�2�H�b ���M�/ �7���+�i�Q�` ���M���H�v�b�B�b�X �q�2 �2�t�i�2�M�/ �i�?�2 �+�`�Q�b�b�2�/ �`���M�/�Q�K �2�z�2�+�i�b �K�Q�/�2�H �i�Q �B�M�+�H�m�/�2 �`���M�@

�/�Q�K �B�M�i�2�`���+�i�B�Q�M�b �#�2�i�r�2�2�M �m�b�2�`�b ���M�/ �B�i�2�K�b �m�b�B�M�; �7���+�i�Q�` ���M���H�v�b�B�b�X �q�2 �T�`�2�b�2�M�i �� �b�+���H���#�H�2

�B�K�T�H�2�K�2�M�i���i�B�Q�M �m�b�B�M�; �i�?�2 �1�t�T�2�+�i���i�B�Q�M �J���t�B�K�B�x���i�B�Q�M �U�1�J�V ���M�/ �p���`�B���i�B�Q�M���H �1�J ���H�;�Q�@

�`�B�i�?�K�b �7�Q�` �T���`���K�2�i�2�` �2�b�i�B�K���i�B�Q�M �B�M �i�?�2�b�2 �K�Q�/�2�H�b�X

�j�X�R �A�M�i�`�Q�/�m�+�i�B�Q�M

�_�2�+�Q�K�K�2�M�/�2�` �b�v�b�i�2�K�b �T�H���v �� �+�`�m�+�B���H �`�Q�H�2 �B�M �i�Q�/���v�ö�b �i�2�+�?�@�/�`�B�p�2�M �r�Q�`�H�/�- �?�2�H�T�B�M�; �m�b�2�`�b �[�m�B�+�F�H�v �}�M�/ �i�?�2

�`�B�;�?�i �T�`�Q�/�m�+�i�b�- �+�Q�M�i�2�M�i�- �Q�` �b�2�`�p�B�+�2�b�X ���b �Q�M�H�B�M�2 �B�M�7�Q�`�K���i�B�Q�M �;�`�Q�r�b �2�t�T�Q�M�2�M�i�B���H�H�v�- �i�?�2�b�2 �b�v�b�i�2�K�b �K�m�b�i

�#�2 �#�Q�i�? �2�{�+�B�2�M�i ���M�/ �b�+���H���#�H�2�X �h�?�B�b �T���T�2�` �2�t���K�B�M�2�b �?�Q�r �b�i���i�B�b�i�B�+���H �K�Q�/�2�H�b�- �b�m�+�? ���b �+�`�Q�b�b�2�/ �`���M�/�Q�K

�2�z�2�+�i�b ���M�/ �7���+�i�Q�` ���M���H�v�b�B�b�- �+���M �#�2 ���T�T�H�B�2�/ �i�Q �/�2�p�2�H�Q�T �K�Q�`�2 �2�z�2�+�i�B�p�2 ���M�/ �b�+���H���#�H�2 �`�2�+�Q�K�K�2�M�/�2�`

�b�v�b�i�2�K�b�X �q�2 �7�Q�+�m�b �Q�M �K�Q�/�2�H�b �i�?���i �?���M�/�H�2 �H���`�;�2 �/���i���b�2�i�b �r�B�i�? �K���M�v �K�B�b�b�B�M�; �2�M�i�`�B�2�b�- �Q�z�2�`�B�M�; �K�2�i�?�Q�/�b

�i�Q �B�K�T�`�Q�p�2 �T�`�2�/�B�+�i�B�Q�M ���+�+�m�`���+�v ���M�/ �m�b�2�` �b���i�B�b�7���+�i�B�Q�M�X

�q�2 �r�Q�`�F �B�M �� �b�2�i�i�B�M�; �r�?�2�`�2R �m�b�2�`�b �`���i�2C �B�i�2�K�b�- ���M�/ �Q�M�H�v �� �b�K���H�H �7�`���+�i�B�Q�M �Q�7 �i�?�2 �T�Q�i�2�M�i�B���H

�`���i�B�M�;�b�-N � R � C�- ���`�2 �Q�#�b�2�`�p�2�/�X ���/�/�B�i�B�Q�M���H�H�v�- �r�2 �?���p�2 �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �+�H�B�2�M�i�b ���M�/ �Q�M�H�B�M�2
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�m�b�2�/ �7�Q�` �B�i�2�K�@�b�T�2�+�B�}�+ �7�2���i�m�`�2�b�- �b�m�+�? ���b �;�2�M�`�2 �Q�` �/�m�`���i�B�Q�M �Q�7 �Q�M�H�B�M�2 �+�Q�M�i�2�M�i�- �r�?�B�H�2 �`���M�/�Q�K �b�H�Q�T�2�b

�7�Q�` �B�i�2�K�b ���`�2 �m�b�2�/ �7�Q�` �+�H�B�2�M�i�@�b�T�2�+�B�}�+ �7�2���i�m�`�2�b�- �b�m�+�? ���b ���;�2 �Q�` �;�2�M�/�2�`�X �A�7x a
ij �`�2�T�`�2�b�2�M�i�b �i�?�2 �+�Q�p���`�B���i�2

�p�2�+�i�Q�` �7�Q�` �B�i�2�K�@�b�T�2�+�B�}�+ �7�2���i�m�`�2�b�-x b
ij �`�2�T�`�2�b�2�M�i�b �i�?�2 �+�Q�p���`�B���i�2 �p�2�+�i�Q�` �7�Q�` �+�H�B�2�M�i�@�b�T�2�+�B�}�+ �7�2���i�m�`�2�b�- ���M�/

x ij �`�2�T�`�2�b�2�M�i�b �i�?�2 �7�m�H�H �+�Q�p���`�B���i�2 �p�2�+�i�Q�` �7�Q�` �+�H�B�2�M�i ���b �r�2�H�H ���b �B�i�2�K �b�T�2�+�B�}�+ �7�2���i�m�`�2�b�- �i�?�2 �K�Q�/�2�H �B�b �;�B�p�2�M

�#�v�,

yij = � 0 + ai + bj + x �h
ij � + x a

ij
�hu i + x b

ij
�h

v j + " ij ; �U�j�X�k�V

�r�?�2�`�2u i �B�b �i�?�2 �p�2�+�i�Q�` �Q�7 �`���M�/�Q�K �2�z�2�+�i�b �7�Q�` �+�H�B�2�M�i�b�- ���M�/v j �B�b �i�?�2 �p�2�+�i�Q�` �Q�7 �`���M�/�Q�K �2�z�2�+�i�b �7�Q�`

�B�i�2�K�b�- �r�B�i�? �Q�i�?�2�` �i�2�`�K�b �?���p�B�M�; �i�?�2 �b���K�2 �K�2���M�B�M�;�X �A�7 �i�?�2 �+�Q�p���`�B���i�2 �p�2�+�i�Q�`�bx ij ; x a
ij ���M�/x b

ij �B�M�+�H�m�/�2

�� �+�Q�M�b�i���M�i �i�2�`�K�- �i�?�2 �B�M�i�2�`�+�2�T�i �i�2�`�K�b �;�2�i ���#�b�Q�`�#�2�/ �r�B�i�?�B�M �i�?�2 �b�H�Q�T�2 �i�2�`�K�b ���M�/ �r�2 �+���M �b�B�K�T�H�B�7�v �i�?�2

�K�Q�/�2�H(3:2) ���b �7�Q�H�H�Q�r�b�,

yij = x �h
ij � + x a

ij
�hu i + x b

ij
�h

v j + " ij : �U�j�X�j�V

�A�7 �� �7�2���i�m�`�2 �+�?���M�;�2�b �r�B�i�? �#�Q�i�? �i�?�2 �+�H�B�2�M�i ���M�/ �i�?�2 �B�i�2�K �U�2�X�;�X�- �i�?�2 �M�m�K�#�2�` �Q�7 �i�B�K�2�b �i�?�2 �+�H�B�2�M�i �?���b

�r���i�+�?�2�/ �i�?�2 �+�Q�M�i�2�M�i �Q�` �i�?�2 �/�m�`���i�B�Q�M �i�?�2�v ���+�i�m���H�H�v �r���i�+�?�2�/�V �i�?�2�M �Q�M�2 �+�Q�m�H�/ �B�M�+�H�m�/�2 �i�?�2 �7�2���i�m�`�2 �B�M

�#�Q�i�? �+�H�B�2�M�i�@�b�T�2�+�B�}�+ ���M�/ �B�i�2�K�@�b�T�2�+�B�}�+ �+�Q�p���`�B���i�2 �p�2�+�i�Q�`�b�X

�A�M �i�?�B�b �T���T�2�`�- �r�2 ���B�K �i�Q �H�2���`�M ���/�/�B�i�B�Q�M���H �H���i�2�M�i �7�2���i�m�`�2�b �7�`�Q�K �i�?�2 �/���i�� �m�b�B�M�; �� �7���+�i�Q�` �K�Q�/�2�H�X �6�Q�`



�*�>���S�h�1�_ �j�X �a�*���G���"�G�1 �_�1�*�P�J�J�1�L�.�1�_ �a�u�a�h�1�J �"���a�1�. �P�L �6���*�h�P�_ ���L���G�u�a�A�a�9�R

�B�M�b�i���M�+�2�- �r�2 �+�Q�m�H�/ �2�t�i�2�M�/ �i�?�2 �`���M�/�Q�K �b�H�Q�T�2�b �K�Q�/�2�H �U�j�X�j�V �i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �K�Q�/�2�H�,

yij = x �h
ij � + x a

ij
�hu i + x b

ij
�h

bj + l �h
j f i + " ij ; �U�j�X�9�V

�r�?�2�`�2l j �B�b �i�?�2 �p�2�+�i�Q�` �Q�7 �H�2���`�M�2�/ �7�2���i�m�`�2�b �U���X�F�X���X �7���+�i�Q�` �H�Q���/�B�M�;�b�V �7�Q�` �B�i�2�Kj ���M�/f i �B�b �i�?�2 �p�2�+�i�Q�` �Q�7

�`���M�/�Q�K �b�H�Q�T�2�b �U���X�F�X���X �?�B�/�/�2�M �7���+�i�Q�`�V ���b�b�Q�+�B���i�2�/ �r�B�i�? �+�H�B�2�M�ii �X �"�2�7�Q�`�2 �2�t�T�H�Q�`�B�M�; �i�?�B�b ���T�T�H�B�+���i�B�Q�M �Q�7

�7���+�i�Q�` ���M���H�v�b�B�b �B�M �`�2�+�Q�K�K�2�M�/�2�` �b�v�b�i�2�K�b�- �r�2 �T�`�Q�p�B�/�2 ���M �Q�p�2�`�p�B�2�r �Q�7 �7���+�i�Q�` ���M���H�v�b�B�b �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�;

�b�2�+�i�B�Q�M�X

�j�X�j �6���+�i�Q�` ���M���H�v�b�B�b

�6���+�i�Q�` ���M���H�v�b�B�b �U�:�Q�`�b�m�+�?�(�k�y�R�9�)�V �B�b �� �T�Q�r�2�`�7�m�H �b�i���i�B�b�i�B�+���H �i�2�+�?�M�B�[�m�2 �m�b�2�/ �i�Q �b�B�K�T�H�B�7�v �+�Q�K�T�H�2�t �/���i��

�b�2�i�b �#�v �B�/�2�M�i�B�7�v�B�M�; �m�M�/�2�`�H�v�B�M�; �7���+�i�Q�`�b �i�?���i �2�t�T�H���B�M �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T�b ���K�Q�M�; �Q�#�b�2�`�p�2�/ �p���`�B���#�H�2�b�X �"�v

�`�2�/�m�+�B�M�; �� �H���`�;�2 �M�m�K�#�2�` �Q�7 �B�M�i�2�`�`�2�H���i�2�/ �p���`�B���#�H�2�b �i�Q �� �b�K���H�H�2�` �b�2�i �Q�7 �m�M�Q�#�b�2�`�p�2�/ �p���`�B���#�H�2�b �r�?�B�+�? �r�2

�+���H�H �7���+�i�Q�`�b�- �i�?�B�b �K�2�i�?�Q�/ �?�2�H�T�b �i�Q �`�2�p�2���H �i�?�2 �?�B�/�/�2�M �b�i�`�m�+�i�m�`�2 �r�B�i�?�B�M �i�?�2 �/���i���X

�j�X�j�X�R �A�M�i�`�Q�/�m�+�i�B�Q�M �i�Q �7���+�i�Q�` ���M���H�v�b�B�b

�h�Q �B�M�i�`�Q�/�m�+�2 �7���+�i�Q�` ���M���H�v�b�B�b�- �r�2 ���b�b�m�K�2 �r�2 �?���p�2 �+�Q�K�T�H�2�i�2 �/���i���c �H���i�2�` �r�2 �`�2�H���t �i�?�B�b �`�2�b�i�`�B�+�i�B�Q�M�X �h�?�2

�K�Q�/�2�H ���B�K�b �i�Q �2�t�T�H���B�M �� �b�2�i �Q�7C �p���`�B���#�H�2�b �K�2���b�m�`�2�/ �Q�M �2���+�? �Q�7R �m�b�2�`�b �m�b�B�M�; �� �p�2�+�i�Q�` �Q�7K �+�Q�K�K�Q�M

�7���+�i�Q�`�b �Uf i �V�- �r�?�2�`�2 �i�?�2�`�2 ���`�2 �7�2�r�2�` �7���+�i�Q�`�b �T�2�` �m�M�B�i �i�?���M �Q�#�b�2�`�p���i�B�Q�M�b �T�2�` �m�M�B�i �UK < C �V�X �h�?�2 �B�/�2�� �B�b

�i�?���i �i�?�2 �7���+�i�Q�`�bf f i g �;�2�M�2�`���i�2 �i�?�2C �p���`�B���#�H�2�b �p�B�� �� �7���+�i�Q�` �H�Q���/�B�M�; �K���i�`�B�t �UL 2 RC � K �V�X �6�Q�` �� �b�B�M�;�H�2

�B�M�/�B�p�B�/�m���H�- �i�?�2 �K�Q�/�2�H �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ ���b�,

y i = � + Lf i + " i 8i 2 f 1; � � � ; Rg: �U�j�X�8�V

�>�2�`�2y i �B�b �i�?�2 �b�2�i �Q�7 �`���i�B�M�;�b �#�v �m�b�2�`i �-f i �B�b �i�?�2 �p�2�+�i�Q�` �Q�7 �`���M�/�Q�K �7���+�i�Q�`�b �7�Q�` �m�b�2�`i �- ���M�/" i �`�2�T�`�2�b�2�M�i�b

�i�?�2 �2�`�`�Q�` �K���/�2 �#�v �7���+�i�Q�`�X �q�2 �m�b�m���H�H�v ���b�b�m�K�2 �i�?���i �*�Q�p(f i ) = I �b�B�M�+�2L �+���M ���#�b�Q�`�# ���M�v �b�m�+�? �b�+���H�B�M�;�X

�q�2 �7�m�`�i�?�2�` ���b�b�m�K�2 �i�?���i �*�Q�p(" i ) = 	 �U�i�v�T�B�+���H�H�v �/�B���;�Q�M���H�V ���M�/f i ���M�/" ���`�2 �m�M�+�Q�`�`�2�H���i�2�/�X �A�7 �B�M

���/�/�B�i�B�Q�M �r�2 ���b�b�m�K�2 �i�?���if i ���M�/" ���`�2 �M�Q�`�K���H�H�v �/�B�b�i�`�B�#�m�i�2�/�- �i�?�B�b �B�K�T�H�B�2�b �i�?���iy i �?���b �� �:���m�b�b�B���M

�/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �K�2���M �p�2�+�i�Q�`� ���M�/ �+�Q�p���`�B���M�+�2 �K���i�`�B�t	 + LL �h�X �h�?�2 �H�B�F�2�H�B�?�Q�Q�/ �Q�7 �i�?�2 �Q�#�b�2�`�p�2�/

�/���i�� �B�b �;�B�p�2�M �#�v
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q
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2
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�

: �U�j�X�e�V

�h�?�2�`�2 �B�b �M�Q �+�H�Q�b�2�/ �7�Q�`�K �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�2�b �B�M �;�2�M�2�`���H �7�Q�` �7���+�i�Q�`

���M���H�v�b�B�b�X �h�?�2 �1�t�T�2�+�i���i�B�Q�M �J���t�B�K�B�x���i�B�Q�M �U�1�J�V ���H�;�Q�`�B�i�?�K �B�b ���M �2�{�+�B�2�M�i ���T�T�`�Q���+�? �i�Q �Q�#�i���B�M �i�?�2

�K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�2�b�X
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�1�t�T�2�+�i���i�B�Q�M �J���t�B�K�B�x���i�B�Q�M ���T�T�`�Q���+�?

�h�?�2 �1�J ���H�;�Q�`�B�i�?�K �B�b ���M �B�i�2�`���i�B�p�2 ���T�T�`�Q���+�? �i�Q �}�M�/ �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�2�b �Q�7 �T���`���K�2�i�2�`�b�

�B�M �K�Q�/�2�H�b �r�?�2�`�2 �r�2 �?���p�2 �Q�#�b�2�`�p�2�/ �/���i��X ���M�/ �m�M�Q�#�b�2�`�p�2�/ �U�H���i�2�M�i�V �p���`�B���#�H�2�bZ �X �G�2�ip(X; Z j� ) �#�2

�i�?�2 �+�Q�K�T�H�2�i�2 �/���i�� �H�B�F�2�H�B�?�Q�Q�/�X �1���+�? �B�i�2�`���i�B�Q�M �+�Q�M�b�B�b�i�b �Q�7�,

�1�@�b�i�2�T�,�*�Q�K�T�m�i�2 �i�?�2 �2�t�T�2�+�i���i�B�Q�M �Q�7 �i�?�2 �+�Q�K�T�H�2�i�2�@�/���i�� �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/�,

Q(� j � ( t ) ) = EZ jX;� ( t ) [�H�Q�;p(X; Z j � )] :

�J�@�b�i�2�T�,�J���t�B�K�B�x�2 �i�?�B�b �2�t�T�2�+�i�2�/ �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/ �r�B�i�? �`�2�b�T�2�+�i �i�Q� �,

� ( t +1) = ���`�; �K���t
�

Q(� j � ( t ) ):

�q�2 �`�2�T�2���i �i�?�2 �T�`�Q�+�2�b�b �m�M�i�B�H �+�Q�M�p�2�`�;�2�M�+�2 �B�b �`�2���+�?�2�/�- �T�`�Q�p�B�/�B�M�; ���M �2�b�i�B�K���i�2 �Q�7� �i�?���i �K���t�B�K�B�x�2�b �i�?�2

�H�B�F�2�H�B�?�Q�Q�/ �Q�7 �i�?�2 �Q�#�b�2�`�p�2�/ �/���i��X �X

�q�B�i�? �7���+�i�Q�` �K�Q�/�2�H�b�- �r�2 �i�`�2���i �i�?�2 �7���+�i�Q�`�bf i ���b �K�B�b�b�B�M�; �/���i���X �A�7 �i�?�2�v �r�2�`�2 �Q�#�b�2�`�p�2�/�- �i�?�2 �+�Q�K�T�H�2�i�2

�H�B�F�2�H�B�?�Q�Q�/ �7�Q�` �i�?�2 �K�Q�/�2�H �B�M(3:5) �B�b �;�B�p�2�M �#�v
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�h�?�2 �1�@�b�i�2�T �`�2�[�m�B�`�2�b �+�Q�K�T�m�i�B�M�; �i�?�2 �2�t�T�2�+�i���i�B�Q�M �Q�7 �i�?�2 �+�Q�K�T�H�2�i�2 �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/ �+�Q�M�/�B�i�B�Q�M���H �Q�Mf y i g
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� (f 1; � � � ; f R j y ) / P(y ; f f i g
R
i =1 )
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�� �+�Q�M�/�B�i�B�Q�M���H �K�2���M ���M�/ �p���`�B���M�+�2 �7�Q�` �2���+�?f i �#�v �b�m�K�K�B�M�; �Q�p�2�` �i�?�2 �B�i�2�K�bj �7�Q�` �r�?�B�+�?zij = 1 �- �7�Q�H�H�Q�r�2�/

�#�v �B�M�p�2�`�b�B�Q�M �Q�7 �� �}�t�2�/�@�b�B�x�2K � K �K���i�`�B�t�X �G�B�F�2�r�B�b�2�- �i�?�2 �J�@�b�i�2�T �m�T�/���i�2�b �7�Q�`� �- f l j g�- ���M�/f 	 jj g

�+�Q�M�b�B�b�i �Q�7 �b�m�K�b �Q�p�2�` �i�?�2 �b���K�2(i; j ) �T���B�`�b ���M�/ �b�K���H�H �K���i�`�B�t �B�M�p�2�`�b�B�Q�M�b �7�Q�` �2���+�? �B�i�2�K �Q�` �+�Q�2�{�+�B�2�M�i
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���H�;�Q�`�B�i�?�K �R�1�J ���H�;�Q�`�B�i�?�K �7�Q�` �7���+�i�Q�` ���M���H�v�b�B�b �K�Q�/�2�H �U�j�X�R�R�V
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�l�T�/���i�2� �#���b�2�/ �Q�M �+�m�`�`�2�M�i �2�b�i�B�K���i�2�b �Q�7f l j gC

j =1 ���M�/f E[f i j y ]gR
i =1 �m�b�B�M�; �U�j�X�k�j�V�X

�l�T�/���i�2f l j gC
j =1 �#���b�2�/ �Q�M �+�m�`�`�2�M�i �2�b�i�B�K���i�2�b �Q�7� �- f E[f i j y ]gR

i =1 ���M�/f E[f i f
�h
i j y ]gR

i =1 �m�b�B�M�;
�U�j�X�k�9�V�X

�l�T�/���i�2f 	 jj gC
j =1 �#���b�2�/ �Q�M �+�m�`�`�2�M�i �2�b�i�B�K���i�2�b �Q�7� �-f l j gC

j =1 ���M�/f E [f i f
�h
i j y ]gR

i =1 �m�b�B�M�; �U�j�X�k�8�V�X
�2�M�/ �r�?�B�H�2
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�j�X�8 �_�2�+�Q�K�K�2�M�/���i�B�Q�M �Q�M �J�Q�p�B�2 �G�2�M�b

�q�2 �+�Q�M�/�m�+�i�2�/ �� �`�2���H �/���i�� ���M���H�v�b�B�b �m�b�B�M�; �ó�J�Q�p�B�2 �H�2�M�b �R�y�y�E �/���i���b�2�i�ô �r�?�B�+�? ���p���B�H���#�H�2 �Q�Mkaggle�X �h�?�2

�/���i���b�2�i �/�2�b�+�`�B�#�2 �`���i�B�M�;�b ���M�/ �7�`�2�2�@�i�2�t�i �i���;�;�B�M�; ���+�i�B�p�B�i�B�2�b �7�`�Q�K �J�Q�p�B�2�G�2�M�b�- �� �K�Q�p�B�2 �`�2�+�Q�K�K�2�M�/���i�B�Q�M

�b�2�`�p�B�+�2�X �A�i �+�Q�M�i���B�M�b ���T�T�`�Q�t�B�K���i�2�H�v �R�y�y�-�y�y�y �`���i�B�M�;�b �7�`�Q�K �N�9�k �m�b�2�`�b �Q�M �R�-�e�3�k �K�Q�p�B�2�b�X �1���+�? �m�b�2�` �?���b

�`���i�2�/ ���i �H�2���b�i �k�y �K�Q�p�B�2�b�X �h�?�2 �/���i���b�2�i ���H�b�Q �T�`�Q�p�B�/�2�b �m�b�2�` ���M�/ �K�Q�p�B�2�@�`�2�H���i�2�/ �B�M�7�Q�`�K���i�B�Q�M�- �b�m�+�? ���b �m�b�2�`�b�ö

���;�2�- �;�2�M�/�2�`�- �Q�+�+�m�T���i�B�Q�M�- ���M�/ �i�?�2 �;�2�M�`�2 �Q�7 �i�?�2 �K�Q�p�B�2�b�X �6�B�;�m�`�2�b�j�X�R���M�/�j�X�k�?�2�H�T�b �B�M �p�B�b�m���H�B�x���i�B�Q�M �Q�7

�i�?�2 �+�Q�p���`�B���i�2�b �Q�7 �i�?�2 �/���i���X

�6�B�;�m�`�2 �j�X�R�, �>�B�b�i�Q�;�`���K �Q�7 ���;�2 �7�Q�` �7�2�K���H�2�b ���M�/ �K���H�2�b

�q�2 �m�b�2�/ �i�?�2 �+�Q�K�#�B�M�2�/ �m�b�2�` ���M�/ �K�Q�p�B�2 �B�M�7�Q�`�K���i�B�Q�M ���b �7�2���i�m�`�2�b �7�Q�` �i�?�2 �H�B�M�2���` �K�Q�/�2�H�- �B�X�2�X�-x ij =

(���;�2i ; �;�2�M�/�2�`i ; �Q�M�2 �?�Q�i �p�2�+�i�Q�` �7�Q�` �;�2�M�`�2j )�X �h�?�2 �/���i���b�2�i �+�Q�K�2�b �r�B�i�? �}�p�2 �b�T�H�B�i�b �Q�7 �i�?�2 �/���i���b�2�i �B�M�i�Q

�i�`���B�M�B�M�; ���M�/ �i�2�b�i �/���i���b�2�i�b�X �q�2 �m�b�2 �i�?�2 �b���K�2 �b�T�H�B�i�b �i�Q �+�Q�K�T���`�2 �Q�m�` ���H�;�Q�`�B�i�?�K �Q�M �7���+�i�Q�` ���M���H�v�b�B�b �r�B�i�?

���M�/ �r�B�i�?�Q�m�i �`���M�/�Q�K �B�M�i�2�`�+�2�T�i�b �i�Q �i�?�2 �b�Q�7�i�A�K�T�m�i�2 ���H�;�Q�`�B�i�?�K �/�2�p�2�H�Q�T�2�/ �#�v�>���b�i�B�2 �2�i ���H�X�(�k�y�R�8�) ���M�/

�i�?�2 �#���b�2�H�B�M�2 �B�M�i�2�`�+�2�T�i �K�Q�/�2�H �U�j�X�R�V�X
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�6�B�;�m�`�2 �j�X�k�, �6�`�2�[�m�2�M�+�v �Q�7 �;�2�M�`�2 �Q�7 �K�Q�p�B�2�b

�h�?�2�b�Q�7�i�A�K�T�m�i�2���H�;�Q�`�B�i�?�K �K�B�M�B�K�B�x�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �H�Q�b�b�,

RX

i =1

CX

j =1

�
yij � ai � bj � f �h

i l j
� 2

+ �
�
f �h

i f i + l �h
j l j

�
; �U�j�X�k�e�V

�r�?�2�`�2ai ; bj 2 R ���M�/f i ; l j 2 RK �X �h�?�2�?���`�/�A�K�T�m�i�2���H�;�Q�`�B�i�?�K �K�B�M�B�K�B�x�2�b �i�?�2 �b���K�2 �H�Q�b�b �r�B�i�?� �}�t�2�/

�i�Q �x�2�`�Q�X �a�2�2�>���b�i�B�2 �2�i ���H�X�(�k�y�R�8�) �7�Q�` �/�2�i���B�H�b�X

�J�B�M�B�K�B�x�B�M�; �i�?�2 �b�Q�7�i�A�K�T�m�i�2 �H�Q�b�b �B�M �1�[�m���i�B�Q�M �U�j�X�k�e�V �B�b �2�[�m�B�p���H�2�M�i �i�Q �K�Q�/�2�H�B�M�; �i�?�2 �Q�m�i�+�Q�K�2 �p���`�B���#�H�2

���b �:���m�b�b�B���M �+�Q�M�/�B�i�B�Q�M���H �Q�Mf i ���M�/l j �- �r�B�i�? �:���m�b�b�B���M �T�`�B�Q�`�b �Q�M �i�?�2 �K���`�;�B�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�7f f i g

���M�/f l j g�- ���b �7�Q�H�H�Q�r�b�,

�:�B�p�2�Mf i ���M�/l j ; yij
i:i:d� N (ai + bj + f �h

i l j ; �� 2); ���M�/ f i ; l j
i:i:d� N (0; � 2I K ):

�l�M�/�2�` �i�?�2�b�2 ���b�b�m�K�T�i�B�Q�M�b�- �i�?�2 �K���`�;�B�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7yij �B�b �M�Q �H�Q�M�;�2�` �:���m�b�b�B���M�X �>�Q�r�2�p�2�`�- �r�2

�T�`�2�7�2�` �K�Q�/�2�H�b �r�?�2�`�2 �i�?�2 �Q�m�i�+�Q�K�2 �p���`�B���#�H�2 �`�2�K���B�M�b �K���`�;�B�M���H�H�v �:���m�b�b�B���M�X �h�Q �i�?�B�b �2�M�/�- �r�2 �+�Q�M�b�B�/�2�`

�K�Q�/�2�H�b �B�M �r�?�B�+�? �i�?�2 �H�Q���/�B�M�; �p�2�+�i�Q�`�bf l j g ���`�2 �i�`�2���i�2�/ ���b �}�t�2�/ �#�m�i �m�M�F�M�Q�r�M�- �r�?�B�H�2 �i�?�2 �H���i�2�M�i �7���+�i�Q�`�b



�*�>���S�h�1�_ �j�X �a�*���G���"�G�1 �_�1�*�P�J�J�1�L�.�1�_ �a�u�a�h�1�J �"���a�1�. �P�L �6���*�h�P�_ ���L���G�u�a�A�a�8�y

f f i g �7�Q�H�H�Q�r �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b�- �2�M�b�m�`�B�M�; �i�?���i �i�?�2 �Q�m�i�+�Q�K�2 �B�b �K���`�;�B�M���H�H�v �:���m�b�b�B���M�X ���T�T�H�v�B�M�; �i�?�2

�+�Q�M�+�2�T�i�b �/�2�p�2�H�Q�T�2�/ �B�M �i�?�B�b �T���T�2�`�- ���M�/ �m�i�B�H�B�x�B�M�; �i�?�2 �1�J ���M�/ �p���`�B���i�B�Q�M���H �1�J ���H�;�Q�`�B�i�?�K�b�- �r�2 �}�i �i�?�2

�7�Q�H�H�Q�r�B�M�; �K�Q�/�2�H�b �Q�M �i�?�2 �i�`���B�M�B�M�; �/���i���,

�R�X�J�Q�/�2�H �r�B�i�? �Q�M�H�v �`���M�/�Q�K �+�H�B�2�M�i �B�M�i�2�`�+�2�T�i�b�,

yij = x �h
ij � + ai + " ij ; i = 1 ; : : : ; R; j = 1 ; : : : ; C:

�k�X�J�Q�/�2�H �r�B�i�? �`���M�/�Q�K �+�H�B�2�M�i ���M�/ �B�i�2�K �B�M�i�2�`�+�2�T�i�b�,

yij = x �h
ij � + ai + bj + " ij ; i = 1 ; : : : ; R; j = 1 ; : : : ; C:

�j�X�6���+�i�Q�` �K�Q�/�2�H �r�B�i�?�Q�m�i �`���M�/�Q�K �B�M�i�2�`�+�2�T�i�b�,

yij = x �h
ij � + f �h

i l j + " ij ; i = 1 ; : : : ; R; j = 1 ; : : : ; C:

�9�X�6���+�i�Q�` �K�Q�/�2�H �r�B�i�? �`���M�/�Q�K �+�H�B�2�M�i �B�M�i�2�`�+�2�T�i�b�,

yij = x �h
ij � + f �h

i l j + ai + " ij ; i = 1 ; : : : ; R; j = 1 ; : : : ; C:

�8�X�6���+�i�Q�` �K�Q�/�2�H �r�B�i�? �`���M�/�Q�K �+�H�B�2�M�i ���M�/ �B�i�2�K �B�M�i�2�`�+�2�T�i�b�,

yij = x �h
ij � + f �h

i l j + ai + bj + " ij ; i = 1 ; : : : ; R; j = 1 ; : : : ; C:

�A�M ���H�H �Q�7 �i�?�2 ���#�Q�p�2 �K�Q�/�2�H�b�- �r�2 ���b�b�m�K�2 �i�?���i �+�H�B�2�M�i�@�b�T�2�+�B�}�+ �B�M�i�2�`�+�2�T�i�bai
i:i:d� N (0; � 2

a)�- �B�i�2�K�@�b�T�2�+�B�}�+

�B�M�i�2�`�+�2�T�i�bbj
i:i:d� N (0; � 2

b)�- �?�B�/�/�2�M �7���+�i�Q�`�bf i
i:i:d� N (0; I K )�- ���M�/ �b�i�Q�+�?���b�i�B�+ �2�`�`�Q�`�b" ij

i:i:d� N (0; � 2
e)�X

�J�Q�/�2�H �T���`���K�2�i�2�`�b �i�?�m�b �B�M�+�H�m�/�2� 2
a ; � 2

b ; � 2
e �- �}�t�2�/ �2�z�2�+�i�b� �- ���M�/ �7���+�i�Q�` �H�Q���/�B�M�;�bf l j gC

j =1 �X

�a�B�M�+�2 �i�?�2 �b�Q�7�i�A�K�T�m�i�2 ���M�/ �?���`�/�A�K�T�m�i�2 ���H�;�Q�`�B�i�?�K�b �/�Q �M�Q�i �m�b�2 �+�Q�p���`�B���i�2 �B�M�7�Q�`�K���i�B�Q�M�- �r�2 �T�2�`�7�Q�`�K�2�/

�� �H�B�M�2���` �`�2�;�`�2�b�b�B�Q�M �Q�7 �`���i�B�M�;�b �Q�M �i�?�2 �+�Q�p���`�B���i�2�b ���M�/ ���T�T�H�B�2�/ �i�?�2 �?���`�/�A�K�T�m�i�2 ���H�;�Q�`�B�i�?�K �i�Q �i�?�2 �`�2�b�B�/�m���H�b

�i�Q �2�M�b�m�`�2 �p���H�B�/ �+�Q�K�T���`�B�b�Q�M�b�X

�6�Q�` �}�i�i�B�M�; �i�?�2 �K�Q�/�2�H �U�8�V�- �r�2 �m�b�2 �o���`�B���i�B�Q�M���H �1�J ���H�;�Q�`�B�i�?�K �r�?�B�+�? �r�2 �?���p�2�M�ö�i �/�B�b�+�m�b�b�2�/ �b�Q �7���`

���M�/ �r�2 �/�B�b�+�m�b�b �B�M �/�2�i���B�H �B�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M�X

�q�2 �m�b�2 �i�?�2 �K�2���M �b�[�m���`�2�/ �2�`�`�Q�` �U�J�a�1�V �Q�7 �i�?�2 �T�`�2�/�B�+�i�2�/ �`���i�B�M�;�b ���b �i�?�2 �K�2�i�`�B�+ �7�Q�` �K�Q�/�2�H �+�Q�K�@

�T���`�B�b�Q�M�X �h�?�2 �2�t�T�2�`�B�K�2�M�i�b ���`�2 �7�m�H�H�v �`�2�T�H�B�+���#�H�2 �m�b�B�M�; �i�?�2 �T�`�Q�p�B�/�2�/ �`���M�/�Q�K �b�2�2�/ �p���H�m�2�b�X �6�Q�` �i�?�2

�>���`�/�A�K�T�m�i�2 �K�2�i�?�Q�/ �U� = 0 �V�- �r�2 �p���`�v �i�?�2 �M�m�K�#�2�` �Q�7 �H���i�2�M�i �7���+�i�Q�`�bK �7�`�Q�K �R �i�Q �j�X �a�B�K�B�H���`�H�v�- �7�Q�`

�J�Q�/�2�H�b�j�-�9�- ���M�/�8�- �r�2 �2�t�T�H�Q�`�2 �H���i�2�M�i �/�B�K�2�M�b�B�Q�M�b �B�M �i�?�2 �b���K�2 �`���M�;�2�X �6�Q�` �2���+�? �K�Q�/�2�H�- �r�2 �`�2�T�Q�`�i �i�?�2

�`�2�b�m�H�i�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �+�Q�M�}�;�m�`���i�B�Q�M �i�?���i ���+�?�B�2�p�2�b �i�?�2 �H�Q�r�2�b�i �J�a�1 �B�M �h���#�H�2�j�X�R�X �6�Q�` �J�Q�/�2�H�j�-

�i�?�2 �H�Q�r�2�b�i �J�a�1 �B�b ���i�i���B�M�2�/ �r�B�i�?K = 3 �H���i�2�M�i �7���+�i�Q�`�b�- �r�?�B�H�2 �7�Q�` �J�Q�/�2�H�9�- �i�?�2 �K�B�M�B�K�m�K �i�v�T�B�+���H�H�v
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�a�T�H�B�i �>���`�/�A�K�T�m�i�2�J�Q�/�2�H�R �J�Q�/�2�H�k �J�Q�/�2�H�j �J�Q�/�2�H�9 �J�Q�/�2�H�8
�6�B�`�b�i �y�X�3�N�y�y �R�X�y�N�j�y�y�X�N�y�e�9�y�X�3�N�j�y�y�X�3�d�3�e�y�X�3�e�j�N
�a�2�+�Q�M�/�y�X�3�d�N�9 �R�X�y�e�9�y�y�X�3�3�N�y�y�X�3�3�k�8�y�X�3�e�N�j�y�X�3�e�9�R
�h�?�B�`�/ �y�X�3�3�j�k �R�X�y�j�9�d�y�X�3�d�8�N�y�X�3�e�e�y�y�X�3�9�k�e�y�X�3�9�k�k
�6�Q�m�`�i�?�y�X�3�e�3�3 �R�X�y�9�R�R�y�X�3�d�9�3�y�X�3�8�k�e�y�X�3�9�e�N�y�X�3�9�j�d
�6�B�7�i�? �y�X�3�8�N�3 �R�X�y�9�j�N�y�X�3�d�9�d�y�X�3�9�N�d�y�X�3�9�d�d�y�X�3�8�y�8
���p�2�`���;�2 �y�X�3�d�e�k �R�X�y�8�8�j�y�X�3�3�9�k�y�X�3�d�y�3�y�X�3�8�d�y�y�X�3�8�k�N
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