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RN

Recommender systems have become foundational to modern digital platforms, guiding users toward
relevant content across a range of domains including e-commerce, entertainment, and social media.
Central to the design of such systems is the challenge of accurately modeling user preferences and item
characteristics to provide personalized recommendations. Statistical modeling offers a principled
and interpretable approach to this task, particularly in settings where understanding user behavior
is as important as achieving high predictive accuracy. However, with the ever-increasing scale
of data—often involving millions of users and items—ensuring computational efficiency becomes
critical.

This thesis is motivated by the need for scalable and interpretable statistical methods in the
context of recommender systems. The first part of the work addresses this need by developing ef-
ficient estimation techniques for crossed random effects models with random slopes. These models
extend classical mixed effects frameworks by allowing for individual-specific variation in the effects of
covariates, thereby capturing nuanced patterns of user-item interaction. To overcome the computa-
tional bottlenecks associated with traditional estimation techniques, we propose scalable algorithms
based on method of moments and variational inference. These methods enable estimation at the
scale required for real-world applications while preserving the flexibility and interpretability of the
underlying models. The proposed approaches are validated through simulations and experiments on
large-scale recommendation datasets.

The second part of the thesis focuses on factor analysis as a means of modeling latent structure in
user-item interaction data. Factor models provide a low-rank approximation to the high-dimensional
covariance structure, uncovering hidden traits such as preference for genre, complexity, or popular-
ity that influence user behavior. Furthermore, we propose hybrid models that integrate factor
analysis with crossed random effects, yielding a flexible framework capable of capturing both latent
dimensions and observed heterogeneity. This integration strikes a balance between scalability and
interpretability, offering a robust modeling paradigm for complex and sparse recommendation data.

Together, the methods developed in this thesis aim to advance the statistical foundations of

recommender systems by providing tools that are both theoretically sound and practically scalable.
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GBbi Q7 h #H2b

KXR 1 +? +QHMKM 2T 2b2Mib i?2 2biBK i2iBi2? 2&Rt+-bM7Q" i?2
/Bz2 2Mi > M/QK 2z2+i “2;BK2b, PGa UMQ * M/QK 2z2+ibV- + Qbb2/
KQ/2H rBi? > M/QK BMi2 +2Tib- M/ irQ BMbi M+2b Q7 i?2 + Qbb2/ " M/
rBi? ° M/QK BMi2 +2Tib b r2HH b M/QK bHQT2bX 6J i+?26 Bb +QMi
i FBM; p Hm2b BM i?2  M;2yiQR 2T 2b2MiBM;i?2 T 2/B+iBQM Q7 i?2
+HB2Mi rBHH F22T i?2 Bi2K Tm +? b2/ U# b2/ QM M BM/2T2M/2Mi # b
BM/B+ iQ p "B #H2b M K2/ 6+HB2Mi 2/;v6- 6+HB2Mi #Q?Q6- 6Bi2K 2/;v
iQ7 b?BQM bivH2b i? i /2b+ B#2 bQK2 Bi2Kb M/ bQK2 +HB2Midb T 272
mb2/ iQ BM/B+ i2 bB;MB}+ M+2 7QHHQr i?2 bi M/ '/ _ +QMp2MiBQM-
bB;MB}+ M+2 i i?2p8WMKRHLZH U ii?22 RW H2pRRIVY M/ ii72
YXRW HEPIZBKIYRVE X X X X X X X X X X X X X X X X X X}® X X X X X
kXk S 2/B+iBQM 2 °Q  7Q  /Bz2 2Mi KQ/2Hb X QMX /3B 22 X Mi ¥8X2XQXBX b
kXj S 2/B+iBQM 2 °Q Q7  iBM;b RMKIQXBROCMIX/X X X X Xj¥ X X X X X

jXR S 2/B+iBQM ++m > +v UJalV Q7 /Bz2 2Mi KQ/2Hb QM i?2 JQpB2G2M
p Hm2 ?B;?HB;?2ibi?2 KQ/2H +?B2pBM; i?2 #2bi T 2/B+iBQM ++m  +v
bTHBi 2T 2b2Mib /Bz2 2Mii° BMBM; M/ i2bi bTHRIXQXi¥2RIQpB2G 2\
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GBbi Q7 6B:m 2b

kKXR AMi?2H27i THQi-r2 BHHmbi® i2 KQ/2H rBi? > M/IQK BMi2 +2Tib M/
[m MiBi iBp2 p "B #H2 6K i+?26X AM i?2 "B;?i THQi-r2 ? p2 > M/QK BM,
b M/ QK bHQT2b 7Q" 6K i+?26X h?2 #Hm2 HBM2 2T 2b2Mib i?2 }t2/ B
BM #Qi? THXXPBXX X X X X X X X X X X X X X X X X X X X & X X X X
kXk .B ;QM H + b2, *QKT 'BbQM Q7 2biBK iBQM iBK2 M/ MmK#2 " Q7 Bi2
iBM;- +Hm##2/ # +F}iiBM;-p "B iBQM H1J- M/ +Hm##2/p B iBQM H1
H;Q Bi?KbV M/ 6HK2 6U2tBbiBM; H;Q Bi?KVX h?2 THQiIi 7Q° HK2" B
N=10° /m2 iQ i?2 H ;2 +QKTmi iBQM HXBKZX XQX &HX2X06X XkX X X X X
kXj .B ;QM H + b2, *QKT "BbQM Q7 ++m MK ,B#MRD BWIiBG ;/B@
p2 ;2M+2 M/ 6°Q#2MBmb MQ K #v i?72 K2i?Q/ Q7 KQK2Mib UT " QTQb2/
HK2 U2tBbiBM:; H;Q Bi?KVX h?2 THQi 7Q NHKID® Bh2BQ+HQMiBMm2/ 7i
H ;2 +QKTmi iBQM HIiBKZ XX EHKX XXX X X X X X X X Xk& X X X X .
kX9 .B ;QM H+ b2, *QKT 'BbQM Q7 ++m/ ##BHR2DPQEIQ TBAMQK 2Mib
UT QTQb2/ H;Q 'Bi?KV M/HK2 U2tBbiBM; H;Q Bi?KVX h?2 THQi 7Q"
7iN=10°/m2iQi?2H ";2+QKTmi iBQM HiBK27Q 6HK2'6X h?22"Q b
"2 +HQb2iQ 2 +? Qi?2° 7Q  i?2 BHHmbi™ i2/ H;Q Bi?Kb-r?B+? H2 /
THQIi iQ +QEM+E/XXX X X X X X X X X X X X X X X X X X KeX X X X X
kX8 LQM@/B ;QM H + b2, *QKT "BbQM Q7 ,+Mmh, #VbBRMQMiIiB& iBM;
/IBp2 ;2M+2 M/ 6 Q#2MBmb MQ K #vp 'B iBQM H1JUT QTQb2/ H;Q B
BbiBM; H;Q Bi?KVX h?2 THQi 7Q° HKXN BUHOPBMmDMIBMM2/ 7i2°
+QKTmi iBQM HIiIBK2 XX EHKX XXX X X X X X X X X X X XdX X X X X
kXe LQM/B ;QM H+ b2, *QKT "BbQM Q7 +Mm #vvpBMB 2IIBI@ K HB M,
UT QTQb2/ H;Q Bi?KV M/ HK2 U2tBbiBM; H;:Q ' Bi?KVX h?2 THQi 7Q"
7iN=10°/m2iQi?2H ;2 +QKTmi iBQM HiBK27Q 6HK2'6X h?22°"Q'b
"2 +HQb2iQ 2 +?2 Qi?2° 7Q " i?2 BHHmbi" i2/ H;Q Bi?Kb-r?B+? H2 /
THQI iQ +QEM+E/XXX X X X X X X X X X X X X X X X X X K3X X X X X
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kXd LQM@/B :QM H + b2, *QKT "BbQM Q7 2biBK iBQM iBK2 #v # +F}iiB\
iBM;- p "B iBQM H 1J- M/ +Hm##2/ p "B iBQM H 1J U7Qm T 'QTQb2/
OHK2 0U2tBbhiBM; M; R BIRKVX X X X X X X X X X X X X XN X X X X
kX3 LQM@I/B ;QM H + b2, *QKT 'BbQM Q7 MmK#2 Q7 Bi2  iBQMb #v # +F
}iiBM;-p "B iBQM H 1J- M/ +Hm##2/ p "B iBQM H 1JU7Qm T QTQb2/
O6HK2 0U2tBbiBM; H;Q Bi?KVX h?2 THQi 7QN BKE /Bb2/Bp+QMiBMm2/
i72H ;2 +QKTmi iBQM H iBXX7QXOKK2X0X X X X X X X XyX X X X X
KXN L Bp2iv M/ 2{+B2MBV?2Q2bT2+5iQX X X X X X X X X X XjK X X X X .
KXRy L Bp2iv M/ 2{+BR&MBIWQZbT2+5iQX X X X X X X X X X XjjX X X X X ]

JXR >BbiQ;” KQ7 ;27Q 72K 2% XMXKXHCK X X X X X X X XX X X X X
Xk 6°2[m2M+v Q7 ;2M X X7 XKRpBXbX X X X X X X X X X X XN X X X X >
jXj oBbm HBb iBQM Q7 T '2/B+iBQM ++m’ +v Q7 > '/AKTmi2 H;Q 'Bi?K
JQ/28K h?2 "2/ +m ' p2b?Qrb bKQQi?2/}iQ7i?2T 2/B+i2/  iBM;b ; BN
iBM;b-r?BH2 i?2 #Hm2 HBM2 2T 2b2MWilk y2X B?72 H 2Z2B21BRQM2 HBM2
++m° +v Q7 i?2irQ KQ/2Hb Bb pBbm HHvV 82 pBBKBbBHB ;I BAR/JIN 2 H
jiX9 oBQHBM THQi b?QrBM; i?72 /Bbi ' B#miBQIB QZ F?2HBR p RBHQQMi72720K JQ/
Qmi+QK2p 'B #H2 Uh"m2 _ iBM;VX h?2 THQi b?Qrb i? ii?2 K2 M T 2/B
/IBiBQM HQMi?2i ' m2  iBM; bi2 /IBHvBM+ 2 b2brBi?i?2i m2 "  iBM;- |
"2 TT QtBK i2Hv MQ K HHv /Bbi'B#mi2/ QXN X?X iXm BjxXM;X X
jX8 h?Bb };m 2 2t KBM2b ?Qr i?2 H i2Mi 7 +i@@8 2BiBXbi2Q #%2JQQZH
p "B i2b ;2 M/:2M/2 X h?2 b+ ii2° THQi /BbTH vbi?2DQBMi "2H iBQM
?B//I2M 7 +iQ° M/ ;2-b?QrBM; MQ +H2 " /2T2M/2M+2X h?2 ?BbiQ; " K
/BiBQM H /Bbi'B#miBQM Q7 i?2 7 +iQ" #v ;2M/2 - "2p2 HBM; M2 "Hv B
7Q #Qi? ;QmMTbX hQ;2i?2 - i?Bb bm;;2bib i? i 1?2 ?B//2M 7 +iQ  + Til
+? ° +i2'BbiB+b /BbiBM+i 7 QKX;X XMXK: XMY2XXX X X X X X889 X X X X X

"XR :2M2  H b2imT, *QKT 'BbQM Q7 ++mMAd BMp 2B BEQUBIMY 1J
UT QTQb2/ H;Q Bi?KV M/ HK2 U2tBhiBM; H;Q Bi?KVX h?2 2 °Q b B
+HQDb2iQ 2 +?2 Qi?2  7Q  i?2 BHHmbi  i2/ H;Q Bi?Kb-r?B+? H2 /b i?2
+OQBMHBIRX X X X X X X X X X X X X X X X X X X X X X %X X X X X
"Xk :2M2  Hb2imT, *QKT 'BbQM Q7 ++m M+y BEM2h{(B.KEBMBp2 @
'2M+2 M/ 6 Q#2MBmb MQ K #vp "B iBQM H1JUT QTQb2/ H;Q Bi?KV
HiQ Bi2 KWKX X X X X X X X X X X X X X X X X X X X X ¥NK X X X X
"Xj :2M2° H b2imT, *QKT 'BbQM Q7 2biBK iBQM iBK2 #v # +F}iiBM;- +Hr
p B iBQM H1J- M/ +Hm##2/p "B iBQM H1JU7Qm T ' QTQb2/ H;Q Bi?
BhiBM; H;QXBX2KVKX X X X X X X X X X X X X X X X X Xd¥X X X X X .



*2 Ti2 R
AMI Q/m+iBQM

AM iQ/ vbb /B;Bi H 2+Qbvbi2K- T2'bQM HBx2/ "2+QKK2M/ iBQMb "2 ii?2"
SH i7Q ' Kbbm+? bL2i~Bt-uQmhm#2- K xQM- M/ aiBi+? 6Bt "2Hv QM "2+QK
pbi+iHQ;bQ7 +QMi2Mi M/ /2HBp2 i BHQ 2/ bm;;2biBQMb i? i K i+? mb?2
TH i7Q Kb b+ H2- irQ 7mM/ K2Mi H +? HH2M;2b 2K2";2, /i bT "bBiv M/ +1
Ib2°b ivTB+ HHv 2M; ;2 rBi? QMHv bK HH bm#b2i Q7 p BH #H2 Bi2Kb- H2
Q#b2 p2/ BMi2° +iBQMbX /[//BiBQM HHv-i?2 KBbbBM;M2bb Bb B "2;mH "~ /Bz
#2°b Q7 Bi2Kb- rBi? MQ +QMbBbi2Mi T ii2"MX _2+QKK2M/2  bvbi2Kb Kmbi C
/i -BM72° T°272°2M+2b- M/ /QbQ i b+ H2r?2°2 KBHHBQMb Q7 mb2'b M/
+°2i2b T '2bbBM; M22/ 7Q  KQ/2Hb i? i "2 #Qi? bi iBbiB+ HHv bQmM/ M/ +

h?Bb i?2bBb 2tTHQ 2b i?2 mb2 Q7 +'Qbb2/" M/QK 2z2+ib KQ/2Hb M/ 7 +i(
#H2 M/ BMi2 T 2i #H2 "2+QKK2M/2" bvbi2Kb + T #H2 Q7 ? M/HBM; bm+? bT
g2 +QMbB/2° +QKKQM b2RBH;BRWII® B#2Kb- #mNQMHVC Q7 i?2 ~ iBM;b
"2 Q#b2°p2/X HQM; rBi? i?2 " iBM; BM7Q K iBQM-r2 ? p2 ++2bb iQ +Qp °
Bi2Kb bm+? b +HB2Midéb ;2-;2M/2-Q  Tm +? b2 ?BbiQ'v- M/ Bi2K 72 im~
/m> iBQMX h?2b2 +Qp "B i2b T QpB/2 p Hm #H2 +QMi2ti M/ "2 mb2/iQ BKT
MMQ#b2 p2/ Umb2 - Bi2KV T B 'bX

hQ+ Tim2+Q "2H iBQMbBM i?2/ i bm+? bi?2i2M/2M+v Q7 bQK2 Bi2Khb
Qp2° HH-Q +2°i BMmb2 ' biQ " i2Bi2KbKQ 2;2M2°'QmbHvV r2 #2;BM rBi? + C
rBi? - M/QK BMi2 +2Tib 7Q mb2'b M/ Bi2KbX h?2b2 KQ/2Hb "2 ii +iBp2
M/ #BHBiviQ ++QmMi7Q M2bi2/bi'm+im 2BMi?2/ i X >Qr2p2°-i" /BiBQN
K tBKmKHBF2HB?QQ/ 2biBK iBQM pB bi M/ "/ KBt2/@2z2+ib KQ/2HBM; bQ7
MmK#2> Q7 mb2'b M/ Bi2Kb- Q7i2M "2[mB 'BM; {tRKC)HhX iiBABW E@BKBR BQM C
? b KQiBp i2/ "2+2MirQ'F QM KQ 2 2{+B2Mi: HQQ?BRiIPKPXY LRI HAV2 b
? p2 /12p2HQT2/ KQK2Mi@# b2/ 2biBK iQ°'b M/ # +F}iiBM; H;Q Bi?Kb i? i~
+QKTH2tBiv iQ NBM2FBBIM + Qbb2/ > M/QK 2z2+ib pB #H2 7Q" " H ";2@b+ H2
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"mMBH/BM; QM i?2b2 /2p2HQTK2Mib- r2 2ti2M/ i?2 KQ/2H iQ BM+Q ' TQ"  i2
i?72 2z2+i Q7 +Qp ‘B i2biQp v +'Qbb mb2°b Q" Bi2KbX h?Bb //2/ ~2tB#BH
BM mb2 T 272 °2M+2bi? i}t2/2z2+ib HQM2 + MMQi 2tTH BMX 6Q" 2t KTH2-
"QK MiB+ +QK2/B2b TQbBiBp2HvV- bQK2 K v ™ i2 i?2K bB;MB}+ MiHv ?B;?2" Q
i bi2X "v KQ/2HBM; i?Bb ?2i2°Q;2M2Bivi? " Qm;? mb2 " @bT2+B}+ Q" Bi2K@b-
T2 bQM HBx iBQMX

6m i?2°-r2 2tTHQ 2 7 +iQ° M HvbBb KQ/2Hb-r?B+? + M #2 pB2r2/ b ;2
bHQT2 KQ/2HbX 6 +iQ°  KQ/2Hb BKiQH2 "MHQr@/BK2MbBQM HH i2Mi 2T
M/ T 2/B+i " iBM;b i?°Qm;? i?2B" BMi2" +iBQMbX h?2b2 KQ/2Hb "2 2bT2+I
rBi? HBKBi2/ +Qp "B i2BM7Q K iBQM- bi?2vBM72 " H i2Mibi'm+im 2 /B 2+
BMp2biB; i2 b+ H #H2 T ~ K2i2  2biBK iBQM BM i?2b2 KQ/2Hb mbBM; 1tT2+
H;Q Bi?Kb- / Ti2/iQbT b2 M/BM+QKTH2i2/ i Ki'B+2b+QKKQMHvV7QmM
TTHB+ iBQMbX

h? "Qm;?2Qmi i?2i?2bBb-r2 TTHv i?2b2 K2i?Q/biQ "2 H@rQ H// i b2ib- B
QMHBM2 +HQIi?BM; "2i BH2 aiBi+? 6Bt M/ i?2TQTmH ~JQpB2G2Mb TH i7Q
#Qi? BHHmMbi™ i2i?2T" +iB+ HBivQ7i?2T QTQb2/K2i?Q/b M/ #2M+?K "Fi?.
6Q BMbi M+2-r2 b?Qr i? ii?2 + Qbb2/ " M/QK 2z2+ib KQ/2H rBi? ~ M/QK B
QmiT2'7Q Kb Q' /BM v H2 bi b[m "2b "2;R2IoNB @\B-i BMGBR2 /bBM; QK29XeRW i
R3X9kWX am+? BKT Qp2K2Mib /2KQMbi™ i2 i?2 p Hm2 Q7 BM+Q TQ"  iBM; b
T2+QKK2M/2" bvbi2KbX

AM bmKK “v-i?Bb i?2bBb K F2b i?2 7TQHHQrBM; +QMi B#miBQMb,

C .2p2HQTb b+ H #H2 H:Q 'Bi?Kb 7Q" }iiBM: + Qbb2/ > M/QK 2z2+ib KQ/21
i2°+2Tib M/ bHQT2bX

C 1lti2M/b i?2 7> K2rQ ' FiQ 7 +iQ° M HvbBb 7Q " H2 "MBM; H i2Mi mb2 @Bi

C.2KQMbi  i2b T> +iB+ H "2H2p M+2 i?°Qm;? TTHB+ iBQMb iQ 2 H@rQ"
?B;?HB;?iBM; ; BMb BM T 2/B+iBQM ++m" +v M/ BMi2 T 2i #BHBivX

"v [/°2bbBM;i?2/m H+? HH2M;2b Q7 bT "bBiv M/ b+ H #BHBiv-r2 BKiQ +Q
iQQHb 7Q" i?2 M2ti :2M2" iBQM Q7 ‘2+QKK2M/2  bvbi2KbX



*?2 Ti2 k

a+ H#H2 bOQHmMIBQM iQ + Qbb
" M/QK 2z2+ib KQ/2H rBi? =~ M/
bHQT2b

#bi™ +i

h?2 +'Qbb2/ > M/QK 2z2+ib KQ/2H Bb rB/2Hv mb2/- }M/BM; TTHB+ i
}2H/b bm+? b HQM;Bim/BM Hbim/B2b- 2@+QKK2 +2- M/ 2+QKK2M/2"
2°bX >Qr2p2°-i?2b2 KQ/2Hb 2M+QmMi2 b+ H #BHBiv +? HH2M;2b- b i-
7Q  bi M/ 7/ H;Q°Bi?Kb ;"Qrb bmT2 HBMXA "GV QBR2IP2iBI@MEBM i?2
/i b2i- +QKKI@MWFRANVQ rQ b2X 2+2Mi Tm#HBb?2/ rQ Fb T 2b2Mib+ H #H
7Q  +°Qbb2/" M/IQK2z2+ib BM HBM2 " KQ/2Hb M/ bQK2 ;2M2" HBx2/ HBN
K2i?Q/b QMHv HHQr 7Q° " M/QK BMi2 +2TibX AM i?Bb T T2 -r2 /2pBb2
7Q° KQ/2Hb i? iBM+HmM/2 > M/QK bHQT2bX h?Bb //BiBQM # BM;b bm#bi
iBK iBM; i?2 " M/QK@2z2+i +Qp B M+2 K i'B+2b BM b+ H #H2r vX g2
#v mbBM; p "B iBQM H 1J H;Q Bi?KX Pm T'QTQb2/ TT ' Q +? ++QKKQ
QM H +Qp B M+2 K i'B+2b M/ + b2b r?2°2 MQ bi'm+im 2 Bb bbmK2/ b
BM }2H/b bm+? b Tbv+?QHQ;v M/ M2m " Qb+B2M+2X AM bBKmH iBQMb-
bm#bi MiB HHv 7 bi2" i? M bi M/ "/ KXi?AQ/Bb7f HbK) KB "2 2{+B2Mi i? M
Q' /BM 'vH2 bib[m "2br?B+?? b T Q#H2K Q7 ;2 iHv mM/2 2biBK iBM;
+2°i BMiv BM T ° K2i2" 2biBK i2bX g2 BHHmMbi JiQpB2A3RMIK2i?Q/ QM
b2i- br2HH b H ;2 /i b2iU}p2 KBHHBQM Q#b2 p iB@BWMbHY 7' QK i?2 Q
6 BX
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kKXR AMi"Q/m+iBQM

AM i?2 2 Q27 i?2UBRhV TH i7Q Kb HBF2 L2i~Bt-r?2"2 +mbiQK2' +[mBbBiB
pbi "7 vQ7iBiH2b "2 ?2Qbi2/-i?2 M22/ 7Q" +QKTmi iBQM HHv 2{+B2Mi
#2+QK2 + m+B HX AMbm+? b+2M "BQb-BiBb +QKKQM7Q /Bz2 2Mi +HB2Mi
r?B+? ;Bp2b ? T? x '/ KBbbBM;M2bb T ii2°"MX g2 /2 HrRi?QBL22MOM+ 22T " Q#
C Bi2Kb- M/ BiBb mbm HHv iN2 +(R2CY Q@R MRV iBM;b "2 Q#b2 p2/X g2 +QMI
i?72bBim iBQM r?2°2r2? p2 ++2bbiQp 'BQmb+? * +i2'BbiB+b Q7 2 +? UBi?Z
+HB2Midéb " iBM; Q7 i?2 Bi2KX 6Q° BMbi M+2-rBi? i?72 QMHBM2 +HQIi?BM; "2
bi?2 +HB2Midb ;2-b2t- M/ Tm ' +? b2 ?BbiQ v- br2HH b Bi2K 72 im 2b bm
bivH2X 6Q  i?2 KQpB2 /i -r2? p2;2M°'2-H M;m ;2- M/ /m”  iBQM 7Q  i?2 QM

Pm® KQiBp iBM;/ i b2i +QK2b 7 QK i?2 QMHBM2 +HQi?BM; 2Q0BH2" aiBi+"
20 HRYy kR#

aiBi+? 6Bt Bb M QMHBM2 T2 'bQM H bivHBM; b2 pB+2X PM2 Q7 i?2B" ¢
b2M/BM; +mbiQK2'b b KTH2 Q7 +HQi?BM: Bi2KbX h?2 +mbiQK2 K v F22
Q7 i?Qb2 Bi2Kbh M/ 2im M i?2 Qi?2 bX h?2v ? p2 T°QpB/2/ mb rBi? bQK
“iBM;b/ i Xh?i/irb MQMVKBx2/-pQB/ Q7 T2 bQM HHv B/2MiB7VBM;
b b KTH2 Bi /Q2b MQi "2~2+ii?2B  iQi H MmMK#2 b Q7 +HB2Mib Q" Bi2
T QpB/2/ BiX Ai Bb HbQ 7' QK kyR8X gq?BH2 Bi /Q2b MQi /2b+ B#2 i?2B"
p HM #H2 /i b2i7Q BHHmbi  iBp2 Tm TQb2bX

g2 T 2b2Mi “2bmHib mbBM; i?2bRX/SXHBMra2mbRQ™M2 T Q#H2K b2imT i?2°Qm:"
i?Bb T T2 iQ 2tTH BM Qm" +?QB+2bX h?2 ;Q H Bb iQ KQi2H2THBRM b6 ~ iBI
i22 " iBM; T QpB/2/i#VQ-HBj2MMA; UivTB+ HHv p2+iQ 'V i?2 +Qp "B i2 BM7
7Q° i?2 bT2+B}+ +HBEMD@ BN KM +® b2iiBM;b- Q°/BM v H2 bi b[m “2b Bb M
i72 " iBM:b "2 MQi BM/2T2M/2MiX AMbi2 /- r2 2tT2+i bQK2 TQbBiBp2 +Q :
/Bz2 2Mi +HB2Mib QM i?2 b K2 Bi2K- #2+ mb2 bQK2 Bi2Kb "2 bBKTHv KQ 2 1
i? i+ MMQi Hr vb #2 iitBXmi2Ai®@ bBKBH "Hv 2tT2+i bQK2 TQbBiBp2 +Q 2}
“iBM:b #vi?2b K2 +HB2Mi QM /Bz2 2Mi Bi2Kb #2+ mb2 +HB2Mib p v BM i?2]
bm+? +Qp "B M+2 bi'm+im 2- + Qbb2/  M/QK@2z2+ib KQ/2Hb "2 2KTHQv2/
iQ + Tim 2i?2/2T2M/2M+B2b T 2b2Mi BM i?2 " iBM;b T QpB/2/ #vi?2 b K2 +I
PM2 MQi #H2 /" r# +F Q7 bm+? KQ/2Hb Bb i?2B" HBKBi2/ b+ H #BHBivX b i?
+QKTmi iBQM H #m>/2M bbQ+B i2/ rBi? }iiBM; + Qbb2/ > M/QK 2z2+ib KQ/:
M/ BM2{+B2MIK? 2i (KYXR +QMbB/2 2/ i?2 + Qbb2/ M/QK@2z2+ib KQ/2H r
BMi2 +2Tii2 Kb 7Q " +HB2Mib M/ Bi2Kb- ;Bp2M #v

Vi = o+ai+t]+tijh +", 8i2f1, 'Rg; j 2f1; ;Cg: UkXRV
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>2°2-i22° M/QK 2m22Roh 2R M/ M 2™;@RX h?2 }t2/2z2+ib 2i?22;"2bbBQ
T K2i2'®RP M/ i?2 BMi2,R2RX h?2v bbmK® iR {0; 2 -5 N (0; 2); M/
"i N (0; 2) "2 HHBM/2T2M/2MiX IM/2" i?Bb KQ/2H-

*QyiYio)= 2 M/ *Q@p:yig)= 2 7Q8i% 6"

ai M/ 7/ TT Q +?22b 7Q" }iiBM; bm+? KQ/2Hb UBM+HmM/BM; 6HK2 6 7TmM+il
+QK2 rBi? +QKTmi iBQM H #m /2MRF QT QrPB@®MMZIiQ2 i?2 MmK#2 Q7
+HB2Mib M/ Bi2Kb "2bT2+iBp2HvX >Qr2p2RC /mMR2-iiQ B2+ QKTiBQINBIQNE H +Qb
+ M#22tT 210672 0X hQ //°2bbi?Bb HBRBMIBPQMMAy KyBMi"Q/m+2/ KQK2Mi@
# b2/ K2i?Q/ 7Q 2biBK iBM; p "B M+2 T ° K2i2 b3BWM 1iBR?B MiQKT2ii iKB@/ HHU
+Qbii? i Bb i KQbi HBM2 "X :2Q0b2? 2iH@WKiHY2p2HQT2/ # +F}iiBM; H;Q Bi?
BMbTB 2/ #v i?2'mPD F2Q@RINKIN? i +?B2p2b HBM2 ~ +QKTmi iBQWMXHAMQbi BM i
+QMi’ bi-i?2 TH BM :B##b b KTH2  Bb MQi b+ H #H2- b BiOgN?B#Bib +QKT
b b?QrM:#Q M/ Pr2@yR& h?2v HbQ b?Qr i? i K Mv Qi?2" " v2bB M TT Q +7?
rQ'Fr2HH BM +°Qbb2/ " M/QK 2z2+ib b2iiBM;bX 2+2MirQ 'F? bb?QrMi? i+
+ M#2 K /2 iQ b+ H2 r2HH BM + Qbb2/ " M/GKT2bhZTBibBQTi@ M HbepZi2 H X
?2Qb? M/ wARMOX ?Qb&ykkT 2b2Mib M BMbB;?i7mH +QMM2+iBQM #2ir22M
Q7 # +F}iiBM; M/ +QHH Tb2/ :B##bX h?2b2rQ Fb/Q MQi BM+HmM/2 i?2 " M/QC
?22°2X

.m BM; i?72 T°'Q+2bb Q7 KQ@? }JAiBWy¥K HbQ T Q/m+2 UTQbi2'BQ" Q "G
2biBK i2Kaj®y" M/(lq)jczl- r’eB+? + M #2 mb2/ 7Q° K FBM; T '2/B+iBQMb QM i2t
BKTHB2bi? ii?2 + Qbb2/° M/QK 2z2+ibKQ/2H + Mb2'p2 b b+ H #H2 2+QK
Bib T°'2/B+iBQM ++m” +v-r12 K2 bm 2/ i?2 T2 7Q°'K M+2 Q7 i?2 +'Qbb2/ " M
"M/QK BMi2 ' +2Ti QM aiBi+? 6Bt/ i mbBM; -~ M/QK i° BM@i2bi bTHBiX AN
H2 bi b[m “2b- r?B+?R’BQA/2XeRW- i?2 + ' Qbb2/ > M/QKXX¥z2H3B2pQ /2N U
BKT 2bR’B@2 R3X9k WX h?Bb bB;MB}+ RA BKQTIQp2ZK2MIBRM +v ; BM 7 QK + Qt
" M/QK 2z2+ib KQ/2HbX g2 HbQ /2KQMbi™ i2 i?72QpB2G2B2p2/ QM i?2

h?2b2 /2p2HQTK2Mib KQiBp i2/ mbiQ /2p2HQT M2{+B2Mi M/ b+ H #H2 BK
T M/QK 2z2+ib rBi? #Qi? ° M/QK BMi2 +2Tib M/ bHQT2bX

yj = otath+ th( +e&+b)+"y; 82fL  ;Rg j2f1L, ;Cg; UkXkV

r?22°2r2 ? p2 m;K2ZM®RfBI? ~ M/QK BHRR2bM/; 2 RPX q2 bbmK2 i? i

a N ,(0;7a) MB N p(0; )X g2 7m i?2° bbnEa)7QHHQrb KmHiBp "B i2; mbb
/Bbi’B#miBQM M/ Bb B(N/R)XMP2ME @bb2/ ° M/QK 2z2+ib KQ/2H rBi? ° M/Qk
?2HTb mb + Tim 2 i?2 p "B #BHBiv Q7 i?2 2z2+i bBx2 Q7 +Qp "B i2b KQM;
6B;mMKXR QpB/2b pBbm H 2T 2b2Mi iBQM Q7 i?2 KQ/2H rBi? °~ M/QK BMi2 +
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h?2 1} bi THQi "2T 2b2Mib ~ M/QK 2z2+ib KQ/2H rBi? > M/QKBMi2 +2Ti7Q"
7Q i?2 [m MiBi iBp2 72 im 2 6K i+?6c i?2 b2+QM/ THQi? b  M/QK BMi2 +
bHQT2 7Q 6K i+?86X g2 + M bBKTB2V i#?2 BAMMHHBOBMBR W i?2 }jbi@ "B #H2 B

6B;m 2 kXR, AM i?2 H27i THQi- r2 BHHmbi  i2 KQ/2H rBi? " M/QK BMi2 +21
[m MiBi iBp2p "B #H2 6K i+?86X AMi?2 "B;?i THQi-r2? p2° > M/QKBMi2 +2Til
7Q° 6K i+?6X h?2 #Hm2 HBM2 2T 2b2Mib i?2 }t2/ BMi2 +2Ti M/ bHQT2 BM #

++QKKQ/ i2i?2 BMi2 +2Ti,
Yi = tijh( +aj+ b))+ ", 8 2fl, ;Rg j2fl ;Cg UkXjV

LQrt; 2RP* - M/ 12 bbmK2iMNip (0; &) -bj N pa(0; v); M7y PNXo; 2) 2
HH BM/2T2M/2MiX >2M+2 i?2 ° M/QK 2z2+ib BM+Hm/2 #Qi? BMi2 +2Tib M/

2K 'F REQ' MQi iBQM H bBKTHB+Biv- r2 ? p2 BM+Hm/2/ ° M/QK bHQT2b
/2b+ B#BM; Qm > K2i?Q/X AM T  +iB+2-b2p2 " Hp "B iBQMb 2 ii° +iBp2 M/

Cg2Kvr Mi  M/QK bHQT2b 7Q " Dmbi bm#b2i Q7 i?2 +Qp "B i2b- /2T2M/
Cg2 K vr Mi/Bz2 2Mi bm#b2ib Q7 +Qp "B i2b ? pBM: > M/QK bHQT2b 7Q" -

C aQK2 +Qp "B i2b '2bT2+B}+iQ i?2 +HB2Mi U2X:X- :2 Q" :2M/2°V M/ /Q
Bi2KbX h?2°27Q°2- +HB2Mi  M/QKbHQT2b/Q MQi K F2b2Mb2 M/ b?Qmt
Bi2K > M/QK bHQT2b + M biBHH #2 mb2/X h?2 "2p2'b2 TTHB2b iQ Bi2K@

Rh?2 M/ SVi?QM +Q/2 T QpiBM2FFiBi?m#X+QKF/Bb? ;2 M/r MBf? M (HbHHQZTERDdp "B iBQMbX
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h?2;Q HBbiQ 2biBK i2i?2 M2ABDA2¥B M+2 T ",K2i2W/2X q?2Mb,
M/ "2 HH: mbbBXM-BM2UHBF2HB?Q:Qy 72/ Bb
9172'[T }(y X )V iy X)) UkX9V
(2 )NV 2 '
>2'2-i?2 pY¥+iQMQi2b HH;QTH?22/ BMiQ pRMiQMMBM2MQigbbi +F2/
+QKT iB#Hv BMiQ RK P*BtXBMRN N 2T 2b2Mib i?2 +Qp "B M+HR @ p2Bt@7 i?2
Y-r?B+? Bb bQK2r? i +QKTH2t ZmM+i8QM Q7 U

V= X XM ozazh+ x o XM oozyzh+ 21y UkX8V

r?22°2,210;1g" R /2MQi2b i?2 BM/B+ iQ  UQM2@?Qi 2M+Q@y/BM;"KCi Bt 7Q" +H
/2MQi2b i?2 BM/B+ iQ K i BA BQ/2BiQKbb BIM2K2MirBb2 U> / K /V T Q/m+i Q7
A MBX G2i/i TQBRT2 iQ i?2 +HB2Mii@BiM/ TIBTQBMR72 iQ i?2 T B"

(i2;j2)- 1?72M

8
%0; Bi{6i, Mf16 ]2
Vio = Xi?j bXisj; Bi{6i, Mfi1=j2=]; UkXeV
tita — . . . .
X aXij BiT=i2=i Mf16 ]y

tijh atijh"' tijh blj + 2 Buj)=(iznj2)=(ij):
h?2 #QiiQK i2 ' KX&M20 "2b2Mib /B ;QM-HBXRZXK BM p B MHA2DK tBKmK
HBF2HB?QQ/ 2biBK IRbUHDIVIQZ ;2M2° HBx2/ H2 bib[m "2b UVG2W2biBK i2X
FMQrM UBX2X r2 ? p2 2biBK i2b 7Q° Bib BM; 2/B2Mib- :r@aXQ¥MHL2pPR2+iHvV
bBMABb ;2M2° HHv /2Mb2 M/ MQi mb27mHH\VGQiMmB-ﬂ)IQIHZI/#‘Q#GBN[BMH/ #2
+QKTmi iBQM HHv O(NPPBX%BiBp2 U

CPm }bi TT'Q +?2i +FH2b i?Bb:Ga T Q#H2K mbBM; K2i?Q/@Q7@KQK2M
M+2 T > K2i2 bX AMX&RXIBRMB#2 M 2{+B2Mi # +F}iiBM; T'Q+2/m 2 7Q"
#v :Ga B7i?2i?2 +Qp "B M+2 T ~ K2i2'b "2 FMQrMX g2 HbQ T QpB/2

Q7 i?2 +Qp "B M+2 T ~ K2i2b mbBM; K2i?Q/@Q7 @K QKEMiQi? Q2 b+ B#:
i72 0 bFb + M #2 ++Q KO(M)BilBA22 8 M

h?2 /> r# +F Q7 i?Bb }'bi TT ' Q +PBb P ;222 i?2 +Qp 'B M+2 K i'B+2b "2
/B ;QM H-i?2K2i?Q/ Q7 KQK2MibK vMQi T Q/m+2 ++m" i22biBK i2b7Q"  i?
B 2+i K tBKmK HBF2HB?QQ/ 2biBK iBQM Q7] XHKKL 22 Kb Qi@ 7himd BrvM2 LUB Q|

CAMQm  b2+QM/ TT ' Q +?2-r2 K tBKBx2 M TT QtBKRBOMBERB?@ HBF2HE
iBQM HiQJ2biBK i2 i?2 }t2/ 2z2+ib M/ +Qp "B M+2 T > K2i2 b bBKmHi M2
BM 2biBK iBM; +Qp 'B M+2 K i"B+2b T 2+Bb2Hv 2p2MBB DV {2B2MPHRU M b i
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H “:2X MQi?2 /p Mi ;2 Q7 i?Bb TT Q +? Bb Bib +QKTmi iBQM H 2{+B:
K Q ID(N) X

h?2p "B iBQM H 1J H;Q 'Bi?K Bb +HQb2Hv "2H i2/iQ i?2 # +F}iiBM; H;Q B
#22M T 2pBQmbHV 2tTHQ 2/ 7Q 7 bi M/ ++m” i22biBK iBQM Q7 MQM@M2b
#v:QTH2 RyKkKK q2 bT22/ mT i?2 +QMp2 ;2M+2 ~ i2 7Q° #Qi? Q7 i?2 TT Q +7
M/ p "B iBQM H1J mbBM; i2+?MB[m2 272 °2/iQ b o6+Hm¥#BM;0 /Bb+mb|
kKXRXR S T2 PmiHBM2

C AM a2+k@2 /Bb+mbb i?2 # +F}iiBM; TT ' Q +? rBi? M/ rBi?Qmi +Hm##BN

C AM a2+kBQ®/Bb+mbbi?2 2biBK iBQM Q7 +Qp "B M+2 T * K2i2 b mbBM; i?
BMirQ b+2M "BQb, r?2M i?2 +Qp, BMM g2 R IBB#QRM-H- M/ r?2M i?2v "2
MQM@/B ;QM HX

C AM a2+kB@M /Bb+mbb i?2 TTHB+ iBQM Q7 p "B iBQM H 1J BM 2biBK il
+Qp "B M+2 T > K2i2'b mbBM; M TT QtBK i2 K tBKmK HBF2HB?QQ/ TT

C AM a2+kB@MN b?Qri?2 T2 7Q K M+2 Q7 i?2b2 K2i?Q/b mbBM; #Qi? bBKmH

kXk 1biBK iBQMvQ®BGa r?2M i?2 +Qp "B M+2 T ~ K2i2°
"2 FMQrM

A7 i?2 +Qp 'B M+2 T * K2i2°'b "2 FMQrM-Ai:gg BEKNBOBR2X#gBMMQr i? i
i?72 :Ga 2biBK iBR7

"sa= S KEBWM X )W LY X )=(X"V Ix) XV v UkXdV

"mi- r2 +QmH/M6i mb2 i?2 #Qp2 7Q‘Km’\}lea/Bt)‘2Ir4QHVthBj®/#QrBIM/i F2 i
H2 O(N®?) iBK2 BM i?2 #Qp2 b2iiBM; U MOKE \2X; a2 i 32KV 2K #2HQr ?2HTb n
BM b2iiBM; mT i?2 KQiBP(NBQM #B}iiBM; H;Q Bi?KX

h?2Q 2K REMbB/2  i?2 bQHMIBQMb iQ i?2 7QHHQIrBM; T2M HBx2/ H2 bi@b[

XX 2 (v th( +a +b)2 X x
KBM i O ”(2 D a" Jtai+ b ' UkX3V
e e i=1 i=1

h22M = ", M/ i2fa0}, MABGL, 2 i?22 #2bi HBM2 ° mM#B b2/ T 2/B+iBQM
2biBK i2b Q7 i?2 > M/QK 2z2+ib B7 i?2 +Qp ;BM£2 2 }tR2iMbFMQrMX
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>2°2r2? p2 BMi'Q/m+X bEBM;VM22R C 7Q 2 b2 Q7 M® i IBRMi,?2
CiBM; 7Q i(®R) +HB2Mi@Bi2K T B Blz;Q#0b P2/ B2 X

2K "F KAM T +iB+2-r2 K v HbQ Q#b2'p2 KmHiIBTH2 Q#b2'p iBQMb 7Q"
2Mi BHb //BiBQM H MQi iBQMX Pm" H:Q Bi?Kb ‘2 #H2 iQ ++QKQ/ i2 i?
KQbiHV BMpQHp2b :"QmTBM; i?2 Q#b2 p iBQMb #v Bi2Kb Q" +HB2MibX AM ¢
r2 2bi'B+i Qm T 2b2Mi iBQM iQ i?2 #BM "MQMMQIiRK TBQAMIQ7?BM; iQ MQi2
Bbi? i- Hi?Qm:? i?2 JXkoMZTRBM b bmKK RBQ@MH@2b- Bi Bb Dmbi 7Q° BHHm}!
Tm TQb2X h?2 bmKK iBQM Bb +im HHv T2 '7Q K2/ QMHvV QM Q#b2 p2/ " iBM

h?2 i?2Q 2K r b Q'B;BM HIOWBBRMWRT2 T QpB/2 M Hi2 M iBp2 T°'QQ7 B
T2M/BtyXRA7 i?2 +Qp "B M+2 T ~ K2i2'b "2 FMQrM Q bQK2?Qr 2biBK i2/-i?2
2i2°+ M#2 2biBK i2/ #v# +F}iiBM; H:Q Bi?Kb U#HQ+F@+QDSYEM 22 /2b+2M
2biBK iZnbBM; # +F}iiBM; rBi? M/ rBi?Qmi +H1O#H¥PBM (KyEK BM /2 QP ?
2i HRY kK&K

kXkXR 0 MBHH " +F}iiBM;

h?2 Q#D2+iBp2(ZBhMRIBIQMW2 i? 22 fa@mFhjgs, - M/ b T ° K2i2 b iQ #2
2biBK i2/ #v H2 bi b[nfaigh- rBipg%, "2;mH "Bx2/ pB ;2M2° HBx2/ 'B/;2 T2\
h?2 B/2 Q7 # +F}iiBM; Bb iQ +V+H2 i?°Qm:? i?2 2biBK iBQM Q7 i?2 T * K2i2
i?72 T~ K2i2 b }t2/ BM i?2 "2K BMBM; ;"QmTb- BX2X- #HQ+FkX@@WBM i2 /2
2[mBp H2Mi iQ KBMBKBXBM:;

X e R x
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Vi = ot tyjait b+ th +"y  8i2f1  ;Rg j2f1; ;Cg UkX8jV
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6B:m 2 kXd, LQM@/B :QM H + b2, *QKT "BbQM Q7 2biBK iBQM iBK2 #v # +F
p B iBQM H 1J- M/ +Hm##2/ p "B iBQM H 1J U7Qm T QTQb2/ H:Q Bi?KbV
"Bi?KVX

r22°2-/2MQi2b i?2 }t2/ 222+i 7Q  i?2 2MiB 'R bBKBB i2 p2#@P2X g2 bbmK2
i? ia N 40; o) 2T 2b2Mi > M/QK 2z2+ib 7Q"

taj =(1; K i+ AUBI2K)2/AWBI2K #Q?2QV
Mb N 40; p) 2T 2b2Mi " M/QK 2z2+ib 7Q"
thj =(1; K i+2 AU+HB2MIAL+HB2Mi #Q?2QV

h?2 2biBK i2 Q7 }t2/2z2+i Bb i #mHbI2{,BMM/4P22biBK IBQBXjej r?B+?
Bb bK HH2  i? M 2biBK i2/ p "B M+2 Q7 MQBb2 2biBK i247®J J@k2H RX h?2 2

0 1:751 1:015 0:009 Q048 !
1:015 1422 0:014 003
0:009 0:014 0340 Qo047

0:048 0:034 Q047 Q490

a:
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6B:m 2 kX3, LQM@/B ;QM H + b2, *QKT "BbQM Q7 MmK#2 Q7 Bi2  iBQMb #
iBM:- p "B iBQM H 1J- M/ +Hm##2/ p "B iBQM H 1J U7Qm T QTQb2/ H:Q B
H;Q Bi?KVX h?2 THQi 7Q" HK2 Bb=/BB+QRMiBMM2H 7i2+QKTmi iBQM H iBK:
6HK2 68X

0:834 1:574 Q000 0:0221
c, = 1:574 4185 0:032 0:.00 :
0:000 0:032 Q024 0:00
0:022 0:006 0:001 Q022

kX8Xj L Bp2iv M/ BM2{+B2M+B2b rBi? "2bT2+iiQ PGa

:2Qb? 2i kyXKR /2}M2/ M Bp2iv M/ BM2{+B2M+v Q7 PGa rBi? "2bT2+iiQ i?2"
KQ/2H iQ 2bi #HBb? i?2 miBHBiv Q7 }iiBM; *~ M/QK 2z2+ib KQ/2HX P /BM v
irQ KBbi F2b QM +°Qbb2/ > M/QK 2z2+ib /i X h?2 }'bi Bbi? i PGa Bb M Bp2
i?72 /i M/i?Bb+ MH2 /BiiQb2p2 2Hv mM/2" Z'tX Bl 22bi2>2QaV /BB M #2 QPG a
Bb BM2{+B2Mi +QKT "2/iQ :Ga #vi?2 : mbb@Js,FMP .i22Q 2AXPGaiI M/

:Ga 2biBK i2b @bT2+iBp2HvVX h?2v [m MiB}2/i?2 M Bp2iv M/ BM2{+B2M+V Q

CL Bp2iBb/2}M2/ #vi?2 " iBOBQ) 0 vck pas) 7Q2fL  pg
CAM2{+B2BBV2}IM2/ #v i?2  iBOBQ) 0 “ca".ca) 7Q2fL  ;pgX

g2 + "vi?2rQ'F7Q'r '/ #v /BbTH vBM; i?2 M Bp2iv M/ BM2{+B2M+v Q7 PC
" M/QK 2z2+ib KQ/2H /Bb+mbb2/ #Qp2X 6Q  i?2 } ' bi KQ/2H-i?2p Hm2b Q7 N
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NjjX9d r?BH2 7Q  i?2 b2+QM/ KQ/2H-i?2 " M;2 Bb jX3y iQ NR8X3eX h?2b2 p
pHM2b "2TQ 1QbBN iKY bi?2H “;2bip Hm2 "2TQ i2/ #vi?2Kr bj98Xk3X h
M/ b2+QM/@H “;2bi" iBQb "27Q K i2'B HBM/B+ iQ'b+Q '2bTQM/BM; iQ &
KQ/2Hb rBi? ° M/QK bHQT2b iQQX g2 HbQ B/2MiB}2},i22QHBNMB+?+RG@BM it
Bb KQbi M Bp2X g2 K tBKEBX®QiR2:(" bBRX/ t"4Qpc{ " pclx QpX'60X h?2
"2bmHIBM; K tBK H ' iBQ Bbi?2 HIQabi 2B )2 WmC@ Q23 M/ BiBb #Qmi
Ryy3r?BH2i?2 "  iBQ T°QpB/2/7Q i?2 " M/QR@HWi2i (ki KRbrKuQj/2RXBHWP 2
"2bmHiIBM; K tBK HgsiBBb7@Qmi N33X g2 HbQ [m MiB}2/ BM2{@B2M+v bBK
2i HEKykRX h?2 };m02M/210 THQib i?2 M Bp2iv M/ BM2{+B2M+v p Hm2bX h-
pHM2b ® M;2 7°QK RXye iQ jkXey 7Q  i?2 }'bi KQ/2H M/ + M #2 BMi2 T 2i2/
" M/QK bHQT2b 7Q  i?2 p "B #H2 6K i+?6 "2/m+2b i?2 2z2+iBp2 b KTH2 bBx:
i?72 b2+QM/ KQ/2H ° M;2 7°QK RXyd iQ jkX9j-i?2°27Q 2 //BM; i?2 > M/QK bl
/IBIM6i /2+°2 b2 i?2 2z2+iBp2 b KTH2 bBx2X h?2 6K i+?26 p "B #H2 Bb 7QmM/
2{+B2M+v 7Q" #Qi? Q7 i?2 > M/QK bHQT2b KQ/2Hb bBKBH " iQ i?2 KQ/2H rB
MBKTQ'i Mii?BM; iQ MQi2 ?2'2Bbi? ii?Qm;? PGaBb Km+? KQ 2 M Bp2 rBi
rBi? ° M/QK bHQT2b +QKT “2/iQ i?2 KQ/2H rBi? Dmbi > M/QK BMi2 +2Tib- F
2{+B2M+v Bb MQii? i ?2m;2X

kX8X9 68t2/222+ib7Q‘EﬂBi+?6Bt/i
amKK v

AM i #MRr2 T°2b2Mii?2 2biBK i2/}t2/2z2+ib r?BH2 }iiBM; HBM2 ~ KQ/2H- +
KQ/2H rBi? ° M/QK BNX® A2TiD2UirQ + Qbb2/ > M/QK 2z2+ib KQ/2Hb rBi? ° M/
+2Tib b r2HH b > M/QK bHQT2b /Bdhd4antkkd RM 22 RitHBKI i2 7Q  }t2/ 2z2+i Q7
i?72 p "B #H2 6K i+?06 Bb 8Xy93 7Q " PGa M/ i?2 2biBK i2 Bb jX99k- Km+? b
* M/QK 2z2+ib KQ/2H rBi? ° M/QK BMi2 +2TibX gq?2M r2 // > M/QK bHQT2b
p B #H2 7Q  +HB2Mib b r2HH b Bi2Kb-i?2 }t2/2z2+i 2/m+2biQ jXkNeX >C
/QKM2bb-i?2 2z2+i bbQ+B i2/ rBi? i?Bb p "B #H2 ~mRXkeb B i®12B 2M;iD j XK
iXkNekXydj 7Q  Bi2KbX h?2 i2tiBH2 BM/B+ iQ  p "B #H2b HBF2 6 + VHB+6- 6
2i+X- "27QmM/iQ #2 bB;MB}+ Mi 7Q  i?2 PGa KQ/2H #mi i?2v HQb2 i?2B" bE
" M/QK 2z2+ib KQ/2HbX TQbbB#H2 "2 bQM +QmH/ #2 i? i PGa mM/2 2biBK
h?2°2 "2 +2°i BM i2tiBH2 p "B #H2b HBF2 6G2 i?2°6- 6S0*6- M/ 6h2M+2Hb |
}iiBM; +°Qbb2/ > M/QK 2z2+ib KQ/2H rBi? ° M/QK BMi2 +2Tib #mi i?2v HQQ
* M/QKM2bb 7Q " bHQT2 Q7 6K i+?6X h?2 2tTH BM iBQM QM+2 ; BM Bb i? i
KQ/2H rBi? Dmbi > M/QK BMi2 +2Tib HbQ mM/2 2biBK i2b i?2 bi M/ / 2°°Q"
rb HbQ BKTHB+ i2/ BM i?2 M Bp2iv M/ 2{+B2M+v + H+mH iBQMb #Qp2X IT

RaQK2 +mbiQK2'b M/ bQK2 Bi2Kb r2°2 ;Bp2M i?2 /D2+iBp2 82/;vé6 BMi?2/ i b2i M/ MQi?2"
b?Q i 7Q  6"Q?2KB M6X h?2 2K BMBM; BM/B+ iQ  p "B #H2b 2T 2b2Mi i?2 i2tiBH2 mb2/ BM K
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6B;m 2 kXN, L Bp2iv M/"2{BBM+2RT2%;iQ

TB+im 2 Q7 i?2 bi M/ / 2°°Q b-r2 }M/ 72r2" +Qp "B i2b iQ #2 bB;:MB}+ MiX
MBim/2 Q7 i?2 }t2/ 2z2+ib "2 KQbiHv +QMbBbi2Mi #2ir22M i?2 irQ + Qbb2/ "
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6B;m 2 kXRy, L Bp2iv M/ 2{%BRiM+2 Q2% i@

i?72p "B #H2b r?B+? "2 7QmM/ #2 bB;MB}+ Mi #v #Qi? Q7 i?2KX
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N N N N

PGa :Gao Gal :Gaz
J i+? 8Xy93 JX99k iXkNe JXkNy
If +HB2Mig2[;yXyyRyk yXyyjy9 @yXyyy9yXyyy8
If Bi2K2gv| @yXjj83] @yXj8RB@yXjeed@yXj333
I &+HB2Mi 2/;v "’
& Bi2K 2/;lvyXjNk8 yXjdNj yXjddk | yX9yej
If +HB2MigiQ¢R®Rj3e | yXRkNe| yXRjRk| yXRjNe
If Bi2K#Q?Q @yX89INN@yXekele@yXekdy@yXe8NN
[&+HB2Mi #Q?Q
& Bi2K #Q|?®X'j3kk yXjdej yXjdjR | yX9y9N
+ 'VHB+ @yXye9B3lk@dyXyy8ljegXyRkk| yXy9e3
M;Q° @yXyRkpyXyd93e yXyNd3| yXRRd3
" K#QQ @yXy98NyXyjk8R yXydjy | yXy3jN
* h?K2 2 @yXRN88yXyy3Nj yXykeR| yXy8de
*QiiQM yXRd8k | yXRYyjj yXRRNe yXRjy3
*mT Q yX8NdN| yXky3N| yXyj8y | yXyjR3
6 mt 6m" yXkd8N | yXkd9N| yXk3R9| yXkddN
6m° @yXkykR@yXydNk@yXydde@yXy8jj
G2 i?2° yXkedd | yXRed9| yXR8jR| yXR88d
GBM2M @yXj399 @yXy3el8@yXy3jj] @yXRy3N
JQ/ H yXyyke | yXRj33 | yXRjR3| yXRjNd
LVHQM yXVyjj8 YyXY3RAO yXy3NN| yXyNjj
S i2Mi G2 iP20yXkj8N @yXjdeD @yX8kege@yX8993
SH2 i?2° yX9Rej | yXjkNk | yXj8Ry | yXjjR8
S yX9Re yX98dN| yX98yN| yX9eR3
So* yXe8d9 | yXNe33| yX389e| yX33RKk
_vQM™m @YyXYRRYWXYy8R88yXye89| yXyeNk
aBHF @YyXR9kk @yXR3k3@yXkR3e@yXkRRd
aT M/2t @YyXjNReyX9R9 yX9y3y| yX9kNy
h2M+2H yX9Nee | yXRkj9 | yXRRej| yXR99k
oBb+Qb2 yXy9yeel @yXykkB@yXyjje @yXyjdy
qQQH @yXyeyk @yXy833@yXye3N@yXy8KR

h #H2 kXR, 1 +? +QHmMKM “2T 2b2Mib i?2 2biBKiBA# PtBBR2mM/id> 78227?@

2Mi ° M/QK 2z2+i "2;BK2b, PGa UMQ > M/QK 2z2+ibV- + Qbb2/ > M/QK 2z2+
BMi2 +2Tib- M/irQ BMbi M+2b Q7 i?2 +'Qbb2/"> M/QK 2z2+ib KQ/2H rBi? * M
* M/QK bHQT2bX 6J i+?6 Bb +QMiBMmQmbp "B #H2 i FBM; p Hm2b BM i?2
T 2/B+iBQM Q7 i?2 T Q# #BHBivi? i i?2 +HB2Mi rBHH F22T i?2 Bi2K Tm +? |
# b2HBM2 KQ/2HVX h?2 BM/B+ iQ  p "B #H2b M K2/ 6+HB2Mi 2/;vd- 6+HB2
#Q7Q6 272 iQ 7 b?BQM bivH2b i? i /2b+ B#2 bQK2 Bi2Kb M/ bQK2 +HB2Mi
mb2/iQ BM/B+ i2 bB;MB}+ M+2 7QHHQri?2 bi M/ */ _ +QMp2MiBQM-r?2"2
8W H2p2H/Xy8V- i 1?72 RW H2p2RVY M/ i 122 yYRW ¥2ypRWXU
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kX8X8 S'2/B+iBQM 2°°Q"

g2 +QMbB/2 2/ ~ M/QK i BM@i2bi bTHBi Q7 aiBi+? 6Bt/ i X g2 /BpB/2 i?
+i2;Q°B2b,

C _2T2 i +HB2Mi M/ "2T2 ihB22K,i2;Q'v BM+HmM/2b i2bi TQBMib rBi? +HB
BM7Q K iBQMr b b22M BM i?2i° BMBM; /i M/ Bi2Kbr?Qb2 BM7Q K iB
i?72i° BMBM; /i X h?2 T 2/B+iBQM Q7 i?2  iBM;r b ;Bp2M #v

Vo= (" + e+ )

r?2°2;d; ME "2i?2 2biBK i2MQ7GIS 2biBK @b MG “2bT2+iBp2HvVX

CL2r +HB2Mi M/ "2T2 iBA2K,i2;Q v BM+Hm/2b i2bi TQBMib rBi? +HB2Mil
K iBQMr b MQi b22M BM i?2 i BMBM; /i M/ Bi2Kb r?Qb2 BM7Q K iBQ
i BMBM:; /i X h?2 T°2/B+iBQM Q7 i?2 iBM;r b ;Bp2M #v

V= (" + )
bi?22 T'BQ" 2tT2+a iBRN27QX

C _2T2 i +HB2Mi M/ M2rhBR2K,i2;Q'v BM+HmM/2b i2bi TQBMib rBi? +HB2Mil
K iBQMr b b22M BM i?2 i° BMBM; /i M/ Bi2Kb r?2Qb2 BM7Q K iBQM r b
i BMBM; /i X h?2 T'2/B+iBQM Q7 i?2 iBM;r b ;Bp2M #v

Vo= (" + &)
bi?2 T'BQ™ 2tT2+l iBRM27QX

g2 Q#b2 p2/ QMHvirQi2bi/ i TQBMibBMi?2i?B /+ i2;Q°'v-bQr2 "2QMHv 2
BMi?2 } biirQ + i2;Q B2bX aKRBGa™ 2Q i28BARib i?72 + Qbb2/ " M/QK 2z2+ib ¥
rBi? " M/IQK BMi2 +2 TN - G&@a2T 2b2Mi i?2 + ' Qbb2/ " M/QK 2z2+ib KQ/2Hb rBi
bHQT2b /Bb+mbb 2k BMM/XXBQ@WT2+iBp2HVX 6Q  i?2 } ' bi + i2;Q v-r2 Q#b2°

PGa :Ga :Ga :Ga
_2T2 i +HB2Mi M/ "2T2 i Bi2K X BXKaIKBMRIeBIy BX 38jykN
L2r +HB2Mi M/ "2T2 i Bi2K| 83XeajkiEXB9je kddX88yddj

h #H2 kXk, S 2/B+iBQM 2°°Q  7Q" /Bz2 2Mi KQ/2Hb KQM; /Bz2 2Mi

/i TQBMib M/ 7Q  i?2 b2+QM/ + i2;Q v-r2 Q#b2 op2 P B/2bT CoBBMMBG + Gk
BKT Qp2K2MiQp2 PGaBMi?2} ' bi+ i2;Q ' v#mii?2BKT Qp2K2MiBb MQip2\
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+i2;Q°'v bi?2BM7Q K iBQM 7Q " i?2 +HB2Mib Bb MQi p:BH @piR/BIM i?2 i E
bK HH BKT Qp2K2MiBMW2?2Gabi + i2;Q°'v M/ H ;2" BKT ' Qp2K2Mi BM i?2 b2+
:Ga T'QpB/2b bK HH BKT Qp2KBRMIi PP hiGai2;Q v- Hi?Qm;? i?2 T2 '7Q K N
rQ° b2 BM i?2b2+QM/ + i2;Q°vX h?2 Qp2°  HHT2 ' 7Q 'K M+2 Bb 7QsM/ #2bi 7Q
h?2 "2bmHib "2 +QMbBbi2Mi rBi? i?2 M Bp2iv M/ BM2{+B2M+v p Hm2b r2 /B

kX8Xe TTHB+ iBQM Q7 + Qbb2/  M/QK 2z2+ib KQ/2H QM JQp

AM i?Bb bm#b2+iBQM- r2 +QKTmi2 i?2 T'2/B+iBQM 2°"Q" Q7 + ' Qbb2/ " M/Ql
bHQT2b QM JQpB2G2Mb / i b2i M/ +QKT "2 BirBi? # b2HBM2 KQ/2Hb HBF:
2z2+ib KQ/2H rBi? ° M/IQK BMi2 +2TibX g2 T2 ' 7Q K2/ iPQpR2K62NMb RyNEZbBb
/ 1 b2i p BH ##H®eMh?2 /i b2i/2b+ B#2b ~ iBM;b M/ 7°22@i2ti i ;;BM; +i
JQpB2G2Mb- KQpB2 "2+QKK2M/ iBQM b2 pB+2X Ai +QMi BMb "QmM/ Ryy
QM Re3k KQpB2bX 1 +? mb2 2?2 b " i2/ i H2 bi ky KQpB2bX h?2 /i b2i Hb
BM7Q K iBQM QM mb2°'b M/ KQpB2b- 2X;X- ;2-;2M/2° Q7 mb2'b M/ ;2M 2
+QK#BM2/ BM7Q K iBQM Q7 mb2° M/ KQpB2b b 72 im 2 p2+iQ " 7Q°  HBM2 °

tp =( ;2 Q7 Mk2M/2° Q7i:nQ\22 ?Qi 2M+Q/BM; 7Q  jRM 2 Q7 KQpB2

6QHHQIBM; R2K2 b2 bm#b2i Q7 +HB2Mi@bT2+B}+ 72 im 2b b +Qp "B i2b |
Bi2Kb M/ pB+2@p2'b X h?2°27Q°2-r2 2Bi?2 mb2 Dmbi " M/QK BMi2 +2Tib
BMi2 +2Tib bmTTH2K2Mi2/ #v > M/QK bHQT2b 7Q  i?2 QM2 ?Qi 2M+Q/BM; p
aBKBH “Hv-r2 2Bi?2  mb2 Dmbi"> M/QK BMi2 +2Tib 7Q  Bi2Kb Q" r2 mb2 > M/
#v > M/QK bHQT2b 7Q° ;2 M/ :;2M/2 Q7 i?2 mb2 bX g2 2T 2bQUEH?2b2 KQ/2
JQ/2H M/ JQ{2HBX2X-;J8b2HKQ/2H rBi? ° M/QK bHQTi24 RQMAHBIZRQK B7
bHQT2b 7QjBli Rb B 7

PGd JQ/3H JQ/2H JQ/2H JQ/2H
Jal| RXkk9yX338 yX3d3 yX33R yx3ds

h #H2 kXj, S'2/B+iBQM 2°°Q Q7 " iBM;b BM JQpB2G2Mb / i

JQ/3HBb i?2 + Qbb2/ KQ/2H 2z2+ib KQ/2H rBi? Dmbi  M/Q®BMi2 H2Tib /B
kykR M/ Bib2 p2b b MQi?2 # b2HBM2 KQ/2H 7Q " mbX h?2 Tm TQb2 Q7 i?
i72 MiBHBiv Q7 mbBM; + ' Qbb2/ " M/QK 2z2+ib KQ/2H rBi? ° M/QK bHQT2bX
bHQT2b ?2HTb BM # BM:BM; bB:MB}+ Mi BKT Qp2K2Mi BM T 2/B+iBQM ++
b+ H #H2 bQHMIBQM iQ + Qbb2/ > M/QK 2z2+ib KQ/2HX h?2b2 KQ/2Hb +QmH,
bvbi2Kb M/ i?2v +QK2 rBi? M //BiBQM H /p Mi ;2 Q7 #2BM; BMi2 T 2i #H2
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kXe *QM+HmMbBQM

AMi?2 T T2 -r2 /Bb+mbb2/ 2biBK iBQM mM/2" + ' Qbb2/ " M/QK 2z2+ib KQ/2F}
bm;;2bi2/irQ /Bz2 '2Mi H;Q Bi?Kb # b2/ QM i?2 K2i?Q/ Q7 KQK2Mib +QK#BM
p B iBQM H1JX h?27Q K2 BbKQbi TT'QT B i2r?2Mi?2+Qp 'B M+2 K i 'B-
"2/B ;QM H M/ i?2 H ii2°Bbmb27mH r?2M i?2 +Qp "B M+2 K i'B+2b "2 mM|
# b2/ QM i?2 K2i?Q/ Q7 KQK2Mib r b b?QrM iQ ? p2i?2Q 2iB+ H b r2HH b
iQ 2biBK i2 }t2/ 2z2+ib M/ +Qp "B M+2 T * K2i2'br?2M +Qp "B M+2 K i "B+
r2°2/B ;QM HX h?2 H;Q ' Bi?K # b2/ QM p "B iBQM H1Jr b #H2iQ ++QKTH]|
r?B+? BbiQ 2biBK i2i?2T ° K2i2°'br?2Mi?2+Qp "B M+2 K i'B+2b "2 mMbi'm
2KTB B+ H "2bmHibX "Qi? Q7 i?2 H;Q Bi?Kb +QmH/ +QKTH2i2 i?2i bFiQ 2
T K2i2©O@M M/ "2 bmT2'BQ  iQ 6HK2 6 r?BRI?FZbhA2HHpPQ 'Bi?Kb }M/
?m;2 TTHB+ iBQMb BM b2iiBM;b rBi? H ;2 b KTH2 bBx2b M/ r?2°2 i?2 iBK:
+ " m+B HX aQ 7Q" 2t KTH2- 7Q=100@&ERAK 2BGKB;?ii F2 Qp2° 9y KBMmi2b-r
Qm  K2i?Q/bi F2Z2 mM/2" Ry b2+QM/bN ¥Q;000'MGE BOKIKEB?®R /b i F2 "QmM/ jy
b2+QM/b Ub2RX®; m222KQMbi" i2/i?2 T2’ 7Q° K M+2 Q7 Qm° H;Q Bi?Kb mbB
r2HH b "2 H/ i X



*2 Ti2' ]

a+ H #H2 "2+QKK2M/2  bvbi2K
# b2/ QM 7 +iQ° M HvbBbD

#bi o +i

_2+QKK2M/2 bvbi2Kb ? p2 #2+QK2 2bb2MiB HBM i?2 KQ/2 M /B;Bi H
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