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Preface

In recent years, statistical estimation and inference methods have grown increasingly complex with

the advent of large data, relying on large computations and solving non-trivial optimization prob-

lems. Such methods arise in a wide array of applications such as genomics, healthcare, neural

network theory, and signal processing. It is often imperative that these methods are fast and scal-

able to ultimately become useful tools for practitioners. In this thesis, we focus on a particular

aspect of estimation methods, namely, sparsity-inducing penalized regression problems with a heavy

emphasis on the group lasso problem, primarily geared towards developing algorithms that achieve

high-performance speed. Speed can come in different flavors such as algorithmic design, software

engineering, heuristics, and theoretical results. We discuss several different works that contain a

mix of these strategies that coalesce into reliable algorithms that achieve stunning speed in practice.

Chapter 2 introduces the most foundational work of the thesis that establishes a novel algorithm

for solving the group lasso and elastic net. Chapter 3 develops a heuristic for discarding features in

the group lasso solver that is more robust than the state-of-the-art method. Chapter 4 extends the

group lasso solver by allowing group-wise linear inequality constraints, which requires a considerable

change to the original algorithm. Finally, Chapter 5 develops a theoretical framework for studying

the existence of a sparse solution to a general polyhedron constrained least squares problem. This

leads us to a fast high-dimensional non-negative least squares solver, which is a fundamental tool in

our constrained group lasso solver.
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5.1 Visualization of the main proof idea of Lemma 5.3.1. The polyhedron P ⊆ R2 (with

a non-empty interior) is given by the shaded blue region defined by the constraints

ai (red arrows). Suppose w ∈ P (blue dot) is such that x = Qw. If v ̸= 0 ∈ Null(Q),
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Chapter 1

Introduction

In the last few decades, the landscape of machine learning changed drastically with the exponential

growth of data in both the number of samples n and features p. Most regression models – the

prototypical one being ordinary least squares (OLS) – favor the increase in n as they tend to gener-

alize better. Moreover, the computational cost of large n can be easily ameliorated via distributed

computing. However, as p grows, they typically suffer from overfitting, large memory consumptions,

and increased computational complexity. The standard approach to tackle the overfitting issue is

regularization. Many different regularizations exist today and some notable ones include the ridge,

lasso [Friedman et al., 2010], elastic net [Zou and Hastie, 2005], and group lasso [Yuan and Lin,

2006]. The ridge adds the ℓ2 penalty ∥β∥22 to the regression objective while the lasso adds the ℓ1

penalty ∥β∥1. The ridge solution typically remains dense, however, the lasso often enjoys sparsity

in the solution due to the soft-thresholding property. For this reason, the lasso has gained wide

popularity in high-dimensional regression settings where p can be extremely large (sometimes on the

order of millions) as the state-of-the-art solvers bypass the aforementioned computational challenges

by leveraging this sparsity property. The elastic net is a convex combination of the ridge and the

lasso, allowing for a more flexible model. The group lasso adds the (sum of) ℓ2-norm penalties∑G
g=1 ∥βg∥2 where groups of coefficients βg are separately penalized. This model tends to have

group-wise sparse solutions (but typically dense within each non-zero group of coefficients).

While the ridge, lasso, and elastic net have been studied carefully both theoretically and empiri-

cally, the same cannot be said about the group lasso. We believe a large reason for this phenomenon

is the inexistence of a gold-standard package like glmnet [Friedman et al., 2010] for solving the group

lasso. In Chapter 2, we propose a novel algorithm to solve the group lasso extremely efficiently and

provide an industry-grade package, adelie, available in both Python and R. Our main contribu-

tion lies in solving the block update in the block-coordinate descent algorithm, which achieves a

quadratic rate of convergence. Moreover, we solve the group lasso problem in full generality, making

no assumptions about the structure of the feature matrix X that other solvers impose. Many of the

1
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tricks employed in glmnet are naturally carried over to our solver such as warm-starts, active set

strategy, and extensions to general convex losses via the proximal quasi-Newton method. In Chap-

ter 3, we propose a heuristic called the pivot rule for discarding features in our algorithm. We often

observe extremely fast convergence with the pivot rule especially when p is large, comparable to the

state-of-the-art strong rule and significantly faster when there exists high pairwise correlation in the

features. The pivot rule is largely motivated by the strong rule and only uses the KKT conditions

to derive a robust ranking system of the features to guess the next active features. We use a simple

change-point detection algorithm via OLS to automatically make our selection. In Chapter 4, we

introduce the (group-wise) polyhedron constrained group lasso problem, which adds linear inequality

constraints for each group of coefficients in the unconstrained group lasso problem. To the best of

our knowledge, there does not exist any specialized solver for this problem. Our main motivation for

this project is to optimally train 2-layer ReLU neural networks [Pilanci and Ergen, 2020]. However,

our solver also extends to more standard statistical applications such as isotonic regressions. Most

of the moving parts of the unconstrained solver can be salvaged, but the block update requires a

substantial amount of extra work. One crucial component of our constrained group lasso solver is a

fast high-dimensional non-negative least squares solver (NNLS), which we study as a separate topic

in Chapter 5. In fact, we study the more general polyhedron constrained least squares problem in

Chapter 5 and first derive theoretical results around the existence of a sparse solution and its local

uniqueness property. We use these results to derive our desired fast NNLS solver.



Chapter 2

Group lasso and elastic net

2.1 Introduction

In this chapter, we discuss one of the core results of the thesis following Yang and Hastie [2024a]

that establishes fast algorithms for solving group lasso and elastic net penalized regression problems.

The group lasso [Yuan and Lin, 2006] is an extension of the celebrated lasso [Tibshirani, 1996]

that aims to additionally capture group structure within the features to induce group-wise sparsity

in the solutions. Specifically, the group lasso tends to zero-out groups of coefficients rather than

individual coefficients like the lasso. The group lasso is a bona fide extension in that if all groups are

of size one, then we recover the lasso. Despite the wide popularity of the lasso for its interpretability

of its sparse solutions, there is a drawback when multiple columns of a feature matrix represent

one entity. For example, a categorical feature, or a factor, is often represented as indicators for

each category, yielding many columns. In such cases, the group lasso will select all or none of these

columns whereas the lasso may select any subset of them, leaving the user in an ambiguous situation

to decide whether the factor is informative or not [Meier et al., 2008]. Moreover, the result of lasso

changes based on the encoding scheme of factors, which is an undesirable property [Yuan and Lin,

2006]. For these reasons, the group lasso has gained popularity over the years.

While the group lasso seems very close in spirit to the lasso (as both models induce sparsity

in their solutions), their computational aspects are vastly different. A popular method for solving

the lasso is coordinate-descent [Friedman et al., 2010]. The authors demonstrate that coordinate-

descent can be made extremely efficient with a closed-form solution to each coordinate update. As

we shall see in Section 2.3, the group lasso does not enjoy such properties as soon as a group size is

greater than one. Still, inspired by the success of coordinate-descent with the lasso, many authors

pursue (block) coordinate-descent as the primary workhorse of their algorithm [Yuan and Lin, 2006,

Meier et al., 2008, Tseng, 2001, Liang et al., 2022]. To solve each (block) coordinate update,

people have gravitated towards proximal gradient methods such as ISTA, FISTA, and FISTA with

3
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adaptive-restarts [Liang et al., 2022, Beck and Teboulle, 2009, Klosa et al., 2020, Wright et al., 2009,

Loris, 2009, Hastie et al., 2016, O’Donoghue and Candés, 2015]. These methods are attractive for

problems like the group lasso because the block-coordinate updates can be solved iteratively where

each iteration has a simple closed-form solution, now reminiscient of the lasso.

In this paper, we develop fast and scalable algorithms for solving the group lasso under the usual

least squares loss (Gaussian loss) as well as any twice-continuously differentiable convex, proper,

and closed losses. In particular, we can solve generalized linear models such as logistic regression,

poisson regression, and multinomial regression with the group lasso penalty. Following the work of

Zou and Hastie [2005], which extends the lasso to the elastic net, we work with an analogous elastic

net penalty for the group lasso. Our work largely follows the work of Friedman et al. [2010] and

our main result lies in the block-coordinate update. Specifically, we propose a novel algorithm to

solve each block-coordinate update via Newton’s method, which can be shown to have a convergence

guarantee and a quadratic convergence rate. We provide a publicly available Python package adelie

with brief installation directions in Section 2.8.

In Section 2.3, we present our main result for solving the group elastic net under the Gaus-

sian loss using block-coordinate descent with a special emphasis on the block-coordinate update.

Section 2.4 extends this result to general convex losses using proximal quasi-Newton method. Sec-

tion 2.5 demonstrates that we may then use our results to easily fit multi-response data as well with

no special changes to the solver. Finally, Section 2.6 shows our benchmark results comparing our

package to existing R packages for solving the group lasso as well as the lasso.

2.2 Preliminaries and notations

Let R, Rn, and Rm×n denote the space of real numbers, real vectors of size n, and real matrices of

shape m×n, respectively. Similarly, we define the analogous spaces for the non-negative real numbers

R+ and the positive real numbers R++. We denote ℓp-norms on Rn as ∥x∥p := (
∑n

i=1 |xi|p)1/p. We

write ∥x∥W :=
√
x⊤Wx to be the ℓ2-norm scaled by (diagonal) weights W ∈ Rn×n

+ . We denote 0

and 1 to be the vector of zeros and ones, respectively. The identity matrix is denoted as In ∈ Rn×n

and I if the dimensions are implicitly defined based on context. We define [n] := {1, . . . , n} to be

the set of integers ranging from 1 to n. For any vector v ∈ Rn and a set of indices S ⊆ [n], let

vS be the subset of v along indices in S. If S is a subset of G groups, that is, S ⊆ [G] and each

group g ∈ [G] has size pg such that
∑G

g=1 pg = p, then vS is the subset of v along each group so

that vS = {vg ∈ Rpg : g ∈ S}. In either context, we denote v−S ≡ vSc as the subset of v along

indices (groups) not in S. For a real-valued function f : Rn → R, we denote its gradient as ∇f and

the hessian as ∇2f . For two square matrices A,B ∈ Rn×n, we denote A ⪯ B if B − A is positive

semi-definite and A ≺ B if B−A is positive definite. We denote A⊗B to be the Kronecker product

of any two arbitrary matrices A and B.
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2.3 Algorithms for group lasso/elastic net under Gaussian

loss

Consider the usual regression setup where X ∈ Rn×p and y ∈ Rn are the feature matrix and response

vector, respectively. Let G be the number of groups and pg be the size of group g ∈ [G] so that X

may be decomposed as [X1 X2 . . . XG] where Xg ∈ Rn×pg is the feature matrix corresponding to

group g features only. In this section, we discuss our main algorithm to solve the group elastic net

problem under the Gaussian loss given by

minimize
(β0,β)∈R1+p

1

2
∥y −Xβ − β01∥2W + λPα,ω(β) (2.1)

and

Pα,ω(β) :=

G∑
g=1

ωg

(
α ∥βg∥2 +

1− α

2
∥βg∥22

)
(2.2)

where βg ∈ Rpg are the coefficients corresponding to group g. Here, W ∈ Rn×n
+ is assumed to be

a diagonal matrix where the diagonal specifies the observation weights. Moreover, we assume that

the sum of the diagonal 1⊤W1 is exactly 1 so that the weights are normalized. Typically, we use

the uniform weights, which results in W ≡ n−1I. The penalty factor ω ∈ RG
+ allows us to control

the relative penalty across the groups and λ ≥ 0 to control the overall penalty. A common strategy

is to set ωg ≡ √pg so that the groups are penalized relative to their size [Yuan and Lin, 2006].

The elastic net parameter α ∈ [0, 1] dictates the proportion of the group lasso penalty (∥·∥2) and

the ridge penalty (∥·∥22) so that α closer to 1 induces more sparsity in the solutions. Note that the

intercept β0 is unpenalized. Hence, without loss of generality, we assume for simplicity that X is

column-centered and y is centered (where the center is a weighted average using the diagonal of W

as weights) so that we may replace β0 ≡ 0. This simplification is specific to the Gaussian loss and

we will soon remove this assumption when we move to general convex losses in Section 2.4.

Although the groups typically have less correlation between groups than within groups, as most

applications tend to group correlated features together, it is nonetheless still possible to have strong

correlations between groups. In this case, the group lasso can still suffer from the same erratic

behavior observed with the lasso where the group lasso will tend to pick one of the correlated groups

and ignore the rest. For this reason, the group elastic net penalty can help ameliorate this extreme

behavior by applying some ridge penalty to shrink every group towards each other.

Following [Friedman et al., 2010], we show in Figure 2.1 a comparison of the solution paths for

the group lasso, group elastic net, and ridge on the Leukemia dataset from Golub et al. [1999]1.

This dataset contains 72 samples and 7129 gene expression probes that are measured with DNA

1https://www.openintro.org/data/index.php?data=golub



CHAPTER 2. GROUP LASSO AND ELASTIC NET 6

microarrays. To introduce group structure, we take each column of gene probes Z·,j and create two

more features Z2
·,j , Z3

·,j , that is, the square and cube of the original column (element-wise). We

then group every three such features together. This results in a feature matrix X ∈ R72×21387. The

response y is a binary variable indicating cancer or not for each observation. However, for the sake

of illustration, we treat it as a continuous variable. We run the group lasso (α = 1), group elastic

net (α = 0.2), and ridge (α = 0) for 100 values of λ, and plot the coefficient profiles for the first 10

values. The following code snippet shows an example of using our package adelie to fit group lasso

on the Leukemia dataset (assuming X and y have already been loaded):

import a d e l i e as ad

import numpy as np

p = X. shape [ 1 ]

s t a t e = ad . grpnet (

X=X,

glm=ad . glm . gauss ian ( y ) ,

groups=3 ∗ np . arange (p ) ,

alpha =1.0 ,

e a r l y e x i t=False ,

)

The total time to run all three models for all 100 values of λ was 0.5 seconds on a standard M1

Macbook Pro. It is clear that group lasso tends to pick sparse models with few large coefficients

whereas the ridge includes all the features but shrinks them towards zero. The group elastic net is

somewhere in between where we observe more non-zero coefficients than the group lasso but fewer

than the ridge.

Our method to solve (2.1) is based on the block-coordinate descent (BCD) algorithm [Tseng,

2001]. Since the objective is composed of a smooth, convex, closed, and proper component and a

separable non-differentiable component, BCD provably attains the minimizer. The BCD algorithm

cycles through each group g = 1, . . . , G and solves (2.1) only for βg while fixing all other coefficients.

In other words, we solve the following optimization problem:

minimize
βg∈Rpg

1

2
β⊤
g X⊤

g WXgβg − (y −
∑
g′ ̸=g

Xg′βg′)⊤WXgβg + λωg

(
α ∥βg∥2 +

1− α

2
∥βg∥22

)
(2.3)

As we show in Section 2.3.1, it is advantageous to first perform an eigen-decomposition of X⊤
g WXg =

QgΛgQ
⊤
g and transform βg 7→ Q⊤

g βg. Here, Qg ∈ Rpg×pg is a square orthogonal matrix and Λg ∈
Rpg×pg

+ is a non-negative diagonal matrix, which may contain some zeros. Using the fact that the
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Figure 2.1: A comparison of the coefficient profile for the group lasso, group elastic net, and the
ridge on the Leukemia dataset by [Golub et al., 1999]. From left to right, we gradually see more
features entering the model with an overall shrinkage on the coefficients towards zero until the ridge
includes every feature.
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penalty is invariant under rotation and letting β̃g := Q⊤
g βg, (2.3) changes to

minimize
β̃g∈Rpg

1

2
β̃⊤
g Λgβ̃g − (y −

∑
g′ ̸=g

Xg′βg′)⊤WXgQgβ̃g + λωg

(
α
∥∥∥β̃g

∥∥∥
2

+
1− α

2

∥∥∥β̃g

∥∥∥2
2

)
(2.4)

We abstract this problem into the following general problem

minimize
x∈Rd

1

2
x⊤Σx− v⊤x + λ ∥x∥2 (2.5)

where Σ ∈ Rd×d
+ is a non-negative diagonal matrix and λ ≥ 0. Relating back to (2.4), we have

Λg + λωg(1 − α)I 7→ Σ, Q⊤
g X

⊤
g W (y −∑g′ ̸=g Xg′βg′) 7→ v, and λωgα 7→ λ (with a slight abuse of

notation). The rest of the section focuses on solving (2.5). Since λ > 0 is the only interesting case,

we assume without loss of generality that λ > 0.

We make a few remarks on (2.5). Suppose for the moment that the observation weights W = n−1I

are equal weights to be consistent with the other references. In the literature, we have found that

most, if not all, methods only consider isotropic Σ, that is, Σ = tI for some scalar t > 0. Yuan and

Lin [2006] directly assume that Xg in (2.3) has orthonormal columns so that Σ ≡ I. In the general

case, they at least assume Xg to be full-rank so that it admits a QR decomposition with an invertible

R. Then, they solve (2.3) with Xg replaced with the Q matrix and naively rescale the result by

R−1. This strategy has drawbacks because it assumes full-rankness and, more fundamentally, the

resulting coefficient is not the solution to the original problem (2.3). This was also observed and

noted in Simon and Tibshirani [2012] and the authors proposed to fix the issue by amending the

group lasso penalty from ∥βg∥2 to ∥Xgβg∥2. While this allows the derivation to work out nicely, we

otherwise view this change merely as a mathematical convenience and not a satisfactory solution

to the original problem (2.3). Other authors such as Liang et al. [2022], Beck and Teboulle [2009],

Meier et al. [2008] majorize X⊤
g Xg using an isotropic matrix. They are able to show convergence and

a convergence rate of O(1/k2) where k is the number of iterations. However, we noticed in practice

that their methods converge very slowly either when X⊤
g Xg is near singular or the dimension of

the block increases. As the block-coordinate update is the most critical component of the BCD

algorithm, we desire a more reliable and a faster algorithm. Our method directly solves (2.5) with

no workarounds or approximations and works in full generality for any non-negative diagonal Σ,

or equivalently, any arbitary Xg. Moreover, we attain a quadratic convergence rate and a stable

algorithm in practice.

It was previously noted that we must perform an eigen-decomposition for X⊤
g WXg. This decom-

position only needs to be done at most once per group. Moreover, we will see later in Section 2.3.6

that the decomposition only needs to be done on a small subset of the groups.

We conclude this section with the statement of Theorem 2.3.1 (see Appendix A.1 for the proof).

We state this theorem for two reasons. First, the problem in (2.5) is indeed more general than (2.4).



CHAPTER 2. GROUP LASSO AND ELASTIC NET 9

If Σ is not positive definite, then for a specific choice of v, (2.5) may not have a solution due to

an unbounded objective. Since we will now restrict our attention to (2.5), we provide a sufficient

condition for the existence of a solution for completion. It is easy to check via the SVD of Xg that

the conditions of Theorem 2.3.1 hold for our original problem (2.3). Secondly, condition (2.6) will

become crucial in Section 2.3.2 where we develop our adaptive bisection method.

Theorem 2.3.1 (Sufficient Condition for the Existence of the Minimizer of (2.5)). Consider the

optimization problem of (2.5) with λ > 0. If the following condition holds

vS = 0, S := {i ∈ [d] : Σii = 0} (2.6)

then a finite minimizer exists. Moreover, the minimizer is given by

x⋆ =


(

Σ + λ
∥x⋆∥2

I
)−1

v, ∥v∥2 > λ

0, ∥v∥2 ≤ λ
(2.7)

2.3.1 Vanilla Newton’s method-based algorithm

We now discuss how to solve (2.8) via Newton’s method. Assume (2.6) holds so that a solution

exists by Theorem 2.3.1. Without loss of generality, we only consider the first case of (2.7) when

∥v∥2 > λ. Without knowing ∥x⋆∥2, there is no closed-form solution for x⋆. In an endeavor to find

an expression for ∥x⋆∥2, we take the ℓ2-norm on both sides to get that ∥x⋆∥2 must satisfy

d∑
i=1

v2i
(Σii ∥x⋆∥2 + λ)2

= 1 (2.8)

Unfortunately, there is no closed-form solution for ∥x⋆∥2 from (2.8) either. We see this as the main

difference from performing coordinate-descent for lasso. Namely, the coordinate update in lasso has

a simple closed-form solution (soft-thresholding function) [Friedman et al., 2010]. However, as soon

as a group has size greater than 1, there is no closed-form solution to its block-coordinate update

in the group lasso. In spite of this difficulty, we shall see shortly that a simple Newton’s method

can numerically solve (2.8) efficiently with guaranteed convergence. In turn, once we find ∥x⋆∥2, we

may substitute it into (2.7) to get the full solution x⋆ in O(d) time. Note that we can achieve this

complexity because Σ is diagonal. Indeed, the subsequent arguments will also heavily rely on this

fact to achieve O(dk) time complexity, where k is the number of Newton iterations, which would

otherwise be Ω(d2k) if Σ were not diagonal. This computation reduction was the primary reason

for transforming our problem from (2.3) to (2.4). We also note in passing that Hastie et al. [2016,

Ex. 4.7] also discovered the relationship between (2.7) and (2.8) from which they proposed to solve

for ∥x⋆∥2 via the golden-section search.
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Algorithm 1: Newton’s Method

Data: Σ, v, λ, ε, h(0)

1 h← h(0);
2 while |φ(h)| > ε do

3 h← h− φ(h)
φ′(h) ;

4 return h;

Now, define φ : [0,∞)→ R by

φ(h) :=

d∑
i=1

v2i
(Σiih + λ)2

− 1 (2.9)

so that (2.8) is now a one-dimensional root-finding problem for φ. In Appendix A.3, we show that φ

is strictly decreasing, strictly convex, and φ(0) > 0 > limh→∞ φ(h), so that a root (uniquely) exists.

Our strategy is then to apply Newton’s method to search for the root of φ. Newton’s method starts

with an initial point h(0) and iteratively updates

h(k+1) = h(k) − φ′(h(k))−1φ(h(k)) (2.10)

Algorithm 1 summarizes Newton’s method. By Theorem 2.3.2, Newton’s method has guaranteed

convergence to the root of φ for any initial point h(0) ≥ 0 such that φ(h(0)) ≥ 0 (e.g. h(0) ≡ 0).

Moreover, the Newton iterates are increasing towards the root. For a proof of Theorem 2.3.2, see

Appendix A.2. Since φ′ is bounded away from 0 and φ′′ is continuous on the interval [0, r] where r

is the root of φ, standard theory shows that we also have a quadratic convergence rate [Boyd and

Vandenberghe, 2004].

Theorem 2.3.2 (Convergence Result of Newton’s Method). Suppose f : R 7→ R is convex, con-

tinuously differentiable with a non-vanishing derivative, and decreasing. Suppose further that there

exists a root r ∈ R such that f(r) = 0. Let x(0) be any initial point such that f(x(0)) ≥ 0. Then, the

Newton iterates
{
x(k)

}∞
k=0

defined by

x(k+1) = x(k) − f ′(x(k))−1f(x(k)) (2.11)

is an increasing sequence that converges to a root of f .

It is clear from the discussion so far why our method, in principle, is faster and more stable than

the aforementioned proximal gradient methods such as ISTA, FISTA, and FISTA with adaptive

restarts. First, none of these methods are able to give any convergence rate comparable to our

quadratic convergence rate largely because they are first-order methods. Secondly, while these
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proximal gradient methods search the entire Rd space, we have reduced our problem to a one-

dimensional root finding problem. Lastly, we have established a well-behaving sequence of iterates

(e.g. increasing and bounded).

Figure 2.2 shows a comparison of the proximal gradient methods and our Newton’s method,

clearly demonstrating the superiority of our method. We implemented all these methods as optimized

as possible in C++. For FISTA and FISTA with adaptive restarts, we follow the details laid out by

the authors of Beck and Teboulle [2009], O’Donoghue and Candés [2015]. We generate the diagonal

of Σ ∈ Rd×d
++ from the uniform distribution on the interval (0, 1), the linear term v = Σ1/2v′ where

v′ ∼ N (0, Id), and λ = 0.1. We measure accuracy as

max
i=1,...,d

|x̂i − x̃i| (2.12)

where x̂ is the solution returned by a solver and x̃ is defined by (2.7) where the ∥x∥2 is replaced

with ∥x̂∥2. Note that the proximal methods fail to converge within 10000 iterations as d increases,

and even when they converge, Newton’s method performs 10 to 1000 times faster. Furthermore, the

accuracy of the Newton’s method remains steady regardless of the dimension d, while the proximal

methods have trouble searching the space efficiently, suffering from the lack of guidance from the

curvature information.

Despite the success of our Newton’s method approach, there is still room for improvement.

It is widely known that descent methods (including Newton’s method) is highly sensitive to the

initialization. A poor initialization may lead to significantly slower convergence in practice while

an initialization close to the root will be rewarded with incredible speed. It then remains to show

how to properly choose the initial starting point h(0). First, it is always advantageous to select

h(0) such that φ(h(0)) ≥ 0 to preserve the increasing property of the iterates and the convergence

guarantees. We have chosen h(0) ≡ 0 thus far, but it may not be the best initial value as we may

observe relatively larger number of iterations, especially if Σ is singular and λ is small. This is due

to the fact that we may require many iterations before achieving the quadratic convergence rate.

The left plot in Figure 2.3 shows an example of such a case. We see that φ decays rapidly near

h ≈ 0 and has an extremely flat tail. The iterates slowly move from the origin until h ≈ 100 and

the speed picks up from there. One possible remedy is to simply start Newton’s method from a

large value of h rather than 0. However, as Figure 2.3 suggests, because the function usually has

a very flat tail, Newton’s method will likely shoot the iterate to the left with a large magnitude.

As a result, we may end up with an iterate that is negative. Upon projecting back to [0,∞), we

return to the situation where we start Newton’s method at the origin. For these reasons, we develop

in Section 2.3.2 a special modification of our Newton-based approach, which describes our most

performant and robust method that reduces iterations in nearly all configurations of the inputs.
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Figure 2.2: Time and accuracy comparison between the proximal gradient methods and our Newton’s
method. Overall, the proximal gradient methods suffer from large computational overhead due to
large number of iterations, and fails to converge in time as the dimension increases. Contrastingly,
Newton’s method is quite stable, properly converges, and runs 10 to 1000 times faster.
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Figure 2.3: Plot of the iterates for the vanilla Newton’s method (left) and Newton-ABS (right). In
both plots, we display the iterates by their value of φ and describe their path by the color gradient
scheme. The iterates are guaranteed to move from left to right. The solution is marked with a star.
For visualization purposes, the axes were scaled using the symmetrical log transformation, which
deceptively makes φ look non-convex. It is clear that Newton’s method struggles where there is a
sharp decay near the origin as the Newton iterates slowly exit the kink. Newton-ABS gets around
this problem by finding a good initial point sufficiently away from the origin using our adaptive
bisection strategy.
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2.3.2 Newton’s method with Adaptive Bisection Starts algorithm

In this section, we improve our vanilla Newton’s method-based algorithm described in Section 2.3.1.

The key idea is to first apply a bisection method to search for a good initial point. In particular,

based on Figure 2.3, it is important to avoid the region of fast decay when h is close to 0, as this is

the region with many Newton iterations. Once we find a point sufficiently close to the root, we apply

Newton’s method as a refinement procedure, recovering all the convergence guarantees. Although

one could use any bisection method in theory, we propose an adaptive bisection method that has

been most effective in our experience. We note in passing that we have experimented with other

bisection methods such as the naive one that bisects evenly and other sophisticated methods such

as Dekker’s method and Brent’s method [Brent, 2013, Dekker, 1969]. Brent’s method, in particular,

was the only competitive method to our approach, however the runtime was quite unpredictable as

it was too dependent on the input values.

We first discuss how to find lower and upper bounds h⋆, h⋆ ∈ [0,∞), respectively, such that

the root lies in [h⋆, h
⋆]. To motivate the derivation, note that the root-finding problem for φ is

equivalent to finding the largest value h > 0 such that φ(h) ≥ 0, or

sup {h > 0 : φ(h) ≥ 0} (2.13)

The idea is to find a different function φ⋆(·) such that

h⋆ := sup {h > 0 : φ⋆(h) ≥ 0} =⇒ φ(h⋆) ≥ 0

and h⋆ is easily computable. Similarly, we find a function φ⋆(·) such that

h⋆ := inf {h > 0 : φ⋆(h) ≤ 0} =⇒ φ(h⋆) ≤ 0

This shows that the root must lie in [h⋆, h
⋆]. In Appendix A.4, we find suitable functions φ⋆ and

φ⋆, and derive the following expressions for h⋆ and h⋆:

h⋆ =

−λ1⊤Σ1 +
√

(1⊤Σ1)2 − (1⊤Σ21)(λ2d− ∥v∥21)

1⊤Σ1


+

(2.14)

h⋆ =

√ ∑
i:Σii>0

v2i Σ−2
ii (2.15)

We now describe our proposed adaptive bisection method. Ideally, we would like to know if the

root is closer to h⋆ or h⋆. If we believe that the root is much closer to h⋆, we do not have to bisect

[h⋆, h
⋆] at the mid-point, but perhaps at a point closer to h⋆. Likewise, if the root were much closer

to h⋆, we would like to bisect closer to h⋆. Since we do not know the root a priori, it is not possible
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Algorithm 2: Adaptive Bisection

Data: Σ, v, λ, ε
1 Compute h⋆ using (2.14) and h⋆ using (2.15);
2 Σ⋆ ← min

i:Σii>0
Σii;

3 h← h⋆;
4 while φ(h) < −ε do
5 h⋆ ← h;

6 w ← λ
Σ⋆h⋆+λ ;

7 h← wh⋆ + (1− w)h⋆;

8 return h;

to determine which side it is closer to. However, we can make an informed guess based on a prior of

how likely the root is closer to h⋆. With this in mind, we construct our prior based on the derivation

of h⋆ in Appendix A.4. For completeness, we provide the relevant part of the proof:

d∑
i=1

v2i
(Σiih + λ)2

=
∑

i:Σii>0

v2i
(Σiih + λ)2

≤ h−2
∑

i:Σii>0

v2i
Σ2

ii

(2.16)

It is easy to see that our h⋆ makes the right-side of (2.16) equal to 1. We note that the inequality

above becomes tighter as h⋆ approaches the root. This motivates us to consider the worst approxi-

mation error (rate)

w := max
i:Σii>0

λ

Σiih⋆ + λ
=

λ

Σ⋆h⋆ + λ
∈ (0, 1), Σ⋆ := min

i:Σii>0
Σii

If w ≈ 0, the inequality in (2.16) is tight, which suggests that the root is close to h⋆. Hence, w

represents the prior that the root is close to h⋆. We bisect at the new point h := wh⋆ + (1− w)h⋆.

If φ(h) > ϵ (sufficiently positive), we use h(0) := h as the initial point for our Newton’s method.

Otherwise if φ(h) < −ϵ (sufficiently negative), we set h⋆ := h and repeat the bisection argument.

Finally, if |φ(h)| ≤ ϵ (sufficiently close to 0), we declare h to be the root. Algorithms 2 and 3

summarize this procedure, which we call Newton’s Method with Adaptive Bisection Starts (Newton-

ABS). We emphasize that we still have a convergence guarantee since the bisection method always

shrinks the interval containing the root and we eventually apply Newton’s method.

Algorithm 3 can be further optimized. If h⋆ − h⋆ is below some threshold (e.g. 0.1), then we

may skip bisection entirely and start Newton’s method at h(0) = h⋆. This is because the adaptive

bisection may move too slowly if the range is too small. One may also enforce enough movement

towards h⋆ by taking the max of w with a minimal probability (e.g. 0.05). This will ensure that

at least some proportion of h⋆ is taken if the prior suggests too strongly that the root is close to

h⋆. The idea is that it is better to overshoot towards h⋆ such that φ is non-negative so that we can
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Algorithm 3: Newton’s Method with Adaptive Bisection Starts (Newton-ABS)

Data: Σ, v, λ, ε
1 h← result of Algorithm 2;
2 if |φ(h)| > ε then
3 h← result of Algorithm 1 starting at h(0) = h;

4 x⋆ ← (Σ + λh−1I)−1v;
5 return x⋆;

apply Newton’s method sooner.

Figure 2.3 shows a plot of the Newton iterations for the vanilla Newton’s method from Sec-

tion 2.3.1 and our proposed Newton-ABS method. It is clear that Newton’s method struggles where

there is a sharp decay near the origin as the Newton iterates slowly exit the kink. However, Newton-

ABS gets around this problem due to the fact that the adaptive bisection first moves in the opposite

direction, starting at the upper bound h⋆ and moving towards h⋆ until φ is non-negative. In this

example, only 2 adaptive bisections were required and 5 subsequent Newton iterations, which is a

noticeable improvement from the 34 vanilla Newton iterations. Empirically, we have never observed

a case where the initial value remains at the kink after performing the adaptive bisection.

2.3.3 Naive and covariance updates

As in the coordinate descent algorithm for lasso, we have a “naive” and “covariance” method to

update the residual or gradient vector, respectively [Friedman et al., 2010]. Denote β as the current

coefficient vector and suppose in the BCD algorithm, we are at group g.

The “naive” method keeps track of the residual r := y −Xβ. To solve the BCD update (2.3),

we must prepare the inputs to (2.4). Recall that we can cache the eigen-decomposition of X⊤
g WXg

so that we have access to its eigenvalues Λg and eigenvectors Qg. Then, we may compute the linear

term in the following way

Q⊤
g X

⊤
g W (y −

∑
g′ ̸=g

Xg′βg′) = Q⊤
g X

⊤
g Wr + ΛgQ

⊤
g βg

In other words, we simply need to compute γg := X⊤
g Wr, express γg and βg in the eigen-basis Qg,

and perform simple elementwise operations. Altogether, the cost is O((n + pg)pg). Once the BCD

update, β̃g, is found by solving (2.3), we must update the residual to reflect the change in βg. Given

the current residual r, the change in residual, ∆r, can then be expressed as

∆r = −Xg

(
β̃g − βg

)
So, the residual update requires another O(npg) operations. Sometimes, we can avoid performing the
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residual update entirely if we observe that β̃g ≡ βg, i.e. the BCD update did nothing. Nevertheless,

the “naive” method has a worst-case cost of O((n + pg + k)pg) per BCD update where k is the

number of iterations for the Newton-ABS method.

The “covariance” method keeps track of the gradient γ := X⊤W (y − Xβ). This simplifies

the input preparation for the BCD update (2.3) since the linear term does not require the O(npg)

operations to compute X⊤
g Wr as in the “naive” method so that the complexity is O(p2g). However,

it could potentially make the gradient update more costly. The change in the gradient ∆γ can be

expressed as

∆γ = −X⊤WXg(β̃g − βg)

where we only have access to X⊤WXg as a whole. Hence, the gradient update requires O(p · pg)

operations. Therefore, the “covariance” method has a worst-case cost of O((p+ pg + k)pg), where k

is the number of iterations for the Newton-ABS method.

Depending on the use-case, the user may find that one method is faster than the other. Specifi-

cally, when n≪ p, the “naive” method is more efficient, and when p≪ n, the “covariance” method is

more efficient. However, in terms of memory, the “naive” method is almost always preferred (unless

n≫ p · nA where nA is the number of active coefficients). This is because the “covariance” method

requires saving X⊤WXg ∈ Rp×pg at the very least for the active groups g (with non-zero coeffi-

cients). With large p, this may be unmanageable. While we could technically recompute X⊤WXg

on-the-fly if we have insufficient memory, this would significantly hurt the performance and will fail

to be competitive against the “naive” method. On the other hand, the “naive” method only requires

O(n) extra memory for the residual.

2.3.4 Matrix abstraction

In this section, we restrict ourselves to the “naive” method for brevity, however, we note that similar

arguments can be made for the “covariance” method. The reader may notice that the BCD algorithm

only ever interacts with the matrix X through a few operations. Most notably, in Section 2.3.3,

we demonstrate that X is only used in the BCD update to compute the gradient γg and update

the residual r. Moreover, it is easily seen that the bulk of the computation in each BCD update

lies in these two operations. Hence, any effort into speeding up these operations will yield large

performance gains for the solver. Our software adelie takes advantage of this fact and abstracts

out the matrix class. That is, any matrix-like class supporting methods to compute X⊤
·,j:kv (gradient)

and r −= X·,j:kw (residual update) can be used by our solver in the block update. This gives the

user the opportunity to exploit any structure in X when implementing these methods to potentially

simplify the computation.

This abstraction has been proven to be quite useful for many applications. Simple examples
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include dense and sparse matrices. A more motivating example is in genome-wide association studies

(GWAS) where the main feature matrix of interest is the genotype matrix of SNP information taking

on values in {0, 1, 2,NA}. There is a plethora of references in this area, so we only mention a few

[Uffelmann et al., 2021, Witte, 2010, Mills and Rahal, 2019, He et al., 2022]. These genotype matrices

can be of daunting size. The UK biobank dataset [Sudlow et al., 2015], for example, contains 500,000

samples and about 1.7 million SNPs (features). However, both the sparsity of this matrix as well as

the restricted range of values allow us to efficiently store this matrix with far more structure than

a dense or a sparse matrix. Indeed, there has been some work to solve lasso on such large-scale

data [Qian et al., 2020, Li et al., 2021, He et al., 2024, Zeng and Breheny, 2018], all implementing

their own solvers by exploiting the structure of the genotype matrix. Another useful matrix is a

column-wise concatenation of a list of matrices. In the GWAS setting, we also have a small set

of dense covariates such as age, sex, and 10 principal components of the genotype matrix. These

covariates are often included in the final feature matrix along with the genotype matrix.

We conclude this section with a brief discussion of the implementation details of the gradient

computation and the residual update for the aforementioned matrix classes. For an in-depth discus-

sion of the full API of the abstract matrix class, we refer the readers to our documentation linked

in Section 2.8. For examples on using various types of matrices, we refer the readers to our user

guide2. First, dense and sparse matrices can be wrapped to expose the standard implementations

of the two operations (e.g. BLAS). Next, for the genotype matrix discussed above, the gradient

computation can be implemented in the following way:

X⊤
·,ℓv =

∑
i:Xiℓ=1

vi + 2
∑

i:Xiℓ=2

vi + µℓ

∑
i:Xiℓ=NA

vi, ∀ℓ = j, . . . , k

where µℓ is any imputed value (typically the imputed mean) for column ℓ. That is, we may skip over

rows when Xiℓ = 0 and otherwise compute a partial sum of v for all other categories; afterwards, the

partial sums are multiplied by their respective category values and summed. Similarly, the residual

update can be done in the following way: for each ℓ = j, . . . , k and category c ∈ {1, 2,NA},

ri −= ρℓ(c)wℓ, if Xiℓ = c

where ρℓ(1) = 1, ρℓ(2) = 2, ρℓ(NA) = µℓ.

2.3.5 Pathwise block-coordinate descent

We compute solutions along a decreasing sequence of the regularization parameter λ. We start with

the smallest λ, say λmax, for which all groups with non-zero group lasso penalty have coefficients

identically 0. This value can be directly computed once we fit all unpenalized variables. That is, if

2https://jamesyang007.github.io/adelie/notebooks/examples.html
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U := {g ∈ [G] : ωgα = 0} denotes the set of groups that have vanishing group lasso penalty, we first

solve (2.1) only for groups in U to get their corresponding coefficients β̂U . Then, we compute λmax

given by

λmax := max
g:g/∈U

∥∥X⊤
g W (y −XUβU )

∥∥
2

αωg
(2.17)

By the KKT conditions, we have our desired property that the zero solution on groups not in U is

optimal at λmax. Note that if U is empty (which occurs if α = 0 or every ωg = 0) so that every group

is included in the model, then we may arbitrarily take any value for λmax. From λmax, we generate

a decreasing sequence of K number of λ values down to ϵλmax evenly-spaced on the log scale, where

ϵ ∈ [0, 1] is a user-specified value that determines the depth of the path. Following Friedman et al.

[2010], we typically set ϵ ∈ [0.0001, 0.01] and K = 100.

The advantage of a pathwise solver is that the solver is warm-started at each λ (including λmax).

This helps tremendously for smaller values of λ where a cold-start generally makes the solver wander

longer before reaching the optimum. This was also observed by Friedman et al. [2010]. Similar ideas

exist in the convex literature, in particular, with interior-point methods and barrier methods [Boyd

and Vandenberghe, 2004].

2.3.6 Screen and active sets

In the BCD algorithm, we can layer two types of optimizations that both reduce computation by

cycling over only a subset of the groups. The first optimization is based on a screening rule, which

tries to guess the set of groups that will likely contain the true active set (groups with non-zero

coefficients). We call such a set the screen set and denote it as S. It is possible to modify the BCD

algorithm to only ever iterate over the screen set. Therefore, as mentioned in Section 2.3, we may

only cache the eigen-decomposition of X⊤
g WXg for g ∈ S. However, this optimization comes at a

(small) price of checking the KKT conditions. The second optimization further reduces most of the

computation to a subset of active groups in the screen set.

In the first optimization, the screen rule can be a heuristic or a guarantee. The literature contains

many types of such rules including SAFE rule, strong rule, and EDPP rule [Ghaoui et al., 2011,

Tibshirani et al., 2012, Wang et al., 2015b]. In particular, the SAFE rule and the EDPP rule

are examples of guarantees in the sense that at a fixed λ if these rules discard groups, then they

guarantee that these groups will truly have zero coefficients. On the other hand, the strong rule is

an example of a heuristic, which does not always guarantee that the groups that it discards will be

inactive. Despite the lack of a guarantee, we find that among these rules the strong rule was the

most effective one in practice as it includes much fewer groups and is almost always correct. For

this reason, we implement the strong rule as part of our software.

We briefly describe the strong rule for the group elastic net problem. Suppose we have a solution
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β̃ at λ̃ and the current screen set is S̃. We must now solve for λ < λ̃ to obtain the next solution β.

For the group elastic net, the strong rule searches for all remaining groups g /∈ S̃ such that∥∥∥X⊤
g W (y −Xβ̃)

∥∥∥
2
< 2λ− λ̃ (2.18)

If this condition is satisfied, group g is discarded from the screen set. Note that 2λ− λ̃ = λ− (λ̃−λ)

so that (2.18) looks at the target λ and a band below equal to the path gap at λ. Once all such

groups are discarded to obtain the next screen set S, we proceed to solve the group elastic net

only over the groups in S, effectively solving the (constrained) group elastic net problem with the

constraint that β−S = 0; at the start of the path, the screen set only contains unpenalized groups

so that the screen set is exactly the active set at λmax. It is easy to imagine that the more accurate

the screening rule is, the smaller the screen set S, and therefore, the less computation needed in the

BCD algorithm. Since we guess that groups outside the screen set are inactive, we must verify the

KKT conditions to confirm our guess. This amounts to checking that

∥∥X⊤
g W (y −Xβ)

∥∥
2
≤ λ, ∀g /∈ S

If the condition holds, then we may declare β as the solution at λ.

The second optimization reduces the computation further by restricting most of the BCD iter-

ations to the current active set within the screen set. Namely, we first iterate over the screen set

once to determine the active groups. Afterwards, if we have not converged, we iterate only over

the active groups until convergence. We then repeat the entire process until we reach convergence

on the screen set. This active-set strategy is also mentioned in Friedman et al. [2010], Meier et al.

[2008], Krishnapuram et al. [2005].

2.3.7 Convergence criterion

In the BCD algorithm, we measure convergence by measuring the average amount in which each

block-update results in a change in the linear prediction and take the largest such value. Concretely,

suppose β̃ is the current coefficient vector and we have just updated group g so that the new

coefficient β only differs from β̃ in the entries defined by group g. Then, we compute p−1
g ∥Xg(βg −

β̃g)∥2W . Note that since we have already cached X⊤
g WXg = QgΛgQ

⊤
g , it is equivalent to computing

p−1
g ∥Q⊤

g (βg − β̃g)∥2Λg
. Since we must apply the rotation Q⊤

g on β̃g and βg anyways to solve (2.4),

computing the convergence measure is an easy task. After one full cycle of the groups, we check if

max
g

p−1
g

∥∥∥Xg(βg − β̃g)
∥∥∥2
W
≤ ϵ (2.19)

where ϵ ≥ 0 is a user-specified tolerance level. If the condition holds, we declare convergence.
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2.3.8 Lasso optimization

As mentioned before, groups of size 1 have the same coordinate update as in the lasso, which admits

a closed-form solution. Hence, at every coordinate update, our software checks for the group sizes

and falls back to the lasso update in this special case. Otherwise, we use our Newton-ABS method

to solve the update.

2.4 Algorithms for regularized generalized linear models

In Section 2.3, we discussed our main algorithm for solving the group elastic net under the Gaussian

loss. In this section, we extend our algorithm for general convex losses.

Suppose ℓ(·) : Rn → R is a convex, proper, and closed function that is twice-continuously

differentiable. We typically consider ℓ(·) as the negative log-likelihood of some generalized linear

model (GLM) so that it is of the form

ℓ(η) :=

n∑
i=1

wi (−yiηi + A(ηi))

where A(·) is the log-partition function of an exponential family. However, for the current discussion,

we need not restrict ourselves to such form. Our goal is to solve the more general optimization

problem

minimize
(β0,β)∈R1+p

ℓ(η) + λPα,ω(β) (2.20)

subject to η = Xβ + β01 + η0

where the group elastic net penalty Pα,ω(·) is defined by (2.2). The only new term is η0 ∈ Rn,

which we call the offset vector. The offset is a fixed vector that defines possibly different baseline

linear predictions for each observation so that Xβ + β01 is interpreted as the change in the linear

prediction from the given baseline. For the Gaussian loss

ℓ(η) :=

n∑
i=1

wi

(
−yiηi +

η2i
2

)
≡ 1

2

(
∥y − η∥2W − ∥y∥

2
W

)
the offset can be managed in a trivial manner by replacing y with y− η0 and running the algorithm

described in Section 2.3 with no other changes. However, with general loss functions, the offset can

interact with the objective in a non-trivial manner.

We use proximal quasi-Newton method to solve (2.20). This method is also mentioned in Fried-

man et al. [2010], Meier et al. [2008]. Moreover, Lee et al. [2014] proves a superlinear convergence

rate for proximal quasi-Newton methods (with line search). However, as in Friedman et al. [2010],
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Algorithm 4: Proximal Quasi-Newton Method for General Smooth, Convex Losses

Data: X, y, β
(0)
0 , β(0), η0

1 k ← 0;
2 while not converged based on (2.23) do
3 k ← k + 1;

4 η(k−1) = Xβ(k−1) + β
(k−1)
0 1 + η0;

5 Compute ∇ℓ(η(k−1));

6 Compute W (k−1) appropriate for the given loss ℓ(·);
7 Compute (β

(k)
0 , β(k)) by solving (2.21) using our method in Section 2.3;

8 return (β
(k)
0 , β(k));

we do not perform the line search since it will significantly impact the overall runtime and it does

not seem necessary in practice thanks to the warm-starts in our pathwise solver. We observe fast

convergence, usually only requiring 1 to 5 iterations.

We are now in position to describe the proximal quasi-Newton method for our problem. We begin

with an initial value (β
(0)
0 , β(0)) ∈ R1+p. For each iteration k ≥ 0 until convergence, we compute our

current linear prediction η(k) = Xβ(k) + β
(k)
0 1 + η0. We then perform a second-order expansion of

ℓ(·) around η(k) and solve for the proximal operator to get the next iterate (β
(k+1)
0 , β(k+1)). That is,

(β
(k+1)
0 , β(k+1)) = argmin

(β0,β)∈R1+p

∇ℓ(η(k))⊤η +
1

2
(η − η(k))⊤W (k)(η − η(k)) + λPα,ω(β) (2.21)

subject to η = Xβ + β01 + η0

Note that the linear term is indeed the gradient of ℓ(·) at η(k); however, W (k) need not be ∇2ℓ(η(k)).

In general, our strategy is to find a positive diagonal matrix W (k) that majorizes ∇2ℓ(η(k)), i.e.

0 ≺ W (k) diagonal and ∇2ℓ(η(k)) ⪯ W (k). Of course, if ∇2ℓ(η(k)) is already positive and diagonal,

we may simply take W (k) ≡ ∇2ℓ(η(k)). The proximal operator (2.21) is simply an instance of the

group elastic net problem under the Gaussian loss given by (2.1). Hence, we may use our algorithm

in Section 2.3 to solve (2.21). We summarize our algorithm in Algorithm 4. This algorithm is

referred to as iteratively reweighted least squares (IRLS) in Friedman et al. [2010], McCullagh and

Nelder [1989].

2.4.1 Application on generalized linear models

Our primary application of Algorithm 4 is when ℓ(·) represents the negative log-likelihood of a GLM.

Some examples include the Binomial family with the logit or probit link function, Poisson family

with the log link function, and the Cox family. In terms of the solver, we do not make any special

changes based on the loss function. We note that this is one of the more notable deviations from the

approach of Friedman et al. [2010], as the authors made amends to the solver specialized for each
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GLM, which we found unnecessary.

The only manner in which the loss function plays a role in Algorithm 4 is in computing the

gradient ∇ℓ(η(k)) and the hessian-like quantity W (k). As a result, we have structured our software

to abstract out the loss function to a class that provides the gradient and the hessian, similar to how

we abstracted out the matrix classes (see Section 2.3.4). As an example, for the Binomial family

with the logit link function [McCullagh and Nelder, 1989] where the loss is given by

ℓ(η) :=

n∑
i=1

wi (−yiηi + log(1 + exp(ηi)))

we implement a class to compute the gradient and hessian, respectively, given by

∇ℓ(η)i = −wi(yi − p(ηi)), ∇2ℓ(η)ij =

wip(ηi)(1− p(ηi)), i = j

0, i ̸= j
(2.22)

where p(t) := 1/(1 + exp(−t)) is the sigmoid function.

2.4.2 Screen sets and the KKT check

We may reuse the strong rule mentioned in Section 2.3.6 when solving (2.20). We follow the notation

as in Section 2.3.6. The only change we make is in computing the scores so that we discard group

g /∈ S̃ if ∥∥∥X⊤
g ∇ℓ(Xβ̃ + β̃01 + η0)

∥∥∥
2
< 2λ− λ̃,

Similarly, we check the KKT condition by verifying that

∥∥X⊤
g ∇ℓ(Xβ + β01 + η0)

∥∥
2
≤ λ, ∀g /∈ S

2.4.3 Numerical stability issues

In (2.21), it is possible that W (k) is nearly semi-definite, which may lead to divergence issues.

For example, in the case of a Binomial family (logistic regression), if the estimated probabilities

p
(k)
i := 1/(1 + exp(−η(k)i )) are near 0 or 1, then W

(k)
ii will be near 0 (see (2.22)). Hence, we majorize

W (k) one more time by taking the maximum of each diagonal entry with a small positive number

(e.g. 10−12) to guarantee positiveness of W (k). The authors of Friedman et al. [2010] only make this

change for the Binomial family, but we see no reason why this should not be done for any other loss

functions.
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2.4.4 Convergence criterion

We discuss our convergence criterion. At iteration k ≥ 0, upon solving the proximal operator (2.21),

we check that ∣∣∣∣(η(k+1) − η(k)
)⊤ (

∇ℓ(η(k+1))−∇ℓ(η(k))
)∣∣∣∣ ≤ ϵ · nA (2.23)

and declare convergence if the condition holds. Here, nA denotes the current number of coefficients

(not groups) that were updated and ϵ ≥ 0 is a user-specified tolerance level. We explain our intuition

behind this criterion below.

First, suppose we perform a first-order Taylor expansion of ∇ℓ(·) around η(k),

∇ℓ(η) ≈ ∇ℓ(η(k)) +∇2ℓ(η(k))(η − η(k))

Then, we see that

(
η(k+1) − η(k)

)⊤ (
∇ℓ(η(k+1))−∇ℓ(η(k))

)
≈
(
η(k+1) − η(k)

)⊤
∇2ℓ(η(k))

(
η(k+1) − η(k)

)
(2.24)

which measures the change in linear predictions weighted accordingly based on the hessian at η(k).

This way, a change in the prediction along a direction for which the hessian is small is downweighted,

as this suggests the loss ℓ(·) is only mildly affected by such a change. Conversely, a change along a

direction for which the hessian is large is upweighted, as this suggests the loss ℓ(·) may be largely

affected.

Next, we argue that (2.23) is a generalization of the convergence metric in Section 2.3.7. To see

this, first replace η = Xβ, where we ignore the intercept and the offset momentarily for simplicity.

Then, from (2.24) we have that

(
η(k+1) − η(k)

)⊤
∇2ℓ(η(k))

(
η(k+1) − η(k)

)
= ∆β⊤X⊤∇2ℓ(η(k))X∆β (2.25)

where ∆β := β(k+1) − β(k). Under the Gaussian loss where ∇2ℓ(η(k)) ≡W , the right side of (2.25)

becomes ∥X∆β∥2W . Now, suppose (as in the BCD algorithm) that β(k+1) only differs in one group

from β(k). That is, for some g ∈ [G], β
(k+1)
g ̸= β

(k)
g and β

(k+1)
g′ ≡ β

(k)
g′ for all g′ ̸= g. Then,

∥X∆β∥2W = ∥Xg∆βg∥2W . In (2.19), we scale this quantity by pg, which is the total number of

coefficients that were updated (since we have fixed all other coordinates). Hence, we scale by the

analogous quantity in (2.23).
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2.5 Algorithms for multi-response data

In this section, we discuss methods to fit multi-response data. In multi-response data, we have a

response matrix y ∈ Rn×c rather than a response vector. As a result, we change the group elastic

net objective (2.20) to

minimize
β0∈Rc,B∈Rp×c

ℓ(vec(η⊤)) + λPα,ω(vec(B⊤)) (2.26)

subject to η = XB + 1β⊤
0 + η0

where vec(·) is the operator that flattens a matrix into a one-dimensional array by stacking the

columns. Note that we must now fit a matrix of coefficients along with an intercept vector β0 ∈ Rc

(one for each response).

While it is possible to specify any arbitrary group structure on B, we focus only on two types:

grouped and ungrouped. The grouped method defines each row of B as a group whereas the un-

grouped method defines each coefficient of B as a group. Hence, the grouped method yields a

non-trivial group lasso problem and the ungrouped method reduces to a lasso problem. The penalty

Pα,ω simplifies to the following respective forms

P grouped
α,ω (vec(B⊤)) =

p∑
g=1

ωg

(
α ∥Bg·∥2 +

1− α

2
∥Bg·∥22

)

P ungrouped
α,ω (vec(B⊤)) =

p∑
g=1

ωg

(
α ∥Bg·∥1 +

1− α

2
∥Bg·∥22

)

Although it may seem like (2.26) requires a different solver, we now demonstrate that it can be

easily solved with the tools built in Sections 2.3 and 2.4. It is not difficult to show that the constraint

in (2.26) can be rewritten as

vec(η⊤) = (X ⊗ Ic) vec(B⊤) + (1⊗ Ic)β0 + vec(η0⊤) (2.27)

Written this way, with the data matrix [(1⊗ Ic) (X ⊗ Ic)] ∈ Rnc×(1+p)c and the coefficient vector

(β0, vec(B⊤)) ∈ R(1+p)c, we return to the setting of (2.20) (with no intercept). As discussed in

Section 2.3.4, as soon as we implement a matrix to represent the Kronecker product with an identity

matrix, we are able to solve (2.26) with our existing tools. Such a matrix can be implemented to

compute the gradient and residual update efficiently due to its structure. For the Multigaussian

family where the loss function is given by

ℓ(η) =

n∑
i=1

wi

− c∑
j=1

yijηij +
∥ηi·∥22

2





CHAPTER 2. GROUP LASSO AND ELASTIC NET 26

we may simply rely on our algorithm that solves the group elastic net under the Gaussian loss (see

(2.1)). Otherwise, we must rely on our algorithm that handles general convex losses (see (2.20)).

We make a special remark on the Multinomial family where the loss is given by

ℓ(η) :=

n∑
i=1

wi

− c∑
j=1

yijηij + log

 c∑
j=1

exp(ηij)


Unlike the GLMs discussed previously, this marks the first example where the hessian ∇2ℓ(η) is not

exactly positive and diagonal. Observe that the model is not identifiable in the sense that for any

fixed {β0,j , β·,j}cj=1, we have that {β0,j − d0, β·,j − d}cj=1 yields the same loss for any d0 ∈ R and

d ∈ Rp. As a result, the hessian is never positive definite. Moreover, the hessian is only block-

diagonal. Consequently, Friedman et al. [2010] approach the Multinomial family quite differently

from the other GLMs. First, they tweak the solver to cycle over the classes j = 1, . . . , c while fixing

all other class coefficients, so that the gradient and hessian in (2.21) is only with respect to the linear

predictors for class j, namely, η·,j . Because of this modification, given a candidate solution (β0, β),

they found it necessary to then further minimize only the lasso penalty with respect to d0 and d to

improve the convergence speed. Despite these efforts, we have found a real dataset on which their

software glmnet fails to converge. We pursue a different and much simpler approach. We simply

need to construct a positive, diagonal matrix that majorizes ∇2ℓ(η). Simon et al. [2013b] show that

2 diag(∇2ℓ(η)) is a valid choice for dominating ∇2ℓ(η). Hence, we set W (k) := 2 diag(∇2ℓ(η(k))) in

(2.21) and reuse our work from Section 2.4. With this approach, our software is able to converge.

This method implicitly settles the identifiability issue precisely because W (k) is now positive definite

(or can be made positive definite as in Section 2.4.3). Out of curiosity, we also experimented with

minimizing the penalty with respect to d0 and d, but to our surprise, this resulted in a less stable

algorithm often diverging.

2.6 Benchmark

In this section, we show an assortment of benchmarks to demonstrate the power of our method.

We developed a highly efficient implementation of our algorithms discussed in Sections 2.3 to 2.5

in our package adelie where most of the code is written in C++. Although we intend adelie to

be a Python-first package, we are currently developing a R package as well3. We exported enough

functionalities to perform the benchmark comparisons in this section. We note that both the Python

and R packages share the same C++ code, which performs most of the computation, and the only

difference comes from the input preparation for the C++ solver. Hence, there is only a negligible

difference in their runtimes. All benchmarks were run on an M1 Macbook Pro.

3https://github.com/JamesYang007/adelie-r
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Name Version Path C-GLM C-Matrix Algorithm Strong Backend Include
rule

adelie 1.1.38 ✓ ✓ ✓ BCD ✓ C++ ✓
gglasso 1.5.1 ✓ GMD ✓ Fortran ✓
grpnet 0.3 ✓ GMD ✓ Fortran ✓
sparsegl 1.0.2 ✓ GMD ✓ Fortran ✓
grplasso 0.4-7 ✓ ✓ GMD R

SGL 1.3 ✓ AGMD C++
grpreg 3.4.0 ✓ OBCD ✓ C

Table 2.1: A table of key features of adelie and related R packages. Every package considered is a
path-solver. Few have customizable GLM or matrix objects. Our package uniquely solves the group
elastic net via block-coordinate descent (BCD) with an exact solution to the block update, whereas
other packages use group-wise majorization descent (GMD) based methods or orthogonalization
block-coordinate descent (OBCD). Many packages support strong rules and a low-level backend for
the solver. We exclude grplasso and SGL due to their significantly slower performance; we exclude
grpreg since OBCD does not solve the group elastic net problem exactly.

The packages we consider are sparsegl [Liang et al., 2022, McDonald et al., 2023], gglasso

[Yang and Zou, 2015, Yang et al., 2024], grpnet [Helwig, 2024], grplasso [Meier et al., 2008, Meier,

2020], SGL [Simon et al., 2013a, 2019], and grpreg [Breheny and Huang, 2015]. We summarize in Ta-

ble 2.1 the key features of each package. We only list the features that we believe are most relevant

to the performance. First, every package we considered are path-solvers. Hence, we found it fair to

compare the solver times on a (common) path of regularization values λ. adelie and grplasso are

the only packages that support customizable GLM objects (C-GLM). Moreover, adelie is the only

package that supports customizable matrix objects (C-Matrix). All other packages only support

dense matrices and a few GLMs such as Binomial and Cox families. As a result, their implemen-

tations should, in theory, have more advantage than adelie as they can potentially apply more

optimizations given these restrictions. adelie is the only package that supports a bona fide block-

coordinate descent (BCD) algorithm in that each block update is solved exactly. gglasso, grpnet,

sparsegl, and grplasso use a slight modification to BCD called group-wise majorization descent

(GMD), which majorizes X⊤
g WXg by an isotropic matrix ηI (typically, η is the largest eigenvalue of

X⊤
g WXg) and minimizes the majorized loss. GMD can be seen as applying one iteration of proximal

gradient descent at each block update. It can be shown that GMD strictly decreases the objective

and converges to an optimum [Meier et al., 2008], however, each block update remains only an ap-

proximation. SGL further applies a Nesterov acceleration to GMD (AGMD). Finally, grpreg applies

an orthogonalization prior to fitting group lasso via BCD (OBCD) and rescales the coefficients back

to the original scale. As discussed in Section 2.3, this does not solve the original problem. Indeed,

this was evident from observing that the objectives were clearly far from that of the other packages.

For this reason, we do not include grpreg in our analysis. All packages except grplasso and SGL
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Name n G Task
Leukemia 72 7129 classification

UJIIndoorLoc 19937 465 regression
Prostate 102 6033 classification

Table 2.2: The number of samples (n) and groups (G) as well as the task for each of the real datasets.

use strong rule as discussed in Section 2.3.6. Most packages use a low-level language such as C, C++,

or Fortran as the backend for the solvers except grplasso, which is fully written in R. We believe

the lack of a low-level backend for grplasso and strong rule for SGL are the primary reasons for

their significantly slower performance that ultimately led us to omit them from the analysis.

For our real data analyses, we consider the following datasets:

• Leukemia dataset [Golub et al., 1999]: the Leukemia dataset has been previously described

in Section 2.3. However, in this section, we will use it to classify whether an individual has

Leukemia.

• UJIIndoorLoc dataset [Joaqun Torres-Sospedra, Raul Montoliu, Adolfo Martnez-Us, Tomar

Arnau, Joan Avariento, 2014]: the UJIIndoorLoc dataset contains WiFi fingerprints of Re-

ceived Signal Strength Intensity (RSSI) from location trackers. We remove any redundant

features from the dataset. Our task is to predict the longitude coordinate of the sample.

• Prostate dataset [Singh et al., 2002]: the Prostate dataset gene expressions from a microarray

study of prostate cancer. Our task is to classify whether an individual has prostate cancer.

We summarize the datasets in Table 2.2.

2.6.1 Group lasso comparisons

We show a comparison of solving the group lasso under the Gaussian and Binomial losses using both

simulated and real data.

We first describe our simulation setup. Our setup is similar to the one used by Yuan and

Lin [2006]. Let n be the number of samples, G be the number of groups, and ρ ∈ [0, 1] be the

equi-correlation between features. We generate Zi ∼ N (0, IG) for i ∈ [n] and W ∼ N (0, In) all

independent. We then define a sample Yi =
√
ρWi1 +

√
1− ρZi so that the features have variance

1 and equi-correlation ρ. Finally, we construct our design matrix X with a third-degree polynomial

expansion of each Yi,g so that Xi,3g−2 = Yi,g, Xi,3g−1 = Y 2
i,g, and Xi,3g = Y 3

i,g for all i ∈ [n] and

g ∈ [G], so that X ∈ Rn×3G. Naturally, we define every 3 columns of X as a group. The natural

parameter η is generated from a linear model η = Xβ + σε. The first 6 components of β are

independently generated from a standard normal and the rest are set to 0. The noise ε ∼ N (0, In)

and σ is such that the signal-to-noise ratio is 3. For the Gaussian loss, our response y is identical to
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Figure 2.4: Timing comparisons for solving the group lasso under the Gaussian loss (Figure 2.4a)
and the Binomial loss (Figure 2.4b) against existing R packages. We study a small (n = 100) and
large (n = 1000) sample size case, and for each case we vary the (equi-)correlation of the features
(ρ).
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Figure 2.5: Timing comparisons for solving the group lasso for the real datasets against existing R

packages.
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η, and for the Binomial loss, we generate y as Bernoulli random variables where the logit parameters

are given by η. Finally, prior to fitting, we center and standardize the columns of X and y.

In Figure 2.4, we show the timings for solving the group lasso under the Gaussian loss (Fig-

ure 2.4a) and the Binomial loss (Figure 2.4b). We study a small (n = 100) and large (n = 1000)

sample size case, and for each case we vary the (equi-)correlation of the features (ρ). Each plot shows

the average times across 3 trials to solve the same path of 100 regularization values evenly-spaced

on the log-scale starting at λmax, the smallest λ for which 0 is an optimal solution, until 0.01λmax.

In all cases except one (n = 1000, ρ = 0.95, G = 5000, Binomial loss), adelie runs uniformly faster

than the other packages. adelie is up to 10 times faster than the next fastest package and, more

importantly, this difference factor remains to be the case as the data scales both in n and G. In

general, grpnet is faster than gglasso and sparsegl. Upon inspecting the code, we believe this is

because grpnet’s implementation incurs much less memory allocation cost. In the one case where

adelie was not the fastest, we observed that the screen set via the strong rule pulled in a large

number of groups from the very beginning. Combined with the fact that our convergence criterion

is different from that of the other packages, adelie ended up requiring a larger number of coordi-

nate descent iterations and therefore a relatively longer runtime for this particular example. We are

currently working to improve the strong rule to ameliorate such cases.

We briefly mention that we tried the following setting with a larger group size of s = 100 rather

than 3. In this setting, we generate Y ∈ Rn×sG as before such that every feature is Gaussian with

mean 0, variance 1, and equi-correlated with ρ. We then group every s features so that we have G

number of groups. The response vector y is generated in the same manner as before. Every package

except adelie struggled to converge as their objective values were unacceptably far from that of

adelie; we verified from the KKT conditions that adelie converged properly. For this reason, we

omit the timing comparison for this setting. This highlights the value in solving each block update

exactly rather than minimizing a majorized loss; our method remains stable even with larger group

sizes.

For the real datasets, we first expand each feature (column) x into three polynomial terms x,

x2, and x3 just as with the Leukemia dataset in Section 2.3 so that our feature matrix X ∈ Rn×3G.

Prior to fitting, we center and standardize the columns of X and y. In Figure 2.5, we show the

average timings to solve group lasso over 3 trials. Similar to the simulation analysis, we solve for the

same path of 100 regularization values evenly-spaced on the log-scale for all packages. Once again,

we observe a dramatic speed improvement with adelie.

2.6.2 Lasso comparisons

In this section, we demonstrate that adelie is a competitive lasso solver. We also include glmnet

[Friedman et al., 2010] in the list of packages for comparison. As in Section 2.6.1, we show a timings

comparison of solving the lasso under the Gaussian and Binomial losses using simulated and real
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Figure 2.6: Timing comparisons for solving the lasso under the Gaussian loss (Figure 2.6a) and the
Binomial loss (Figure 2.6b) against existing R packages. We study a small (n = 100) and large
(n = 1000) sample size case, and for each case we vary the (equi-)correlation of the features (ρ).
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Figure 2.7: Timing comparisons for solving the lasso for the real datasets against existing R packages.
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data.

Our simulation setup is taken from Friedman et al. [2010]. For completion, we describe it

next. We begin by generating n independent samples with p features from a Gaussian distribution

where every feature is equi-correlated with ρ. The natural parameter η = Xβ + σϵ where βj =

(−1)j exp(−2(j − 1)/20), ϵ ∼ N (0, 1), and σ is chosen such that the signal-to-noise ratio is 3.

Note that the coefficients have alternating signs and decrease exponentially in magnitude. For the

Gaussian loss, we let our response y ≡ η and for the Binomial loss, we generate y from the Bernoulli

distribution where the logit parameter is given by η. Prior to fitting, we center and standardize the

columns of X and y.

For the real datasets, we do not perform any special modifications to the data as in the group

lasso setting except for centering and standardizing the columns of X and y.

In Figures 2.6 and 2.7, we show the timings for solving the lasso under the Gaussian loss (Fig-

ure 2.6a) and the Binomial loss (Figure 2.6b) for the simulated and real data setting, respectively.

We interpret the figures in the same way as in Figures 2.4 and 2.5 for the group lasso comparisons

in Section 2.6.1. We note that adelie and glmnet have nearly identical timings and they clearly

outperform the other packages. This shows that adelie is not only a fast group lasso solver, but also

a fast lasso solver, suffering no loss of performance compared to the highly optimized and specialized

lasso solver glmnet.

2.7 Polygenic risk scores with local ancestry information

In this section, we discuss our motivating application of group lasso in genomics. Specifically, we

use group lasso to construct polygenic risk scores (PRS) using both genotype data as well as local

ancestry information (LAI). As the current state-of-the-art methods for constructing PRS only use

the genotype data, we study whether LAI provides meaningful improvements to the prediction power

of PRS specifically to admixed populations, i.e., populations with a diverse set of LAI. Although

this part of the work is still under development, we show preliminary results that seem promising.

We are given phased genotype data Z1, Z2 ∈ {0, 1}n×s
where the number of individuals n ≈

250, 000 and the number of single nucleotide polymorphisms (SNPs) s ≈ 1, 000, 000 (exact numbers

depending on the data source e.g., UK biobank [Sudlow et al., 2015], Mexico biobank [Sohail et al.,

2023], and All-of-Us [Bick et al., 2024]). Moreover, we often observe some sparsity in the genotype

data of around 30% non-zero values in each Zh (h = 1, 2). Here, Zh
ij = 1 indicates a mutation in the

jth SNP for individual i in haplotype h. We assume no missing data, as we often impute such entries

using Beagle [Browning et al., 2021]. We are also given a corresponding LAI data L1, L2 ∈ [A]n×s

where A is the number of ancestries and Lh
ij indicates the ancestry of the jth SNP for individual i

and haplotype h. These ancestries indicate the group of population that most attribute to the origin

of the SNP. Examples of ancestries include European (EUR), African (AFR), East Asian (EAS),



CHAPTER 2. GROUP LASSO AND ELASTIC NET 35

Figure 2.8: Visualization of the phased genotype and LAI data. For each haplotype h = 1, 2, we
show a few columns of the data where a darker cell indicates Zh

ij = 1 and each ancestry Lh
ij is labeled

in the center of the cells.

and South Asian (SAS). The exact set of ancestries is determined by the source of the data. We also

assume that LAI data contains no missing data as imputation methods such as MendelImpute [Chu

et al., 2021] are often used in practice. Figure 2.8 shows a visualization of the phased genotype and

LAI data.

We now discuss our encoding scheme of the genotype and LAI data. At a high level, for each SNP,

we construct auxiliary columns corresponding to each ancestry label. We then count the number of

mutations in each ancestry. Figure 2.9 demonstrates the encoding scheme using four individuals on

SNP 57 as an example. The first individual contains no mutations in SNP 57 for either haplotypes,

so the encoded vector is 0. The second individual contains a mutation in haplotype 2 labeled AFR,

so the corresponding encoded entry is incremented to 1 while all other entries are kept at 0. The

third individual contains a mutation in both haplotypes labeled EUR and EAS, respectively, so

the corresponding encoded entries are incremented to 1. The last individual contains a mutation

in both haplotypes labeled SAS, so the corresponding encoded entry is incremented to 2. This

encoding is performed for each SNP, resulting in a fully encoded matrix Z̃ ∈ Rn×As. Naturally, we

group every A columns of Z̃ as they are artificially constructed columns corresponding to a physical

entity (SNP). We also include dense covariates D ∈ Rn×12 consisting of age, sex, and 10 principal

components of Z1 + Z2, which is a common practice when constructing PRS [Qian et al., 2020, Li

et al., 2020, 2021]. The concatenated matrix X = [D Z̃] is the full feature matrix we consider. For

any phenotype y ∈ Rn, we solve the group lasso problem using the Gaussian loss for quantitative

phenotypes and the Binomial loss for binary phenotypes to construct the PRS. Note that the dense

covariates are unpenalized so that the group lasso penalty only affects coefficients corresponding to

Z̃.

As mentioned in Section 2.3.4, we implement a custom matrix class to represent our encoded
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Figure 2.9: Visualization of the encoding scheme of the phased genotype and LAI data. For each
SNP, we construct auxiliary columns corresponding to each ancestry label. In this example, we focus
on the four ancestry labels EUR, AFR, EAS, and SAS. We then count the number of mutations in
each ancestry.

matrix Z̃. We do not discuss the full detail of the memory representation of Z̃ for brevity, however,

we mention some key points. First, Z̃ = Z̃1 + Z̃2 where each Z̃h ∈ {0, 1}n×As
is a binary encoding

matrix for haplotype h = 1, 2. Hence, we only store the Z̃h and perform the addition on-the-fly.

Since Z̃h is binary, we only need to store the non-zero row indices for each column. The row indices

are blocked in chunks of size 256 and each block is indexed using a 64-bit unsigned integer. For

example, a row index i = 256b + r where b is the block index and r ∈ {0, . . . , 255} is the relative

index within the block. The relative indices are stored using an 8-bit unsigned integer. If a block

contains no non-zero indices, then it can be omitted in the serialization. Hence, this representation

is ideal in the setting where non-zero indices are clustered together so that there are few blocks to

store, each block containing many non-zero relative indices. In practice, we observe only about a

10-20% increase in memory compared to the raw data, suggesting we are close to the ideal setting.

We implement optimized matrix operations with parallelization using this memory representation.

Our method closely models the work of Qian et al. [2020], which solves the lasso problem on only

the genotype data. In detail, the authors only consider Z := Z1 +Z2 and use the full feature matrix

X = [D Z] with the same dense covariates D (unpenalized). They then solve the lasso with X and

the phenotype y using the appropriate GLM depending on the nature of y. They provide a custom

lasso solver, snpnet, designed to exploit the structure of Z for faster computation. We believe that
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adelie snpnet

Phenotype All Admx Time (m) All Admx Time (m)
log(WBC) (Q) .0563 .0857 20 .0570 .0510 10

CRP (Q) .0225 .0636 8 .0231 .0207 2
COR (B) .7967 .8177 13 .7869 .8190 11
T2D (B) .7037 .7363 21 .6916 .7482 36
PRO (B) .9300 .9647 7 .9252 .9655 19

Table 2.3: Comparison of prediction power and runtime between adelie and snpnet for various
phenotypes. Each phenotype is either quantitative (Q) or binary (B). For quantitative phenotypes,
we use R2 as the goodness-of-fit metric; for binary phenotypes, we use AUC-ROC. For both methods,
we fit the corresponding model using all the training data. The “Time” column corresponds to the
training time in minutes. The “All” column corresponds to the best metric evaluated on all test
individuals. The “Admx” column corresponds to the best metric evaluated on only admixed latino
test individuals.

our methodology is a bona fide extension of this result since the methods coincide if A = 1, i.e., all

individuals are labeled the same ancestry, thereby effectively removing LAI from the data.

In Table 2.3, we show our preliminary results comparing our method using adelie to snpnet. We

use the All-of-Us dataset as it offers over 400, 000 individuals, millions of SNPs, and a diverse group

of individuals. The UK biobank offers a predominantly white-British population and, therefore, does

not provide enough admixed individuals for a meaningful analysis; the Mexico biobank, while highly

admixed, only offers a small fraction of individuals. We consider five phenotypes: (log of) white

blood counts (WBC), C-reactive protein (CRP), coronary artery disease (COR), type 2 diabetes

(T2D), and prostate cancer (PRO). We use R2 to measure goodness-of-fit for quantitative traits

and AUC-ROC for binary traits. For each method, we fit the corresponding model using all the

training data. The training time in minutes is given by the “Time” column. Note that both methods

were run on the same machine with 64 cores. Finally, we compute our metrics on two sets of test

individuals: 1) all test individuals (“All”) and 2) only admixed latino test individuals (“Admx”).

Both methods perform similarly when predicting on all test individuals. Our method seems to

improve the predictions for the quantitative traits when restricted to the admixed latino population.

Moreover, this improvement seems significant as snpnet is unable to achieve the same improvement

and, in fact, achieves a slightly lower metric in “Admx” compared to that of “All”. In all other

cases, there does not seem to be a significant difference in the performance between adelie and

snpnet, which suggests that these traits are not sensitive to LAI. While we plan to perform a more

comprehensive analysis across all the phenotypes, we conclude that incorporating LAI at least does

not degrade and sometimes significantly improves the PRS for some phenotypes on the admixed

latino population.
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2.8 Discussion

We demonstrate that block-coordinate descent is a powerful and effective method for solving the

group elastic net problem. We derive a novel algorithm to solve the block-coordinate update for

the Gaussian loss, outperforming existing popular proximal gradient descent based methods in both

performance and accuracy. Moreover, our method naturally generalizes to other convex losses via

the proximal (quasi)-Newton method. Through simulated and real data examples, we demonstrate

that our method is remarkably fast for both group lasso and lasso problems.

Our Python package adelie is available under the MIT license from PyPI

(https://pypi.org/project/adelie) and GitHub (https://github.com/JamesYang007/adelie).

Our documentation is hosted on GitHub Pages (https://jamesyang007.github.io/adelie). The user

can install the latest version by running pip install adelie in the terminal.

https://pypi.org/project/adelie
https://github.com/JamesYang007/adelie
https://jamesyang007.github.io/adelie


Chapter 3

Pivot rule for discarding predictors

for group lasso

3.1 Introduction

In this chapter, we develop a heuristic to discard predictors in the group lasso solver from Chapter 2.

We focus on the penalized regression with group lasso penalty

minimize
β∈Rp

f(β) + λ

G∑
g=1

ωg ∥βg∥2 (3.1)

for some convex loss f(·). As a reminder, λ ∈ R+ is the regularization parameter, G is the total

number of groups, and ωg ∈ R+ is the penalty factor for group g. In particular, we primarily focus

on the Gaussian loss given by

minimize
β∈Rp

1

2
∥y −Xβ∥22 + λ

G∑
g=1

ωg ∥βg∥2 (3.2)

where X ∈ Rn×p is the feature matrix, y ∈ Rn is the response vector, and β = (β1, . . . , βG) ∈ Rp is

the coefficient vector. Without loss of generality, we assume that the columns of X and the vector

y are centered so that we may omit the intercept term from the model. We further absorb the

observation weights into X and y for simplicity (see (2.1)). We note that when G ≡ p, i.e. there are

p groups each of size 1, the group lasso becomes equivalent to the lasso problem [Tibshirani, 1996].

Hence, for brevity, we discuss our results in the general setting of the group lasso and note that all

results apply for the lasso problem as well.

A powerful consequence of the group lasso penalty is that the solutions are typically sparse.

39
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That is, if β⋆(λ) is a solution to (3.1), we oftentimes observe many groups g such that β⋆
g (λ) = 0

[Tibshirani, 1996, Yuan and Lin, 2006, Meier et al., 2008]. This characteristic alone has driven a

lot of research into deriving fast algorithms for solving these problems at large scales [Qian et al.,

2020, Tibshirani et al., 2012, Friedman et al., 2010]. In fact, there is a large body of work in the

prediction of the set of non-zero coefficients called the active set. Concretely, we define the active

set as

A(λ) :=
{
g : β⋆

g (λ) ̸= 0
}
,

the set of groups with non-zero coefficients at the solution β⋆(λ). We wish to construct the smallest

prediction set S(λ) containing A(λ). The motivation is as follows: if S(λ) correctly contains all of

A(λ), then the solution to

minimize
β∈Rp

f(β) + λ

G∑
g=1

ωg ∥βg∥2 (3.3)

subject to βg = 0 ∀g /∈ S(λ)

will also be optimal for (3.1). Moreover, we only need to solve (3.3) for the subset of coefficients

β⋆
S(λ)(λ). This can greatly save computation cost since we only iterate over the subset of groups in

S(λ) rather than the set of all groups. Hence, from a computation standpoint, it is ideal for S(λ)

to be as small as possible.

While we have not found any results that perfectly predict the true active set, we discuss some

previous works that nonetheless provide reasonable methods to perform these predictions. Suppose

we wish to solve (3.2) with regularization λ and penalty ωg ≡ 1. In the context of the lasso problem

(i.e. G ≡ p), Ghaoui et al. [2011] describes their “SAFE” rule which discards feature j if

∣∣x⊤
j y
∣∣ < λ− ∥xj∥2 ∥y∥2

λmax − λ

λmax

where λmax := maxj

∣∣x⊤
j y
∣∣ is the smallest regularization such that β⋆(λ) = 0. A remarkable result

is that the SAFE rule gives a guarantee in that discarded features truly have zero coefficients in the

optimal solution. That is, if feature j is discarded, then β⋆
j (λ) = 0. Although this guarantee seems

attractive at first, we pay the price of over-conservativeness; in practice, we often see a large bloating

of the prediction set as λ decreases.

Tibshirani et al. [2012] noticed this behavior and proposed a more aggressive screening rule called

the “strong” (or “sequential strong”) rule. For the lasso problem, if β⋆(λ0) is known and we wish

to solve the lasso at λ < λ0, the strong rule discards the jth predictor if

∣∣x⊤
j (y −Xβ⋆(λ0))

∣∣ < 2λ− λ0
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Similarly, in the group lasso setting, the gth group is discarded if

∥∥X⊤
g (y −Xβ⋆(λ0))

∥∥
2
< 2λ− λ0

The authors also note that extensions are possible for elastic net [Zou and Hastie, 2005] and other

objectives such as the logistic regression loss function. Unlike the SAFE rule, the strong rule does

not offer any guarantees for the discarded groups in general. However, in practice, the strong rule

performs surprisingly well for many examples, often creating much smaller prediction sets than the

SAFE rule. Indeed, the strong rule is employed in the R package glmnet [Friedman et al., 2010] for

solving the lasso.

Wang et al. [2015a] later showed that the SAFE rule can be further improved using their “EDPP”

rule, which produces tighter prediction sets while still providing guarantees. The EDPP rule is based

on dual-polytope projection (DPP), which heavily relies on the fact that the dual problem to (3.2)

is a projection problem. Aside from the EDPP rule, there are several works revolving around

DPP [Fercoq et al., 2015, Xiang et al., 2011, Xiang and Ramadge, 2012, Dai and Pelckmans, 2012,

Lee et al., 2018]. For the more general group lasso problem, if β⋆(λ0) is known and we wish to solve

the lasso at λ, the “EDPP” rule discards the gth group if∥∥∥∥X⊤
g

(
y −Xβ⋆(λ0)

λ0
+

1

2
v⊥2 (λ, λ0)

)∥∥∥∥
2

< ωg −
1

2

∥∥v⊥2 (λ, λ0)
∥∥
2
∥Xg∥2

where we refer the readers to Wang et al. [2015a] for the definitions of the above quantities. We

only point out that the EDPP rule is similar to the other rules in that it also discards groups based

on the gradient quantity X⊤
g (y − Xβ⋆(λ0)) with a correction using v⊥2 (λ, λ0). We have not found

any extensions of the EDPP rule to the elastic net or general objectives. The authors show that the

EDPP rule is comparable to the strong rule for large values of λ and discards much more aggressively

than the SAFE rule. However, we note in passing that in our experiments, even the EDPP rule

suffers from the same bloating issue as with the SAFE rule for smaller λ values and often bloats

more than the strong sets.

The literature around these screening rules is quite rich. For brevity, we do not discuss the entire

literature, but only mention other related works [Bonnefoy et al., 2014, Ndiaye et al., 2017, Fan and

Lv, 2008, Fan et al., 2009, Kong et al., 2016, Żoga la-Siudem and Jaroszewicz, 2023].

Our main contribution is a novel screening rule called the pivot rule. The pivot rule is largely

inspired by the strong rule and our main objective is to demonstrate that the pivot rule is much more

robust than the strong rule. That is, in the cases where the strong rule is accurate, the pivot rule

yields similar prediction sets, and, therefore, similar runtimes for the optimizer; on the other hand,

when the strong rule is inaccurate, the pivot rule manages to still produce prediction sets with unwa-

vering accuracy. The general principle is to first order the active scores, ω−1
g

∥∥X⊤
g (y −Xβ⋆(λ0))

∥∥
2
,

at the solution β⋆(λ0) across the groups g = 1, . . . , G. Then, we select a subset of the groups with
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Figure 3.1: A demonstration of the effectiveness of the pivot rule for simulated data. We simulate
data as described in Section 3.4.1 and fit group lasso with n = 100, p = 10000, G = 2000, and
equicorrelation ρ = 0.3 until we reach 99% training R2. We plot the ever-prediction set sizes for the
pivot rule, strong rule, and EDPP rule compared against the ever-active set sizes. The pivot rule
yields a prediction set that is extremely tight to the active set compared to the strong rule or the
EDPP rule. See Section 3.4.1 for the exact setup of the simulation.
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“large enough” scores. This subset is determined by searching for a pivot in a piecewise-linear func-

tion, which is where the pivot rule derives its name. In our experiments, we find that it is robust to

the correlation structure in X as well as the signal strength in the data. As a quick demonstration,

we show in Figure 3.1 the power of our pivot rule. We direct the reader to the figure caption for

all technical details of the setup. The figure shows that the pivot rule achieves uniformly smaller

ever-prediction sets that lie tight to the ever-active sets with no bloating for this example (for a more

in-depth comparison, see Section 3.4). Note that the ever-prediction set is the set of groups that

were predicted to be active for some earlier λ > λ0 in the regularization path. Similarly, ever-active

set is the set of groups that were active for some earlier λ > λ0. Since our primary goal is to compare

the pivot rule with the strong rule and glmnet implements ever-strong sets, we exclusively focus on

ever-prediction sets for all comparisons in this paper.

In Section 3.2, we describe our pivot rule in full detail: Section 3.2.1 begins with our motivation

and the methodology, followed by an efficient algorithm to implement the pivot rule in Section 3.2.2;

Section 3.2.3 remarks on the hybrid approach of combining the pivot rule with a safe rule; Sec-

tion 3.2.4 shows a concrete example of when the pivot rule significantly outperforms the strong rule;

Section 3.2.5 makes a connection to the LARS algorithm to give further justification for the pivot

rule. Section 3.3 shows that the pivot rule can be easily extended to general differentiable, convex

losses and the elastic net framework. Finally in Section 3.4, we perform a comparison between the

pivot rule, strong rule, and EDPP rule using both simulated and real data. Specifically, we study

the difference in the ever-prediction set sizes relative to the ever-active set sizes and their effect on

the overall runtime of the optimizer.

3.2 Pivot rule

3.2.1 Motivation and methodology

We begin with the Karesh-Kuhn-Tucker (KKT) conditions for solving the group lasso problem (3.2).

According to the KKT conditions, β is a solution for the group lasso problem with λ if and only if

∥∥X⊤
g (y −Xβ)

∥∥
2
≤ λωg, ∀g = 1, . . . , G (3.4)

Moreover, if
∥∥X⊤

g (y −Xβ)
∥∥
2
< λωg, then βg must be identically zero. For each group g = 1, . . . , G,

define the active score

sg(β) :=

ω−1
g

∥∥X⊤
g (y −Xβ)

∥∥
2
, ωg > 0

λ, ωg = 0
(3.5)
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and let s(β) := (s1(β), . . . , sG(β)) ∈ RG
+ be the concatenation of the active scores. Note that if

ωg = 0, then group g must be active, which gives justification for setting sg(β) to be λ.

The score sg(β⋆(λ)) can be thought of as the likelihood of group g to be next active, where a

larger score indicates higher likelihood. The intuition is the following: suppose we know the solution

β⋆(λ0) and the corresponding active scores s(β⋆(λ0)). Then for a sufficiently close λ < λ0, we expect

s(β⋆(λ)) to be close to s(β⋆(λ0)) simply by continuity of λ 7→ s(β⋆(λ)). Note also that sg(β⋆(λ))

attains the largest value whenever the group g is active, which follows from the KKT conditions.

Combining the two ideas, if sg(β⋆(λ0)) is close to the largest value (i.e. λ0), we should expect

sg(β⋆(λ)) to be close to λ. Hence, the ordering of sg(β⋆(λ0)) should be highly predictive of the next

active groups at λ.

Indeed, our intuition helps explain the success of the (sequential) strong rule proposed by Tib-

shirani et al. [2012]. Note that the strong rule determines the next likely active groups at λ by

considering all groups g that satisfy

sg(β⋆(λ0)) ≥ 2λ− λ0 (3.6)

where λ0 > λ. That is, we consider the M largest active scores to be included in the next prediction

set where M is determined by the cutoff 2λ−λ0. The authors justify this choice of cutoff by assuming

the case when the active score is Lipschitz continuous in λ with Lipschitz constant 1, in which case,

the strong rule guarantees to discard bona-fide non-active groups. In any case, the intuition for the

strong rule is similar to ours in that the goal is to determine groups with “sufficiently large” active

scores as a guess for the newly active groups at λ. Naturally, this raises the following question: how

do we construct a cutoff that is more aggressive than the strong rule cutoff while not inadvertently

discarding the true active groups at λ?

Before presenting our method, we first motivate the discussion with a typical plot of the active

scores in Figure 3.2. In Figure 3.2a, we generate X ∈ Rn×p from a standard normal distribution

with n = 100, p = 1000, and group sizes of 5. The response vector y is generated from a linear

model y = Xβ + ε with ε ∼ N (0, σ2) such that the signal-to-noise ratio (SNR) is 1 where SNR is

defined to be

SNR :=
β⊤ Var (X)β

σ2
(3.7)

In Figure 3.2b, we use the Arcene dataset in Section 3.4.2. Under both cases, we plot the active

scores sg(β⋆(λ)) in sorted order. We observe the following pattern in the active scores: the active

groups all have a score of λ, which yield the flat component on the right, and the next largest scores

decay (approximately) linearly as we read from right to left. Indeed, we observed this pattern for

every example we studied. This motivates us to first identify the pivot at which the active score

first decays significantly from the largest value. Due to numerical precision as well as the inevitable
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(a) Simulated data (b) Real data

Figure 3.2: A typical curve of the active scores (sorted) at a solution β⋆(λ). Figure 3.2a is using
simulated data as described in Section 3.4.1. Figure 3.2b is using real data (Arcene) as described
in Section 3.4.2 (zoomed in on the largest active scores to visualize the pivot). For both figures, the
active groups all have a score of λ, which yields the flat component on the right. The next largest
scores decay (approximately) linearly as we read to the left.

convergence error of the optimizer, the active groups may have scores that slightly deviate from the

true value λ, so it is not sufficient to simply look for the first time a decay occurs.

We now present our method to identify the next active groups. We view our current problem as

simply an application of linear regression. Suppose we are able to first isolate the K largest active

scores such that the pivot is contained in this set of points. With a slight abuse of notation, let

s ∈ RK
+ denote the active scores for these K points and t ∈ {1, . . . ,K} be the indices of s. For each

pivot candidate tj for j = 2, . . . ,K1, we model

si = β0 + β1(tj − ti)1ti≤tj + noisei, i = 1, . . . ,K (3.8)

and perform linear regression to obtain the mean-squared error (MSE), Lj . We then select j that

minimizes {Lj}Kj=2 as the pivot point and include all groups that have active scores higher than

that of the pivot point. Since the pivot point is the point at which the active scores begin to decay,

we apply some slack to include groups whose active scores are slightly smaller than that of the

pivot point. In practice, we determine this slack dynamically. If ∆ denotes the number of new

active groups most recently added, the slack is some proportion γ of max(∆, 1). We typically take

γ ∈ [1, 2] and γ = 1.25 is an effective default value.

The previous discussion crucially relies on the knowledge of K such that the set of K points

contains the pivot point. Of course, we may set K ≡ G, i.e. the entire set of active scores, however,

as shown in Figure 3.2, the decay in the active score is only locally linear near the pivot point.

1We start from j = 2 since we need at least 2 points in each linear piece.
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(a) Unsorted active scores. (b) Sorted active scores.

Figure 3.3: Plot of the active scores with the pivot rule and strong rule cutoffs. The black circles
denote the groups that were never active, and the red circles denote the groups that are currently
active as well as those that became active at the next λ. The green horizontal line denotes the active
score cutoff given by the pivot rule such that all groups whose active scores are above the line are
included in the prediction set. The orange horizontal line denotes the active score cutoff given by the
strong rule such that all groups whoe active scores are above the line are included in the prediction
set.

Indeed, our experiments show that if K ≡ G, then the pivot point estimate can be quite poor. As

a heuristic, we determine K sequentially. At λi, if the pivot rule yields the prediction set Si, we

simply set K to be (1 + ϵ) |Si| for some ϵ ∈ (0, 1). Intuitively, we expect that the next set of active

groups are contained in the current predicted set Si and some number of new groups proportional

to the size of Si. If the next active groups are fully within Si+1, then the pivot must surely exist in

Si+1 as well. In practice, ϵ = 0.1 works well in many examples.

Figure 3.3 demonstrates the pivot rule for the same example as in Figure 3.2. The black circles

denote the groups that were never active, and the red circles denote the groups that were ever active

as well as those that became active at the next λ. Hence, some groups are colored red even if their

active scores are not maximal since they were either active previously or are right about to become

active. The green horizontal line denotes the active score cutoff given by the pivot rule such that all

groups whose active scores are above the line are included in the prediction set. Note that the pivot

rule discards many groups and is quite tight to the ever-active set. Moreover, despite the tightness,

we do not see any mistakes (the red circle below the green line was previously active). Figure 3.3b

clearly shows the effectiveness of the pivot search as it correctly identifies the pivot.

The pivot rule is only a heuristic like the strong rule, so a fallback method must be applied in

the event that the rule fails to capture the next active set. We use the same method as in the strong

rule. If the prediction set S(λ) fails to capture the next active set A(λ), i.e. a KKT violation occurs

for some group outside S(λ), then we include all groups that failed the KKT condition into S(λ)
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and refit at λ. This process is repeatedly done until the KKT condition passes for all groups outside

S(λ). This method guarantees that the prediction set will eventually contain the next active set.

3.2.2 Pivot search algorithm

In Section 3.2, we introduced our pivot search method by repeatedly applying linear regression

in (3.8). A priori, it seems we must run K − 1 separate linear regressions to obtain our MSEs

{Lj}Kj=2. This naive method has a computation complexity of O(K2). However in this section, we

present a simple sequential algorithm where we can compute {Lj}Kj=2 in O(K) time and O(1) extra

space. This demonstrates that the power of our method comes with negligible cost compared to the

other parts of the group lasso solver.

We discuss the pivot search in a more general context and briefly drop the notation used in the

previous sections. For the remainder of this section, let x ∈ Rn be a position vector (sorted) and

y ∈ Rn be a response vector where

yi = β0 + β1(p− xi)1xi≤p + noisei, i = 1, . . . , n (3.9)

for some unknown coefficients β0, β1 ∈ R and an unknown pivot p ∈ R. We approximate the pivot

to be one of the positions xj for j = 2, . . . , n, and only run linear regression for each of the choices

xj . In this case, we show in Appendix B.1 that there are only four quantities, each represented

as a cumulative sum, that determine the full set of MSEs {Lj}nj=2 as we iterate over the pivot xj .

Moreover, it requires O(1) time and (extra) space to update the cumulative sums and compute the

MSE at each iteration. This simplification is due to the sorted nature of x. We present the algorithm

in Algorithm 5.

3.2.3 Pivot-safe hybrid rule

We make a small remark that similar to the work of Zeng et al. [2021], we may combine the pivot

rule with a safe rule. Specifically, we may first discard groups via any safe rule such as in Ghaoui

et al. [2011], Wang et al. [2015a], then further discard groups using the pivot rule. This in general

yields a smaller prediction set. However, in our experience, the use of the safe rule only adds extra

non-negligible computation cost and does not differ much from the prediction sets given by the pivot

rule on its own. Oftentimes, the strong rule combined with the EDPP rule performs slightly worse

than the strong rule on its own as well. For this reason, we do not consider the hybrid approach.

3.2.4 Robustness and performance tradeoff

There is a natural tradeoff between creating a tighter prediction set to the active set and the

performance of the optimizer. With smaller prediction sets, we increase the chance of discarding truly
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Algorithm 5: Pivot Search

Data: x ∈ Rn, y ∈ Rn, n ≥ 2
1 y = n−1

∑n
i=1 yi

/* Initialize cumulative sums */

2 q1 = x1 // Cumulative sum of x:
∑j

i=1 xi

3 q2 = x2
1 // Cumulative sum of x2:

∑j
i=1 x

2
i

4 q3 = y1 // Cumulative sum of y:
∑j

i=1 yi

5 q4 = y1x1 // Cumulative sum of yx:
∑j

i=1 yixi

6 for j = 2, . . . , n do
/* Update cumulative sums */

7 q1 = q1 + xj

8 q2 = q2 + x2
j

9 q3 = q3 + yj
10 q4 = q4 + yjxj

/* Compute linear regression quantities */

11 t = n−1 (jxj − q1)

12 vt = jx2
j − 2xjq1 + q2 − nt

2

13 cty = xj(q3 − jy)− (q4 − yq1)

14 β̂1 = cty/vt

15 Lj = −β̂2
1vt

16 return argmin2≤j≤n Lj ;

active groups, which may result in frequent refitting and therefore more compute time. However,

with larger prediction sets, we increase the overall compute time simply because we must optimize

over a larger set of groups. Not only does that increase the complexity of the algorithm, but

it may also affect the convergence speed, especially if largely correlated features are included in

the prediction set. Generally, we have found that the pivot rule using our default configurations

in Section 3.2.1 creates smaller prediction sets than the strong rule. In most cases, the mild bloating

cost for the strong rule has a similar impact on the optimization runtime as the refit cost for the

pivot rule (see Table 3.1 as an example). However, there are cases when the pivot rule absolutely

shines.

In Figure 3.4, we show an example of the active scores at λmax, the smallest λ such that the

solution is β⋆(λmax) = 0, for a simulated dataset described in Section 3.4.1 with equicorrelation

ρ = 0.5 in the feature matrix X. This example highlights cases when the active scores are so

close to each other that the strong rule must bring in a large set of groups into its prediction set

because it uses a fixed threshold that is data-independent. This phenomenon occurs when there

are correlated features because stronger feature correlation implies that the correlation between the

features and the residual are less distinguishable; in turn, the active scores are less distinguishable

as well (see (3.5)). However, the pivot rule is completely unaffected by this phenomenon. This is

due to the fact that the pivot rule is much more adaptive to the structure of the active scores; the
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Figure 3.4: A plot of the active scores at λmax for a simulated dataset described in Section 3.4.1
with equicorrelation ρ = 0.5 in the feature matrix X. This example shows that the strong rule can
be too conservative when the active scores are not sufficiently spread out. However, the pivot rule
still manages to construct reliably small prediction sets.
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pivot rule only relies on the general pattern of the scores no matter the scale or the relative closeness

of the scores. Especially in these cases where the active scores are relatively close, the pivot rule

benefits even more from its robustness as the number of groups increases, since the strong rule will

suffer from pulling more groups into its prediction sets.

3.2.5 Connection to LARS

The LARS algorithm [Efron et al., 2004] sheds more light on the effectiveness of the pivot rule. To

parallel the exposition in Efron et al. [2004], we consider the lasso problem, i.e. (3.2) with G ≡ p

and penalty factors ωg ≡ 1. At a high level, the LARS procedure begins with an empty predictor

set with all coefficients equal to zero, and finds the predictor xj1 most correlated with the current

residual. Along xj1 , we take the largest step possible until another predictor xj2 has equicorrelation

with the residual as xj1 . In this way, LARS continues to move along a direction that is equiangular

with the current active predictors until a new predictor becomes equiangular.

Formally, let A(λ0) be the current active set and ĉg := X⊤
g (y −Xβ⋆(λ0)) the current gradient.

Note that ĉg has the interpretation of a correlation with the current residual and the predictor Xg

(assuming they are both centered and standardized). Finally, let uA(λ0) denote the unit direction

that is equiangular with every predictor in A(λ0). Suppose λ < λ0 is the largest λ such that a new

predictor becomes active. Then, the LARS algorithm takes a step such that

Xβ⋆(λ) = Xβ⋆(λ0) + γ̂uA

where

γ̂ = min
g∈A(λ0)c

{
λ0 − ĉg

AA(λ0) − ag
,

λ0 + ĉg
AA(λ0) + ag

}
ag = X⊤

g uA(λ0)

AA(λ0) =

(
1⊤
A(λ0)

(
X⊤

A(λ0)
XA(λ0)

)−1

1⊤
A(λ0)

)− 1
2

and the minimum in γ̂ is taken only over positive components for each choice g.

The connection between LARS and the pivot rule lies in the definition of the step size γ̂. Ignoring

the denominator for the moment, we immediately see that γ̂ is achieved by a group g /∈ A(λ0) when

λ0 ± ĉg is smallest (and positive), in other words, when the active score sg ≡ |ĉg| is closest to λ0.

Hence, now considering the denominator as well, we expect that γ̂ is achieved by a group g that has,

perhaps not the largest, but one of the largest active scores. The pivot rule is simply one mechanism

to determine the set of these “largest active scores” that is then most likely to contain the next

active groups.
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3.3 Generalized pivot rule

3.3.1 Extension to general loss functions

While the primary focus of the paper is on the group lasso problem with squared-loss objective (3.2),

our method naturally extends to general convex, differentiable loss functions such as in logistic

regression. We begin by extending the definition of the active scores in (3.5), which arose from

studying the KKT conditions. For the general problem (3.1), the KKT conditions show that β is a

solution if for every g = 1, . . . , G, there exists ug a subgradient of βg 7→ ∥βg∥2 such that

∇βgf(β) + λωgug = 0 ⇐⇒
∥∥∇βgf(β)

∥∥
2
≤ λωg

Hence, we simply define the active scores to be

sg(β) :=

ω−1
g

∥∥∇βg
f(β)

∥∥
2
, ωg > 0

λ, ωg = 0

Once the active scores are defined, we may reuse the rest of the method laid out in Section 3.2.

As a concrete example, in the logistic regression case where

f(β) =

n∑
i=1

(
−yix⊤

i β + log
(

1 + ex
⊤
i β
))

the active scores are

sg(β) =

ω−1
g

∥∥X⊤
g (y − p(β))

∥∥
2
, ωg > 0

λ, ωg = 0

where pi(β) :=
(

1 + e−x⊤
i β
)−1

. We then find the pivot in these scores (sorted) and include all

groups with scores higher than that of the pivot and a slack of groups with scores just below that

of the pivot.

3.3.2 Extension to elastic net

The elastic net [Zou and Hastie, 2005] is given by

minimize
β

1

2
∥y −Xβ∥22 + λ

p∑
j=1

(
α |βj |+

1− α

2
β2
j

)
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Extending to the group lasso form with a general convex, differentiable loss f , we have

minimize
β

f(β) + λ

G∑
g=1

ωg

(
α ∥βg∥2 +

1− α

2
∥βg∥22

)
(3.10)

As in Section 3.3.1, we only discuss how to define active scores since the rest of our method follows

immediately. Following the KKT conditions, β is a solution to (3.10) if for every g = 1, . . . , G, there

exists ug a subgradient of βg 7→ ∥βg∥2 such that

∇βg
f(β) + λωg (αug + (1− α)βg) = 0 ⇐⇒

∥∥∇βg
f(β) + λωg(1− α)βg

∥∥
2
≤ λωgα

Hence, we define the active scores

sg(β) =

(ωgα)−1
∥∥∇βg

f(β) + λωg(1− α)βg

∥∥
2
, ωgα > 0

λ, ωgα = 0

In particular, if α = 0 (ridge regression) so that no sparsity is induced, every active score is identical

to λ since every group will be active. Otherwise when α > 0, we get the usual form,

sg(β) =

(ωgα)−1
∥∥∇βgf(β) + λωg(1− α)βg

∥∥
2
, ωg > 0

λ, ωg = 0

3.4 Comparisons to other methods

In this section, we provide comparisons of our pivot rule against the strong rule and EDPP rule.

We use our Python package adelie to solve (group) lasso (available on PyPI2), which implements

the screening rules we consider in this paper. The experiments were done on a local machine with

AMD Ryzen 7 5800X 8-core processor and 128GB of RAM, which was sufficient for the scale of our

data.
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Figure 3.5: Plot of the set size comparison across the active set, strong set, pivot set, and EDPP set
where n = 1000, p = 10000, and G = 10000 with group sizes of 1 (lasso).

3.4.1 Simulated data

We first consider the following simulation setting. Let X ∈ Rn×p be the feature matrix where each

row Xi· is sampled from N (0,Σ) where Σ ∈ Rp×p is given by the equicorrelation matrix

Σ =


1 ρ . . . ρ

ρ 1 . . . ρ
...

...
. . .

...

ρ ρ . . . 1


2https://pypi.org/project/adelie/1.1.4/
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Figure 3.6: Plot of the set size comparison across the active set, strong set, pivot set, and EDPP
(safe) set where n = 1000, p = 10000, and G = 2000 with group sizes of 5 (group lasso).
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with equicorrelation ρ ∈ [0, 1]. Note that when ρ = 0, we have independent columns of X. We

generate our response y ∈ Rn from the linear model

y = Xβ + ε

The true coefficient vector β ∈ Rp is sampled from N (0, Ip) and 95% of the entries are set to zero.

Although we randomly generate β, we work in the “fixed-β” regime. The noise ε ∼ N (0, σ2In) is

sampled such that SNR = 1 (see (3.7) for the definition). Finally, both X and y are normalized by
√
n.

We show in Figure 3.5 a comparison of the ever-prediction set sizes for the strong rule, EDPP

rule, and our pivot rule against the ground truth for the ever-active set in the lasso setting. We

let n = 1000, p = 10000, and G = 10000 so that every group has size 1. This comparison is done

for ρ ∈ {0, 0.25, 0.5, 0.75}. For each plot, we run the lasso solver for 100 λ values until 99% of the

training R2 is reached. The overall trend is the same across all examples. First, EDPP rule is

generally the most conservative rule, which is unsurprising as it must theoretically guarantee that

the discarded variables must be inactive. However, it performs better than the strong rule for large

values of λ especially as ρ increases, which is consistent with the findings in Wang et al. [2015a].

Next, the strong rule generally discards more than the EDPP rule, however, it quickly becomes less

effective as ρ increases due to an initial bloating. Finally, our pivot rule clearly outperforms the

other methods as it stays extremely close to the ever-active set and completely robust to changes in

ρ and λ. The number of KKT failures with the pivot rule were 5 when ρ = 0; 2 when ρ = 0.25; and

0 otherwise. Hence, for this lasso example, the pivot rule made few mistakes while staying tight to

the ever-active set.

We provide an example of the group lasso in Figure 3.6. We let n = 1000, p = 10000, and

G = 2000 so that each group has size 5. Again, the comparison is done for ρ ∈ {0, 0.25, 0.5, 0.75}.
For each plot, we run the group lasso solver for 100 λ values until 99% of the training R2 is reached.

Similar to Figure 3.5, the strong rule is quite accurate when ρ = 0, however it behaves more

erratically as ρ increases. In particular, the strong rule pulls in too many groups early on. The

number of KKT failures with the pivot rule were 1 when ρ = 0; 2 when ρ = 0.25; and 0 otherwise.

Hence, as in the lasso example, the pivot rule is extremely accurate for group lasso as well.

We end our discussion with some performance analysis. Due to the early bloating of the strong

rule, the authors of Tibshirani et al. [2012] keep track of both an ever-strong set and an ever-active

set in their R package, glmnet, where most of the optimization is done on the ever-active set and the

optimization over the ever-strong set is done relatively infrequently. However, when the ever-strong

set contains a significant portion of the groups early on, the computational cost significantly increases

and also degrades the convergence speed. In the simulation setup of Figure 3.6 with ρ = 0.5, the

strong rule yielded a total solving time of 88.6 seconds whereas the pivot rule yielded 28.1 seconds,

which is about a 3x speed-up using the pivot rule. In Figure 3.7, we show a more detailed benchmark
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Figure 3.7: Benchmark results of solving group lasso in the setting of Figure 3.6 using the strong
rule and the pivot rule. We note that while most of the time is spent on iterating over the active
set, the iteration over the prediction set consumes a considerable amount of time. The pivot rule
clearly shows a significant decrease in the proportion of time spent on iterating over the prediction
set.
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Dataset n p G
arcene 100 9920 9920
arcene gl 100 79360 9920
dorothea 800 88119 88119
dorothea gl 800 704952 88119
gisette 6000 4955 4955
gisette gl 6000 39640 4955
mnist 784 59999 59999
mnist gl 784 479992 59999
electricity 370 140255 140255
electricity gl 370 1122040 140255
gene 801 20264 20264
gene gl 801 162112 20264

Table 3.1: The number of observations, features, and groups used in each dataset. All dataset names
of the form “xxx gl” refer to using the dataset “xxx” with 5 B-spline basis for each feature as groups
and fitting with group lasso. Otherwise, the dataset “xxx” is used directly to fit lasso.

result. We note that while most of the time is spent on iterating over the active set, the iteration over

the prediction set consumes a considerable amount of time. The pivot rule clearly shows a significant

decrease in the proportion of time spent on iterating over the prediction set. Interestingly, the pivot

rule seems to slightly decrease the active set iteration time as well. This provides some evidence to

our earlier hypothesis that larger prediction set yields longer convergence time.

3.4.2 Real data

For our real data analysis, we consider the datasets listed in Table 3.1 from the University of

California, Irvine, machine learning repository3. For each dataset, we standardize the features and

the response vector to have unit variance. Moreover, we further divide X and y by
√
n to account

for the scaling in the number of observations. For the group lasso, we create 5 B-Spline bases for

each feature and treat them as a group (so that each group has size 5). We fit a path of 100 λ values

until either the training R2 reaches 90% or all 100 λ values are processed. For some examples, we

increase the R2 tolerance to 99% for better visualization. The pivot rule is applied using the default

configuration specified in Section 3.2.1.

In Figure 3.8, we show a comparison of ever-prediction set sizes using the strong rule and the

pivot rule against the ever-active set sizes for each λ for fitting lasso. Figure 3.9 shows a similar

comparison for fitting group lasso. For each rule, we mark with an “x” to denote a KKT failure. In

all cases, the pivot rule yields similar or smaller prediction set sizes at the cost of a few more KKT

failures. We remind the readers that the user has the flexibility to be less aggressive than the default

configuration of the pivot rule by specifying a larger slack proportion parameter, for example. In

3https://archive.ics.uci.edu/



CHAPTER 3. PIVOT RULE FOR DISCARDING PREDICTORS FOR GROUP LASSO 58

1.0 1.5 2.0 2.5 3.0 3.5
log( )

0

100

200

300

400

500

600

Nu
m

be
r o

f G
ro

up
s

Set Size Comparison
strong
pivot-L
active

(a) Arcene

0.5 1.0 1.5 2.0 2.5 3.0
log( )

0

100

200

300

400

500

600

700

Nu
m

be
r o

f G
ro

up
s

Set Size Comparison
strong
pivot-L
active

(b) Dorothea

1 2 3 4 5
log( )

0

200

400

600

800

1000

Nu
m

be
r o

f G
ro

up
s

Set Size Comparison
strong
pivot-L
active

(c) Gisette

0 1 2 3 4 5
log( )

0

200

400

600

800

1000

1200

1400

Nu
m

be
r o

f G
ro

up
s

Set Size Comparison
strong
pivot-L
active

(d) MNIST
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(e) Electricity
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Figure 3.8: Plot of prediction set sizes using the strong rule and the pivot rule against the true
active set sizes for fitting lasso on real datasets. Overall, the pivot rule yields smaller prediction set
sizes but with more violations. However, it is much more robust to the cases of stronger correlation
in X as shown in Figure 3.8e.
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(d) MNIST
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(e) Electricity
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Figure 3.9: Plot of prediction set sizes for using the strong rule and the pivot rule against the true
active set sizes for fitting group lasso on real datasets with 5 B-spline bases for each feature. Overall,
the pivot rule yields smaller prediction set sizes but with more violations. However, it is much more
robust to the cases of stronger correlation in X as shown in Figure 3.8e.
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Figure 3.10: Runtime comparison of the optimizer using the strong rule vs. the pivot rule. In
almost all cases, the runtime difference is marginal and does not seem to indicate any meaningful
differences between the two methods. However, the Electricity dataset shows that under more feature
correlation, the strong rule suffers from being too conservative.

any case, this cost seems negligible based on the overall runtime comparison of our solver using the

two rules as shown in Figure 3.10. In almost all cases, the runtime difference is marginal and does

not seem to indicate any meaningful differences between the two methods. This is not surprising

because in these cases the feature matrices were highly uncorrelated, which is the regime where

we should expect the strong rule to be most accurate. Hence, since the strong rule is already an

effective rule for these cases, we should expect minor, if any, improvements using the pivot rule.

Conversely, in the cases where the strong rule performs poorly, the pivot rule remains robust and

dramatically improves the runtime. The most stark difference between the strong rule and the pivot

rule occurs in Figures 3.8e and 3.9e where the pivot rule is faster by a factor of 3. We note that this

dataset contains stronger pairwise correlation compared to the other datasets. Hence, we observe a

similar behavior as in Figures 3.5 and 3.6 where the strong rule initially pulls too many groups as

the pairwise correlation increases, but the pivot rule is completely robust to these changes and only

pulls a small subset of groups.

As further motivation for the pivot method, we show in Figure 3.11 the (sorted) active scores

for two of the datasets, Arcene and Electricity, after fitting lasso and group lasso. Arcene is an

example of a dataset where the strong rule performed well and Electricity is an example where the

strong rule performed quite poorly. In all cases, we see that the active scores indeed have a locally

linear behavior near the pivot. Moreover, for Electricity, many scores are clumped together, which

makes the strong rule cutoff quite conservative. However, the pivot rule is still able to learn a more



CHAPTER 3. PIVOT RULE FOR DISCARDING PREDICTORS FOR GROUP LASSO 61

(a) Arcene Lasso (b) Arcene Group Lasso

(c) Electricity Lasso (d) Electricity Group Lasso

Figure 3.11: A plot of active scores for Arcene and Electricity datasets for both lasso and group
lasso. In all cases, we observe a locally linear trend near the pivot. The Electricity dataset has a
much narrower spread of the active scores than in the Arcene dataset so that the strong rule cutoff
is much more conservative in the former. However, in all cases, the pivot rule cutoff is aggressive to
a similar degree.
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aggressive cutoff despite the flatness of the scores.

3.5 Discussion

We propose a new rule called the pivot rule for discarding groups in group lasso problems. The

primary motivation for the pivot rule is to discard more predictors in cases where the strong rule

performs poorly, while also performing on par with the strong rule in its advantageous settings. We

then describe the motivation, methodology, and algorithm to employ the pivot rule. The simplicity

of the pivot rule also allows a natural extension to general convex, differentiable loss functions and

the elastic net framework. Through simulations and real data analyses, we show that the pivot rule

is much more robust to the correlation structure in the feature matrix and the signal strength in

the response vector than the strong rule, significantly improving the overall runtime in some cases

by several orders of magnitude and otherwise having nearly identical runtimes. We believe that

the pivot rule is a much more reliable general-purpose screening method as its behavior remains

consistent across various inputs.



Chapter 4

Polyhedron constrained group

lasso and elastic net

4.1 Introduction

In this chapter, we discuss the polyhedron constrained group lasso problem, the most technically

involved and daunting problem in this thesis. This work is still under development and our results

are preliminary, however, the methodology is largely finished.

We consider the group lasso problem with (separable) polyhedron constraints given by

minimize
β0,β∈Rp

1

2
∥y − β01−Xβ∥2W + λPα,ω(β) (4.1)

subject to − ℓg ≤ Agβg ≤ ug, ∀g = 1, . . . , G,

where X ∈ Rn×p is the feature matrix, y ∈ Rn is the response vector, β = (β1, . . . , βG) ∈ Rp

is the coefficient vector with group-wise coefficients βg ∈ Rpg for every g = 1, . . . , G, β0 ∈ R is

the intercept, W ∈ Rn×n
+ is the diagonal matrix of observation weights, λ ≥ 0 is the group lasso

regularization parameter, Pα,ω(·) is the group elastic net penalty

Pα,ω(β) =

G∑
g=1

ωg

(
α ∥βg∥2 +

1− α

2
∥βg∥22

)
,

and Ag ∈ Rmg×pg and ℓg, ug ∈ Rmg

+ define the group-wise polyhedron constraints. Note that we

assume 0 is feasible, or equivalently, ℓg, ug ≥ 0. This is a crucial assumption that preserves sparsity

of the solution, which simplifies our algorithm.

63
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We see this constrained problem potentially useful in typical regression settings with box-

constraints. For example, a natural extension to isotonic regression is to include a group lasso

penalty as soon as there is a natural group structure to the feature matrix and feature selection

is desired; isotonic regression is typically recasted as a higher-dimensional regression problem with

non-negativity constraints. A more concrete application is in convex 2-layer ReLU neural network

training. It is a proven fact that a 2-layer ReLU neural network can be optimally trained by solving a

polyhedron constrained group lasso problem (see Section 4.4) [Pilanci and Ergen, 2020, Bach, 2017,

Ergen and Pilanci, 2023].

In Section 4.3, we develop our novel algorithm to solve (4.1). We discuss various aspects of

the solver such as backtracking, warm-starts, screening, and extensions to general convex losses

that make it extremely flexible and powerful. In Section 4.4, we apply our algorithm to train 2-layer

ReLU networks using the convex reformulation. Moreover, we show that this can be done stunningly

fast, and the resulting neural networks generally predict better than ADAM-trained networks.

4.2 Preliminaries and notations

We denote R as the space of real numbers and R+ as the space of non-negative real numbers. Define

Rn to be the n-dimensional vector of real numbers and Rn×p as the space of all n×p matrices of real

numbers. Similarly, we define Rn
+ and Rn×p

+ to be the space of vectors and matrices of non-negative

real numbers. We use ∥x∥p = (
∑p

i=1 |xi|p)1/p to denote the ℓp-norm of a vector. For two vectors

u, v ∈ Rn, we interpret u ≤ v as an elementwise comparison. The convex indicator function 1A(x)

is defined to be zero whenever x ∈ A and otherwise +∞. We use the notation [n] := {1, . . . , n} to

denote the set of integers between 1 and n. For a vector v = (v1, . . . , vG) ∈ Rp where each vg ∈ Rpg

and a set of indices S ⊆ [G], we denote vS := {vg : g ∈ S} and v−S := {vg : g /∈ S}. Similarly, for

a matrix X = [X1, . . . , XG] ∈ Rn×p where each Xg ∈ Rn×pg , we denote XS := {Xg : g ∈ S} and

X−S := {Xg : g /∈ S}.

4.3 Algorithms for constrained group lasso/elastic net under

Gaussian loss

We propose a block-coordinate descent based algorithm to solve (4.1). Since the added polyhedron

constraints are separable across the penalized groups βg, block-coordinate descent provably attains

the optimum [Tseng, 2001]. It remains to discuss the algorithm for solving a single block update.
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Minimizing with respect to a single group βg, the block update is given by

minimize
βg∈Rpg

1

2
∥rg −Xgβg∥2W + λωg

(
α ∥βg∥2 +

1− α

2
∥βg∥22

)
subject to − ℓg ≤ Agβg ≤ ug,

where rg := y −X−gβ−g is the current residual from residualizing out all other blocks. Rewriting

the objective in the quadratic form, the block update is equivalent to

minimize
βg∈Rpg

1

2
β⊤
g X⊤

g WXgβg − r⊤g WXgβg + λωg

(
α ∥βg∥2 +

1− α

2
∥βg∥22

)
subject to − ℓg ≤ Agβg ≤ ug.

As in the unconstrained case (see Section 2.3), it is advantageous to first rotate βg to the eigen-

basis of X⊤
g WXg. In that endeavor, let X⊤

g WXg = QgΛgQ
⊤
g be the eigen-decomposition where

Qg ∈ Rpg×pg is an orthogonal matrix and Λg ∈ Rpg×pg

+ is a non-negative diagonal matrix. Then,

changing variables to β̃g := Q⊤
g βg, the block update becomes

minimize
β̃g∈Rpg

1

2
β̃⊤
g Λgβ̃g − r̃⊤g β̃g + λωg

(
α
∥∥∥β̃g

∥∥∥
2

+
1− α

2

∥∥∥β̃g

∥∥∥2
2

)
subject to − ℓg ≤ AgQgβ̃g ≤ ug,

where r̃g = Q⊤
g X

⊤
g Wrg and we used the rotational invariance of the ℓ2-norm. Note that since

we only made a linear transformation, the constraint remains linear in the transformed problem.

Finally, abstracting out the main problem, the block update (with a slight abuse of notation) is of

the form

minimize
x∈Rd

1

2
x⊤Σx− v⊤x + λ ∥x∥2

subject to − ℓ ≤ Ax ≤ u

where Σ ∈ Rd×d
+ is a non-negative diagonal matrix, A ∈ Rm×d, and ℓ, u ∈ Rd

+ such that 0 is feasible.

For simplicity of the derivations, we further assume that Σ is a positive diagonal matrix. In practice,

this assumption seldom matters since we may artificially add a small positive value to the diagonal

of Σ to remove its singularity. Finally, we assume that λ > 0 since otherwise, the problem becomes

a well-studied quadratic program with a linear inequality constraint, which can be solved using an

interior-point method.

Since the block update objective is strictly convex, it is bounded below. By the relaxed Slater’s

condition, strong duality then holds [Ben-Tal and Nemirovski, 2023]. Hence, we may first form the
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(negative) dual function

g(ν) := −min
x
L(x, ν)

where L is the Lagrangian given by

L(x, ν) :=
1

2
x⊤Σx− v⊤x + λ ∥x∥2 − ν⊤ℓ (Ax + ℓ) + ν⊤u (Ax− u).

an ν := (νℓ, νu) ∈ R2m are the dual variables. Then, we solve the dual problem

minimize
ν≥0

g(ν)

to obtain the optimal dual variable ν⋆. Letting x⋆(ν) be the (unique) minimizer of the Lagrangian

for a fixed ν, we must have that (x⋆(ν⋆), ν⋆) is an optimal primal-dual pair. The remainder of the

section discusses our method to solve this dual problem.

4.3.1 Proximal Newton method-based algorithm

To solve the dual problem, we propose to use proximal Newton method. The proximal Newton

method begins with an initial point ν(0). At every iteration k ≥ 0, it forms a quadratic approximation

to g(·) and solves the proximal operator for the next update, that is,

ν(k+1) := argmin
ν≥0

1

2
(ν − ν(k))⊤∇2g(ν(k))(ν − ν(k)) +∇g(ν(k))⊤(ν − ν(k)).

We first discuss how to compute the gradient and hessian of g. Note that since the primal solution

is always unique, it is a standard convex analysis result [Bazaraa et al., 2006] that the (negative)

dual function g(·) is differentiable and

∇g(ν) =

[
ℓ

u

]
−
[
−I
I

]
Ax⋆(ν).

Moreover, x⋆(ν) is computed by solving the unconstrained problem:

x⋆(ν) := argmin
x
L(x, ν) = argmin

x

1

2
x⊤Σx− (v −A⊤(νu − νℓ))

⊤x + λ ∥x∥2 .

It is not difficult to see that this is the same problem as the unconstrained block update as in

Section 2.3. Hence, we may reuse the Newton-ABS method to compute x⋆(ν), which readily gives

the gradient ∇g(ν). The hessian requires a substantial amount of work. In Appendix C.1, we show

that the hessian is 0 in the interior of the ellipsoid {ν ∈ R2m :
∥∥v −A⊤(νu − νℓ)

∥∥
2
≤ λ} and may
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not exist at the boundary. Outside the ellipse, we have that

∇2g(ν) =

[
−I
I

]
AS(ν)A⊤

[
−I I

]
where

S(ν) := ∥x⋆(ν)∥2
(
λκ(ν)α(ν)α(ν)⊤ + (Σ ∥x⋆(ν)∥2 + λI)−1

)
(4.2)

κ(ν) :=
(
1− λu⋆(ν)⊤(Σ ∥x⋆(ν)∥2 + λI)−1u⋆(ν)

)−1
(4.3)

α(ν) := (Σ ∥x⋆(ν)∥2 + λI)−1u⋆(ν). (4.4)

Suppose for the moment that ∇2g exists. Let µ := νu − νℓ ∈ Rm. Rewriting the proximal

operator in terms of µ, we have

µ(k+1) := argmin
µ∈Rm

1

2
(µ− µ(k))⊤AS(µ(k))A⊤(µ− µ(k))− x⋆(µ(k))⊤A⊤µ + ℓ⊤µ− + u⊤µ+. (4.5)

Note that the gradient and hessian of g(ν) only depend on ν through µ since it is true for x⋆(ν).

Without loss of generality, we may then assume the explicit mapping µ+ ≡ νu and µ− ≡ νℓ. It

is worth emphasizing that (4.5) is an unconstrained least squares problem with a pinball penalty.

Moreover, while the original proximal operator dealt with 2m variables, we have reduced the problem

to solving for only m variables. Since the penalty is separable, we may use coordinate descent to

solve (4.5).

4.3.2 Backtracking for feasibility

Since ∇2g may not always exist, we must take care in our implementation. Before applying the

proximal Newton method, we first check whether 0 is an optimal primal solution. In other words,

we check if there exists any µ ∈ Rm such that x⋆(µ) = 0 and µ− ⊙ ℓ = µ+ ⊙ u = 0 (complementary

slackness). Equivalently, letting S− := {i ∈ [m] : ℓi > 0} and S+ := {i ∈ [m] : ui > 0}, we solve

minimize
µS+

≤0≤µS−

∥∥v −A⊤µ
∥∥
2

(4.6)

and check whether the minimum objective is less than λ. We note that (4.6) only needs to be

solved until the objective is less than λ, in which case we may terminate early and simply return

the current iterate for µ and zero for the primal solution. We may solve (4.6), which is a variant of

non-negative least squares (NNLS), efficiently using coordinate descent as well. Indeed, we provide

an in-depth treatment of implementing a fast NNLS solver in Chapter 5. If no µ exists such that

zero is an optimal primal solution, then 0 cannot be the primal solution to the block update. This
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guarantees that the optimal dual solution must lie outside the ellipsoid where the hessian is well-

defined, which suggests that proximal Newton should find the solution. It is, however, still possible

that the proximal Newton algorithm yields iterates that fall back into the ellipsoid. In this case, we

employ a backtracking algorithm that moves in the direction µ(k+1)− µ(k) but with a step-size that

guarantees that the new iterate lies outside the ellipsoid.

4.3.3 Warm-starts

Our full solver can be summarized as a nested coordinate descent algorithm. At the outer-most

level, we cycle through the blocks of coefficients βg and each block update is solved via the proximal

Newton algorithm, which iteratively evaluates the proximal operator, solved via coordinate descent.

Although this algorithm seems convoluted due to this nested structure, it works quite effectively

largely thanks to warm-starts. Indeed, since the primal and dual variables are all warm-started, each

nested optimization algorithm terminates after a few iterations, making this algorithm tractable in

practice.

4.3.4 Screening

As in the unconstrained case, we can extend screening methods such as the strong rule or the pivot

rule to the constrained setting. Suppose we determine some subset of groups S(λ) ⊆ [G] that

contains the active set A(β⋆(λ)) at the solution β⋆(λ) where A(β) := {g ∈ [G] : βg ̸= 0}. Then, we

may solve (4.1) only over the groups in S(λ). In practice, we do not know a priori that S(λ) contains

the true active set A(β⋆(λ)), so we must check the KKT conditions for groups not in S(λ) to verify

that β⋆(λ)−S(λ) ≡ 0. Similar to the computations in Section 4.3.1, the KKT conditions gives the

following equivalent set of conditions:

β⋆(λ)g = 0 ⇐⇒
∥∥X⊤

g (y −Xβ)−A⊤µg

∥∥
2
≤ λαωg, ∀g /∈ S(λ), (4.7)

for some µg ∈ Rpg such that (µg)− ⊙ ℓ = (µg)+ ⊙ u = 0. Note that (4.7) can be solved using a fast

NNLS solver (see Chapter 5). For the strong or pivot rule, which rely on ranking the active scores,

we must use the dual-corrected active scores

sg :=

(αωg)−1
∥∥X⊤

g (y −Xβ)−A⊤µ⋆
g

∥∥
2
, αωg > 0

λ, αωg = 0

where

µ⋆
g := argmin

(µg)−⊙ℓ=(µg)+⊙u=0

∥∥X⊤
g (y −Xβ)−A⊤µg

∥∥
2
.
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We note that it is imperative that the NNLS solver can efficiently solve (4.7). Since these

problems are only solved at the end of each outer-most block-coordinate descent loop, they are the

least warm-started part of the algorithm, especially at the start of the solver. This is the primary

reason for why we dedicate a separate chapter for studying (high-dimensional) NNLS problems in

great detail.

4.3.5 Extension to general convex losses

The extension to general convex losses from the Gaussian loss follows via the proximal quasi-Newton

method as in Section 2.4. The only change is in the dual-corrected active scores in Section 4.3.4

where y −Xβ must be replaced with −∇ℓ(η) with η = Xβ being the current linear prediction.

4.4 Convex 2-layer ReLU neural network

In this section, we discuss our main application of solving polyhedron constrained group lasso prob-

lems. Consider a feature matrix X ∈ Rn×d and a response vector y ∈ Rn. We typically train 2-layer

ReLU neural network models by solving the optimization problem given by

minimize
{αj ,uj}m

j=1

1

2

∥∥∥∥∥∥y −
m∑
j=1

(Xuj)+αj

∥∥∥∥∥∥
2

2

+
β

2

m∑
j=1

(
∥uj∥22 + α2

j

)
(4.8)

where β > 0 is a regularization parameter, {uj ∈ Rd}mj=1 are the hidden-layer weights, and {αj ∈
R}mj=1 are the output-layer weights. Namely, we minimize the (training) mean-squared-error (MSE)

for the 2-layer ReLU network with a ridge regularization on the weights for better generalizability.

It is worth noting that (4.8) is highly non-convex due to the non-linear ReLU activations. The best

algorithm to solve this problem is a brute-force search that is exponential in m [Pilanci and Ergen,

2020].

Pilanci and Ergen [2020] shows a remarkable result that (4.8) admits a convex reformulation,

which can identify the global optimum of the non-convex problem. Moreover, the reformulation is a

polyhedron constrained group lasso problem given by

minimize
{vi,wi}P

i=1

1

2

∥∥∥∥∥y −
P∑
i=1

DiX(vi − wi)

∥∥∥∥∥
2

2

+ β

P∑
i=1

(∥vi∥2 + ∥wi∥2) (4.9)

subject to (2Di − I)Xvi ≥ 0, (2Di − I)Xwi ≥ 0, ∀i ∈ [P ].

Furthermore, there exists a simple and explicit mapping from the solutions {v⋆i , w⋆
i }Pi=1 to the original

network weights {uj , αj}mj=1 (see Pilanci and Ergen [2020]). In particular, any non-zero coefficients

v⋆i or w⋆
i get mapped to non-zero weights for some pair (uj , αj) and all other (uj , αj) are set to zero.



CHAPTER 4. POLYHEDRON CONSTRAINED GROUP LASSO AND ELASTIC NET 70

(a) Boston Housing (b) Satellite (c) MNIST

Figure 4.1: Comparison of the test MSE between adelie for solving (4.9) and ADAM for solving
(4.8) across multiple datasets. These plots show that solving the convex reformulation does provide
sparse models that predict better than any model trained via ADAM.

As a result, any solution to (4.9) readily yields a bona fide 2-layer ReLU neural network and preserves

sparsity. Here, Di ∈ {0, 1}n×n
are diagonal binary matrices that enumerate all possible values of

diag(1Xu≥0) over all u ∈ Rd. Since P grows exponentialy in rank(X), enumerating all possible

Di’s becomes an intractable task. In practice, we must resort to methods that sub-sample the

Di’s. Pilanci and Ergen [2020] suggests that approximating the set of Di’s by sampling u ∼ N (0, I)

performs extremely well in practice. In our experiments, we sample 1000 to 2000 ui’s, which gives

excellent performance. We note that solving (4.9) for a sub-sample of Di’s leads to a local minimum

for (4.8). Hence, it is advantageous to implement a sub-sampling strategy that can capture as many

active Di’s (i.e., Di such that v⋆i ̸= w⋆
i from solving the full problem (4.9)) as possible so that the

local minimum is as close to the global minimum. One advantage of the convex reformulation is

that it decouples the problem of finding predictive Di’s and the problem of obtaining the optimal

weights that obey these gates in the network (i.e., satisfying the linear constraints); we can view the

non-convex problem as trying to solve both problems simultaneously.

There are several interesting consequences of solving (4.9) efficiently. Firstly, we have far fewer

hyperparameters to tune compared to the usual SGD methods (e.g., ADAM) that have number

of epochs, learning rates, running average coefficients, and numerically stabilizing parameters. The

only hyperparameter is the regularization parameter β, which we can cleverly grid [Yang and Hastie,

2024b, Friedman et al., 2010] and automatically tune via validation. Secondly, due to the pathwise-

solving property of our constrained group lasso solver, we now have principled model selection for

2-layer ReLU neural networks, which has never been formalized to the best of our knowledge.

Lastly, we typically obtain sparse networks, which is desirable in practice as sparser networks tend

to generalize better and carry less memory footprint.

In Figure 4.1, we show a performance comparison of training a 2-layer ReLU network using

ADAM to solve the non-convex problem (4.8) and adelie to solve the convex reformulation (4.9).

We consider the following datasets: Boston Housing [Harrison and Rubinfeld, 1978], 294 Satellite
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Data n d Time Cores

Boston Housing 404 13 30s 8
Satellite 5148 36 45s 8
MNIST 60000 784 12m 64

Table 4.1: Real data description.

Image from PMLB [Romano et al., 2021], and MNIST [Deng, 2012]. For ADAM, we use the default

configurations in PyTorch and perform epoch tuning by picking the best model (based on validation

error) across a wide range of epochs. For each hidden layer size m, we train a network using

ADAM over 10 random initializations. The “x” marks the average test loss observed across the 10

initializations along with 2 standard error bars above and below. For adelie, we solve (4.9) over

a grid of 100 β values and use the number of active groups of coefficients (for each solution) to

determine the (effective) hidden layer size of the induced network; we then plot the corresponding

test loss in red dots. For all datasets, we sub-sampled 2000 Di’s via the Gaussian-sampling scheme

described earlier except for MNIST where we sub-sampled to 1000. In Table 4.1, we show the data

sizes for the feature matrix X as well as the training time and number of cores across the different

datasets. Boston Housing and Satellite datasets ran on a standard M1 Macbook Pro with 8 cores

in less than a minute while the MNIST dataset was so large that we ran on a cluster with 64 cores.

We note that as the number of samples n grows, the convex problem becomes extremely non-trivial

as we have n linear inequality constraints for each coefficient vi and wi, i = 1, . . . ,m, where m is the

number of Di’s. For MNIST, we then have 2nm ≡ 120 million linear inequality constraints! Based

on the results, we conclude that the convex reformulation indeed finds sparse networks that predict

better than any ADAM-trained network across the same grid of hidden layer sizes. In particular, the

best model chosen via adelie performs significantly better than the best model chosen via ADAM.

One peculiar phenomenon is that as the dataset grows, we observe less of a difference between

the two curves. We believe that this occurs specifically due to the increase in n, which naturally

increases the number of Di’s to consider. Consequently, our sub-sampling method seems to become

less effective in finding the active Di’s, and the same must be true for ADAM simply because it

cannot escape the curse of dimensionality either. While both methods seem bottlenecked by finding

the active gates, the convex reformulation has an advantage in that sub-sampling the gates can be

separated out as a stand-alone problem. We believe that a more refined sub-sampling scheme will

substantially improve the convex reformulation method and we leave this as a future work.

4.5 Discussion

We develop a novel algorithm to solve polyhedron constrained group lasso and elastic net penalized

regression problems via block-coordinate descent. We show that a dual formulation of the block



CHAPTER 4. POLYHEDRON CONSTRAINED GROUP LASSO AND ELASTIC NET 72

update naturally leads to a proximal Newton algorithm where the proximal operators can be easily

solved using another coordinate descent solver. To demonstrate the effectiveness of our method, we

solve highly non-trivial problems in convex 2-layer ReLU neural network training within minutes

using a wide range of data sizes. Our method not only solves the problem efficiently, but also obtains

better prediction power than networks trained via the state-of-the-art ADAM.



Chapter 5

Polyhedron constrained least

squares

5.1 Introduction

In this final chapter, we discuss a largely theoretical work that establishes the existence of a lo-

cally unique sparse solution to polyhedron constrained least squares problems. This result unifies

many empirical observations across various domains where practitioners have noted sparsity in their

solutions to seemingly different optimization problems. While theoretically interesting on its own,

this result also demonstrates to be a powerful tool for devising a heuristic to solve high-dimensional

non-negative least squares problems quickly.

Sparse regression methods have grown increasingly popular recently with the prevalance of high-

dimensional data and large computing resource. Notably, the lasso [Tibshirani, 1996] is widely used

for feature selection as it often sets many coefficients exactly to zero. It is particularly useful in

ultra high-dimensional settings such as in genomics [He et al., 2022, Qian et al., 2020, Li et al., 2020]

where feature selection is especially meaningful for interpretability. The non-negative least squares

(NNLS) [Lawson and Hanson, 1995] is also a reliable tool for many practitioners across diverse fields

as it often provides a physically meaningful and interpretable solution due to its empirical sparsity

[Li and Speed, 2000, Slawski and Hein, 2013, Chou et al., 2022]. Some theoretical work exists around

understanding this behavior [Bruckstein et al., 2008, Wang and Tang, 2009, Wang et al., 2011]. A

natural extension of NNLS is the bounded variable least squares (BVLS) [Stark and Parker, 1995],

which extends the non-negativity constraint to any box constraint. Similar sparsity occurs in high

dimensions where many coefficients lie at their respective boundaries. The simplex constrained least

squares (SLS) is at the heart of synthetic controls in causal inference [Abadie, 2021] where the

potential outcome of no intervention for the treatment group is estimated using a weighted average

73
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of the donor pool’s outcomes. Abadie [2021] notes that we often observe sparsity in the weighted

average, which is desirable for interpretability among practitioners especially when the donor pool

size is large. Indeed, we see in Lei and Sudijono [2024][Table 2] that many real data examples

have more donors than the pre-intervention time periods, which guarantees the existence of a sparse

solution per our results in Section 5.3. Finally, the inequality simplex constrained least squares

(ISLS) is commonly seen in portfolio optimization, e.g., a long-only portfolio under a Markowitz

model with a leverage constraint so that the asset weights w satisfy w ≥ 0 and
∑

i wi ≤ C for

some C > 0. The model may be in a high-dimensional setting if the covariance matrix of the assets

Σ ∈ Rp×p admits a low-rank representation Σ = FF⊤ where F ∈ Rp×k and k < p. In this case, we

often observe near zero weights for many assets using a standard interior point solver.

While these methods may seem disparate at first glance, they share a deep connection through

the more general problem of polyhedron constrained least squares. Our first contribution is a theo-

retical result in Section 5.3 that establishes the existence of a “sparse” solution to any polyhedron

constrained least squares problem, thereby unifying our understanding of sparse solutions to the

aforementioned methods. The notion of sparsity is extended to mean that the solution binds many

linear inequality constraints as equality constraints in the polyhedron (see Definition 5.3.1). More-

over, we quantify the number of such binding constraints and show the local uniqueness property,

which states that such sparse solutions are unique within the affine subspace defined by the binding

constraints. We apply our results to NNLS, BVLS, SLS, ISLS, lasso, and box constrained lasso to

show that the promised sparsity is at least p− rank(X) + O(1) where X ∈ Rn×p is the feature ma-

trix. Lastly, we argue that the local uniqueness property helps explain the success of many active-set

optimizers for these problems. Our second contribution is a computational result in Section 5.4 that

uses the previous result as motivation to derive a coordinate descent based solver for BVLS and

NNLS with screening and an active-set strategy. We show in Section 5.5 that our solver performs

competitively in terms of accuracy and speed in high-dimensional settings.

5.2 Preliminaries and notations

Let R, Rn, and Rm×n denote the space of real numbers, real vectors of size n, and real matrices

of shape m × n, respectively. Denote R := R ∪ {±∞} as the extended real line. We denote 0

and 1 to be the vector or matrix of zeros and ones, respectively, depending on the context. We

define [n] := {1, . . . , n} to be the set of integers ranging from 1 to n. For any vector v ∈ Rn and

a set of indices S ⊆ [n], let vS be the subset of v along indices in S. We denote v−S ≡ vSc as

the subset of v along indices not in S. Similarly, for any matrix A, we denote AS as the rows of

A in S and A−S ≡ ASc . For any two vectors x, y ∈ Rn, we define x ≤ y to be the element-wise

less-than comparison operator and similarly for other comparison operators. Let x ⊙ y denote the

Hadamard product of two vectors. The ℓp-norm of a vector x is given by ∥x∥p := (
∑n

i=1 |xi|p)1/p.
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For a matrix X ∈ Rm×n, span(X) denotes the linear span of the columns of X. For a real-valued

function f : Rn → R, we denote its gradient as ∇f and the ith partial derivative as ∂if . Given a

set C ⊆ Rn, 1C(x) is defined to be 1 whenever x ∈ C and 0 otherwise, unless stated otherwise. The

positive and negative parts of a value x ∈ R are given by x+ := max(x, 0) and x− := max(−x, 0),

respectively. We denote ΠC(·) as the projection operator onto the set C whenever defined. For a

matrix X, we may abuse the notation and denote ΠX(·) ≡ Πspan(X)(·).

5.3 Theoretical results

In this section, we first provide some background on the theory of polyhedrons for completeness in

Section 5.3.1. Then, we discuss our main theoretical results in Section 5.3.2 and apply these results

in Section 5.3.3 to establish the existence of a sparse solution to various sparse regression models.

5.3.1 Background

We first begin with the definition of a polyhedron. Note that some authors define a polyhedron more

generally and refer to Definition 5.3.1 specifically as a convex polyhedron. Since we always work with

convex polyhedra in this paper, we simplify the terminology.

Definition 5.3.1 (Polyhedron). P ⊆ Rp is a polyhedron if there exists A ∈ Rm×p and b ∈ Rm

for some m such that P ≡ {x ∈ Rp : Ax ≤ b}. We say that the polyhedron P is represented by A

and b. An element x ∈ P binds the ith constraint if a⊤i x = bi. Moreover, we say x ∈ P binds k

constraints if there exists S ⊆ [m] of size k such that x binds the ith constraint for every i ∈ S. We

say a constraint ai is non-zero if ai ̸= 0.

It is sometimes useful to identify a polyhedron with a set of “non-trivial” inequality constraints

and a set of equality constraints that are always satisfied by its elements. Concretely, it is useful to

represent a polyhedron P as

P = {x ∈ Rp : A−Sx ≤ b−S , ASx = bS} (5.1)

where S :=
{
i ∈ [m] : a⊤i x = bi, ∀x ∈ P

}
is the set of equality constraints. Lemma D.1.2 shows

that {x ∈ Rp : A−Sx ≤ b−S} has a non-empty interior, which is a way to express that this set of

inequality constraints is “non-trivial.” Moreover, the affine space {x ∈ Rp : ASx = bS} is uniquely

determined. This motivates our definition of a dimension of a polyhedron.

Definition 5.3.2 (Dimension of a polyhedron). Let P ⊆ Rp be a non-empty polyhedron represented

by A ∈ Rm×p and b ∈ Rm. Let S :=
{
i ∈ [m] : a⊤i x = bi, ∀x ∈ P

}
. We call S the maximal affine

constraints of P. We define the dimension of a polyhedron P denoted as dim(P) to be p−rank(AS).
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Intuitively, p− rank(AS) is the degrees of freedom in representing an element x ∈ P, and hence,

the effective dimension of the polyhedron. Since the affine space determined by S is uniquely

determined, dim(P) is well-defined.

Next, we extend the notion of a hull in Definition 5.3.3.

Definition 5.3.3 (Hull). Let Q ∈ Rn×p be any matrix and P ⊆ Rp be any set. The P-hull of Q is

defined to be

Hull(Q,P) := {x ∈ Rn : x = Qw, w ∈ P} . (5.2)

If P is empty, we take Hull(Q,P) ≡ Rn. An element of Hull(Q,P) is called a P-combination of Q.

We say that x ∈ Hull(Q,P) is a P-combination of Q with w ∈ P if x = Qw.

Definition 5.3.3 is a bona fide extension of commonly used hulls. For example, a convex hull of

a set of points Q is Hull(Q,P) where P is the unit simplex; a conical hull of Q is where P is the

positive orthant. This extension will become useful as we will soon discuss the P-hull of Q when P is

a polyhedron. As a first result, we show in Lemma D.1.3 that if P is a polyhedron, then Hull(Q,P)

is also a polyhedron.

5.3.2 Main results

In this section, we discuss our main results for showing the existence of a sparse polyhedral regression

solution in a high-dimensional setting and the local uniqueness property of such solutions. We first

give a high-level description of our results. Suppose P is a polyhedron represented by A ∈ Rm×p

and b ∈ Rm. We will show that there always exists a solution to the polyhedral regression

minimize
β∈P

1

2
∥y −Xβ∥22 (5.3)

that binds many constraints of A. Moreover, we will show the local uniqueness property that such

a solution is unique when restricted to the affine subspace defined by the binding constraints.

We first restrict our attention to the simple case of a polyhedron P with a non-empty interior.

Hence, the maximal affine constraints S is empty. Suppose that x ∈ Hull(Q,P) so that x = Qw for

some w ∈ P. Our goal is to show that we can find a (possibly different) w̃ ∈ P that binds at least a

certain number of constraints of A while reproducing x, i.e., x = Qw̃. Lemma 5.3.1 formalizes this

claim and quantifies the number of binding constraints. Moreover, it also shows that the binding

constraints form a full row rank sub-matrix of A, a fact that will become useful when we prove the

local uniqueness property in Theorem 5.3.3.

Lemma 5.3.1. Let Q ∈ Rn×p be any matrix and P ⊆ Rp be any polyhedron represented by A ∈ Rm×p

and b ∈ Rm with a non-empty interior. Suppose that Null(Q) \ {0} ⊆ Null(A)c. If x is in the P-
hull of Q, then x can be written as a P-combination of Q with an element w that binds at least
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Figure 5.1: Visualization of the main proof idea of Lemma 5.3.1. The polyhedron P ⊆ R2 (with a
non-empty interior) is given by the shaded blue region defined by the constraints ai (red arrows).
Suppose w ∈ P (blue dot) is such that x = Qw. If v ̸= 0 ∈ Null(Q), then any point along the line
L := {w + tv : t ∈ R} (dotted black line) reproduces x. As long as the direction v is not orthogonal
to every constraint, i.e., Av ̸= 0, then there always exists an intersection point w̃ ∈ L∩P by Lemma
D.1.4. The left plot shows the case of a polytope when Av ̸= 0 with the intersection point w̃ denoted
by a green star. On the other hand, the right plot shows the opposite case of a single half-space
where no such an intersection point exists.

min(rank(A), (p− n)+) constraints of A that form a full row rank sub-matrix of A.

We give a proof of Lemma 5.3.1 in Appendix D.2. Note that Lemma 5.3.1 is only interesting in

the high-dimensional setting of p > n. The main idea of the proof is to consider a solution w ∈ P
such that x = Qw and move w along a direction in the null space of Q until a boundary of P is hit.

Once we hit a boundary, we may restrict ourselves to that facet of the polyhedron and repeat the

process in this lower-dimensional polyhedron. The reader should imagine “peeling” off the facet,

discarding the rest of the polyhedron, and viewing this facet in a lower-dimensional space. Each

time we restrict to the lower-dimensional space, we remove a degree of freedom from both Q and

P. Since p > n, we can then guarantee that at least p − n degrees of freedom can be removed, so

long as there are enough degrees of freedom, i.e., rank(A), to remove from P. With this intuition in

mind, it is no surprise that Lemma 5.3.1 holds.

We now discuss a few technical aspects of Lemma 5.3.1. The hypothesis that Null(Q) \ {0} ⊆
Null(A)c guarantees that moving along any direction in Null(Q) will hit a boundary of P with

the help of Lemma D.1.4. This condition may seem convoluted at first, but it has a meaningful

geometrical interpretation. In words, any non-zero vector v ∈ Null(Q) must not be orthogonal to

every constraint of A, i.e., Av ̸= 0. We give a visualization in Figure 5.1. We show in the left plot a

case of a polytope where any direction v (not just in Null(Q)) satisfies Av ̸= 0. On the other hand,

the right plot depicts the case of a single half-space where our condition may fail (specifically along
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the direction parallel to the boundary). In the same vein, the assumption that P has a non-empty

interior is also crucial, since otherwise, the line L = {w + tv : t ∈ R} may only cross at w while

satisfying Av ̸= 0 for every v ∈ Null(Q) (imagine P on the xy-plane and a line piercing through w

not parallel to the z-axis).

We now remove the assumption that P has a non-empty interior while also strengthening the

conclusion of Lemma 5.3.1. We show in Theorem 5.3.2 our main theoretical result, which is an

extension of Lemma 5.3.1 to the most general case.

Theorem 5.3.2 (Existence of a sparse representation). Let Q ∈ Rn×p be any matrix and P ⊆ Rp

be any polyhedron represented by A ∈ Rm×p and b ∈ Rm with S as its maximal affine constraints.

Further let V ∈ Rp×dim(P) be any full column rank matrix such that ASV = 0. Suppose that

Null(QV )\{0} ⊆ Null(A−SV )c. If x is in the P-hull of Q, then x can be written as a P-combination

of Q with an element w that binds at least min(rank(A)−rank(AS),dim(P)−rank(QV )) constraints

of A−S that form a full row rank sub-matrix.

We give a proof of Theorem 5.3.2 in Appendix D.3. We first explain the assumptions of the

theorem. As explained previously, a polyhedron may have an empty interior, and therefore, Lemma

5.3.1 cannot be applied directly. The remedy is the same as in the previous discussion; we first find

the subspace in which the polyhedron lies (i.e., given by S) and remove the degrees of freedom from Q

and P to restrict to a lower-dimensional space. We then invoke Lemma 5.3.1 on the lower-dimensional

space where the polyhedron is guaranteed to have a non-empty interior by Lemma D.1.5. The proof

reveals that the new set of points is precisely QV and the new polyhedron is represented by the

constraint matrix A−SV . Moreover, we show in the proof that rank(A−SV ) = rank(A)− rank(AS).

Lastly, we note that dim(P) − rank(QV ) has been improved from (dim(P) − n)+. We argue that

without loss of generality we may assume QV to be full row rank since otherwise we can perform a

QR-decomposition and use the “R” matrix in place of QV .

We provide a few consequences of Theorem 5.3.2. The first consequence is Corollary 5.3.2.1,

which shows that the famous Carathéodory’s Theorem is an immediate corollary. Secondly, we can

finally establish the existence of a “sparse” solution for polyhedral regression. This is formally stated

in Corollary 5.3.2.2.

Corollary 5.3.2.1 (Carathéodory’s Theorem). Let Q ∈ Rn×p be any matrix. If x is a convex

combination of the columns of Q, then it can be written as a convex combination of at most n + 1

columns of Q. Equivalently, if x is a conical combination of the columns of Q, then it can be written

as a conical combination of at most n columns of Q.

Proof. Without loss of generality, we may assume p > n.

We first consider the case of convex combinations. Define the polyhedron P ⊆ Rp represented
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by

A :=

[
1⊤

−I

]
, b :=

[
1

0

]
. (5.4)

Then, S := {1} forms the maximal affine constraints. It is clear that dim(P) = rank(A)−rank(AS) =

p− 1. Then, for the matrix V in Theorem 5.3.2, which is injective, we have that Null(QV ) \ {0} ⊆
Rp−1\{0} = Null(V )c = Null(A−SV )c. By definition, the convex hull of Q is equivalent to the P-hull

of Q. Then, if x is a convex combination of Q, i.e., a P-combination of Q, then by Theorem 5.3.2, it

is a P-combination of Q with w that binds at least p− 1− rank(QV ) constraints of A−S . In other

words, w ∈ P contains at most rank(QV ) + 1 ≤ n + 1 positive values so that x = Qw is a convex

combination of at most n + 1 columns of Q.

The second case of conical combinations is easier. Define the polyhedron P ⊆ Rp represented by

A := −I, b := 0 (5.5)

It is clear that dim(P) = rank(A) − rank(AS) = p. Since the maximal affine constraints is empty

and A is invertible, the conditions of Theorem 5.3.2 are satisfied. If x is a conical combination of Q,

i.e., a P-combination of Q, then by Theorem 5.3.2, it is a P-combination of Q with w that binds at

least p − rank(Q) constraints of A. In other words, w ∈ P contains at most rank(Q) ≤ n positive

values so that x = Qw is a conical combination of at most n columns of Q.

Corollary 5.3.2.2 (Polyhedral regression). Let X ∈ Rn×p be a feature matrix and y ∈ Rn a

response vector. Suppose P ⊆ Rp is a polyhedron represented by A ∈ Rm×p and b ∈ Rm that satisfies

the conditions of Theorem 5.3.2 with Q ≡ X. Let S be the maximal affine constraints of P and

V ∈ Rp×dim(P) such that ASV = 0. Consider the polyhedral regression given by (5.3). Then, there

exists a solution β̂ ∈ Rp that binds at least min(rank(A)−rank(AS),dim(P)−rank(XV )) constraints

of A−S that form a full row rank sub-matrix.

Proof. Note that any solution β for (5.3) must satisfy

ΠHull(X,P)(y) = Xβ (5.6)

where the projection exists since Hull(X,P) is closed and convex, which follows directly from Lemma

D.1.3. By Theorem 5.3.2, since ΠHull(X,P)(y) ∈ Hull(X,P), we have the desired claim.

We conclude this section with a final result on the local uniqueness property of polyhedrons in

Theorem 5.3.3. The proof is provided in Appendix D.4.
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Theorem 5.3.3 (Local uniqueness property). Consider the setting of Theorem 5.3.2. Suppose that

rank(A)− rank(AS) ≥ dim(P)− rank(QV ).

Let w be the sparse representation that binds at least dim(P) − rank(QV ) constraints of A−S. Let

T be the set of indices such that (A−S)T denotes the binding constraints. Define

T := {w ∈ Rp : (A−S)Tw = (b−S)T } .

Then, w is the unique element in P ∩ T such that x = Qw.

The local uniqueness property says that the sparse solution w given by Theorem 5.3.2 must be

unique in a sufficiently restricted subspace. The condition for Theorem 5.3.3 can be equivalently

written as

rank(QV ) + rank(A) ≥ p. (5.7)

This mild condition formalizes the idea that there must be enough degrees of freedom in the set of

points QV and the constraint matrix A combined for the existence of a solution in such a sufficiently

restricted subspace. In many practical settings, this condition will hold true as we often have

rank(A) ≥ p.

The local uniqueness property offers a way of concretely understanding active-set optimization

algorithms. Active-set strategies typicially employ heuristics to first enforce many constraints and

simplify an optimization problem to a lower-dimensional problem. If the binding constraints are

correctly guessed, then the solution to the lower-dimensional problem is optimal for the original

problem. These algorithms have found a place in the optimization literature as sometimes the state-

of-the-art methods for various polyhedral regression problems such as the non-negative least squares

and the lasso [Friedman et al., 2010, Yang and Hastie, 2024b, Lawson and Hanson, 1995, Myre et al.,

2017, Stark and Parker, 1995]. Theorem 5.3.3 suggests that if these strategies have an accurate way

of guessing the binding constraints of an optimal solution, then the solution is unambiguous in the

restricted subspace. Hence, any optimizer should, in principle, quickly converge to the optimum. In

Section 5.4, we will utilize this fact to derive a new coordinate descent based solver for BVLS and

NNLS that works especially well in high-dimensional settings.

5.3.3 Applications on sparse regression models

In this section, we use our main results from Section 5.3.2 to unify many popular sparse regression

models such as NNLS, BVLS, SLS, ISLS, lasso, and box constrained lasso under the umbrella of

polyhedral regression. In all these examples, we establish the existence of a sparse solution. In the

case of lasso, we rediscover a well-known result that there exists a solution with at most rank(X)
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non-zero entries [Tibshirani, 2012]. For all other models, we show an analogous result, which we

believe is novel and does not exist in the literature to the best of our knowledge.

Non-negative least squares

The non-negative least squares (NNLS) problem is given by

minimize
β≥0

1

2
∥y −Xβ∥22 . (5.8)

Using Corollary 5.3.2.2, we now show in Corollary 5.3.3.1 that there always exists a solution with

at most rank(X) positive entries.

Corollary 5.3.3.1 (Existence of a sparse NNLS solution). There exists an NNLS solution with at

most rank(X) positive values.

Proof. The polyhedron P is given by the positive orthant Rp
+, which can be represented by A = −I

and b = 0. Since A is invertible and the maximal affine constraint set is empty, the conditions of

Theorem 5.3.2 are trivially satisfied. Moreover, dim(P) = rank(A) − rank(AS) = p. By Corollary

5.3.2.2, there exists a solution β̂ ∈ Rp that binds at least p − rank(X) constraints of A. That is, β̂

has at most rank(X) positive values.

Bounded variable least squares

The bounded variable least squares (BVLS) problem is given by

minimize
ℓ≤β≤u

1

2
∥y −Xβ∥22 , (5.9)

which can be thought of as an extension of NNLS. Similar to NNLS, we show in Corollary 5.3.3.2

the existence of a sparse solution to BVLS.

Corollary 5.3.3.2 (Existence of a sparse BVLS solution). There exists a BVLS solution with at

most rank(X) non-boundary values.

Proof. The polyhedron P is given by

A :=

[
−I
I

]
, b :=

[
−ℓ
u

]
. (5.10)

Since A has full column rank and the maximal affine constraint set is empty, the conditions of

Theorem 5.3.2 are trivially satisfied. Moreover dim(P) = rank(A) − rank(AS) = p. By Corollary

5.3.2.2, there exists a solution β̂ ∈ Rp that binds at least p− rank(X) constraints of A. Note that a

coefficient is either non-binding or exactly one of the lower or upper bounds is binding. Hence, we

indeed have that β̂ has at most rank(X) non-binding entries.
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Simplex constrained least squares

The simplex constrained least squares (SLS) is given by

minimize
β≥0,1⊤β=C

1

2
∥y −Xβ∥22 (5.11)

and the inequality version (ISLS) is given by

minimize
β≥0,1⊤β≤C

1

2
∥y −Xβ∥22 (5.12)

for some C ≥ 0. We show in Corollary 5.3.3.3 the existence of a sparse solution to both problems.

Corollary 5.3.3.3 (Existence of a sparse ISLS/SLS solution). There exists an ISLS solution with

at most rank(X) positive values, and an SLS solution with at most rank(X) + 1 positive values.

Proof. We first consider the ISLS problem. The polyhedron P is represented by

A :=

[
−I
1⊤

]
, b :=

[
0

C

]
. (5.13)

Since A has full column rank and the maximal affine constraint set is empty, the conditions of

Theorem 5.3.2 are trivially satisfied. Moreover, dim(P) = rank(A) − rank(AS) = p. By Corollary

5.3.2.2, there exists a solution β̂ ∈ Rp that binds at least p− rank(X) constraints of A. If 1⊤β̂ < C,

then we have the desired claim. Otherwise, there can be at most rank(X) + 1 positive values

in β̂. Without loss of generality, suppose β̂ has exactly rank(X) + 1 positive values. Let A :={
j ∈ [p] : β̂j > 0

}
. Note that X·A must have a non-trivial null space since |A| = rank(X) + 1 by

construction. Consider any v ̸= 0 ∈ Null(X·A). Without loss of generality, we may assume 1⊤v ≤ 0.

Then, v must have some strictly negative entry since otherwise 1⊤v ≤ 0 implies that v ≡ 0, which is a

contradiction. Then, 1⊤(β̂A + tv) ≤ C for all t ≥ 0 and there must exist a smallest t (in magnitude)

such that β̂A + tv contains a zero while remaining in P. Moreover, XA(β̂A + tv) = XAβ̂A by

construction so that the objective remains the same. We have then constructed a possibly different

optimal solution with at most rank(X) positive values.

For the SLS problem, the polyhedron P is the same as in the ISLS case but the last constraint is

always binding. Since A−S ≡ −I is invertible, the conditions of Theorem 5.3.2 are trivially satisfied.

Moreover, dim(P) = rank(A) − rank(AS) = p − 1. Let V ∈ Rp×dim(P) such that ASV = 0. By

Corollary 5.3.2.2, there exists a solution β̂ ∈ Rp that binds at least p−1−rank(XV ) ≥ p−1−rank(X)

constraints of A−S . That is, β̂ has at most rank(X) + 1 positive values.
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Lasso

The lasso problem is given by

minimize
β

1

2
∥y −Xβ∥22 + λ ∥β∥1 (5.14)

for a regularization parameter λ ≥ 0. A perhaps interesting fact is that despite (5.14) being an

unconstrained problem, one can show that there exists some C ≥ 0 such that (5.14) is equivalent to

the constrained problem [Hastie et al., 2001]

minimize
∥β∥1≤C

1

2
∥y −Xβ∥22 . (5.15)

When viewed this way, it becomes clearer why the lasso exhibits very similar behavior to other

polyhedral regression models such as NNLS. Namely, the constraint ∥β∥1 ≤ C defines a polytope.

In Corollary 5.3.3.4, we will use (5.15) to rediscover the result that there exists a lasso solution with

at most rank(X) non-zero values. As a novel extension, we show in Corollary 5.3.3.5 that a similar

result holds for the box constrained lasso problem given by

minimize
ℓ≤β≤u

1

2
∥y −Xβ∥22 + λ ∥β∥1 . (5.16)

Corollary 5.3.3.4 (Existence of a sparse lasso solution). There exists a lasso solution with at most

rank(X) non-zero values.

Proof. We use the constrained form (5.15). For any given lasso solution, it must lie in one of the 2p

disjoint partitions of the ℓ1-ball given by

Pj :=
{
β ∈ Rp : ADjβ ≤ b

}
, A :=

[
−I
1⊤

]
, b :=

[
0

C

]
(5.17)

where Dj enumerates all diagonal sign matrices. Hence, it suffices to show that the least squares

constrained to any one of the Pj polyhedrons admits a solution with at most rank(X) non-zero

values. Now, the least squares constrained to Pj can be reparametrized as

minimize
β

1

2

∥∥y −XDjβ
∥∥2
2

subject to β ≥ 0, 1⊤β ≤ C

which is an ISLS problem. By Corollary 5.3.3.3, there exists a solution β̂ with at most rank(XDj)

≡ rank(X) (since Dj is invertible) positive values. Then, the original solution is given by Dj β̂,

which does not change the number of non-zero values.
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Corollary 5.3.3.5 (Existence of a sparse box constrained lasso solution). There exists a box con-

strained lasso solution with at most rank(X) non-zero, non-boundary values.

Proof. Consider the proof setup as in Corollary 5.3.3.4. The only change is in Pj , which is now

represented as

Pj :=
{
β ∈ Rp : ADjβ ≤ b

}
, A :=


−I
I

1⊤

 , b :=


0

ũj

C

 (5.18)

where ũj
k = −ℓk if Dj

kk = −1 and otherwise uk. The Pj constrained least squares problem can be

reparametrized as

minimize
β

1

2

∥∥y −XDjβ
∥∥2
2

subject to 0 ≤ β ≤ ũj , 1⊤β ≤ C.

By Corollary 5.3.2.2, there exists a solution β̂ that binds at most p − rank(XDj) ≡ p − rank(X)

constraints. Note that βk is either non-binding or binding the lower or upper bound, exclusively. If

1⊤β < C, then we have our desired claim. Otherwise, we may use the same proof as in Corollary

5.3.3.3 for this case.

5.4 Coordinate descent for BVLS and NNLS

Consider the usual regression setup where X ∈ Rn×p and y ∈ Rn are the feature matrix and response

vector, respectively. Let ℓ ≤ u be vectors in Rp
denoting our lower and upper bounds (which may

not be all finite) for the coefficients. In this section, we discuss our algorithm for solving BVLS

given by (5.9). Note that BVLS is an extension of NNLS where ℓ ≡ 0 and u infinite. Our proposed

algorithm is specifically designed to tackle high-dimensional settings where p > n. Although our only

use-case of our method is in solving NNLS, the algorithm extends naturally to the case of BVLS, so

we present the more general algorithm. While BVLS may be an ill-posed problem if p > n, there

nonetheless always exists a solution to (5.9) since the objective is closed, convex, and proper and

the constraint is convex.

The most popular optimizer for NNLS is an active-set strategy first developed by Lawson and

Hanson (LH-NNLS) [Lawson and Hanson, 1995]. They propose an algorithm that searches for the

next variable to be added as a candidate non-zero variable. Then, the unconstrained least squares

solution is obtained for the set of non-zero variables. A safety measure is put in place in case a

variable is selected incorrectly. Moreover, the algorithm is guaranteed to converge in finite number

of steps. Despite the simplicity of this algorithm, it is now considered an out-dated algorithm for the
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scale of problems we see today. Since then, many similar algorithms improve upon LH-NNLS while

adhering to the active-set strategy [Bro and De Jong, 1997, Van Benthem and Keenan, 2004]. For

example, the FNNLS method [Bro and De Jong, 1997] is a direct modification of LH-NNLS designed

to cache certain quantities for reuse during subsequent similar computations. Other methods such

as the TNT-NN method [Myre et al., 2017] further improve LH-NNLS by solving the least squares

solution using a left-preconditioned conjugate gradient descent normal residual routine. We found

one reference that uses coordinate descent to solve NNLS [Franc et al., 2005]; however, it does not

incorporate clever screening or active-set strategies, which is a large part of our method.

Our algorithm for solving (5.9) is based on the coordinate descent algorithm [Tseng, 2001].

Indeed, letting 1βi∈C to be defined as 0 whenever x ∈ C and +∞ otherwise, we may rewrite (5.9)

as the following unconstrained problem:

minimize
β

1

2
∥y −Xβ∥22 +

p∑
i=1

1ℓi≤βi≤ui

where the objective is composed of a differentiable convex loss and a non-differentiable separable

convex penalty. In this setting, Tseng [2001] provides a convergence guarantee. We choose coordinate

descent since it is the state-of-the-art method for fitting sparse regression models such as the lasso

and group lasso [Yang and Hastie, 2024b, Friedman et al., 2010]. With the help of Corollary 5.3.3.2,

we are assured that there must exist a sparse solution with few coefficients in the interior of the box

constraint. Hence, we expect coordinate descent to efficiently find a sparse solution, though no such

guarantees exist. Indeed, we observe in some cases, especially when y is perfectly reproducible, that

the solution contains more than rank(X) non-binding entries. However, in the cases when y is not

perfectly reproducible, we often observe a sparse solution.

The vanilla coordinate descent algorithm simply cycles through each coefficient βk and performs

a coordinate update on βk, that is, optimize over the kth coordinate while holding all others fixed.

The separability and simplicity of the box constraints allow us to implement an efficient closed-form

coordinate update. While it is possible in principle to solve BVLS by cycling over all p variables,

it generally suffers from a long computation time when p > n (underdetermined system) for two

main reasons. First, due to the non-uniqueness of the solution (in general) and collinearity of X,

the iterates tend to wander for a long period of time before converging to a solution if the algorithm

is not well warm-started. Secondly, the sheer computational complexity increases as p grows since

there are more variables to cycle over. Before addressing these issues in full detail, we give a high-

level summary of our method. First, we identify a well-chosen (and small) subset of features S that

most require adjustments to their coefficients. In the process, we check the Karush-Kuhn-Tucker

(KKT) conditions to verify whether the current β is optimal. If the KKT check does not pass,

we solve the BVLS problem only on S. This procedure is repeated until the KKT conditions are

satisfied or S ≡ [p]. We summarize the pseudocode in Algorithm 6 and explain the steps in detail
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Algorithm 6: BVLS

Data: X, y, κ
1 β = ℓ⊙ 1|ℓ|<|u| + u⊙ 1|ℓ|≥|u|;
2 S = ∅;
3 A = ∅;
4 while not converged and KKT check not passed do
5 Compute and sort violations δ as in (5.20);
6 |Sold| = |S|;
7 for j = 1, . . . , p do
8 if δ(p−j+1) ≤ 0 or (p− j + 1) ∈ S then
9 continue;

10 Set a flag to mark that KKT check did not pass;
11 if |S| − |Sold| == κ then
12 break;

13 Add (p− j + 1) into S;

14 if KKT check passed then
15 break;

16 while not converged on S do
17 One cycle of coordinate descent on S and add all active variables to A;
18 if converged then
19 Remove binding coefficients from A;
20 break;

21 Coordinate descent on A until convergence;
22 Remove binding coefficients from A;

23 return β;

below. We note that this type of active-set strategy is ubiquitous not only in the BVLS and NNLS

literature [Lawson and Hanson, 1995, Stark and Parker, 1995, Myre et al., 2017], but also in lasso

type regression literature [Friedman et al., 2010, Zou and Hastie, 2005, Yang and Hastie, 2024b].

We first discuss how to choose the subset of features S. Let f(β) = ∥y −Xβ∥22 /2 be the objective

of BVLS. Given an initial value β, we compute the gradient ∇f(β) = −X⊤(y − Xβ). The KKT

conditions for optimality state that β is optimal if and only if

∀i ∈ [p], ∂if(β) ∈


[0,∞), βi = ℓi

0, βi ∈ (ℓi, ui)

(−∞, 0], βi = ui

. (5.19)

Hence, it is intuitive to first order the coefficients by their violation of the KKT conditions. Namely,
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we compute the violations

∀i ∈ [p], δi := (∂if(β))−1βi<ui
+ (∂if(β))+1βi>ℓi (5.20)

and sort in decreasing order from the most violating feature to the least. We say that feature i is

violating if δi > 0. While this heuristic provides a reasonable way to determine the order of features

to include in the set S, it is not clear thus far how many to pick. Fortunately, Corollary 5.3.3.2 shows

that there always exists a solution with rank(X) entries in the interior of their respective bounds.

A simple rule that works well in practice is to batch at most rank(X) most violating features at a

time. If rank(X) is not known, one can approximate it with min(n, p). In a sense, this batching

creates a “path” of coefficients similar to a penalized regression coefficient path (e.g., lasso) as the

penalization is varied.

In the process, we check the KKT conditions on Sc to ensure that we have found an optimal

solution. We simply check that ∇f(β) satisfies (5.19), or equivalently, the violations are 0. If

the check passes, we have found an optimal solution. Otherwise, we continue the algorithm with

the augmented S. Since S is always strictly augmented, we have guaranteed convergence via the

coordinate descent algorithm in the worst case that S ≡ [p]. In practice, we rarely reach the worst

case especially when p≫ n.

Given a subset of features S, we next solve BVLS only iterating over S. We discuss a few

optimizations to aid in faster convergence. We keep track of the active set, which contains the

variables in S that are in the interior of their bounds. We first perform one cycle over S and collect

the active set in the process. If we converged, we are done. Otherwise, we cycle over only the active

set until convergence. We then remove variables in the active set that are at the boundary and

repeat the entire procedure. This strategy significantly improves the performance of the algorithm

as S tends to be sufficiently larger than the active set.

We set the initial value β with βi = ℓi if |ℓi| < |ui| and otherwise ui. This way, β is always

initialized at some vertex of the box and is closest to zero entry-wise. Since collinearity is inevitable

in high-dimensional settings, it is beneficial to initialize β close to 0 to mimic the shrinkage in

penalized regression.

5.5 Numerical experiments

In this section, we discuss numerical experiments for our algorithm in Section 5.4. We restrict our

attention to NNLS for simplicity and since it is more widely used in practice than the general BVLS

problem. We begin with a simulated data setting in Section 5.5.1 and then move to a positive spike

deconvolution example on real data in Section 5.5.2. All experiments are run on a standard Macbook

M1 Pro. We implement an efficient version of our algorithm in C++ and include it in the Python
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package adelie1.

5.5.1 Simulated data

Our simulation setting is as follows. We let X ∈ Rn×p
+ be a non-negative matrix and y ∈ Rn be

any vector. This ensures that the conic hull of X does not span Rn so that the NNLS problem

is non-trivial. In practice, there are also numerous examples such as text mining and functional

MRI where the data is non-negative [Diakonikolas et al., 2022]. We generate each Xij ∼ Unif(0, 1)

independently and set 80% of the entries of X to zero. This results in a matrix with pairwise

nearly orthogonal vectors. We generate i.i.d. yi ∼ N (µ, σ2) where µ is chosen in the equally-spaced

gridding of [−3σ, 3σ] with 20 points and σ = 1. We solve NNLS using our method (adelie) and

MOSEK [ApS, 2024]. We note that both methods guarantee primal feasibility. We also ran LH-NNLS

and FNNLS [Lawson and Hanson, 1995, Bro and De Jong, 1997], but we omit their results since

they took significantly longer. Figure 5.2 shows a comparison of the runtime and objective for when

n = 100 and n = 1000. In all cases, p = 10000. In general, our method obtains a solution as accurate

as MOSEK’s with a speed-up factor anywhere from 10-1000x. As MOSEK is a general-purpose solver,

it is expected that a specialized solver for NNLS will be faster; however, we believe the scale of

improvement is notable. Moreover, it is clear that our solution tends to be quite sparse while MOSEK

always outputs a fully dense solution since their solver is based on interior point method. However,

as y begins to lie in the cone of X, i.e., as µ increases, it is possible for our method to include more

variables than necessary. This is shown in the case of n = 100 when µ is large since there are more

than min(n, p) active variables.

5.5.2 Deconvolution of spike trains on carbon monoxide levels

We consider a positive spike-deconvolution model given in Li and Speed [2000]. Suppose we observe

a response vector y ∈ Rn where each yi are noisy observations of the mean function

f(t;β, τ) :=

p∑
k=1

βkϕ(t− τk).

The coefficients β ∈ Rp
+ are assumed to be non-negative and ϕ(·) is the mean-zero Gaussian density

with a user-specified standard deviation. In practice, the user defines τ ∈ Rp as a dense gridding

of an interval of interest, and the goal is to identify β ≥ 0 that best reconstructs y. The positive

entries of β then correspond to the important spike points in τ . The feature matrix X ∈ Rn×p is

1https://github.com/JamesYang007/adelie

https://github.com/JamesYang007/adelie
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Figure 5.2: Plots of solving NNLS in the simulation setting for various values of µ using our method
(adelie) and MOSEK. The top three plots correspond to n = 100 and the bottom three correspond to
n = 1000. In all cases, p = 10000. The left column shows the time in seconds (smaller is better) and
the middle column shows the objective for adelie and MOSEK. The right column shows the number
of strictly positive entries in the solution obtained via our method. In general, our method obtains
a solution as accurate as MOSEK’s with a speed-up factor anywhere from 10-1000x. Moreover, it is
clear that our solution tends to be quite sparse while MOSEK always outputs a fully dense solution
since their solver is based on interior point method. However, as y begins to lie in the cone of X,
i.e., as µ increases, it is possible for our method to include more variables than necessary. This is
shown in the case of n = 100 when µ is large since there are more than min(n, p) active variables.
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Figure 5.3: Plot of the carbon monoxide level y within the first two weeks of measurement and the
NNLS predictions ŷ using adelie, MOSEK, and FNNLS. We see that NNLS is able to reproduce y
fairly well and identify the spikes. The red “x”’s mark the top 30 spike locations τk with the largest
coefficients βk using our method. These spike locations align well with the spikes observed in the
data. All methods produce nearly identical fits.

then given by

X :=


ϕ(t1 − τ1) . . . ϕ(t1 − τp)

...
. . .

...

ϕ(tn − τ1) . . . ϕ(t1 − τp)


where yi = f(ti;β, τ)+εi for some noise εi. We use NNLS to solve for β by regressing y on X (given

the non-negativity constraint).

We use the Air Quality data set from UCI [Vito, 2008] to apply the spike deconvolution method.

This data set consists of hourly averaged responses from 5 metal oxide chemical sensors in an Air

Quality Checmical Multisensor Device located in a significantly polluted area of an Italian city. We

use only two weeks worth of data from March 10, 2004 to March 24, 2004. Our goal is to detect

the spikes of carbon monoxide levels (mg/m3). After removing missing data, there are n = 304

samples. The time stamps are put relative to the start date and normalized to the unit interval.

We let p = 1000 and set τ ∈ Rp equally spaced on the interval [0, 1]. The standard deviation in ϕ
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is defined as 2 times the median (normalized) time difference in the n samples, as similarly done in

Slawski and Hein [2013]. We solve the NNLS problem using our method, which takes 0.026 seconds.

For a comparison, we also solve it using MOSEK and FNNLS [Bro and De Jong, 1997], which take

0.12 seconds and 1.17 seconds, respectively. In Figure 5.3, we show the response y along with the

predictions Xβ̂ where β̂ is obtained via our method, MOSEK, and FNNLS. We see that the fits are

nearly identical and reproduce y fairly well. Although all methods produce a feasible solution, our

method and FNNLS are the only ones that output sparse solutions. FNNLS is the most accurate

method, but it is the most time consuming. MOSEK is only slightly less accurate despite being about

10x faster, however, it outputs a dense solution, which is not as easily interpretable. We see our

method as a bridge between the two methods; that is, we provide a sparse solution with a similar

accuracy as MOSEK and at a fast speed. Using our method, we identify 225 spikes for this example.

5.6 Discussion

We develop a framework for understanding sparse solutions to any polyhedron constrained least

squares problem. In particular, we establish a connection between popular regression methods such

as NNLS, BVLS, SLS, ISLS, and the lasso that they all admit a locally unique sparse solution in

high dimensions. We leverage this theory to derive an efficient coordinate descent based solver for

NNLS, demonstrating that our solver tends to quickly find such sparse solutions in both simulated

data settings and real data examples.

Our implementation is included in the Python package adelie, which is available under the MIT

license from PyPI (https://pypi.org/project/adelie). The user can install the latest version by

running pip install adelie in the terminal.

https://pypi.org/project/adelie


Appendix A

Group lasso and elastic net

penalized regression

A.1 Proof of Theorem 2.3.1

Consider the optimization problem (2.5) with λ > 0. Suppose that vS = 0 where S is given in (2.6).

Without loss of generality, we may assume Sc is non-empty so that there exists at least one i such

that Σii > 0. Otherwise, by hypothesis, we must have v = 0 so that (2.5) reduces to minimizing

∥x∥2, which is uniquely minimized at x⋆ = 0.

By the KKT conditions, the (finite) minimizer x⋆ must satisfy

Σx− v + λu = 0

where u is a sub-gradient of ∥·∥2 at x. We first prove the identity (2.7). If x⋆ = 0, then we must

have that ∥v∥2 ≤ λ. Otherwise, u ≡ x/ ∥x∥2 so that

x =

(
Σ +

λ

∥x∥2
I

)−1

v (A.1)

It remains to show that if ∥v∥2 ≤ λ, then x⋆ = 0, which will establish the identity (2.7).

In that endeavor, suppose x⋆ ̸= 0. Then, taking norms on both sides of (A.1), we have that x⋆

satisfies

d∑
i=1

v2i
(Σii ∥x∥2 + λ)2

= 1

Note that we then have that ∥v∥22 λ−2 ≥ 1, or equivalently, ∥v∥2 ≥ λ. There must exist some i

92
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such that vi ̸= 0 and Σii > 0. Otherwise, v ≡ 0 by hypothesis that vS = 0, which contradicts

∥v∥2 ≥ λ > 0. Consequently, for the element i such that vi ̸= 0 and Σii > 0, we have the strict

inequality

v2i
(Σii ∥x∥2 + λ)2

< v2i λ
−2

Hence, we have that ∥v∥2 > λ. This establishes the equivalence x⋆ = 0 ⇐⇒ ∥v∥2 ≤ λ.

A.2 Proof of Theorem 2.3.2

Consider any f satisfying the hypothesis of Theorem 2.3.2. Let x(0) be any initial point such that

f(x(0)) ≥ 0. For a given k ≥ 0, suppose f(x(k)) ≥ 0. Then, by convexity of f and the definition of

x(k+1),

f(x(k+1)) ≥ f(x(k)) + f ′(x(k))(x(k+1) − x(k)) = 0

By induction, we have that f(x(k)) ≥ 0 for every k ≥ 0. Since f is decreasing and has a non-

vanishing derivative, we must have that f ′(x) < 0 for all x. In particular, x(k+1) ≥ x(k) so that it is

an increasing sequence. Note that if f(x(k)) = 0 for some k, then x(k+j) = x(k) for all j ≥ 0 so that

the sequence converges in a trivial fashion to a root of f . Hence, without loss of generality, suppose

f(x(k)) > 0 for all k ≥ 0. By the decreasing property of f , we must then have that x(k) ≤ r for

every k ≥ 0. Since the sequence is increasing and bounded above, it converges to some value x(∞).

By continuity, taking k →∞ in (2.11),

x(∞) = x(∞) − f(x(∞))

f ′(x(∞))
=⇒ f(x(∞)) = 0

which shows that x(∞) is a root of f .

A.3 Properties of the root-finding function

Consider φ as in (2.9). Recall by Theorem 2.3.1, we only consider φ when ∥v∥2 > λ. Similar to

the proof of Theorem 2.3.1 in Appendix A.1, we have that there exists some i such that vi ̸= 0 and

Σii > 0. Then, differentiating φ, we get that

φ′(h) = −2

d∑
i=1

v2i Σii

(Σiih + λ)3
< 0, φ′′(h) = 6

d∑
i=1

v2i Σ2
ii

(Σiih + λ)4
> 0

This shows that φ is strictly decreasing and strictly convex.
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Next, rewriting φ as

φ(h) =
∑
i/∈S

v2i
(Σiih + λ)2

− 1 (A.2)

we see that limh→∞ φ(h) < 0. Note that φ(0) = ∥v∥22 /λ2 − 1 > 0. Hence, a finite positive root

uniquely exists for φ.

A.4 Derivation of lower and upper bounds on the root

We begin with the lower bound h⋆. Let a(h), b(h) ∈ Rd be defined by ak(h) := Σkkh + λ and

bk(h) := |vk| /ak(h) for each k = 1, . . . , d. Then, by Cauchy-Schwarz,

∥v∥1 :=

d∑
k=1

|vk| =
d∑

k=1

ak(h)bk(h) ≤ ∥a(h)∥2 ∥b(h)∥2

Hence, if ∥a(h)∥2 ≤ ∥v∥1, then ∥b(h)∥2 ≥ 1, or equivalently, φ(h) ≥ 0. We see that ∥a(h)∥2 ≤ ∥v∥1
if and only if

d∑
i=1

(Σiih + λ)2 ≤ ∥v∥21

By the quadratic formula, we may choose the largest h that satisfies the above condition, which is

given by (2.14).

The upper bound h⋆ is even easier. Since

d∑
i=1

v2i
(Σiih + λ)2

=
∑

i:Σii>0

v2i
(Σiih + λ)2

≤ h−2
∑

i:Σii>0

v2i
Σ2

ii

we may set h⋆ to (2.15). Then, we immediately have that φ(h⋆) ≤ 0.



Appendix B

Pivot rule for discarding predictors

for group lasso

B.1 Pivot search derivations

We use the notation in Section 3.2.2 and consider pivot candidate xj for some 2 ≤ j ≤ n. Let t ∈ Rn

be defined as ti := (xj − xi)1xi≤xj
. Then, the coefficients for fitting linear regression with is given

by

β̂0 = ȳ − t̄β̂1, β̂1 =
(y − y1)⊤t∥∥t− t1

∥∥2
2

Hence, the MSE is given by∥∥∥y − β̂0 − β̂1t
∥∥∥2
2

= C − 2β̂1(y − y1)⊤(t− t1) + β̂2
1

∥∥t− t1
∥∥2
2

= C − β̂2
1

∥∥t− t1
∥∥2
2

where C is a constant independent of the pivot choice xj . Since we are only interested in comparing

the different MSE values, it suffices to compute only the latter quantity.

We now expand the coefficient β̂1. First, consider the numerator (y − y1)⊤t, which simplifies to

(y − y1)⊤t =

j∑
i=1

(yi − y)(xj − xi)

= xj(

j∑
i=1

yi − jy)−
(

j∑
i=1

xiyi − y

j∑
i=1

xi

)
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Next, the denominator
∥∥t− t1

∥∥2
2

simplifies to

∥∥t− t1
∥∥2
2

= ∥t∥22 − nt
2

=

j∑
i=1

(xj − xi)
2 − nt

2

= jx2
j − 2xj

j∑
i=1

xi +

j∑
i=1

x2
i − nt

2

t =
1

n

j∑
i=1

(xj − xi)

=
j

n
xj −

1

n

j∑
i=1

xi

Hence, this shows that we only need to sequentially update the following quantities as we iterate

over j = 2, . . . , n:

j∑
i=1

xi,

j∑
i=1

x2
i ,

j∑
i=1

yi,

j∑
i=1

xiyi

and the MSE can otherwise be computed in O(1) time per iteration with O(1) space.



Appendix C

Polyhedron constrained group

lasso and elastic net

C.1 Derivation of the hessian of the dual function

To derive the hessian ∇2g(ν), it suffices to determine Dx⋆(ν), the Jacobian of x⋆(ν), since

∇2g(ν) = −
[
−I
I

]
ADx⋆(ν).

By the KKT conditions, we have that

x⋆(ν) ≡ 0 ⇐⇒
∥∥v −A⊤(νu − νℓ)

∥∥
2
≤ λ.

Hence, on the boundary of the ellipsoid {ν ∈ R2m :
∥∥v −A⊤(νu − νℓ)

∥∥
2

= λ}, x⋆(ν) may not be

differentiable. However, in the interior of the ellipsoid, the hessian is exactly 0. We now derive the

hessian outside the ellipsoid. We begin with the identity that for all ν outside the ellipse,

x⋆(ν) = ∥x⋆(ν)∥2 (Σ ∥x⋆(ν)∥2 + λI)
−1

(v −A⊤(νu − νℓ)). (C.1)

Now,

x⋆(ν)i =

(
1− λ

Σii ∥x⋆(ν)∥2 + λ

)
vi −A⊤

·i (νu − νℓ)

Σii
.
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Then, by the product rule and using (C.1),

∂jx
⋆
i (ν) = λ∂j ∥x⋆(ν)∥2

(vi −A⊤
·i (νu − νℓ))

(Σii ∥x⋆(ν)∥2 + λ)2
− ∥x⋆(ν)∥2

(−1)1j>mAji

Σii ∥x⋆(ν)∥2 + λ

= λ∂j ∥x⋆(ν)∥2
u⋆
i (ν)

Σii ∥x⋆(ν)∥2 + λ
− ∥x⋆(ν)∥2

(−1)1j>mAji

Σii ∥x⋆(ν)∥2 + λ

where u⋆(ν) := x⋆(ν)/ ∥x⋆(ν)∥2. It remains to simplify ∂j ∥x⋆(ν)∥2. From (C.1), we also have the

identity that ∥∥∥(Σ ∥x⋆(ν)∥2 + λI)
−1

(v −A⊤(νu − νℓ))
∥∥∥2
2

= ∥u⋆(ν)∥22 = 1.

Rewriting,

d∑
i=1

(vi −A⊤
·i (νu − νℓ))

2

(Σii ∥x⋆(ν)∥2 + λ)2
= 1.

Differentiating, we get that

2

d∑
i=1

[
(vi −A⊤

·i (νu − νℓ))(−1)1j>mAji

(Σii ∥x⋆(ν)∥2 + λ)2
− (vi −A⊤

·i (νu − νℓ))
2Σii∂j ∥x⋆(ν)∥2

(Σii ∥x⋆(ν)∥2 + λ)3

]
= 0,

which readily gives us a formula for ∂j ∥x⋆(ν)∥2. Indeed,

∇∥x⋆(ν)∥2 = −∥x⋆(ν)∥2 κ(ν)

[
−I
I

]
Aα(ν).

where κ(ν) and α(ν) are given by (4.3) and (4.4). Substituting into ∇2g(ν), we immediately get the

desired form.



Appendix D

Polyhedron constrained least

squares

D.1 Background

Lemma D.1.1 (Interior of a polyhedron). Let P ⊆ Rp be a polyhedron represented by A and b.

Then, the interior of P is given by int(P) = {x ∈ P : Ax < b}.

Proof. Without loss of generality, assume P is non-empty. Suppose x ∈ int(P). Then, there exists

Br(x), a ball of radius r centered at x, for some r > 0 such that Br(x) ⊆ int(P). Suppose x binds

a constraint ai for some i ∈ [m]. Without loss of generality, we may assume ai ̸= 0 since it may

be removed from the constraints without changing P. Consider w := x + ϵai for any ϵ > 0. Then,

a⊤i w = a⊤i x+ϵ ∥ai∥22 = bi+ϵ ∥ai∥22 > bi so that w /∈ P. In particular, if ϵ < r/ ∥ai∥2, then w ∈ Br(x),

which is a contradiction.

Conversely, suppose x ∈ Rp such that Ax < b. Consider φ defined by

φ(t) := max
i∈[m]

max
v:∥v∥2=1

{
a⊤i (x + tv)− bi

}
(D.1)

= max
i∈[m]

{
a⊤i x + t ∥ai∥2 − bi

}
(D.2)

which identifies the constraint closest to the boundary on the ball centered at x with radius t. Note

that φ is continuous, φ(0) < 0, and φ(t) → ∞ as t → ∞. Hence, there exists t⋆ > 0 such that

φ(t⋆) = 0. Note also that φ is strictly increasing, so this implies that for any t ∈ [0, t⋆), φ(t) < 0.

In other words, Bt(x) ⊆ P so that x is an interior point.

Lemma D.1.2. Let P ⊆ Rp be a non-empty polyhedron represented by A ∈ Rm×p and b ∈ Rm.

Define S :=
{
i ∈ [m] : a⊤i x = bi, ∀x ∈ P

}
as the set of constraints that are always binding. Then,

99
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the polyhedron represented by A−S and b−S has a non-empty interior and the affine space {x ∈ Rp :

ASx = bS} is unique. Consequently, any non-empty polyhedron can be decomposed as an intersection

of a polyhedron with a non-empty interior and a unique affine space.

Proof. We first show that the polyhedron represented by A−S and b−S has a non-empty interior. If

P has a non-empty interior, we are done. Suppose P has an empty interior. We claim that there

exists a constraint ai⋆ such that a⊤i⋆x = bi⋆ for all x ∈ P. Suppose not so that for every constraint

ai, there exists xi ∈ P such that a⊤i xi < bi. We show that there exists a convex combination of

{xk}mk=1 such that Ax < b, which will establish a contradiction by Lemma D.1.1. Indeed, for any

θ ∈ Rm
++ strictly positive and

∑
k θk = 1,

a⊤i
∑
k

θkxk < bi, ∀i ∈ [m] (D.3)

since for every i ∈ [m], a⊤i xi < bi while a⊤i xk ≤ bi for all k ̸= i. This completes the proof for showing

there exists a constraint ai⋆ such that a⊤i⋆x = bi⋆ for all x ∈ P. Once we identify the constraint ai⋆ ,

we remove it and repeat the procedure on the polyhedron P ′ := {x ∈ Rp : A−i⋆x ≤ b−i⋆} until P ′

has a non-empty interior. Clearly, this process must terminate in finite steps.

We now show that the affine space determined by S is unique. Suppose there exists a different

affine space that contains P. Then, P must lie in a strictly lower-dimensional subspace, which implies

that P has an empty interior. This contradicts the fact that we have terminated our procedure when

we reached P ′ with a non-empty interior.

Lemma D.1.3. Let Q ∈ Rn×p be any matrix and P ⊆ Rp be a polyhedron. Then, Hull(Q,P) is a

polyhedron.

Proof. Without loss of generality, assume P is non-empty. By the polyhedron decomposition theo-

rem, P can be represented as a Minkowski sum of a cone and a polytope. Let C = Cone(BC) and

V = Conv(BV) denote the cone and the polytope generated by BC and BV , respectively. Then,

Q(P) = Cone(QBC) + Conv(QBV). By the polyhedron decomposition theorem again, Q(P) is a

polyhedron.

Lemma D.1.4. Let P ⊆ Rp be a polyhedron represented by A ∈ Rm×p and b ∈ Rm with a non-empty

interior. Suppose y is any element in the interior of P and v ∈ Rp any vector. Then, v /∈ Null(A)

if and only if there exists a point w = y + tv for some t ̸= 0 such that w lies in P and binds at least

one constraint of A.

Proof. Since y is in the interior of P, we must have that Ay < b by Lemma D.1.1.

Suppose v /∈ Null(A) so that Av ̸= 0. Then, there exists i ∈ [m] such that a⊤i v ̸= 0. For any
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constraint ai not orthogonal to v,

a⊤i (y + tv) = bi ⇐⇒ t =
bi − a⊤i y

a⊤i v
. (D.4)

Label the solution for t in (D.4) as t⋆i for each i such that a⊤i v ̸= 0. Then, we simply choose the t⋆i

that is smallest in magnitude, that is,

i⋆ := argmin
i:a⊤

i v ̸=0

|t⋆i | , t⋆ := t⋆i⋆ . (D.5)

Note that since each t⋆i ̸= 0, we also have that t⋆ ̸= 0. With this choice of t⋆, we have the guarantee

that w := y + t⋆v binds the i⋆th constraint and is the first binding constraint so that w remains in

P.

Conversely, suppose v ∈ Null(A) so that Av = 0. Then, for any point w = y + tv for any t ∈ R,

we have that Aw = Ay < b. Hence, every such point w does not bind any constraint.

Lemma D.1.5. Let P ⊆ Rp be a non-empty polyhedron represented by A ∈ Rm×p and b ∈ Rm with

S as its maximal affine constraints. Let ξ ∈ Rp be any vector satisfying ASξ = bS and V ∈ Rp×dim(P)

be any full column rank matrix such that ASV ≡ 0. Define the following quantities

A′ := A−SV ∈ R(m−|S|)×dim(P), b′ := b−S −A−Sξ ∈ Rm−|S| (D.6)

and let P ′ ⊆ Rdim(P) be the polyhedron represented by (D.6). Then, every x ∈ P can be represented

uniquely as x = ξ + V x′ with x′ ∈ P ′. Moreover, P ′ has a non-empty interior.

Proof. By hypothesis, P ≡ {x ∈ Rp : A−Sx ≤ b−S , ASx = bS}. First, it is a standard linear algebra

fact that any x ∈ Rp such that ASx = bS can be uniquely identified with the low-rank representation

x = ξ + V x′ for some x′ ∈ Rdim(P). Then, we have the first claim by simple algebra that

A−Sx− b−S = A′x′ − b′. (D.7)

We now show that P ′ has a non-empty interior. Since {x ∈ Rp : A−Sx ≤ b−S} has a non-empty

interior by Lemma D.1.2, there exists x ∈ P such that A−Sx < b−S by Lemma D.1.1. By (D.7), we

must have that A′x′ < b′. Another application of Lemma D.1.1 shows that int(P ′) is non-empty.

D.2 Proof of Lemma 5.3.1

Proof. Without loss of generality, assume every constraint is non-zero since otherwise we may remove

these constraints without changing P or Null(A). If p ≤ n, the result is trivial. Hence, we assume

without loss of generality that p > n.
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We first prove the theorem when p = n + 1. Suppose x is in the P-hull of Q so that x = Qy for

some y ∈ P. If y binds at least one constraint of A, we are done. Suppose then y binds no constraint

of A so that it lies in the interior of P by Lemma D.1.1. Since there are more columns than rows

in Q, we necessarily have that Null(Q) is non-trivial. Hence, there exists v ̸= 0 such that Qv = 0.

Since v ∈ Null(Q) \ {0} ⊆ Null(A)c, we have by Lemma D.1.4 that there exists w = y + tv for some

t ̸= 0 such that w lies in P and binds at least one constraint of A. Finally, Qw = x by construction.

This proves the theorem when p = n + 1.

Now, suppose the theorem holds for p > n. We now prove it holds for p + 1. Suppose x is a

P-combination of Q = {qi}p+1
i=1 . Consider the embedding

∀i ∈ [p + 1], ui :=

[
qi

0

]
∈ Rp, v :=

[
x

0

]
∈ Rp (D.8)

where we pad our original points with zeros until the length is p. Define U := {ui}p+1
i=1 . Then, v is

a P-combination of U . By the preceding argument, noting that Null(Q) ≡ Null(U), v can then be

written as a P-combination of U with an element w that binds at least one constraint of A. Finally,

we conclude that x can be written as a P-combination of Q with (the same) w that binds at least

one constraint of A. Without loss of generality, suppose the binding constraint is the first constraint

a1. Consider the polyhedron
{
z ∈ Rp+1 : A−1z ≤ b−1, a

⊤
1 z = b1

}
whose dimension is then p (since

a1 ̸= 0). By Lemma D.1.5, it can be represented with the polyhedron P ′ defined by A′ and b′ in

(D.6) with a non-empty interior. Let V and ξ be as in Lemma D.1.5 and define Q′ := QV and

x′ := x − Qξ. Note that x′ ∈ Hull(Q′,P ′). We will apply the induction hypothesis on Q′, P ′, and

x′. Indeed, Null(Q′)\{0} ⊆ Null(A′)c since for any y ∈ Null(Q′)\{0}, V y ∈ Null(Q), which implies

that AV y ̸= 0 by hypothesis. Since a⊤1 V = 0⊤ by definition of V , we have that A′y = A−1V y ̸= 0

so y ∈ Null(A′)c. Hence, the assumptions of the theorem are satisfied. By the induction hypothesis,

x′ is a P ′-combination of Q′ with an element w′ that binds at least min(rank(A′), p−n) constraints

of A′ that forms a full row rank sub-matrix of A′. Letting w := ξ + V w′ and noting that

A−1w − b−1 = A′w′ − b′, (D.9)

x is a P-combination of Q with w that binds at least min(rank(A′), p − n) constraints of A−1,

which we denote as T ⊆ [m − 1]. Hence, including the first binding constraint, w binds at least

min(rank(A′) + 1, p + 1− n) constraints of A. It remains to show that rank(A) ≡ rank(A′) + 1 and

that appending a1 as a row to (A−1)T keeps it full row rank. To show the first claim, observe that

A
[
a1 V

]
=
[
Aa1 AV

]
. (D.10)

By definition of V ,
[
a1 V

]
is invertible so that the rank of the left side of (D.10) is rank(A).
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Note that Aa1 /∈ span(AV ) since the first row of AV is a⊤1 V ≡ 0⊤ while that of Aa1 is ∥a1∥22 ̸= 0.

Again using that a⊤1 V = 0⊤, rank(AV ) = rank(A−1V ) = rank(A′). This shows that rank(A) =

rank(A′) + 1. Next, we show the second claim. It suffices to show that a1 is not in the row space of

(A−1)T . Otherwise, there exists γ ̸= 0 ∈ R|T | such that a1 = (A−1)⊤T γ. Then,

0 = V ⊤a1 = V ⊤(A−1)⊤T γ = ((A−1)TV )⊤γ = (A′
T )⊤γ =⇒ γ = 0, (D.11)

which is a contradiction. This shows that including a1 as another row in (A−1)T keeps it full row

rank. By induction, this concludes the proof.

D.3 Proof of Theorem 5.3.2

Proof. First, consider the setting of Lemma 5.3.1. We argue that the conclusion can be improved

from min(rank(A), (p−n)+) to min(rank(A), (p−rank(Q))+). We first perform a QR-decomposition

on Q to get Q = Q̃R̃ with Q̃ ∈ Rn×r, R̃ ∈ Rr×p, and r := rank(Q). Note that Q̃ has orthogonal

columns so that Null(Q) ≡ Null(R̃). This shows that R̃ satisfies the assumptions of Lemma 5.3.1.

Now, if x ∈ Hull(Q,P), there exists w ∈ P such that x = Qw = Q̃R̃w. We then apply Lemma 5.3.1

for R̃, P, and x̃ := R̃w to get that x̃ is a P-combination of R̃ with an element w̃ ∈ P that binds at

least min(rank(A), (p−r)+) constraints of A that form a full row rank sub-matrix. Since R̃w = R̃w̃,

this immediately shows that x = Q̃R̃w = Q̃R̃w̃ = Qw̃. Hence, we have our improved result.

If P has a non-empty interior, then Lemma 5.3.1 gives us the desired conclusion noting that

dim(P) ≡ p. Suppose P has an empty interior. Then, rank(AS) ̸= 0 so that Lemma D.1.5 reduces

our representation of P to a lower-dimensional polyhedron P ′ represented with A′ and b′ given in

(D.6). Moreover P ′ has a non-empty interior. Then, with the following quantities

Q′ := QV, x′ := x−Qξ (D.12)

using ξ as in Lemma D.1.5 (and V as in the hypothesis), we have

x ∈ Hull(Q,P) ⇐⇒ x′ ∈ Hull(Q′,P ′). (D.13)

Note that the conditions of Lemma 5.3.1 are satisfied trivially for Q′ and P ′ by definition. Moreover,

dim(P ′) ≡ dim(P) by construction. Applying Lemma 5.3.1 for Q′, P ′, and x′, we have that x′ is

a P ′-combination of Q′ with an element w′ ∈ P ′ that binds at least min(rank(A−SV ), (dim(P) −
rank(Q′))+) constraints of A′ that form a full row rank sub-matrix of A′. Then, letting w := ξ+V w′

and using (D.7), w binds at least min(rank(A−SV ), (dim(P)−rank(Q′))+) constraints of A−S , which

we denote as T ⊆ [m− |S|]. It remains to show that rank(A−SV ) = rank(A)− rank(AS) and that
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the binding constraints form a full row rank sub-matrix of A−S . We first show the first claim.

Let V ⊥ ∈ Rp×rank(AS) denote a set of orthogonal vectors that span the row space of AS . Then,

A[V ⊥ V ] has the same rank as A and it is clear that rank(AV ⊥) = rank(AS). Moreover, since

ASV = 0, we have rank(AV ) = rank(A−SV ). Finally, every column of AV ⊥ is not in span(AV ).

Otherwise, ASV
⊥ = ASVM = 0 for some matrix M , which is a contradiction since every column

of V ⊥ lies in span(AS). This proves that rank(A−SV ) = rank(A)− rank(AS). Next, we show that

(A−S)T is a full row rank sub-matrix. Otherwise, there exists γ ̸= 0 ∈ R|T | such that

(A−S)⊤T γ = 0 =⇒ 0 = V ⊤(A−S)⊤T γ = (A′
T )⊤γ =⇒ γ = 0, (D.14)

which is a contradiction. This completes the proof.

D.4 Proof of Theorem 5.3.3

Proof. We may assume without loss of generality P has a non-empty interior since otherwise we may

first restrict to the lower-dimensional space removing the maximal affine constraints by Lemma D.1.5.

Hence, we assume p ≡ dim(P). We may further assume Q is full row rank so that n ≡ rank(Q). We

are now in the setting of Lemma 5.3.1 where Q is full row rank and P has a non-empty interior.

Consider the proof of Lemma 5.3.1. Recall that the proof procedure is to repeatedly find direc-

tions v ∈ Null(Q) such that w = y+ tv binds a constraint (where x = Qy), say a1. Let V ∈ Rp×(p−1)

be as in Lemma D.1.5 that reduces the polyhedron by one dimension, namely, restricting to the

affine space
{
w ∈ Rp : a⊤1 w = b1

}
. We claim that rank(QV ) = rank(Q). Indeed, it is equivalent to

show that dim(Null(QV )) = dim(Null(Q)) − 1. This is easily seen by the fact that since a⊤1 v ̸= 0

by Lemma D.1.4 and V ⊤a1 = 0, we must have v /∈ span(V ). Since the rank is preserved as we

apply induction, we see that eventually Q will be reduced to an invertible matrix, in which case, the

representation for x is unique.
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