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Abstract

In this thesis we develop some new sparse modeling techniques and related theory. We
first point out the fundamental drawbacks of the lasso in some scenarios: (1) the number
of predictors (greatly) exceeds the number of observations; (2) the predictors are highly
correlated and form “groups”. A typical example where these scenarios naturally occur
is the gene selection problem in microarray analysis. We then propose the elastic net, a
new regularization and variable selection method, to further improve upon the lasso. We
show that the elastic net often outperforms the lasso, while enjoying a similar sparsity of
representation. In addition, the elastic net encourages a grouping effect, where strongly
correlated predictors tend to be in or out of the model together. The elastic net is particu-
larly useful when the number of predictors is much bigger that the number of samples. We
also propose an algorithm called LARS-EN for efficiently computing the entire elastic net
regularization path, much like the LARS algorithm does for the lasso.

The second part of the thesis shows a nice application of the elastic net in deriving
principal components with sparse loadings. We propose a principled approach called SPCA
to modify PCA based on a novel sparse PCA criterion in which an elastic net constraint is
used to produce sparse loadings. To solve the optimization problem in SPCA, we consider an
alternating algorithm which iterates between the elastic net and the reduced rank Procrustes
rotation. SPCA allows flexible control of the sparse structure of the resulting loadings and
has the ability of identifying important variables.

In the third part of the thesis, we study the degrees of freedom of the lasso in the

framework of SURE theory. We prove that the number of non-zero coefficients is an unbiased

v



estimate for the degrees of freedom of the lasso—a conclusion requires no special assumption
on the predictors. Our analysis also provides mathematical support for a related conjecture
by Efron et al. (2004). As an application, various model selection criteria—C),, AIC and
BIC—are defined, which, along with the LARS algorithm, provide a principled and efficient
approach to obtaining the optimal Lasso fit with the computational efforts of a single
ordinary least-squares fit. The degrees of freedom of the elastic net can be obtained by

similar arguments.
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Chapter 1

Introduction

In the practice of statistical modeling, it is often desirable to have an accurate predictive
model with a sparse representation. Modern data sets usually have a large number of
predictors, hence parsimony is especially an important issue. Best-subset selection is a
conventional method of variable selection. It is now well-known that best-subset selection
has two serious drawbacks. First, it is extremely variable because of its inherent discreteness.
Secondly, when the number of variables is large, best-subset selection is computationally
infeasible, because the total number of the subset models grows exponentially. To ease the
computational burden, some greedy stepwise algorithms, such as backward selection, are
used as a surrogate to best-subset selection. However, these kind of greedy algorithms are
notorious for their poor performance.

The lasso (Tibshirani 1996) opens a new door to variable selection by using the Lj
penalty in the model fitting criterion. Due to the nature of the L; penalty, the lasso per-
forms continuous shrinkage and variable selection simultaneously. Thus the lasso possesses
the nice properties of both the Lo (ridge) penalization and best-subset selection. It is force-
fully argued that the automatic feature selection property makes the lasso a better choice
than the Ly penalization in high dimensional problems, especially when there are lots of re-
dundant noise features (Friedman, Hastie, Rosset, Tibshirani & Zhu 2004 ), although the L,

regularization has been widely used in various learning problems such as smoothing splines
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(Wahba 1990), the support vector machine (Vapnik 1995) and neural networks where the Lo
regularization is called weight decay(Hastie, Tibshirani & Friedman 2001). An L; method
called basis pursuit was also used in signal processing (Chen, Donoho & Saunders 2001).
There are many theoretical work to prove the superiority of the L; penalization in sparse
settings. Donoho, Johnstone, Kerkyacharian & Picard (1995) prove the near minimax opti-
mality of soft-thresholding (L; shrinkage with orthogonal predictors). It is also shown that
the L, approach is able to discover the "right” sparse representation of the model under
certain conditions (Donoho & Huo 2001, Donoho & Elad 2002, Donoho 2004).

Although it has shown success in many situations, the lasso may produce unsatisfactory
results in some scenarios: (1) the number of predictors (greatly) exceeds the number of
observations; (2) the predictors are highly correlated and form “groups”. A typical example
where the two scenarios are common is the gene selection problem in microarray analysis. In
this thesis we develop new sparse modeling techniques which keep the promising properties
of the L1 method and fix the two drawbacks highlighted above.

In Chapter 2 we propose the elastic net, a new regularization and automatic variable
selection method, to further improve upon the lasso. We show that the elastic net often
outperforms the lasso, while enjoying a similar sparsity of representation. In addition, the
elastic net encourages a grouping effect, where strongly correlated predictors tend to be in
or out of the model together. The elastic net is particularly useful when the number of
predictors is much bigger that the number of samples. We also propose an algorithm called
LARS-EN for efficiently computing the entire elastic net regularization path, much like the
LARS algorithm does for the lasso.

Sparse representation is also important in unsupervised learning. Principal component
analysis (PCA) is widely used unsupervised learning tool in data processing and dimen-
sionality reduction. However, PCA suffers from the fact that each principal component is
a linear combination of all the original variables, thus it is often difficult to interpret the
results. A naive method is often used to obtain sparse loadings by artificially setting small
loadings to zero, which can be potentially misleading in various respects. In Chapter 3

we show a nice application of the elastic net in deriving principal components with sparse
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loadings. We consider a principled approach called SPCA to modify PCA based on a new
sparse PCA criterion in which an elastic net constraint is used to produce sparse loadings.
To solve the optimization problem in SPCA, we consider an efficient alternating algorithm
which iterates between the elastic net and the reduced rank Procrustes rotation. As a
principled procedure, SPCA enjoys advantages in several aspects, including computational
efficiency, high explained variance and an ability in identifying important variables.

Chapter 4 concerns the effective degrees of freedom of the lasso, which is very important
for understanding the model complexity of the lasso and very useful in selecting the ”best”
lasso model. Degrees of freedom are well studied for linear procedures, where y = Sy
and the smoother matrix S is free of y. In this case df(S) = tr(S). However, because of
the nonlinear nature of the L penalization, these nice results for linear smoothers are not
directly applicable. Efron et al. (2004) presented a conjecture to approximate the degrees of
freedom of the lasso. We study the degrees of freedom of the lasso in the framework of Stein’s
unbiased risk estimation (Stein 1981). We prove that the number of non-zero coefficients
is an unbiased estimate for the degrees of freedom of the lasso—a conclusion requires no
special assumption on the predictors. Our analysis also provides mathematical support for
the conjecture by Efron et al. (2004). Our results can be used to define various model
selection criteria—Cj,, AIC and BIC—which, along with the LARS algorithm, provide a
principled and efficient approach to obtaining the optimal Lasso fit with the computational
efforts of a single ordinary least-squares fit. The degrees of freedom of the elastic net can
be obtained by similar arguments.

A summary of the thesis is given in Chapter 5.



Chapter 2

The Elastic Net

In this Chapter we propose the elastic net, a new regularization and variable selection
method. We show that the elastic net often outperforms the lasso, while enjoying a similar
sparsity of representation. In addition, the elastic net encourages a grouping effect, where
strongly correlated predictors tend to be in or out of the model together. The elastic net
is particularly useful when the number of predictors (p) is much bigger than the number of
observations (n). By contrast, the lasso is not a very satisfactory variable selection method
in the p > n case. An algorithm called LARS-EN is proposed for computing elastic net
regularization paths efficiently, much like the LARS algorithm does for the lasso.

2.1 Introduction and Motivation

We consider the usual linear regression model: given p predictors x1,--- , X, the response

y is predicted by

Y = 6o+ x101 + -+ X (2.1)
A model-fitting procedure produces the vector of coefficients [3 = (Bo, sy Bp). For example,

the ordinary least squares (OLS) estimates are obtained by minimizing the residual sum
squares (RSS). The criteria for evaluating the quality of a model will differ according to the

circumstances. Typically the following two aspects are important.



CHAPTER 2. THE ELASTIC NET )

e Accuracy of prediction on future data: it is hard to defend a model that predicts

poorly.

e Interpretation of the model: scientists prefer a simpler model because it puts more
light on the relationship between response and covariates. Parsimony is especially an

important issue when the number of predictors is large.

It is well known that OLS often does poorly in both prediction and interpretation. Pe-
nalization techniques have been proposed to improve OLS. For example, ridge regression
(Hoer]l & Kennard 1988) minimizes RSS subject to a bound on the Ly norm of the coef-
ficients. As a continuous shrinkage method, ridge regression achieves its better prediction
performance through a bias-variance trade-off. However, ridge regression cannot produce a
parsimonious model, for it always keeps all the predictors in the model. Best-subset selec-
tion on the other hand produces a sparse model, but it is extremely variable because of its
inherent discreteness, as addressed by Breiman (1996).

A promising technique called the lasso was proposed by Tibshirani (1996). The lasso is
a penalized least squares method imposing a L1 penalty on the regression coefficients. Due
to the nature of the L penalty, the lasso does both continuous shrinkage and automatic
variable selection simultaneously. Tibshirani (1996) and Fu (1998) compared the prediction
performance of the lasso, ridge and Bridge regression (Frank & Friedman 1993) and found
none of them uniformly dominates the other two. However, as variable selection becomes
increasingly important in modern data analysis, the lasso is much more appealing due to
its sparse representation.

Although the lasso has shown success in many situations, it has some limitations. Con-

sider the following three scenarios:

1. In the p > n case, the lasso selects at most n variables before it saturates, because of
the nature of the convex optimization problem. This seems to be a limiting feature for
a variable selection method. Moreover, the lasso is not well-defined unless the bound

on the L1 norm of the coefficients is smaller than a certain value.
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2. If there is a group of variables among which the pairwise correlations are very high,
then the lasso tends to select only one variable from the group and does not care

which one is selected. See Section 2.2.3.

3. For usual n > p situations, if there exist high correlations among predictors, it has
been empirically observed that the prediction performance of the lasso is dominated

by ridge regression (Tibshirani 1996) .

Scenarios (1) and (2) make the lasso an inappropriate variable selection method in some
situations. We illustrate our points by considering the gene-selection problem in microarray
data analysis. A typical microarray data set has many thousands of predictors (genes) and
often less than 100 samples. For those genes sharing the same biological “pathway”, the
correlations among them can be high (Segal, Dahlquist & Conklin 2003). We think of those
genes as forming a group. The ideal gene selection method should be able to do two things:
eliminate the trivial genes, and automatically include whole groups into the model once one
gene among them is selected (“grouped selection”). For this kind of p > n and grouped
variables situation, the lasso is not the ideal method, because it can only select at most n
variables out of p candidates (Efron, Hastie, Johnstone & Tibshirani 2004), and it lacks the
ability to reveal the grouping information. As for prediction performance, scenario (3) is
not rare in regression problems. So it is possible to further strengthen the prediction power
of the lasso.

Our goal is to find a new method that works as well as the lasso whenever the lasso
does the best, and can fix the problems highlighted above; i.e., it should mimic the ideal
variable selection method in scenarios (1) and (2), especially with microarray data, and it
should deliver better prediction performance than the lasso in scenario (3).

We propose a new regularization technique which we call the elastic net. Similar to
the lasso, the elastic net simultaneously does automatic variable selection and continuous
shrinkage, and is able to select groups of correlated variables. It is like a stretchable fishing
net that retains “all the big fish”. In Section 2.2 we define the naive elastic net, which is a

penalized least squares method using a novel elastic net penalty. We discuss the grouping
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effect caused by the elastic net penalty. In Section 2.3, we show that this naive procedure
tends to over-shrink in regression problems. We then introduce the elastic net, which
corrects this problem. An efficient LARS-EN algorithm is proposed for computing the
entire elastic net regularization paths with the computational effort of a single OLS fit.
Prostate cancer data is used to illustrate our methodology in Section 2.4, and simulation
results comparing the lasso and the elastic net are presented in Section 2.5. Section 2.6
shows an application of the elastic net to classification and gene selection in a Leukemia

microarray problem.

2.2 Naive Elastic Net

2.2.1 Definition

Suppose the data set has n observations with p predictors. Let y = (y1,...,yn)" be the
response and X = [x1] - - - |x,] be the model matrix, where x; = (z15,...,%n;) 1,5 =1,...,p
are the predictors. After a location and scale transformation, we can assume the response

is centered and the predictors are standardized,

n n n
> yi=0, > wy=0 and Y af=1, forj=12,...,p. (2.2)
=1 =1 =1

For any fixed non-negative A1 and Ao, we define the naive elastic net criterion

L (M, 22, 8) = lly = XBI* + X|BII” + MBI, (2.3)

where

p p
181> =57 and |81 = > _|8)].
j=1 j=1

The naive elastic net estimator 3 is the minimizer of (2.3):

A

B = al‘gménL(/\h)\Qﬁ)- (2.4)
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The above procedure can be viewed as a penalized least-squares method. Let o = ﬁ,

then solving ,3 in (2.3) is equivalent to the optimization problem:
B = arg ngn |y — XB||?, subject to (1 — )81 + «||B]|* <t for some t. (2.5)

We call the function (1 — «)||B]]1 + «||3]|? the elastic net penalty, which is a convex com-
bination of the lasso and ridge penalty. When o = 1, the naive elastic net becomes simple
ridge regression. In this paper, we only consider a < 1. for all a € [0, 1), the elastic net
penalty function is singular (without first derivative) at 0 and it is strictly convex for all
a > 0, thus possessing the characteristics of both the lasso and ridge. Note that the lasso
penalty (o = 0) is convex but not strictly convex. These arguments can be seen clearly

from Figure 2.1.

Geometry of the Elastic Net Penalty

B2

- Ridge
- Lasso
—— Elastic Net

By

Figure 2.1: 2-dimensional contour plots (level=1). The outermost contour shows the shape of the
ridge penalty while the diamond shaped curve is the contour of the lasso penalty. The solid curve is
the contour plot of the elastic net penalty with o = 0.5. We see singularities at the verteres and the
edges are strictly convex. The strength of convexity varies with .
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2.2.2 Solution

We now develop a method to solve the naive elastic net problem efficiently. It turns out
that minimizing (2.3) is equivalent to a lasso type optimization problem. This fact implies

that the naive elastic net also enjoys the computational advantage of the lasso.

Lemma 2.1. Given data set (y,X) and (A1, \2), define an artificial data set (y*,X*) by

() 7= ()

Let v = \/l)i—Ag and 3% = /1 + Xo8. Then the naive elastic net criterion can be written as

[SIE

X =14+ X)”

(n+p)Xp

L(y.B)=L(v,B8%) = |ly* = X8 + 1187

Let
8" =argmin L (7,8%),
5
then
B 1 )

VIt

The proof is just simple algebra, which we omit. Lemma 2.1 says that we can transform
the naive elastic net problem to an equivalent lasso problem on augmented data. Note that
the sample size in the augmented problem is n + p and X* has rank p, which means the
naive elastic net can potentially select all p predictors in all situations. This important
property overcomes the limitations of the lasso described in scenario (1). Lemma 2.1 also
shows that the naive elastic net can perform an automatic variable selection in a fashion
similar to the lasso. In the next section we show that the naive elastic net has the ability
of selecting “grouped” variables, a property not shared by the lasso.

In the case of an orthogonal design, it is straightforward to show that with parameters
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(A1, A2), the naive elastic net solution is

A (

Bi(naive elastic net) =

ﬁi(ols) — %)
14+ Ao

*sgn (@(ols)) . (2.6)

where B(ols) = XTy and 2, denotes the positive part, which is z if z > 0, else 0. The

solution of ridge regression with parameter s is given by B(ridge) = B(ols)/(14Az), and the

Bi(ols)‘ - %) sgn (Bi(ols)). Figure 2.2
+

shows the operational characteristics of the three penalization methods in an orthogonal

lasso solution with parameter \; is 3;(lasso) = (

design, where the naive elastic net can be viewed as a two-stage procedure: a ridge-type

direct shrinkage followed by a lasso-type thresholding.

o>

oLs

- - Lasso

- Ridge
—— Naive ENet

Figure 2.2: Ezxact solutions for the lasso, ridge and the naive elastic net (naive ENet) in an orthog-
onal design. Shrinkage parameters are A1 = 2, g = 1.

2.2.3 The grouping effect

In the “large p, small n” problem (West, Blanchette, Dressman, Huang, Ishida, Spang,

Zuzan, Marks & Nevins 2001), the “grouped variables” situation is a particularly important
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concern, which has been addressed a number of times in the literature. For example,
principal component analysis (PCA) has been used to construct methods for finding a set
of highly correlated genes in Hastie, Tibshirani, Eisen, Brown, Ross, Scherf, Weinstein,
Alizadeh, Staudt & Botstein (2000) and Diaz-Uriarte (2003). Tree harvesting (Hastie,
Tibshirani, Botstein & Brown 2003) uses supervised learning methods to select groups of
predictive genes found by hierarchical clustering. Using an algorithmic approach, Dettling &
Bithlmann (2004) perform the clustering and supervised learning together. A careful study
by Segal, Dahlquist & Conklin (2003) strongly motivates the use of regularized regression

procedure to find the grouped genes. We consider the generic penalization method
ﬁzmy%MW—XﬂW+Aﬂm (2.7)

where J(-) is positive valued for 3 # 0.

Qualitatively speaking, a regression method exhibits the grouping effect if the regression
coefficients of a group of highly correlated variables tend to be equal (up to a sign change
if negatively correlated). In particular, in the extreme situation where some variables are
exactly identical, the regression method should assign identical coefficients to the identical

variables.
Lemma 2.2. Assume x; =x;j, i,j € {1,...,p}.
1. If J(+) is strictly convex, then B; = Bj Y > 0.

2. If J(B) = |B|,, then BAlB] >0 and B* is another minimizer of (2.7), where

B ifk#iand k#j
Bi=1 (Bi+B)-(s) if k=i

(Bi+5;) - (1 =) ifk=j.
for any s € [0,1].

Lemma 2.2 shows a clear distinction between strictly convex penalty functions and the

lasso penalty. Strict convexity guarantees the grouping effect in the extreme situation with
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identical predictors. In contrast the lasso does not even have a unique solution. The elastic

net penalty with Ay > 0 is strictly convex, thus enjoying the property in assertion (1).

Theorem 2.1. Given data (y,X) and parameters (A1, \2), the response y is centered and

the predictors X are standardized. Let B (A1, \2) be the naive elastic net estimate. Suppose
Bi (A1, A2) Bj (A1, A2) > 0. Define

Bi (M, A2) — B (A1, A2 |,

. 1
D>\1,>\2(2a]) = m

then Dy, »,(%,7) < /\—12 2 (1 — p), where p = x!x;, the sample correlation.

The unit-less quantity Dy, x,(¢,7) describes the difference between the coefficient paths
of predictors ¢ and j. If x; and x; are highly correlated, ie., p = 1 (if p = —1 then
consider —x;), Theorem 2.1 says the difference between the coefficient paths of predictor 4
and predictor j is almost 0. The upper bound in the above inequality provides quantitative
description for the grouping effect of the naive elastic net.

The lasso does not possess the grouping effect. Scenario (2) in Section 2.1 occurs
frequently in practice. A theoretical explanation is given in Efron, Hastie, Johnstone
& Tibshirani (2004). For a simpler illustration, let us consider the linear model with
p = 2. Tibshirani (1996) gave the explicit expression for (Bl, Bg), from which we easily
get ’31 — B

examples such that p = cor(x1,x2) — 1 but cos(#) does not vanish.

= |cos(0)|, where 0 is the angle between y and x; — x2. It is easy to construct

Although Theorem 2.1 works with squared error loss, the group effect of the elastic net
is an inherent property of the penalty, holding under other popular loss functions. Let ¢
be an arbitrary loss function and we consider the problem of ¢ risk minimization with the

elastic net regularization

(6, 8) = arg rgiﬁnz ¢ (yr, (@ +x18)) + X2|181* + MBI (2.8)
k=1
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In regression analysis, we take

¢ (yk, (0 +x(8)) = ¢ (ye — (0 +x£B)); (2.9)

and for classification we can let ¢

¢ (i, (0 + % B8)) = ¢ (yu(a +x18)) (2.10)

where y is coded as 1 or -1.
It is easy to check that Lemma 2.2 also holds for a general loss function. Furthermore,
we have the following theorem concerning the grouping effect caused by the elastic net

penalty.

Theorem 2.2. Assume that the loss function ¢ is Lipschitz, i.e.,
|o(t1) — d(t2)] < M |ty — to|  for some positive M.
Then ¥ a pair of (i,7), we have
6= Byl < Tl = 5.

The above inequality holds for all Ay > 0.

If the predictors x are centered and normalized, we have

vnM 2(1 - p).

B — B5] < N

where p = cor(x;, X;).

The Lipschitz condition is easily satisfied by many popular loss functions used in prac-
tice. For example, the support vector machine loss is Lipschitz with M = 1. So Theorem 2.2

is actually a very useful result.
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2.2.4 Bayesian connections and the L, penalty

Bridge regression (Frank & Friedman 1993, Fu 1998) has J(8) = (B[ = >}_, 8,17 in
(2.7), which is a generalization of both the lasso (¢ = 1) and ridge (¢ = 2). The bridge

estimator can be viewed as the Bayes posterior mode under the prior

Prq(B) = C(X, q) exp(=AlIB][7)- (2.11)

Ridge regression (¢ = 2) corresponds to a Gaussian prior and the lasso (¢ = 1) a Laplacian

(or double exponential) prior. The elastic net penalty corresponds to a new prior given by

Pra(B) = C(A a) exp(=Aal|B]* + (1 — @)l|B]1)); (2.12)

a compromise between the Gaussian and Laplacian priors. Although bridge with 1 < ¢ < 2
will have many similarities with the elastic net, there is a fundamental difference between
them. The elastic net produces sparse solutions, while the bridge does not. Fan & Li (2001)
prove that in the L, (¢ > 1) penalty family, only the lasso penalty (¢ = 1) can produce a
sparse solution. Bridge (1 < ¢ < 2) always keeps all predictors in the model, as does ridge.
Since automatic variable selection via penalization is a primary objective of this article, L,

(1 < g < 2) penalization is not a candidate.

2.3 Elastic Net

2.3.1 Deficiency of the naive elastic net

As an automatic variable selection method, the naive elastic net overcomes the limitations
of the lasso in scenarios (1) and (2). However, empirical evidence (see Sections 2.4 and 2.5)
shows that the naive elastic net does not perform satisfactorily unless it is very close to
either ridge or the lasso. This is the reason we call it naive.

In the regression prediction setting, an accurate penalization method achieves good

prediction performance through the bias-variance trade-off. The naive elastic net estimator
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is a two-stage procedure: for each fixed Ao we first find the ridge regression coefficients, and
then we do the lasso type shrinkage along the lasso coefficient solution paths. It appears
to incur a double amount of shrinkage. Double shrinkage does not help to reduce the
variances much and introduces unnecessary extra bias, compared with pure lasso or ridge
shrinkage. In the next section we improve the prediction performance of the naive elastic

net by correcting this double-shrinkage.

2.3.2 The elastic net estimate

We follow the notation in Section 2.2.2. Given data (y, X), penalty parameter (A1, A2), and

augmented data (y*,X*), the naive elastic net solves a lasso type problem

Ak

B = g |y - X5+ (2.13)

The elastic net (corrected) estimates @3 are defined by

B (elastic net) = /1 + )\2,3*. (2.14)

Recall that B(naive elastic net) = —L_3", thus

vV 1+)\

B(elastic net) = (1 + X2)B(naive elastic net). (2.15)

Hence the elastic net coeflicient is a rescaled naive elastic net coefficient.

Such a scaling transformation preserves the variable-selection property of the naive
elastic net, and is the simplest way to undo shrinkage. Hence all the good properties of
the naive elastic net described in Section 2.2 hold for the elastic net. Empirically we have
found the elastic net performs very well when compared with the lasso and ridge.

We have another justification for choosing 1 + Ay as the scaling factor. Consider the
exact solution of the naive elastic net when the predictors are orthogonal. The lasso is
known to be minimax optimal (Donoho, Johnstone, Kerkyacharian & Picard 1995) in this

case, which implies the naive elastic net is not optimal. After scaling by 1 4+ Ao, the elastic
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net automatically achieves minimax optimality.
A strong motivation for the (1 + \2) rescaling comes from a decomposition of the ridge

operator. Since the predictors X are standardized, we have

I pi2 - pip

1
XTX =

L pp-1p

1
- - pxp

where p; ; is sample correlation. Ridge estimates with parameter A2 are given by ,@(ridge) =
Ry, with
R = (XTX + \I) X7,

We can rewrite R as

1 P12 . Plp
(I+X2) (I+X2)
1 . .
_ 1 * 1 T
R = 1+)\2R 14+ 1 Pe-lp X" (2'16)
(1+X2)
. 1 -

R* is like the usual OLS operator except the correlations are shrunk by factor ﬁ, which we
call de-correlation. Hence from (2.16) we can interpret the ridge operator as de-correlation
followed by direct scaling shrinkage.

This decomposition suggests that the grouping effect of ridge is caused by the de-
correlation step. When we combine the grouping effect of ridge with the lasso, the direct
1/(1 + A2) shrinkage step is not needed and removed by rescaling. Although ridge requires
1/(1 + A2) shrinkage to effectively control the estimation variance, in our new method, we
can rely on the lasso shrinkage to control the variance and obtain sparsity.

From now on, let ,3 stand for B (elastic net). The next theorem gives another presenta-

tion of the elastic net, in which the de-correlation argument is more explicit.
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Theorem 2.3. Given data (y,X) and (A1, \2), then the elastic net estimates B are given

by
R XTX I
b= argimin o” (#) 8- 2y"XB + M8, (2.17)
It is easy to see that
B(lasso) = arg Hgn BT (XTX)3 — 2yTX3 + A8 (2.18)

Hence Theorem 2.3 interprets the elastic net as a stabilized version of the lasso. Note that

S=X"Xisa sample version of the correlation matrix (X) and ﬂ%}j‘ﬂ =(1- ’y)i +~I

with v = 1 iiz shrinks 3 toward the identity matrix. Together (2.17) and (2.18) say that

rescaling after the elastic net penalization is mathematically equivalent to replacing S with
its shrunk version in the lasso. In linear discriminant analysis, prediction accuracy can often
be improved by replacing ) by a shrunken estimate (Friedman 1989, Hastie, Tibshirani &

Friedman 2001). Likewise we improve the lasso by regularizing S in (2.18).

2.3.3 Connections with univariate soft-thresholding

The lasso is a special case of the elastic net with Ao = 0. The other interesting special case

of the elastic net emerges when Ao — co. By Theorem 2.3, ,B — B(oo) as Ay — 00, where

B(oc) = arg ménﬁTﬁ —2y"XB+ M8l

B(c0) has a simple closed form

B(x); = <}yTxi‘ - %) sgn (yTxi) , 1=1,2,...,p. (2.19)
+

Observe that yTx; is the univariate regression coefficient of the i-th predictor, ,B(oo) are
the estimates by applying soft-thresholding on univariate regression coefficients, thus (2.19)
is called univariate soft-thresholding (UST).

UST totally ignores the dependence among predictors and treats them as independent
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variables. Although this may be considered illegitimate, UST and its variants are used in
other methods such as SAM (Tusher, Tibshirani & Chu 2001) and the nearest shrunken
centroids (NSC) classifier (Tibshirani, Hastie, Narasimhan & Chu 2002), and have shown

good empirical performance. The elastic net naturally bridges the lasso and UST.

2.3.4 Computation: the LARS-EN algorithm

We propose an efficient algorithm called LARS-EN to efficiently solve the elastic net, which
is based on the recently proposed LARS algorithm of Efron, Hastie, Johnstone & Tibshirani
(2004) (referred to as the LAR paper henceforth). In the LAR paper, the authors proved
that starting from zero, the lasso solution paths grow piecewise linearly in a predictable way.
They proposed a new algorithm called LARS to efficiently solve the entire lasso solution
path using the same order of computations as a single OLS fit. The piecewise linearity of
the lasso solution path was first proved by Osborne, Presnell & Turlach (2000), and they
also described an efficient algorithm that calculates the complete lasso solution path. By
Lemma 2.1, for each fixed Ao the elastic net problem is equivalent to a lasso problem on
the augmented data set. So the LARS algorithm can be directly used to efficiently create
the entire elastic net solution path with the computational efforts of a single OLS fit. Note
however, that for p > n, the augmented data set has p +n “observations” and p variables,
which can slow things down a lot.

We further facilitate the computation by taking advantage of the sparse structure of X*,
which is crucial in the p > n case. In detail, as outlined in the LAR paper, at the k-th step
we need to invert the matrix G4, = X*Aj;sz, where A is the active variable set. This is
done efficiently by updating or downdating the Cholesky factorization of G 4, , found at
the previous step. Note that G 4 = ﬁ (XZXA + )\QI) for any index set A, so it amounts
to updating or downdating the Cholesky factorization of szilX A,_, T A2l It turns out
that one can use a simple formula to update the Cholesky factorization of ngilX Apq T+
Aol, which is very similar to the formula used for updating the Cholesky factorization of
sz,lelkq (Golub & Van Loan 1983). The exact same downdating function can be

used for downdating the Cholesky factorization of ngilX 4,_, + A2l In addition, when
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calculating the equiangular vector and the inner products of the non-active predictors with
the current residuals, we can save computations using the simple fact that X; has p — 1
zero elements. In a word, we do not explicitly use X* to compute all the quantities in
the LARS algorithm. It is also economical to only record the non-zero coefficients and the
active variables set at each LARS-EN step.

The LARS-EN algorithm sequentially updates the elastic net fits. In the p > n case,
such as with microarray data, it is not necessary to run the LARS-EN algorithm to the
end (early stopping). Real data and simulated computational experiments show that the
optimal results are achieved at an early stage of the LARS-EN algorithm. If we stop the

algorithm after m steps, then it requires O(m?3 + pm?) operations.

2.3.5 Choice of tuning parameters

We now discuss how to choose the type and value of the tuning parameter in the elastic net.
Although we defined the elastic net using (A1, A2), it is not the only choice as the tuning
parameter. In the lasso, the conventional tuning parameter is the L1 norm of the coefficients
(t) or the fraction of the L; norm (s). By the proportional relation between ,3 and ,[:}*, we
can also use (A2, s) or (Ag,t) to parameterize the elastic net. The advantage of using (A2, s)
is that s is always valued within [0,1]. In the LARS algorithm the lasso is described as
a forward stage-wise additive fitting procedure and shown to be (almost) identical to e-Lg
boosting (Efron, Hastie, Johnstone & Tibshirani 2004). This new view adopts the number
of steps k of the LARS algorithm as a tuning parameter for the lasso. For each fixed Ao, the
elastic net is solved by the LARS-EN algorithm, hence similarly we can use the number of
the LARS-EN steps (k) as the second tuning parameter besides A\o. The above three types
of tuning parameter correspond to three ways to interpret the piece-wise elastic net/lasso
solution paths as shown in Figure 2.3.

There are well-established methods for choosing such tuning parameters (Hastie, Tib-
shirani & Friedman 2001, Chapter 7). If only training data are available, 10-fold cross-
validation is a popular method for estimating the prediction error and comparing different

models, and we use it here. Note that there are two tuning parameters in the elastic net,
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so we need to cross-validate on a 2-dimensional surface. Typically we first pick a (relatively
small) grid of values for Ay, say (0,0.01,0.1,1,10,100). Then for each A2, the LARS-EN
algorithm produces the entire solution path of the elastic net. The other tuning parameter
(A1, s or k) is selected by 10-fold CV. The chosen Ay is the one giving the smallest CV error.

For each A9, the computational cost of 10-fold CV is the same as ten OLS fits. Thus the
2-D CV is computationally thrifty in the usual n > p setting. In the p > n case, the cost
grows linearly with p, and is still manageable. Practically, early stopping is used to ease
the computational burden. For example, suppose n = 30 and p = 5000, if we do not want
more than 200 variables in the final model, we may stop the LARS-EN algorithm after 500
steps and only consider the best k£ within 500.

From now on we drop the subscript of Ag if s or k is the other parameter.

2.4 Prostate Cancer Example.

The data in this example come from a study of prostate cancer (Stamey, Kabalin, Mcneal,
Johnstone, Redwine & Yang 1989). The predictors are eight clinical measures: log cancer
volume (lcavol), log prostate weight (lweight), age, log of the amount of benign prostatic
hyperplasia (Ibph), seminal vesicle invasion (svi), log capsular penetration (lcp), Gleason
score (gleason) and percentage Gleason score 4 or 5 (pgg45). The response is the log of
prostate specific antigen (Ipsa).

OLS, ridge regression, the lasso, the naive elastic net, and the elastic net were all
applied to these data. The prostate cancer data were divided into two parts: a training
set with 67 observations, and a test set with 30 observations. Model fitting and tuning
parameter selection by 10-fold cross-validation were carried out on the training data. We
then compared the performance of those methods by computing their prediction mean
squared error on the test data.

Table 2.4 clearly shows the elastic net as the winner among all competitors in terms of
both prediction accuracy and sparsity. OLS is the worst method. The naive elastic net is

identical to ridge regression in this example and fails to do variable selection. The lasso
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Table 2.1: Prostate cancer data: comparing different methods

Method Parameter(s) Test MSE ~ Variables Selected
OLS 0.586 (0.184) all
Ridge A=1 0.566 (0.188) all
Lasso s =0.39 0.499 (0.161) (1,2,4,5.,8)
Naive elastic net A=1,s=1 0.566 (0.188) all
Elastic net A =1000,s =0.26 0.381 (0.105) (1,2,5,6,8)

includes lcavol, Iweight 1bph, svi, and pgg4b in the final model, while the elastic net selects
lcavol, lweight, svi, lcp, and pggd5. The prediction error of the elastic net is about 24 percent
lower than that of the lasso. We also see in this case that the elastic net is actually UST,
because the selected A is very big (1000). This can be considered as a piece of empirical
evidence supporting UST. Figure 2.3 displays the lasso and the elastic net solution paths.

If we check the correlation matrix of these eight predictors, we see there are a number
of medium correlations, although the highest is 0.76 (between pgg45 and gleason). We have
seen that the elastic net dominates the lasso by a good margin. In other words, the lasso
is hurt by the high correlation. We conjecture that whenever ridge improves on OLS, the
elastic net will improve the lasso. We demonstrate this point by simulations in the next

section.

2.5 A Simulation Study

The purpose of this simulation is to show that the elastic net not only dominates the lasso
in terms of prediction accuracy, but also is a better variable selection procedure than the

lasso. We simulate data from the true model
y=XB+o0e, €~ N(0,1).

Four examples are presented here. The first three examples were used in the original lasso
paper (Tibshirani 1996), to systematically compare the prediction performance of the lasso

and ridge regression. The fourth example creates a “grouped variable” situation.
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Figure 2.3: The left panel shows the lasso estimates as a function of s, and the right panel shows the
elastic net estimates as a function of s. Both of them are piecewise linear, which is a key property
of our efficient algorithm. The solution paths also show the elastic met is identical to univariate
soft-thresholding in this example. In both plots the vertical dotted line indicates the selected final

model.
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Within each example, our simulated data consists of a training set, an independent
validation set, and an independent test set. Models were fitted on training data only, and
the validation data were used to select the tuning parameters. We computed the test error
(mean squared error) on the test data set. We use the notation -/- /- to describe the number
of observations in the training, validation and test set respectively; e.g. 20/20/200. Here

are the details of the four scenarios.

Example 1: We simulated 50 data sets consisting of 20/20/200 observations and 8 predic-
tors. We let B8 = (3,1.5,0,0,2,0,0,0) and o = 3. The pairwise correlation between

x; and x; was set to be cor(7,j) = (0.5)‘i_j|.
Example 2: Same as example 1, except 3; = 0.85 for all j.

Example 3: We simulated 50 data sets consisting of 100/100/400 observations and 40

predictors. We set 8 = (0,...,0,2,...,2,0,...,0,2,...,2) and o = 15; cor(4,5) = 0.5
—— —— Y Y

o 10 10 10 10
for all 4, j.

Example 4: We simulated 50 data sets consisting of 50/50/400 observations and 40 pre-

dictors. We chose 3 = (3,...,3,0,...,0) and o = 15. The predictors X are generated
15 25

as the follows:
XZ':Zl—FEix, er\/]\f((),l)7 '[::1’...,5’
X;=Zo+e€, Zy~N(0,1), i=6,---,10,
x;=2Z3+€, Z3~N(0,1), i=11,--- 15,

x; ~N(0,1), x; iid.  i=16,...,40,

where € are independent identically distributed (i.i.d.) N(0,0.01), ¢ =1,...,15. In
this model, we have three equally important groups, and within each group there are
five members. There are also 25 pure noise features. An ideal method would only

select the 15 true features and set the coefficients of the 25 noise features to 0.
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Table 2.2: Median MSE for the simulated examples and four methods based on 50 replications. The
numbers in parentheses are the corresponding standard errors (of the medians) estimated using the
bootstrap with B = 500 resamplings on the fifty MSEs.

Method Er.1 Ezr.2 Ezr.3 Ez.j
Lasso 3.06 (0.31) 3.87 (0.38) 65.0 (2.82) 46.6 (3.96)
Elastic net  2.51 (0.29) 3.16 (0.27) 56.6 (1.75) 34.5 (1.64)
Ridge 4.49 (0.46) 2.84 (0.27) 39.5 (1.80) 64.5 (4.78)
Naive elastic net 5.70 (0.41) 2.73 (0.23) 41.0 (2.13) 45.9 (3.72)

Table 2.3: Median number of non-zero coefficients

Method Ex.1 FEr.2 FEz.3 Fx.4
Lasso 5 6 24 11
Elastic net 6 7 27 16

Table 2.5 and Figure 2.4 (Box-plots) summarize the prediction results. First we see that
the naive elastic net either has very poor performance (in example 1) or behaves almost
identical to either ridge regression (in example 2 and 3) or the lasso (in example 4). In all
examples, the elastic net is significantly more accurate than the lasso, even when the lasso
is doing much better than ridge. The reductions of the prediction error in the four examples
are 18%, 18%, 13% and 27%, respectively. The simulation results indicate that the elastic
net dominates the lasso under collinearity.

Table 2.5 shows that the elastic net produces sparse solutions. The elastic net tends to
select more variables than the lasso does, due to the grouping effect. In example 4 where
grouped selection is required, the elastic net behaves like the “oracle”. The additional
“grouped selection” ability makes the elastic net a better variable selection method than
the lasso.

Here is an idealized example showing the important differences between the elastic net
and the lasso. Let Z; and Z3 be two independent U(0,20) variables. The response y is
generated as N(Z; + 0.1 Z,,1). Suppose we only observe

X1 =21+€, Xo=—Z1+€, X3=21+e€s,

X4 = ZJo+ €4, X5=—Ldo+e5, Xg= Ly + €,
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Figure 2.4: Comparing prediction accuracy of the lasso, the elastic net (Enet), ridge and the naive
elastic net (NEnet). The elastic net outperforms the lasso in all four examples.
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where ¢; are i.i.d. N(0, 1—16) One hundred observations were generated from this model.
The variables x1, X2, x3 form a group whose underlying factor is Z1, and x4, x5,Xg form a
second group whose underlying factor is Z5. The within group correlations are almost 1 and
the between group correlations are almost 0. An “oracle” would identify the Z; group as
the important variates. Figure 2.5 compares the solution paths of the lasso and the elastic

net.

Lasso Elastic Net A = 0.5

40
40

Standardized Coefficients
Standardized Coefficients

-20
1
-20
1

T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

s = |beta|/max|betal s = |beta| /max|betal

Figure 2.5: The left and right panel show the lasso and the elastic net (Ao = 0.5) solution paths
respectively. The lasso paths are unstable and the plot does not reveal any correlation information
by itself. In contrast, the elastic net has much smoother solution paths, while clearly showing the
“grouped selection”: x1,X2,X3 are in one “significant” group and xX4,X5,Xg are in the other “trivial”
group. The de-correlation yields grouping effect and stabilizes the lasso solution.
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2.6 Microarray Classification and Gene Selection

A typical microarray data set has thousands of genes and less than 100 samples. Because
of the unique structure of the microarray data, we feel a good classification method should

have the following properties:
1. Gene selection should be built into the procedure.
2. It should not be limited by the fact that p > n.

3. For those genes sharing the same biological “pathway”, it should be able to automat-

ically include whole groups into the model once one gene among them is selected.

From published results in this domain, it appears that many classifiers achieve similar
low classification error rates. But many of these methods do not select genes in a satisfactory
way. Most of the popular classifiers fail with respect to at least one of the above properties.
The lasso is good at (1) but fails both (2) and (3). The support vector machine (SVM)
(Guyon, Weston, Barnhill & Vapnik 2002) and penalized logistic regression (PLR) (Zhu &
Hastie 2004) are very successful classifiers, but they cannot do gene selection automatically
and both use either univariate ranking (UR) (Golub, Slonim, Tamayo, Huard, Gaasenbeek,
Mesirov, Coller, Loh, Downing & Caligiuri 1999) or recursive feature elimination (RFE)
(Guyon, Weston, Barnhill & Vapnik 2002) to reduce the number of genes in the final model.

As an automatic variable selection method, the elastic net naturally overcomes the
difficulty of p > n and has the ability to do “grouped selection”. We use the leukemia data
to illustrate the elastic net classifier.

The leukemia data consist of 7129 genes and 72 samples (Golub, Slonim, Tamayo, Huard,
Gaasenbeek, Mesirov, Coller, Loh, Downing & Caligiuri 1999). In the training data set,
there are 38 samples, among which 27 are type 1 leukemia (ALL) and 11 are type 2 leukemia
(AML). The goal is to construct a diagnostic rule based on the expression level of those
7219 genes to predict the type of leukemia. The remaining 34 samples are used to test
the prediction accuracy of the diagnostic rule. To apply the elastic net, we first coded the

type of leukemia as a 0-1 response y. The classification function is I(fitted value > 0.5),
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Table 2.4: Summary of leukemia classification results

Method 10-fold C'V error Test error No. of genes
Golub 3/38 4/34 50
SVM RFE 2/38 1/34 31
PLR RFE 2/38 1/34 26
NSC 2/38 2/34 21
Elastic Net 3/38 0/34 45

where I(-) is the indicator function. We used 10-fold cross-validation to select the tuning
parameters.

We used pre-screening to make the computation more manageable. Each time a model
is fit, we first select the 1000 most “significant” genes as the predictors, according to their
t-statistic scores (Tibshirani, Hastie, Narasimhan & Chu 2002). Note that this screening
is done separately in each training fold in the cross-validation. In practice, this screening
does not affect the results, because we stop the elastic net path relatively early, at a stage
when the screened variables are unlikely to be in the model.

All the pre-screening, fitting and tuning were done only using the training set and the
classification error is evaluated on the test data.

We stopped the LARS-EN algorithm after 200 steps. As can be seen from Figure 2.6,
using the number of steps k in the LARS-EN algorithm as the tuning parameter, the elastic
net classifier (A = 0.01, 5k = 82) gives 10-fold CV error 3/38 and the test error 0/34 with
45 genes selected. Figure 2.7 displays the elastic net solution paths and the gene selection
results. Table 2.6 compares the elastic net with several competitors including Golubs’
method, the support vector machine (SVM), penalized logistic regression (PLR), nearest
shrunken centroid (NSC) (Tibshirani, Hastie, Narasimhan & Chu 2002). The elastic net

gives the best classification, and it has an internal gene selection facility.

2.7 Summary

We have proposed the elastic net, a novel shrinkage and selection method. The elastic net

produces a sparse model with good prediction accuracy, while encouraging a grouping effect.



CHAPTER 2. THE ELASTIC NET 29

Leukemia classification: early stopping at 200 steps
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Figure 2.6: Leukemia classification and gene selection by the elastic net(\ = 0.01). The early
stopping strategy (upper plot) finds the optimal classifier with much less computational cost than the
lower. With early stopping, the number of steps is much more convenient than s, the fraction of L
norm, since computing s depends on the fit at the last step of the LARS-EN algorithm. The actual
values of s are not available in 10-fold cross-validation if the LARS-EN algorithm is stopped early.
On the training set, steps=200 is equivalent to s = 0.50, indicated by the broken vertical line in the
lower plot.
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Figure 2.7: Leukemia data: the elastic net coefficients paths (up to k = 100). The labels on the
top indicate the number of nonzero coefficients (selected genes) at each step. The optimal elastic net
model is given by the fit at step eighty-two with 45 selected genes. Note that the size of training set
is 38, so the lasso can at most select 38 genes. In contrast, the elastic net selected more than 38
genes, not limited by the sample size. X = 0.01 is chosen by 10-fold CV. If a bigger X is used, the
grouping effect will be stronger.
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The empirical results and simulations demonstrate the good performance of the elastic net
and its superiority over the lasso. When used as a (two-class) classification method, the
elastic net appears to perform well on microarray data in terms of misclassification error,
and it does automatic gene selection.

We view the elastic net as a generalization of the lasso, which has been shown to be a
valuable tool for model fitting and feature extraction. Recently the lasso was used to explain
the success of boosting: boosting performs a high-dimensional lasso without explicitly using
the lasso penalty (Hastie, Tibshirani & Friedman 2001, Friedman, Hastie, Rosset, Tibshirani

& Zhu 2004). Our results offer other insights into the lasso, and ways to improve it.

2.8 Proofs of Lemma 2.2 and Theorems 2.1-2.3

Proof of Lemma 2.2. Part (1): Fix A > 0. If B; =+ Bj, let us consider B* as follows

) Bre if k£iand k # j

Because x; = X, it is obvious that X3 = X, thus |ly — X8'||2 = |ly — X8> However,
J(+) is strictly convex, so we have J (B*> <J (,3) Therefore 3 cannot be the minimizer
of (2.7), a contradiction. So we must have ﬁ, = Bj-

Part (2): It ﬂ}ﬁ} < 0, consider the same B* again. We see ||B*H1 < ||BH1, so 3 cannot
be a lasso solution. The rest can be directly verified by the definition of the lasso, thus

omitted. O

Proof of Theorem 2.1. If B; (A1, A\2) Bj (A1, A2) > 0, then both B; (A1, A2) and Bj (A1, A2) are
non-zero, we have sgn (Bz (A1, )\2)> = sgn (BJ (A1, Ag)). Because of (2.4), 3 (A1, \2) satisfies

OL (A1, X2, B)

=0 if Bk (A, \a) £ 0. 2.20
a0, '523(/\1)\2) if B (A1, A2) # (2.20)
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Hence we have

—2x] (y — XB (M, >\2)> + Msgn (ﬂ (A1, )\2)) F 0B (A, A) =0, (2.21)
~ox? (y = XA (O, 2a) )+ dusen (5 (O Aa)) + 20 (A, ha) =0, (2.22)

Subtracting (2.21) from (2.22) gives
(x; —x7) (y —XB (A1, )\2)) + X2 (Bz (A, A2) — B (1, )\2)) =0,
which is equivalent to

Bi (M, A2) = Bj (A1, \o) = Aiz(xiT —x1)7 (A1, A2) (2.23)

where 7 (A1, \2) = y — x83 (A1, Ag) is the residual vector. Since X are standardized, ||x; —

x]|? = 2(1 — p) where p = x!'x;. By (2.4) we must have

L (/\1,)\275 (A1, /\2)> < LA, A, 8=0),
e, [ (A1, A2) |12+ X2l B (A, A2) |12+ M |18 (M, A2) |1 < Iyl

So |7 (A1, A2) || < |ly||- Then (2.23) implies

- L |7 (A1, A2 1
D)\1,>\2(Z7]) < MH()HHXZ'—X]'H < )\—2 2(1_[))'

Iyl

O

Proof of Theorem 2.2. We denote C(a,8) = S.7_; ¢ (ye(a+ x5 8)) + X2|B]1> + M |8])1.

Consider another estimates with &* = & and

. %(B,-Jrﬁj) ifk=1iorj

Br =19
O otherwise
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By definition, C(d*,,é*) > C(&,3). Hence we have

A

33

57 [0 (o (@ 4 xT8)) & (s (64 X)) ] + 32 [I5°12 = 1B17] -+ [0 — 1B1] = 0
k=1

On the other hand, we know that

1B =18l = |8+ 13:] = 13:] — 1541
= |5Ai+ﬁj|_|@i|_|ﬁj‘

< 0

18717 = 1817 = 187 +16;1* = |6l — 18,1
18- B4
2

M=

6 (v (@ +x0B") = o (v (@ + xTB) )|

i
I

NE

’cb (yka (& + Xfﬁ*)) - ¢ (l/kn (& + X{B)) ‘

£
Il
—

M=

M@ +x[B7) — (a+x]B)

i
I

LA ACEC)]
k=1

— ZM (Xki — XkJ)%(Bi — B;)
k=1

lIxi — x;ll1]8: — Byl

|

where inequality (2.27) uses the Lipschitz assumption. Together (2.24), (2.25),

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.26) and
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(2.28) imply that
M % 2 A A% A
0< 7‘|Xi_xj||1|ﬁi—ﬁj|_§|ﬁi - B3 (2.29)

Thus the first inequality in Theorem 2.2 is obtained by rearranging (2.29). For the second

inequality, we simply use the inequality ||x; — x;|l1 < v/ny/||xi — ;2 = vny/2(1 — p).
U

Proof of Theorem 2.3. Let B be the elastic net estimates. By definition and (2.13) we have

A . * * /3 2 )‘1 B
= argmin - X +
B = wgminlly’ ~ X" ol ol
X*TX* y*TX* )\1 |B|
. T *T' % 1
= -2 . 2.30
argrrgnﬁ <1+A2)6 T Y Y T, (2.30)

Substituting the identities

XTX + A yI'X
X*TX* _ *TX* _ , W ox T
<71+/\2 .y g Y Y Yy

into (2.30), we have

A . 1 T XTX+)\QI T T
_ 2 AT oyTXB 4+ N
g argngnHAQ( ( 2 )ﬂ yIXB+ MBI ) + 37y
XX 1
_ argngnﬁT (1532) B —2y"XB+ M |8l



Chapter 3

Sparse Principal Component

Analysis

Principal component analysis (PCA) is widely used in data processing and dimensionality
reduction. However, PCA suffers from the fact that each principal component is a linear
combination of all the original variables, thus it is often difficult to interpret the results.
In this Chapter we introduce a new method called sparse principal component analysis
(SPCA) using the lasso (elastic net) to produce modified principal components with sparse
loadings. We first show that PCA can be formulated as a regression-type optimization
problem; sparse loadings are then obtained by imposing the lasso (elastic net) constraint
on the regression coefficients. Efficient algorithms are proposed to fit our SPCA models
for both regular multivariate data and gene expression arrays. We also give a new formula
to compute the total variance of modified principal components. As illustrations, SPCA is

applied to real and simulated data with encouraging results.

3.1 Background

Principal component analysis (PCA) (Jolliffe 1986) is a popular data processing and dimen-

sion reduction technique, with numerous applications in engineering, biological and social

35
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science. Some interesting examples include handwritten zip code classification (Hastie, Tib-
shirani & Friedman 2001) and human face recognition (Hancock, Burton & Bruce 1996). Re-
cently PCA has been used in gene expression data analysis (Alter, Brown & Botstein 2000).
Hastie, Tibshirani, Eisen, Brown, Ross, Scherf, Weinstein, Alizadeh, Staudt & Botstein
(2000) proposed the so-called Gene Shaving techniques using PCA to cluster highly vari-
able and coherent genes in microarray data sets.

PCA seeks the linear combinations of the original variables such that the derived vari-
ables capture maximal variance. PCA can be computed via the singular value decomposi-
tion (SVD) of the data matrix. In detail, let the data X be a n x p matrix, where n and p
are the number of observations and the number of variables, respectively. Without loss of

generality, assume the column means of X are all 0. Let the SVD of X be
X = UDVT. (3.1)

Z = UD are the principal components (PCs), and the columns of V are the corresponding
loadings of the principal components. The sample variance of the i-th PC is D%i /n. In
gene expression data the standardized PCs U are called the eigen-arrays and V are the
eigen-genes (Alter, Brown & Botstein 2000). Usually the first ¢ (¢ < min(n,p)) PCs are
chosen to represent the data, thus a great dimensionality reduction is achieved.

The success of PCA is due to the following two important optimal properties:

1. principal components sequentially capture the maximum variability among the columns

of X, thus guaranteeing minimal information loss;

2. principal components are uncorrelated, so we can talk about one principal component

without referring to others.

However, PCA also has an obvious drawback, i.e., each PC is a linear combination of all p
variables and the loadings are typically nonzero. This makes it often difficult to interpret
the derived PCs. Rotation techniques are commonly used to help practitioners to interpret

principal components (Jolliffe 1995). Vines (2000) considered simple principal components
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by restricting the loadings to take values from a small set of allowable integers such as 0, 1
and -1.

We feel it is desirable not only to achieve the dimensionality reduction but also to reduce
the number of explicitly used variables. An ad hoc way to achieve this is to artificially set the
loadings with absolute values smaller than a threshold to zero. This informal thresholding
approach is frequently used in practice, but can be potentially misleading in various respects
(Cadima & Jolliffe 1995). McCabe (1984) presented an alternative to PCA which found a
subset of principal variables. Jolliffe, Trendafilov & Uddin (2003) introduced SCoTLASS
to get modified principal components with possible zero loadings.

The same interpretation issues arise in multiple linear regression, where the response
is predicted by a linear combination of the predictors. Interpretable models are obtained
via variable selection. The lasso (Tibshirani 1996) is a promising variable selection tech-
nique, simultaneously producing accurate and sparse models. The elastic net introduced
in Chapter 2 has some advantages over the lasso. In this Chapter we introduce a new ap-
proach for estimating PCs with sparse loadings, which we call sparse principal component
analysis (SPCA). SPCA is built on the fact that PCA can be written as a regression-type
optimization problem, with a quadratic penalty; the lasso penalty (via the elastic net) can
then be directly integrated into the regression criterion, leading to a modified PCA with
sparse loadings.

The methodological details of SPCA are presented in Section 3.2. We present an ef-
ficient algorithm for fitting the SPCA model. We also derive an appropriate expression
for representing the variance explained by modified principal components. In Section 3.3
we consider a special case of the SPCA algorithm for handling gene expression arrays effi-
ciently. The proposed methodology is illustrated by using real data and simulation examples

in Section 3.4. Section 3.6 contains proofs of Theorems supporting the SPCA methodology.
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3.2 Motivation and Details of SPCA

In both lasso and elastic net, the sparse coeflicients are a direct consequence of the Lj
penalty, and do not depend on the squared error loss function. Jolliffe, Trendafilov &
Uddin (2003) proposed SCoTLASS, an interesting procedure that obtains sparse loadings
by directly imposing an L; constraint on PCA. SCoTLASS successively maximizes the
variance

at (XTX)ay (3:2)

subject to

atar=1 and (for k>2) alay=0, h<k; (3.3)

and the extra constraints

p
> largl <t (3.4)
j=1

for some tuning parameter t. Although sufficiently small ¢ yields some exact zero loadings,
there is not much guidance with SCoTLASS in choosing an appropriate value for ¢. One
could try several t values, but the high computational cost of SCOTLASS makes this an
impractical solution. This high computational cost is probably due to the fact that SCoT-
LASS is not a convex optimization problem. Moreover, the examples in Jolliffe, Trendafilov
& Uddin (2003) show that the loadings obtained by SCoTLASS are not sparse enough when
one requires a high percentage of explained variance.

We consider a different approach to modifying PCA. We first show how PCA can be
recast exactly in terms of (ridge) regression problem. We then introduce the lasso penalty

by changing this ridge regression to an elastic-net regression.

3.2.1 Direct sparse approximations

We first discuss a simple regression approach to PCA. Observe that each PC is a linear
combination of the p variables, thus its loadings can be recovered by regressing the PC on

the p variables.
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Theorem 3.1. For each i, denote by Z; = U;Dy; the i-th principal component. Consider

a positive X\ and the ridge estimates Bridge given by

Bridge = argﬁmin 1Z; — X3|1% + || 8]12. (3.5)

Let & = 2idee yhon o = V.
”/Gridge”

The theme of this simple theorem is to show the connection between PCA and a re-
gression method. Regressing PCs on variables was discussed in Cadima & Jolliffe (1995),
where they focused on approximating PCs by a subset of k£ variables. We extend it to a
more general case of ridge regression in order to handle all kinds of data, especially gene
expression data. Obviously, when n > p and X is a full rank matrix, the theorem does
not require a positive A. Note that if p > n and A = 0, ordinary multiple regression has
no unique solution that is exactly V;. The same happens when n > p and X is not a full
rank matrix. However, PCA always gives a unique solution in all situations. As shown in
Theorem 3.1, this indeterminancy is eliminated by the positive ridge penalty (\||3||?). Note
that after normalization the coefficients are independent of A, therefore the ridge penalty is
not used to penalize the regression coefficients but to ensure the reconstruction of principal
components.

Now let us add the L; penalty to (3.5) and consider the following optimization problem

B:argﬁminHZi = XB[ + MBI+ A1, (3.6)

where ||5]]1 = ?:1 |3;] is the 1-norm of 5. We call Vi = an approximation to V;, and

B
R I8l
XV; the i-th approximated principal component. In Chapter 2 we call (3.6) naive elastic
net which differs from the elastic net by a scaling factor (1 + ). Since we are using the
normalized fitted coefficients, the scaling factor does not affect 1//\; Clearly, large enough \;
gives a sparse /3, hence a sparse XA/Z Given a fixed A, (3.6) is efficiently solved for all A\; by
using the LARS-EN algorithm. Thus we can flexibly choose a sparse approximation to the

i-th principal component.
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3.2.2 Sparse principal components based on the SPCA criterion

Theorem 1 depends on the results of PCA, so it is not a genuine alternative. However, it
can be used in a two-stage exploratory analysis: first perform PCA, then use (3.6) to find
suitable sparse approximations.

We now present a “self-contained” regression-type criterion to derive PCs. Let x; denote

the i-th row vector of the matrix X. We first consider the leading principal component.

Theorem 3.2. For any A > 0, let

(@,8) = argmin»_[Ix; — af x> + || (3.7)

B i

subject to  ||a||? = 1.

Then B x V.
The next theorem extends Theorem 3.2 to derive the whole sequence of PCs.

Theorem 3.3. Suppose we are considering the first k principal components. Let Ap,yj =

(a1, o] and Bpxy, = [61,- -+, Bi). For any A >0, let

n k
(A,B) = argmin) _[xi — AB x> + A [|8;I° (3.8)
AB 5 =1
subject to ATA = Tk

Thenﬁjm\/jforjzl,l...,k.

Theorems 3.2 and 3.3 effectively transform the PCA problem to a regression-type prob-
lem. The critical element is the objective function Y7, [|x; — ABTx;||?. If we restrict
B = A, then

n n
D lxi— AB X7 =) |lxi — AATx 1%,
=1 =1

whose minimizer under the orthonormal constraint on A is exactly the first k loading vectors

of ordinary PCA. This formulation arises in the “closest approximating linear manifold”
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derivation of PCA (Hastie, Tibshirani & Friedman 2001, for example). Theorem 3.3 shows
that we can still have exact PCA while relaxing the restriction B = A and adding the ridge
penalty term. As can be seen later, these generalizations enable us to flexibly modify PCA.

The proofs of Theorems 3.2 and 3.3 are given in the appendix; here we give an intuitive

explanation. Note that

n
> llxi — ABTx|” = | X — XBAT||? (3.9)

=1

Since A is orthonomal, let A; be any orthonormal matrix such that [A;A ] is p X p

orthonormal. Then we have

|X - XBAT|? = ||XA.|?+ XA -XB|? (3.10)
k

= HXALHZJrZHXaj - XB|? (3.11)
j=1

Suppose A is given, then the optimal B minimizing (3.8) should minimize

k
argBminZ{HXaj — X551 + AlIBi 1%} (3.12)

j=1
which is equivalent to k£ independent ridge regression problems. In particular, if A corre-
sponds to the ordinary PCs, i.e., A =V, then by Theorem 1, we know that B should be
proportional to V. Actually, the above view points out an effective algorithm for solving
(3.8), which is revisited in the next section.
We carry on the connection between PCA and regression, and use the lasso approach

to produce sparse loadings (“regression coefficients”). For that purpose, we add the lasso
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penalty into the criterion (3.8) and consider the following optimization problem

n

k k
(A,B) = ar%%linz Ixi = AB x> + A 18117 + D Ml
Bim j=1 j=1

Billx

(3.13)

subject to ATA = 1.

Whereas the same A is used for all k& components, different Aq js are allowed for penalizing
the loadings of different principal components. Again, if p > n, a positive A is required in
order to get exact PCA when the sparsity constraint (the lasso penalty) vanishes (A1 ; = 0).
We call (3.13) the SPCA criterion hereafter.

3.2.3 Numerical solution

We propose an alternating algorithm to minimize the SPCA criterion (3.13).

B given A: For each j, let Y = Xa;. By the same analysis used in (3.10)-(3.12), we

know that B = [Bl, e ,Bk}, where each Bj is an elastic net estimate

Bj = argﬂmin 1Y} = XB5112 + AlBi 1> + Al 311 (3.14)

J

A given B: On the other hand, if B is fixed, then we can ignore the penalty part in
(3.13) and only try to minimize Y 1, ||x; — ABTx;|? = |X — XBAT||?, subject to
ATA = I,,.. The solution is obtained by a reduced rank form of the Procrustes

rotation, given in Theorem 3.4 below. We compute the SVD
(XTX)B = UDVT, (3.15)

and set A = UVT,

Theorem 3.4 (Reduced Rank Procrustes Rotation). Let M,,x, and N,y be two
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matrices. Consider the constrained minimization problem
A = arg min IM - NAT |2 subject to ATA = Tipp. (3.16)
A

Suppose the SVD of MTN is UDVT, then A=UVT,

The usual Procrustes rotation (Mardia, Kent & Bibby 1979, for example) has N the
same size as M.
It is worth pointing out that to solve (3.14), we only need to know the Gram matrix

XTX, because

1Y = XB511% + MIBi 1% + Al 65l

= (aj — B;) T XX (j — B;) + MIB5112 + w1851l (3.17)

The same is true of (3.15).

Now %XTX is the sample covariance matrix of X. Therefore if 3, the covariance matrix
of X, is known, we can replace X7 X with ¥ in (3.17) and have a population version of
SPCA. If X is standardized beforehand, then we use the (sample) correlation matrix, which
is preferred when the scales of the variables are different.

Although (3.17) (with X instead of X7 X) is not quite an elastic net problem, we can

easily turn it into one. Create the artificial response Y** and X** as follows
1 1
Y* =32a; X =232, (3.18)
then it is easy to check that
B; = arg min [[¥"** - X761+ AllBIZ + Al (3.19)

Algorithm 3.2.1 summarizes the steps of our SPCA procedure outlined above.

Some remarks:

1. Empirical evidence suggests that the output of the above algorithm does not change
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Algorithm 3.2.1 General SPCA Algorithm

1.

2.

Let A start at V[, 1 : k], the loadings of the first k£ ordinary principal components.

Given a fixed A = [ag, -+ ,ag], solve the following elastic net problem for j =
1,2,...,k

Bj = argﬁmin(%‘ = B)"XTX(aj = ) + MBI + AusllBlh
For a fixed B = [31,---, k], compute the SVD of X"XB = UDVY, then update

A=UVT,

. Repeat steps 2—3, until convergence.

. Normalization: ‘7] = B 1,...,k.

maj

much as A is varied. For n > p data, the default choice of A can be zero. Practically A
is chosen to be a small positive number to overcome potential collinearity problems in
X. Section 3.3 discusses the default choice of A for data with thousands of variables,

such as gene expression arrays.

. In principle, we can try several combinations of {A;;} to figure out a good choice

of the tuning parameters, since the above algorithm converges quite fast. There is a
shortcut provided by the direct sparse approximation (3.6). The LARS-EN algorithm
efficiently delivers a whole sequence of sparse approximations for each PC and the
corresponding values of A1 ;. Hence we can pick a A1 ; that gives a good compromise
between variance and sparsity. When facing the variance-sparsity trade-off, we let

variance have a higher priority.

3.2.4 Adjusted total variance

The ordinary principal components are uncorrelated and their loadings are orthogonal. Let

S =

XTX, then VIV = I, and VISV is diagonal. It is easy to check that it is only

for ordinary principal components the the loadings can satisfy both conditions. In Jolliffe,

Trendafilov & Uddin (2003) the loadings were forced to be orthogonal, so the uncorrelated

property was sacrificed. SPCA does not explicitly impose the uncorrelated components
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condition neither.

Let Z be the modified PCs. Usually the total variance explained by Z is calculated
by Tr(zTi). This is reasonable when Z are uncorrelated. However, if they are correlated,
Tr(zTZ) is too optimistic for representing the total variance. Suppose (Zz,z =1,2,...,k)
are the first k£ modified PCs by any method, and the (k+1)-th modified PC Zk+1 is obtained.
We want to compute the total variance explained by the first £ + 1 modified PCs, which
should be the sum of the explained variance by the first £ modified PCs and the additional

variance from Zk+1- If Zk+1 is correlated with (Zz,z =1,2,...,k), then its variance contains
contributions from (Z,z =1,2,...,k), which should not be included into the total variance

given the presence of (ZZ,Z =1,2,...,k).

Here we propose a new formula to compute the total variance explained by 2, which
takes into account the correlations among Z. We use regression projection to remove the
linear dependence between correlated components. Denote Zj.ly_,_,j_l the residual after

adjusting Zj for Zl, e Zj_l, that is

Zia,.j1=2Zj—Hi, 17, (3.20)

where H; ;1 is the projection matrix on {Zl}{_l Then the adjusted variance of Zj is
HZAj.Lm’j_lHQ, and the total explained variance is defined as 2?21 HZj'l,...,j—IHZ- When the
modified PCs Z are uncorrelated, the new formula agrees with Tr(Z7Z).

Note that the above computations depend on the order of Z;. However, since we have a
natural order in PCA, ordering is not an issue here. Using the QR decomposition, we can
easily compute the adjusted variance. Suppose 7= QR, where Q is orthonormal and R is

upper triangular. Then it is straightforward to see that
5 2 2
1Zj1,...5-111" = Rj;. (3.21)

Hence the explained total variance is equal to E?Zl R?j'
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3.2.5 Computation complexity

PCA is computationally efficient for both n > p or p > n data. We separately discuss the
computational cost of the general SPCA algorithm for n > p and p > n.

1. n > p. Traditional multivariate data fit in this category. Note that although the
SPCA criterion is defined using X, it only depends on X via X7X. A trick is to first
compute the p X p matrix S = X7X once for all, which requires np? operations. Then
the same 3 is used at each step within the loop. Computing X7 X3 costs p?k and the
SVD of XTXp is of order O(pk?). Each elastic net solution requires at most O(p®)
operations. Since k < p, the total computation cost is at most np? + mO(p3), where
m is the number of iterations before convergence. Therefore the SPCA algorithm is

able to efficiently handle data with huge n, as long as p is small (say p < 100).

2. p> n. Gene expression arrays are typical examples in this p > n category. The trick
of using 3 isno longer applicable, because Sisa huge matrix (p X p) in this case. The
most consuming step is solving each elastic net, whose cost is of order O(pn.J + J3) for
a positive finite A\, where J is the number of nonzero coefficients. Generally speaking
the total cost is of order mkO(pJn + J3), which can be expensive for large J and p.
Fortunately, as shown in the next section, there exists a special SPCA algorithm for

efficiently dealing with p > n data.

3.3 SPCA for p > n and Gene Expression Arrays

For gene expression arrays the number of variables (genes) is typically much bigger than the
number of samples (e.g n = 10,000, p = 100). Our general SPCA algorithm still fits this
situation using a positive A. However the computational cost is expensive when requiring
a large number of nonzero loadings. It is desirable to simplify the general SPCA algorithm
to boost the computation.

Observe that Theorem 3 is valid for all A > 0, so in principle we can use any positive

A. It turns out that a thrifty solution emerges if A — oco. Precisely, we have the following
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theorem.

Theorem 3.5. Let ‘//\}()\) = Hg

Let (K,ﬁ) be the solution of the optimization problem

f|| (7 =1,...,k) be the loadings derived from criterion (3.13).
J

s )}

k k
) = argmin—2Tr (ATX'XB) + 51" +> Mglglh  (3:22)

(A,
j=1 J=1
subject to ATA =1,

When A — o0, Vj(A) — ”giH.
J

We can use the same alternating algorithm in Section 3.2.3 to solve (3.22), where we
only need to replace the general elastic net problem with its special case (A = c0). Note
that given A,

fj = arg min —2a] (X"X)8; + [|8;]1* + A4

Bj

Bjllx, (3.23)

which has an explicit form solution given in (3.24).
Gene Expression Arrays SPCA Algorithm
Replacing step 2 in the general SPCA algorithm with
Step 2*: for j =1,2,....k

B = (}a;‘-rXTX‘ — %)+ Sign(a?XTX). (3.24)

The operation in (3.24) is called soft-thresholding. Figure 3.1 gives an illustration of
how the soft-thresholding rule operates. Recently soft-thresholding has become increasingly
popular in the literature. For example, nearest shrunken centroids (Tibshirani, Hastie,
Narasimhan & Chu 2002) adopts the soft-thresholding rule to simultaneously classify sam-

ples and select important genes in microarrays.
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oo

Figure 3.1: An illustration of soft-thresholding rule y = (|z| — A) 4 Sign(x) with A = 1.
3.4 Examples

3.4.1 Pitprops data

The pitprops data first introduced in Jeffers (1967) has 180 observations and 13 measured
variables. It is a classic example showing the difficulty of interpreting principal components.
Jeffers (1967) tried to interpret the first six PCs. Jolliffe, Trendafilov & Uddin (2003) used
their SCoTLASS to find the modified PCs. Table 3.1 presents the results of PCA, while
Table 3.2 presents the modified PC loadings as computed by SCoTLASS and the adjusted
variance computed using (3.21).

As a demonstration, we also considered the first six principal components. Since this
is a usual n > p data set, we set A = 0. A\ = (0.06,0.16,0.1,0.5,0.5,0.5) were chosen
according to Figure 3.2 such that each sparse approximation explained almost the same
amount of variance as the ordinary PC did. Table 3.3 shows the obtained sparse loadings
and the corresponding adjusted variance. Compared with the modified PCs of SCoTLASS,
PCs by SPCA account for nearly the same amount of variance (75.8% vs. 78.2%) but with

a much sparser loading structure. The important variables associated with the six PCs do
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not overlap, which further makes the interpretations easier and clearer. It is interesting to
note that in Table 3.3 even though the variance does not strictly monotonously decrease,
the adjusted variance follows the right order. However, Table 3.2 shows that this is not true
in SCoTLASS. It is also worthy of mention that the entire SPCA computation was done
in seconds in R, while the implementation of SCoOTLASS for each t was expensive (Jolliffe,
Trendafilov & Uddin 2003). Optimizing SCoOTLASS over several values of ¢ is an even more
difficult computational challenge.

Although the informal thresholding method, which we henceforth refer to as simple
thresholding, has various drawbacks, it may serve as the benchmark for testing sparse PCs
methods. A variant of simple thresholding is soft-thresholding. We found that when used
in PCA, soft-thresholding performs very similarly to simple thresholding. Thus we omitted
the results of soft-thresholding in this paper. Both SCoTLASS and SPCA were compared
with simple thresholding. Table 3.4 presents the loadings and the corresponding variance
explained by simple thresholding. To make the comparisons fair, we let the numbers of
nonzero loadings obtained by simple thresholding match the results of SCoTLASS and
SPCA, as shown in the top and bottom parts of Table 3.4, respectively. In terms of vari-
ance, it seems that simple thresholding is better than SCoTLASS and worse than SPCA.
Moreover, the variables with non-zero loadings by SPCA are different to that chosen by
simple thresholding for the first three PCs; while SCoTLASS seems to create a similar

sparseness pattern as simple thresholding does, especially in the leading PC.

3.4.2 A synthetic example

Our synthetic example has three hidden factors

Vi ~ N(0,290), Vs ~ N(0,300)
Vs =—03V, +0.925Va+¢, e~ N(0,1)

V1,Vo and € are independent.
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Figure 3.2: Pitprops data: The sequences of sparse approzimations to the first 6 principal compo-
nents. The curves show the percentage of explained variance (PEV) as a function of A\1. The vertical
broken lines indicate the choice of A1 used in our SPCA analysis.
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Table 3.1: Pitprops data: loadings of the first six principal components

Variable pC1  PC2 PC3 PC4 PC5 PC6
topdiam -0.404 0.218 -0.207 0.091 -0.083 0.120
length -0.406 0.186 -0.235 0.103 -0.113 0.163
moist -0.124 0.541 0.141 -0.078 0.350 -0.276
testsg -0.173  0.456  0.352  -0.055 0.356 -0.054
ovensg -0.057 -0.170 0.481 -0.049 0.176 0.626
ringtop -0.284 -0.014 0.475 0.063 -0.316 0.052
ringbut -0.400 -0.190 0.253 0.065 -0.215 0.003
bowmax -0.294 -0.189 -0.243 -0.286 0.185 -0.055
bowdist -0.357 0.017 -0.208 -0.097 -0.106 0.034
whorls -0.379 -0.248 -0.119 0.205 0.156 -0.173
clear 0.011  0.205 -0.070 -0.804 -0.343 0.175
knots 0.115 0.343 0.092 0.301 -0.600 -0.170
diaknot 0.113 0309 -0.326 0.303 0.080 0.626
Variance (%) 32.4 18.3 144 85 7.0 6.3
Cumulative Variance (%) 324  50.7 65.1 73.6  80.6  86.9

o1

Table 3.2: Pitprops data: loadings of the first sixz modified PCs by SCoTLASS. Empty cells have

zero loadings.

t=1.75

Variable PC1 PC2 PC3 PC4 PC5H PC6
topdiam 0.546 0.047 -0.087 0.066 -0.046

length 0.568 -0.076 0.117  -0.081

moist 0.641 -0.187 -0.127 0.009 0.017
testsg 0.641 -0.139

ovensg 0.457 -0.614 -0.562
ringtop 0.356  0.348 -0.045
ringbut 0.279 0.325

bowmax 0.132 -0.007 -0.589

bowdist 0.376 0.065
whorls 0.376 -0.065 -0.067 0.189 -0.065
clear -0.659 0.725
knots 0.206 0.771  0.040 0.003
diaknot -0.718 0.013 -0.379 -0.384
Number of nonzero loadings 6 7 7 8 8 8
Variance (%) 272 164 14.8 9.4 7.1 7.9
Adjusted Variance (%) 272 153 14.4 7.1 6.7 7.5
Cumulative Adjusted Variance (%) 27.2 425 56.9 64.0 70.7 78.2
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Table 3.3: Pitprops data: loadings of the first siz sparse PCs by SPCA. Empty cells have zero

loadings.
Variable PC1 PC2 PC3 PC4 PC5 PC6
topdiam -0.477
length -0.476
moist 0.785
testsg 0.620
ovensg 0.177 0.640
ringtop 0.589
ringbut -0.250 0.492
bowmax -0.344 -0.021
bowdist -0.416
whorls -0.400
clear -1
knots 0.013 -1
diaknot -0.015 1
Number of nonzero loadings 7 4 4 1 1 1
Variance (%) 28.0 144 5.0 77 TT7 77
Adjusted Variance (%) 28.0 14.0 13.3 74 6.8 6.2

Cumulative Adjusted Variance (%) 28.0  42.0 553  62.7 69.5 758

Then 10 observable variables are constructed as follows

X;=Vi+e, e ~N(01), i=1,234,
X;=Vo+el, €~N(0,1), i=56,7,8,
X;=WVs+¢é, &~ N(0,1), i=9,10,

{ez} are independent, j=1,2,3 i=1,---,10.

We used the exact covariance matrix of (X1i,..., Xj0) to perform PCA, SPCA and simple
thresholding (in the population setting).

The variance of the three underlying factors is 290, 300 and 283.8, respectively. The
numbers of variables associated with the three factors are 4, 4 and 2. Therefore V5 and V;
are almost equally important, and they are much more important than V3. The first two
PCs together explain 99.6% of the total variance. These facts suggest that we only need

to consider two derived variables with “correct” sparse representations. Ideally, the first
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Table 3.4: Pitprops data: loadings of the first siz modified PCs by simple thresholding. Empty cells

have zero loadings.

Simple thresholding vs. SCoTLASS

Variable pC1 PC2 PC3 PC4 PC5 PC6
topdiam -0.439 0.234 0.092 0.120
length -0.441 -0.253  0.104 0.164
moist 0.582 0.361  -0.277
testsg 0.490  0.379 0.367

ovensg 0.517 0.182  0.629
ringtop 0.511 -0.326
ringbut -0.435 0.272 -0.222
bowmax -0.319 -0.261 -0.288 0.191

bowdist -0.388 -0.098

whorls -0.412  -0.267 0.207 -0.174
clear 0.221 -0.812 -0.354 0.176
knots 0.369 0.304 -0.620 -0.171
diaknot 0.332  -0.350 0.306 0.629
Number of nonzero loadings 6 7 7 8 8 8
Variance (%) 289 166 142 8.6 6.9 6.3
Adjusted Variance (%) 28.9 16.5 14.0 8.5 6.7 6.2
Cumulative Adjusted Variance (%)  28.9 45.4 59.4 67.9 74.6 80.8
Simple thresholding vs. SPCA

Variable PC1 PC2 PC3 PC4  PCh PC6
topdiam -0.420

length -0.422

moist 0.640

testsg 0.540 0.425

ovensg 0.580

ringtop -0.296 0.573

ringbut -0.416

bowmax -0.305

bowdist -0.370

whorls -0.394

clear -1

knots 0.406 -1

diaknot 0.365 -0.393 1
Number of nonzero loadings 7 4 4 1 1 1
Variance (%) 30.7 14.8 13.6 7.7 7.7 7.7
Adjusted Variance (%) 30.7 14.7 11.1 7.6 5.2 3.6
Cumulative Adjusted Variance (%) 30.7 454 56.5 64.1 68.3 71.9




CHAPTER 3. SPARSE PRINCIPAL COMPONENT ANALYSIS 54

derived variable should recover the factor V5 only using (X5, X, X7, Xs), and the second
derived variable should recover the factor V; only using (X7, X2, X3, X4). In fact, if we
sequentially maximize the variance of the first two derived variables under the orthonormal
constraint, while restricting the numbers of nonzero loadings to four, then the first derived
variable uniformly assigns nonzero loadings on (X3, X¢, X7, X3); and the second derived
variable uniformly assigns nonzero loadings on (X1, Xa, X3, X4).

Both SPCA (A = 0) and simple thresholding were carried out by using the oracle infor-
mation that the ideal sparse representations use only four variables. Table 3.5 summarizes
the comparison results. Clearly, SPCA correctly identifies the sets of important variables.
In fact, SPCA delivers the ideal sparse representations of the first two principal compo-
nents. Mathematically, it is easy to show that if ¢ = 2 is used, SCoTLASS is also able to
find the same sparse solution. In this example, both SPCA and SCoTLASS produce the
ideal sparse PCs, which may be explained by the fact that both methods explicitly use the
lasso penalty.

In contrast, simple thresholding incorrectly includes Xg, X719 in the most important
variables. The variance explained by simple thresholding is also lower than that by SPCA,
although the relative difference is small (less than 5%). Due to the high correlation between
V5 and V3, variables Xg, X7¢ achieve loadings which are even higher than those of the true
important variables (X5, Xg, X7, Xg). Thus the truth is disguised by the high correlation.
On the other hand, simple thresholding correctly discovers the second factor, because Vi

has a low correlation with V3.

3.4.3 Ramaswamy data

An important task in microarray analysis is to find a set of genes which are biologically rel-
evant to the outcome (e.g. tumor type or survival time). PCA (or SVD) has been a popular
tool for this purpose. Many gene-clustering methods in the literature use PCA (or SVD)
as a building block. For example, gene shaving (Hastie, Tibshirani, Eisen, Brown, Ross,
Scherf, Weinstein, Alizadeh, Staudt & Botstein 2000) uses an iterative principal component

shaving algorithm to identify subsets of coherent genes. Here we consider another approach
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Table 3.5: Results of the simulation example: loadings and variance.

PCA SPCA (A=0) | Simple Thresholding

PC1 PC2 PC3 |PCl PC2 PC1 PC2
X4 0.116 -0.478 -0.087 | 0 0.5 0 -0.5
Xo 0.116 -0.478 -0.087 | 0 0.5 0 -0.5
X3 0.116 -0.478 -0.087 | O 0.5 0 -0.5
Xy 0.116 -0.478 -0.087 | 0 0.5 0 -0.5
X5 -0.395 -0.145 0.270 | 0.5 0 0 0
X6 -0.395 -0.145 0.270 | 0.5 0 0 0
X7 -0.395 -0.145 0.270 | 0.5 0 -0.497 0
X3 -0.395 -0.145 0.270 | 0.5 0 -0.497 0
Xo -0.401 0.010 -0.582 | 0 0 -0.503 0
X0 -0.401 0.010 -0.582 | 0 0 -0.503 O
Adjusted
Variance (%) 60.0  39.6  0.08 | 40.9 39.5 38.8 38.6

to gene selection through SPCA. The idea is intuitive: if the (sparse) principal component
can explain a large part of the total variance of gene expression levels, then the subset of
genes representing the principal component are considered important.

We illustrate the sparse PC selection method on Ramaswamy’s data (Ramaswamy,
Tamayo, Rifkin, Mukheriee, Yeang, Angelo, Ladd, Reich, Latulippe, Mesirov, Poggio, Ger-
ald, Loda, Lander & Golub 2001) which has 16063 (p = 16063) genes and 144 (n = 144)
samples. Its first principal component explains 46% of the total variance. For microarray
data like this, it appears that SCoTLASS cannot be practically useful for finding sparse
PCs. We applied SPCA (A = o0) to find the leading sparse PC. A sequence of values
for A\; were used such that the number of nonzero loadings varied over a wide range. As
displayed in Figure 3.3, the percentage of explained variance decreases at a slow rate, as
the sparsity increases. As few as 2.5% of these 16063 genes can sufficiently construct the
leading principal component with an affordable loss of explained variance (from 46% to
40%). Simple thresholding was also applied to this data. It seems that when using the
same number of genes, simple thresholding always explains slightly higher variance than
SPCA does. Among the same number of selected genes by SPCA and simple thresholding,

there are about 2% different genes, and this difference rate is quite consistent.
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Ramaswamy data

PEV
040 041 042 043 044 045 046
|

—— SPCA
-%- simple thresholding

0.37
L

rmTT T T T 1
200 1600 4000 8000 16063

number of nonzero loadings

Figure 3.3: The sparse leading principal component: percentage of explained variance versus spar-
sity. Simple thresholding and SPCA have similar performances. However, there still exists consistent
difference in the selected genes (the ones with nonzero loadings).

3.5 Discussion

It has been a long standing interest to have a formal approach to derive principal compo-
nents with sparse loadings. From a practical point of view, a good method to achieve the

sparseness goal should (at least) possess the following properties.
e Without any sparsity constraint, the method should reduce to PCA.
e It should be computationally efficient for both small p and big p data.
e It should avoid misidentifying the important variables.

The often-used simple thresholding approach is not criterion based. However, this in-
formal method seems to possess the first two of the desirable properties listed above. If the
explained variance and sparsity are the only concerns, simple thresholding is a reasonable
approach, and it is extremely convenient. We have shown that simple thresholding can work

well with gene expression arrays. The serious problem with simple thresholding is that it
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can misidentify the real important variables. Nevertheless, simple thresholding is regarded
as a benchmark for any potentially better method.

Using the lasso constraint in PCA, SCoTLASS successfully derives sparse loadings.
However, SCoTLASS is not computationally efficient, and it lacks a good rule to pick its
tuning parameter. In addition, it is not feasible to apply SCoTLASS to gene expression
arrays, where PCA is a quite popular tool.

In this Chapter we have developed SPCA using our SPCA criterion (3.13). This new
criterion gives exact PCA results when its sparsity (lasso) penalty term vanishes. SPCA
allows flexible control on the sparse structure of the resulting loadings. Unified efficient
algorithms have been proposed to compute SPCA solutions for both regular multivariate
data and gene expression arrays. As a principled procedure, SPCA enjoys advantages in
several aspects, including computational efficiency, high explained variance and an ability

in identifying important variables.

3.6 Proofs of Theorems 3.1-3.5

Proof of Theorem 3.1. Using XTX = VD?V7T and V'V =1, we have

2
Dii

Bidee = (XTX + A1) XT(XV;) =V, .

(3.25)

Hence v = V. O

Note that since Theorem 3.2 is a special case of Theorem 3.3, we will not prove it

separately. We first provide a lemma.

Lemma 3.1. Consider the ridge regression criterion

CA(B) = [ly — XB|1* + AlIB|I

Then ifﬁ = arg ming Cy(f),
C)\(B) = yT(I - S/\)Y7
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where Sy is the ridge operator
Sy = X(XTX + A1)~ 1X7.
Proof of Lemma 3.1. Differentiating C' wrt 3, we get that
—XT(y =X3)+ A3 =0.
Pre-multiplication by BT and re-arrangement gives )\HBHQ =(y — XB)TXB Since
ly = XB)* = (y = XB)"y — (v - XB8)" X5,

Cr(B) = (y — X3)Ty. The result follows since the “fitted values” X3 = Syy.

Proof of Theorem 3.3. We use the notation introduced in Section 3.2: A = [aq,---

and B = [0, -+, Ok]. Let
n k
CA(A,B) =3 [x; — ABTx |2 + 2|16
i=1 j=1
As in (3.10) we have

> ki — ABTx|> = [|X - XBAT|?
=1
= [IXAL|?+[XA - XB|?

Hence, with A fixed, solving
arg min C\ (A, B)
B

is equivalent to solving the series of ridge regressions

k
arg min Z{HXO@' — XB; |1 + MG [1*}-
B} =1

58

(3.26)

(3.27)
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It is easy to show that
B = (X"X + AI) " 'X"XA, (3.28)

and using Lemma 3.1 and (3.26) we have that the partially optimized penalized criterion is
given by
CA(A,B) = | XA L|* + Tr (XA)"(I-8,)(XA)) . (3.29)

Rearranging the terms, we get
Ci(A,B) = Tr(XTX) — Tr(ATXTS,XA), (3.30)

which must be minimized wrt A with ATA = I. Hence A should be taken to be the
largest k eigenvectors of X7S,X. If the SVD of X = UDVT, it is easy to show that
X7TS,X = VD2(D2 + AI)"'D2V7 hence A = V[, 1: k]. Likewise, plugging the SVD of X

into (3.28), we see that each of the Bj are scaled elements of the corresponding V. O

Proof of Theorem 3.4. We expand the matrix norm
IM - NAT|2 = To(MTM) — 2Tr(MTNAT) + Tr(ANTNAT). (3.31)

Since AT A =1, the last term is equal to Tr(NTN), and hence we need to maximize (minus

half) the middle term. With the SVD M”N = UDV this middle term becomes

Tr((MTNAT) = Tr(UDVTAT) (3.32)
= Tr(UDA*T) (3.33)
= Tr(A*TUD), (3.34)

where A* = AV, and since V is k x k orthonormal, A*T A* = I. Now since D is diagonal,
(3.34) is maximized when the diagonal of A*TU is positive and maximum. By Cauchy-

Schwartz, this is achieved when A* = U, in which case the diagonal elements are all 1.

Hence A = UVT,
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O

Proof of Theorem 3.5. Let B* = [BAT, ,BZ] with 3* = (14 )\)B, then V-(/\) IIg*II On

the other hand, ﬂ - & means that

1+
(A,B*) = argminCy,,(A,B) subject to ATA =Ty, (3.35)
A B
where
2
Cxx (A, B) Zsz XzH 1+A ZM,;IIHAI (3.36)
Since )
ﬂj 2 1 T
= Tr(BTB
and
T 2 T\T T
: N7 = X — X—A X — X—A
Z”X 1+)\X” <( T ) T+ A )>
1 2
= Tr(XTX Tr (BTXTXB) — Tr (ATXTXB).
F(XTX) )= I )

Thus we have

k

1 XX + I
Cyx (A, B) =Tr (XTX)+—— B’ — _"B)-2Tr (ATX"XB il B;
(A B) =T (XX [ (BT ) o )+ Ll |
which implies that
L XTX 4 A\ i
(A,B*) = arg min Tr (BT7B> —2Tr (ATXTXB) + ) AyllBilh,  (3.37)

AB 1+ A

J=1

subject to ATA = Typ. As A — oo, Tr (BT%B) — Te(B"B) = Y, ||8j]|% Thus
(3.37) approaches (3.22) and the conclusion of Theorem 3.5 follows.
U



Chapter 4

Degrees of Freedom of the Lasso

In this Chapter we study the degrees of freedom of the lasso in the framework of Stein’s
unbiased risk estimation (SURE). We show that the number of non-zero coefficients is an
unbiased estimate for the degrees of freedom of the lasso—a conclusion that requires no
special assumption on the predictors. Our analysis also provides mathematical support for
a related conjecture by Efron et al. (2004). As an application, various model selection
criteria—C,, AIC and BIC—are defined, which, along with the LARS algorithm, provide a
principled and efficient approach to obtaining the optimal lasso fit with the computational
efforts of a single ordinary least-squares fit. We propose the use of BIC-lasso shrinkage if

the lasso is primarily used as a variable selection method.

4.1 Introduction

Modern data sets typically have a large number of observations and predictors. A typical
goal in model fitting is to achieve good prediction accuracy with a sparse representation of
the predictors in the model.

The lasso is a promising automatic model building technique, simultaneously producing
accurate and parsimonious models (Tibshirani 1996). Suppose y = (y1,...,yn)? is the re-
sponse vector and x; = (z1;, . .. ,xnj)T, j=1,...,p are the linearly independent predictors.

Let X = [x31,--- ,Xp] be the predictor matrix. The lasso estimates for the coefficients of a

61
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linear model solve

P P
3 = argmin |y — Zx]ﬂjHQ subject to Z 18] < t. (4.1)
o j=1 j=1
Or equivalently
R P P
ﬁ:argmgnHy—ijﬂjH?Jr)\Z!ﬂj\, (4.2)
j=1 j=1

where )\ is a non-negative regularization parameter. Without loss of generality we assume
that the data are centered, so the intercept is not included in the above model. There is
a one-one correspondence (generally depending on the data) between ¢ and A making the
optimization problems in (4.1) and (4.2) equivalent. The second term in (4.2) is called the 1-
norm penalty and ) is called as the lasso regularization parameter. Since the Loss+ Penalty
formulation is common in the statistical community, we use the representation (4.2). Figure
4.1 displays the lasso estimates as a function of A using the diabetes data (Efron, Hastie,
Johnstone & Tibshirani 2004). As can be seen from Figure 4.1 (the left plot), the lasso
continuously shrinks the coefficients toward zero as A increases; and some coeflicients are
shrunk to exact zero if A is sufficiently large. In addition, the shrinkage often improves
the prediction accuracy due to the bias-variance trade-off. Thus the lasso simultaneously
achieves accuracy and sparsity.

Generally speaking, the purpose of regularization is to control the complexity of the
fitted model (Hastie, Tibshirani & Friedman 2001). The least regularized lasso (A = 0)
corresponds to Ordinary Least Squares (OLS); while the most regularized lasso uses A\ = oo,
yielding a constant fit. So the model complexity is reduced via shrinkage. However, the
effect of the lasso shrinkage is not very clear except for these two extreme cases. An
informative measurement of model complexity is the effective degrees of freedom (Hastie
& Tibshirani 1990). The profile of degrees of freedom clearly shows that how the model
complexity is controlled by shrinkage. The degrees of freedom also plays an important role
in estimating the prediction accuracy of the fitted model, which helps us pick an optimal

model among all the possible candidates, e.g. the optimal choice of A in the lasso. Thus it
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Lasso as a shrinkage method Unbiased estimate for df (\)
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Figure 4.1: Diabetes data with 10 predictors. The left panel shows the lasso coefficients estimates
Bj,j =1,2,...,10, for the diabetes study. The diabetes data were standardized. The lasso coefficients
estimates are piece-wise linear functions of A (Efron et al. 2004), hence they are piece-wise non-
linear as functions of log(1+ A\). The right panel shows the curve of the proposed unbiased estimate
for the degrees of freedom of the lasso, whose piece-wise constant property is basically determined by
the piece-wise linearity of B .
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is desirable to know what is the degrees of freedom of the lasso for a given regularization
parameter A, or df(\). This is an interesting problem of both theoretical and practical
importance.

Degrees of freedom are well studied for linear procedures. For example, the degrees
of freedom in multiple linear regression exactly equals the number of predictors. A gen-
eralization is made for all linear smoothers (Hastie & Tibshirani 1990), where the fitted
vector is written as y = Sy and the smoother matrix S is free of y. Then df(S) = tr(S)
(see Section 4.2). A leading example is ridge regression (Hoerl & Kennard 1988) with
S = (XX + AI)"'X”X. These results rely on the convenient expressions for represent-
ing linear smoothers. Unfortunately, the explicit expression of the lasso fit is not available
(at least so far) due to the nonlinear nature of the lasso, thus the nice results for linear
smoothers are not directly applicable.

Efron, Hastie, Johnstone & Tibshirani (2004) (referred to as the LAR paper henceforth)
propose Least Angle Regression (LARS), a new stage-wise model building algorithm. They
show that a simple modification of LARS yields the entire lasso solution path with the
computational cost of a single OLS fit. LARS describes the lasso as a forward stage-wise
model fitting process. Starting at zero, the lasso fits are sequentially updated till reaching
the OLS fit, while being piece-wise linear between successive steps. The updates follow the
current equiangular direction. Figure 4.2 shows how the lasso estimates evolve step by step.

From the forward stage-wise point of view, it is natural to consider the number of steps
as the meta parameter to control the model complexity. In the LAR paper, it is shown that
under a “positive cone” condition, the degrees of freedom of LARS equals the number of
steps, i.e., df (f1,) = k, where f1;, is the fit at step k. Since the lasso and LARS coincide
under the positive cone condition, the remarkable formula also holds for the lasso. Under
general situations df (fx,) is still well approximated by k for LARS. However, this simple
approximation cannot be true in general for the lasso because the total number of lasso
steps can exceed the number of predictors. This usually happens when some variables
are temporally dropped (coefficients cross zero) during the LARS process, and they are

eventually included into the full OLS model. For instance, the LARS algorithm takes 12
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Figure 4.2: Diabetes data with 10 predictors: the growth paths of the lasso coefficients estimates
as the LARS algorithm moves forward. On the top of the graph, we display the number of non-zero
coefficients at each step.
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lasso steps to reach the OLS fit as shown in Figure 4.2, but the number of predictors is 10.
For the degrees of freedom of the lasso under general conditions, Efron, Hastie, Johnstone
& Tibshirani (2004) presented the following conjecture.

Conjecture [EHJTO04]: Starting at step 0, let my be the index of the last model in the
lasso sequence containing k predictors. Then df (fr,, ) = k.

In this Chapter we study the degrees of freedom of the lasso using Stein’s unbiased
risk estimation (SURE) theory (Stein 1981). The lasso exhibits the backward penalization
and forward growth pictures, which consequently induces two different ways to describe its
degrees of freedom. With the representation (4.2), we show that for any given A the number
of non-zero predictors in the model is an unbiased estimate for the degrees of freedom, and
no special assumption on the predictors is required, e.g. the positive cone condition. The
right panel in Figure 4.1 displays the unbiased estimate for the degrees of freedom as a
function of A on diabetes data (with 10 predictors). If the lasso is viewed as a forward
stage-wise process, our analysis provides mathematical support for the above conjecture.

We first briefly review the SURE theory in Section 4.2. Main results and proofs are
presented in Section 4.3. In Section 4.4, model selection criteria are constructed using the
degrees of freedom to adaptively select the optimal lasso fit. We address the difference
between two types of optimality: adaptive in prediction and adaptive in variable selection.

Discussions are in Section 4.5. Proofs of lemmas are presented in Section 4.6.

4.2 Stein’s Unbiased Risk Estimation

We begin with a brief introduction to the Stein’s unbiased risk estimation (SURE) theory
(Stein 1981) which is the foundation of our analysis. The readers are referred to Efron
(2004) for detailed discussions and recent references on SURE.

Given a model fitting method 0, let @1 = d(y) represent its fit. We assume a homoskedas-

tic model, i.e., given the x’s, y is generated according to

y ~ (1, 0°T), (4.3)
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where g is the true mean vector and o2 is the common variance. The focus is how accurate

w

d can be in predicting future data. Suppose y™¢" is a new response vector generated from

(4.3), then under the squared-error loss, the prediction risk is E{H[L - y"ewHQ} /n. Efron
(2004) shows that

E{||lp - pll’} = E{lly — £l = no®} + 2 cov(f;, )- (4.4)

=1

The last term of (4.4) is called the optimism of the estimator g1 (Efron 1986). Identity (4.4)

also gives a natural definition of the degrees of freedom for an estimator fi = 6(y),
df (1) = cov(fu;, yi) /o™ (4.5)
i=1

If § is a linear smoother, i.e., fi = Sy for some matrix S independent of y, then it is easy to
verify that since cov(ft,y) = 028, df (1) = tr(S), which coincides with the definition given
by Hastie & Tibshirani (1990). By (4.4) we obtain

E{llin—y"|1*} = E{lly — &l + 2df (f2) o*}. (4.6)

Thus we can define a C)-type statistic

— 2 7
Clit) = ly = al* |, 2df(f) -

- - (4.7)

which is an unbiased estimator of the true prediction error. When o2 is unknown, it is
replaced with an unbiased estimate.

Stein proves an extremely useful formula to simplify (4.5), which is often referred to as
Stein’s Lemma (Stein 1981). According to Stein, a function g : R™ — R is said to be almost

differentiable if there is a function f : R™ — R"™ such that

1
gx +u) —g(z) = /0 ul f(x 4 tu)dt (4.8)
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for a.e. x € R", each u € R™.

Lemma 4.1 (Stein’s Lemma). Suppose that fi : R™ — R™ is almost differentiable and
denote V - fu = > Ofu;/0y;. If y ~ Ny (p,0°1), then

n
> cov(jy;, yi) /o = E[V - f1]. (4.9)
i=1
In many applications V - 1 is shown to be a constant; for example, with g = Sy,
V - o = tr(S). Thus the degrees of freedom is easily obtained. Even if V - i depends on y,

Stein’s Lemma says

~

JF(a)=V-p (4.10)

is an unbiased estimate for the degrees of freedom df (f1). In the spirit of SURE, we can use

cytiy = =B 2T )
as an unbiased estimate for the true risk. It is worth mentioning that in some situations
verifying the almost differentiability of fi is not easy.

Even though Stein’s Lemma assumes normality, the essence of (4.9) only requires ho-
moskedasticity (4.3) and the almost differentiability of fi; its justification can be made by
a “delta method” argument (Efron, Hastie, Johnstone & Tibshirani 2004). After all, df (fx)
is about the self-influence of y on the fit, and V - i is a natural candidate for that purpose.

Meyer & Woodroofe (2000) discussed the degrees of freedom in shape-restricted regression

and argued that the divergence formula (4.10) provides a measure of the effective dimension.

4.3 Main Theorems

We adopt the SURE framework with the lasso fit. Let f1, be the lasso fit using the rep-
resentation (4.2). Similarly, let f,, be the lasso fit at step m in the LARS algorithm. For
convenience, we also let df (\) and df (m) stand for df (1)) and df (f,,), respectively.

The following matrix representation of Stein’s Lemma is helpful. Let g—;‘ beanxn
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matrix whose elements are

8;1) op; . .
— = ,5=12,...,n. 4.12
<3y ij dy; ( )
Then we can write
op
V- g=tr| 2. 4.13
e <8y> (449)

Suppose M is a matrix with p columns. Let S be a subset of the indices {1,2,...,p}.

Denote by Mg the sub-matrix
MS:[”'mj"']jes, (4.14)

where m; is the j-th column of M. Similarly, define s = (--- ;- -- )jGS for any vector (8

of length p. Let Sgn(-) be the sign function:

1 ifz>0
Sgn(z) =<0 ifz=0

-1 ifz<0

4.3.1 Results and data examples

Our results are stated as follows. Denote the set of non-zero elements of 3y as B()\), then
df (A) = E[|BA]] (4.15)

where |B)| means the size of B(A). Hence ch()\) = |B,| is an unbiased estimate for df ().
The identity (4.15) holds for all X, requiring no special assumption.

We also provide mathematical support for the conjecture in Section 2.1. Actually we
argue that if my is a lasso step containing k£ non-zero predictors, then cz\f (my) = k is a
good estimate for df(my). Note that mj is not necessary the last lasso step containing k

non-zero predictors. So the result includes the conjecture as a special case. However, we
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show in Section 4.4 that the last step choice is superior in the lasso model selection. We let
m}jSt and m%m denote the last and first lasso step containing exact k£ non-zero predictors,
respectively.

Before delving into the detail of theoretical analysis, we check the validity of our ar-
guments by a simulation study. Here is the outline of the simulation. We take the 64
predictors in the diabetes data which include the quadratic terms and interactions of the
original 10 predictors. The positive cone condition is violated on the 64 predictors (Efron,

Hastie, Johnstone & Tibshirani 2004). The response vector y was used to fit a OLS model.

We computed the OLS estimates Bols and &gl s- Then we considered a synthetic model
vy =Xg+ N(0,1)0, (4.16)

where 3 = B(,ls and o = 0.

Given the synthetic model, the degrees of freedom of the lasso (both df (\) and df (my))
can be numerically evaluated by Monte Carlo methods. For b = 1,2,..., B, we indepen-
dently simulated y*(b) from (4.16). For a given A, by the definition of df(\), we need to

evaluate

covi = E[(fny; — Elfny ;) (y7 — (XB)i)]- (4.17)

Then df (\) = Y1, cov;/c?. Since E[y;] = (X3); and note that

covi = E[(fuy; — ai)(yi — (X0)i)] (4.18)

for any fixed known constant a;. Then we compute

N (A (0) — @) (7 (b) — (X))

COov; =
B

(4.19)

and df(\) = Y., cov;/o?. Typically a; = 0 is used in Monte Carlo calculation. In this
work we use a; = (X/3);, for it gives a Monte Carlo estimate for df (A) with smaller variance

than that by a; = 0. On the other hand, for a fixed A, each y*(b) gave the lasso fit f1,(b)
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and the df estimate df (). Then we evaluated E[|B,]] by D df(\)p/B. Similarly, we
computed df (my,) by replacing fi(b) with fi,, (b). We are interested in E[|B,|] —df (\) and
k — df (my). Standard errors were calculated based on the B replications.

Figure 4.3 is a very convincing picture for the identity (4.15). Figure 4.4 shows that

df (my,) is well approximated by k even when the positive cone condition is failed. The

last ﬁrst

simple approximation works pretty well for both m;*** and m}

In Figure 4.4, it appears that k — df (my) is not exactly zero for some k. We would like
to check if the bias is real. Furthermore, if the bias is real, then we would like to explore

the relation between the bias k — df (my) and the signal/noise ratio. In the synthetic model

Var(XBols)

S ols)
ols

procedure with ( = 0,0 = 1) and (8 = Bots, 0 = %) in the synthetic model. The

(4.16) the signal/noise ratio is about 1.25. We repeated the same simulation
corresponding signal /noise ratios are zero and 125, respectively. Thus the simulation covers
broad scenarios.

As shown clearly in Figure 4.5, the bias k—df (my) is truly non-zero for some k. Thus the
positive cone condition seems to be sufficient and necessary for turning the approximation
into an exact result. However, even if the bias exists, its maximum magnitude is less than
one, regardless the size of the signal/noise ratio. So k is a very good estimate for df (my).
An interesting observation is that k tends to underestimate df(m}*') and overestimate

df (mfirst). In addition, we observe that k — df (m}®') = df (mirst) — k.

4.3.2 Theorems on df(\)

Let B = {j : Sgn(8); # 0} be the active set of 5 where Sgn([3) is the sign vector of § given
by Sgn(B); = Sgn(B;). We denote the active set of S(\) as B(\) and the corresponding
sign vector Sgn(B(\)) as Sgn(\). We do not distinguish the index of a predictor and the
predictor itself.

Firstly, let us review some characteristics of the lasso solution. For a given response

vector y, there are a sequence of \’s:

Ao > A > Ay > A =0 such that: (4.20)
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Figure 4.3: The synthetic model with the 64 predictors in the diabetes data. In the left panel we
compare E[|By|] with the true degrees of freedom df (\) based on B = 20000 Monte Carlo simulations.
The solid line is the 45° line (the perfect match). The right panel shows the estimation bias and its
point-wise 95% confidence intervals indicated by the thin dashed lines. Note that the zero horizontal
line is well inside the confidence intervals.
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Figure 4.4: The synthetic model with the 64 predictors in the diabetes data. We compare dAf(mk)
with the true degrees of freedom df (my) based on B = 20000 Monte Carlo simulations. We consider
two choices of my: in the left panel my, is the last lasso step containing exact k non-zero variables,
while the right panel chooses the first lasso step containing exact k non-zero variables. As can be
seen from the plots, our formula works pretty well in both cases.
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Figure 4.5: B = 20000 replications were used to assess the bias of c@”(mk) = k. The 95% point-wise
confidence intervals are indicated by the thin dashed lines. Under the positive cone condition, it is
exactly the true degrees of freedom df (my). This simulation suggests that when the positive cone
condition is violated, df(my) # k for some k. However, the bias is small (the mazimum absolute
bias is about 0.8). It seems that k tends to underestimate df (m{*') and overestimate df (mfi™*). In
addition, we observe that k — df (m}**) = df (m{™*) — k. The most important message is that the
magnitude of the bias is always less than one, regardless the size of the signal/noise ratio.
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~

e For all A > Ao, B(N) = 0.

e In the interior of the interval (Am41,Am), the active set B(\) and the sign vector
Sgn(A)s(n) are constant with respect to A. Thus we write them as B, and Sgn,,, for

convenience.

The active set changes at each \,,,. When X decreases from A = A, — 0, some predictors
with zero coefficients at A, are about to have non-zero coefficients, thus they join the active
set B,,. However, as A approaches A, +1 40 there are possibly some predictors in B,,, whose
coefficients reach zero. Hence we call {\,,} the transition points.

We shall proceed by proving the following lemmas (proofs are given in the appendix).

Lemma 4.2. Suppose X € (Ams1, \m). B(\) are the lasso coefficient estimates. Then we

have

. _ A
B\)g,, = (X5 Xs5,,) ! <X£my -5 Sgnm> ) (4.21)

Lemma 4.3. Consider the transition points Ay, and Am+1, Ame1 > 0. By, is the active set
in (Am+41, Am). Suppose iqqq is an index added into By, at Ay and its index in By, is i*,
i.e., iggq = (Bm)ix. Denote by (a) the k-th element of the vector a. We can express the

transition point Amy, as follows:

2((Xb,Xs,) " XE,) i (4.22)

Ao = (X, Xz,)" Sen,,)

Moreover, if jarop is a dropped (if there is any) index at Apmy1 and jarop = (Bm)j=, then

Am+1 can be written as:

2 (x5, X5,) "' XE,v)

((Xgmxgm)‘1 Sgnm)

it = (4.23)

j*

Lemma 4.4. V X\ > 0, 3 a null set N\ which is a finite collection of hyperplanes in R™.
Let Gy = R™"\ N. Then Yy € Gy, X is not any of the transition points, i.e., X & {\y)m}-
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Lemma 4.5. V), ﬂA,\(y) s a continuous function of y.

Lemma 4.6. Fix any X > 0, consider y € Gy as defined in Lemma 4.4. The active set

B(\) and the sign vector Sgn(\) are locally constant with respect to'y.

Theorem 4.1. Let Go = R™. Fiz an arbitrary A > 0. On the set Gy with full measure as

defined in Lemma 4.4, the lasso fit f1\(y) is uniformly Lipschitz. Precisely,

1Ay + Ay) — (W)l < |Ay | for sufficiently small Ay (4.24)

Moreover, we have the divergence formula
V- i\ (y) = |Bal. (4.25)

Proof. If A = 0, then the lasso fit is just the OLS fit. The conclusions are easy to verify. So
we focus on A > 0. Fix a y. Choose a small enough € such that Ball(y,e) C G,.

Since A is not any transition point, using (4.21) we observe

A~

pa(y) = XB(y) = HA(y)y — Awa(y), (4.26)

where Hy(y) = Xg, (X%;AXBA)AX%;A is the projection matrix on the space Xp, and

wr(y) = 3 Xp, (XgAXBA)_lsgnBA. Consider ||Ay|| < e. Similarly, we get
Ay + Ay) = Ha(y + Ay)(y + Ay) — Awa(y + Ay). (4.27)

Lemma 4.6 says that we can further let € be sufficiently small such that both the effective

set By and the sign vector Sgn, stay constant in Ball(y,¢). Now fix e. Hence if ||Ay|| < e,
then

Hy(y +Ay) =H\(y) and wi(y +Ay) = wi(y)- (4.28)

Then (4.26) and (4.27) give

p(y + Ay) — iy (y) = Ha(y)Ay. (4.29)
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But since |H)(y)Ay| < ||Ay|l, (4.24) is proved.

By the local constancy of H(y) and w(y), we have

Op\(y)
=H . 4.30
o) () (1.30)
Then the trace formula (4.13) implies
V- iy (y) = tr (Ha(y)) = [Bal- (4.31)
|

By standard analysis arguments, it is easy to check the following proposition
Proposition Let f: R™ — R"™ and suppose f is uniformly Lipschitz on G = R™\ N where
N is a finite set of hyperplanes. If f is continuous, then f is uniformly Lipschitz on R™.

Theorem 4.2. V X the lasso fit f1)(y) is uniformly Lipschitz. The degrees of freedom of
2, (y) equal the expectation of the effective set By, i.e.,

df(\) = E[BA]. (4.32)

Proof. The proof is trivial for A = 0. We only consider A > 0. By Theorem 4.1 and
the proposition, we conclude that fi,(y) is uniformly Lipschitz. Therefore fi)(y) is almost
differentiable, see Meyer & Woodroofe (2000) and Efron, Hastie, Johnstone & Tibshirani
(2004). Then (4.32) is obtained by Stein’s Lemma and the divergence formula (4.25). O

4.3.3 df(my) and the conjecture

In this section we provide mathematical support for the conjecture in Section 2.1. The
conjecture becomes a simple fact for two trivial cases k = 0 and k& = p, thus we only need to
consider k =1,...,(p —1). Our arguments rely on the details of the LARS algorithm. For
the sake of clarity, we first briefly describe the LARS algorithm. The readers are referred to
the LAR paper (Efron, Hastie, Johnstone & Tibshirani 2004) for the complete description.



CHAPTER 4. DEGREES OF FREEDOM OF THE LASSO 77

The LARS algorithm sequentially updates the lasso estimate in a predictable way. Ini-
tially (the 0 step), let By =0, Ag = . Suppose that (3, is the vector of current lasso
coefficient estimates. Then fi,, = X By, and 7y, = Y — [, are the current fit and residual

vectors. We say ¢ = XT#,, is the vector of current correlations. Define
C =max;{|¢]} Wm={j:|¢]=C andje A%} (4.33)
Then A\, = 2C. Define the current active set A = Ay UW,, and the signed matrix
X5 = (---Sgn(é)x; - )jea. (4.34)

\T .
Let G4 = (ngn) X5 14 is a vector of 1’s of length |A|. Then we compute the
equiangular vector

g = X5 wa with wa = DG4, (4.35)

where D = (15@211,4)7%. Let the inner product vector a = XTuy and

C-¢ C+g
4 = minl_ ,. J 25, 4.
Y mln]EA{D_aj7D+aj} ( 36)
For j € A we compute d; = Sgn(¢;)w.a; and v; = —(Bm);/d;. Define
¥=min{y;} and Vp={j:v=7j€ AL (4.37)
;>0
The lasso coefficient estimates are updated by
(Bums1)j = (Bm); +min{7,7}d; for j € A. (4.38)

The set A, is also updated. If ¥ <5 then A,,+1 = A. Otherwise A,,+1 = A\Vp.
Let g, be the indicator of whether V,, is dropped or not. Define ¢,,,V,, = Vp, if g, = 1,

otherwise ¢, Vi = @; and conventionally let V_; = @ and q_1V_1 = &. Considering the
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active set By as a function of A, we summarize the following facts

Byl = By, |+ Wl if Ay <A < Ay, (4.39)

|B>\m+1| = |B>\m| + |Wm| - |vam| (4.40)

In the LARS algorithm, the lasso is regarded as one kind of forward stage-wise method
for which the number of steps is often used as an effective regularization parameter. For

each k, k € {1,2,...,(p — 1)}, we seek the models with k non-zero predictors. Let

Ak = {m : |B)\m’ = k} (4.41)

The conjecture is asking for the fit using m}jSt = sup(Ag). However, it may happen that for

some k there is no such m with |B) | = k. For example, if y is an equiangular vector of all
{X;}, then the lasso estimates become the OLS estimates after just one step. So A, = @
for k=2,...,(p—1). The next Lemma concerns this type of situation. Basically, it shows
that the “one at a time” condition (Efron et al. 2004) holds almost everywhere, therefore

Ay is not empty for all &k a.s.

Lemma 4.7. 3 a set K/'o which is a collection of finite many hyperplanes in R™. Yy €
R™ \ Ao,
Win(y)l=1 and |gnVm(y)| <1 Vm=0,1,...,K(y). (4.42)

Corollary 4.1. Vy € R" \/\70, Ay is not empty for allk, k=0,1,... p.
Proof. This is a direct consequence of Lemma 4.7 and (4.39), (4.40). O

The next theorem presents an expression for the lasso fit at each transition point, which

helps us compute the divergence of fi,, (y).

Theorem 4.3. Let f1,,(y) be the lasso fit at the transition point Apy, Ay > 0. Then for
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any i € Wy, we can write 1(m) as follows

i (y) {H Xg()\m) <X£(>\m)X8(>\m)> Sgn(Am)X;TF(I —Hp,))
m\Y = B(Am) —
Sgn; — X?XE(Am) <X£(Am)X5(>\m)> Sen(Am)
= Su(y)y (4.44)

}y (4.43)

where Hp(y,,) s the projection matriz on the subspace of Xp(y,,). Moreover
tr (Sim(y)) = [B(Am)l. (4.45)

Proof. Note that 3()\) is continuous on A. Using (18) in Lemma 2 and taking the limit of

A — Am,, we have
p ~ A~
=2x] |y =Y _%B8(Am); | + Am Sgn(B(Am);) =0,  for j € B(Am). (4.46)
j=1

However, E?:l ij(Am)j = ieBOw) XjB()\m)j. Thus we have

R -1 A
50m) = (XBa, X)) (X3 = 2 Senhn) ) (4.47)
Hence
N T -1 T Am
Pn(y) = X (XB(Am)XB(Am)> Xp0mY ~ 5 Sen(Am)
-1 )\m
= HB()\m)y — XB(Am) (Xg()\m)xlg()\m)> Sgn()\m) 7 (4.48)

Since © € W,,, we must have the equiangular condition

Am

Sen; x; (y — fa(m)) = =~ (4.49)
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Substituting (4.48) into (4.49), we solve 2= and obtain

T'1-H
ATm _ - TXz ( TB(Am)) M . (450)
Sgn; — x; XB(Am) (XB(/\m)XB(,\m)> Segn(A\p,)
Then putting (4.50) back to (4.48) yields (4.43).
Using the identity tr(AB) = tr(BA), we observe
. (S y) - H ) Xgo\m) (Xg()\m)XB(Am)) Sgn(Am)x] (I~ Hp(x,,))
m —HBAn)) T
Sgn; — xiTXg(/\m) (Xg()\m)XB(Am) Sen(Am)
. (X:g()\m)XB(Am)) Sgn(Am)x! (I — HB(Am))Xg(Am)
Sgn; — XZTX%;()\m) <X£(AM)XB(>\m)> Sen(Am)
= tr(0) =0.
So tr (S (y)) = tr (Ha,) = [BOW). 0

Definition 4.1. y € R" \/\70 is said to be a locally stable point for Ay, if V' 'y’ such that
ly' =¥yl < e(y) for a small enough €(y), the effective set By, (y') = By, (y), for allm € Ay.
Let LS(Ay) be the set of all locally stable points for Ay.

Theorem 4.4. If y € LS(Ag), then we have the divergence formula V - f1,,(y) = k which

holds for all m € Ay including my, = sup(Ag), the choice in the conjecture.
Proof. The conclusion immediately follows definition 1 and Theorem 4.3. O

Points in LS(Ay) are the majority of R”. Under the positive cone condition, LS(Ay)
is a set of full measure for all k. In fact the positive cone condition implies a stronger

conclusion.

Definition 4.2. y is said to be a strong locally stable point if V'y' such that ||y’ —y|| < e(y)
for a small enough €(y), the effective set By, (y') = Ba,,(y), for allm =0,1,...,K(y).
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Lemma 4.8. Let i = {y :3(y) =~(y) for some m,m € {0,1,... ,K(y)}} YV y € the
interior of R™\ (./\70 U./\~/'1), y is a strong locally stable point. In particular, the positive cone

condition implies J\~/1 = g.

LARS is a discrete procedure by its definition, but the lasso is a continuous shrinkage
method. So it also makes sense to talk about fractional lasso steps in the LARS algorithm,
e.g. what is the lasso fit at 3.5 steps? Under the positive cone condition, we can generalize

the result of Theorem 4 in the LAR paper to the case of non-integer steps.

Corollary 4.2. Under the positive cone condition df (fu;) = s for all real valued s: 0 < s <

p.

Proof. Let k < s <k+1,s=k+r for some r € [0,1). According to the LARS algorithm,
the lasso fit is linearly interpolated between steps k and k+1. So fr, = fi,- (1 —7)+ fugq -7

Then by definition (4.5) and the fact cov is a linear operator, we have

df(fes) = df () - (L —7) +df (fogpqr) - 7

= k-(I1-r)+(k+1)-r=s. (4.51)

In (4.51) we have used the positive cone condition and Theorem 4 in the LAR paper. [

4.4 Adaptive Lasso Shrinkage

4.4.1 Model selection criteria

For any regularization method an important issue is to find a good choice of the regulariza-
tion parameter such that the corresponding model is optimal according to some criterion,
e.g. minimizing the prediction risk. For this purpose, model selection criteria have been pro-
posed in the literature to compare different models. Famous examples are AIC (Akaike 1973)
and BIC (Schwartz 1978). Mallows’s C}, (Mallows 1973) is very similar to AIC and a whole
class of AIC or C)p-type criteria are provided by SURE theory (Stein 1981). In Efron (2004)

Cp and SURE are summarized as covariance penalty methods for estimating the prediction
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error, and are shown to offer substantially better accuracy than cross-validation and related
nonparametric methods, if one is willing to assume the model is correct.

In the previous section we have derived the degrees of freedom of the lasso for both
types of regularization: A and my. Although the exact value of df(\) is still unknown, our
formula provides a convenient unbiased estimate. In the spirit of SURE theory, the unbiased
estimate for df (\) suffices to provide an unbiased estimate for the prediction error of fiy. If
we choose my; as the regularization parameter, the good approximation df (fi,,, ) = k also
well serves the SURE purpose. Therefore an estimate for the prediction error of fx (pe(ft))
is

~ 112
PPN y—p 2~
pe(ia) = % + (@) o, (4.52)

where czf is either ch (\) or c@“ (my), depending on the type of regularization. When o? is
unknown, it is usually replaced with an estimate based on the largest model.
Equation (4.52) equivalently derives AIC for the lasso
oy —alP 2 o
AIC(f1) = =—=%— + - df (fr). (4.53)

no

Selecting the lasso model by AIC is called AIC-Lasso shrinkage. Following the usual defi-

nition of BIC, we propose BIC for the lasso as follows

12
BIC(a) = YT 108 gy (150
Similarly the lasso model selection by BIC is called BIC-Lasso shrinkage.

AIC and BIC possess different asymptotic optimality. It is well known that if the true
regression function is not in the candidate models, the model selected by AIC asymptotically
achieves the smallest average squared error among the candidates; and the AIC estimator of
the regression function converges at the minimax optimal rate whether the true regression
function is in the candidate models or not, see Shao (1997), Yang (2005) and references
therein. On the other hand, BIC is well known for its consistency in selecting the true

model (Shao 1997). If the true model is in the candidate list, the probability of selecting
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Table 4.1: The simulation example: the probability of discovering the exzact true model by AIC
and BIC Lasso shrinkage. The calculation is based on 2000 replications. Compared with AIC-Lasso
shrinkage, BIC-Lasso shrinkage has a much higher probability of identifying the ground truth.

n AIC BIC
100 0.162 0.451
500 0.181 0.623
1000 0.193 0.686
2000 0.184 0.702

Table 4.2: The simulation example: the median of the number of non-zero variables selected by
AIC and BIC Lasso shrinkage based on 2000 replications. One can see that AIC-Lasso shrinkage is
conservative in variable selection and BIC-Lasso shrinkage tends to find models with the right size.

n  AIC BIC
100 5 4
500 ) 3

1000 5 3
2000 5 3

the true model by BIC approaches one as the sample size n — oco. Considering the case
where the true underlying model is sparse, BIC-Lasso shrinkage is adaptive in variable
selection. However, AIC-Lasso shrinkage tends to include more non-zero predictors than
the truth. The conservative nature of AIC is a familiar result in linear regression. Hence
BIC-Lasso shrinkage is more appropriate than AIC-Lasso shrinkage when variable selection
is the primary concern in applying the lasso.

Here we show a simulation example to demonstrate the above argument. We simulated
response vectors y from a linear model: y = X3+ N(0,1) where § = (3,1.5,0,0,2,0,0,0).
Predictors {x;} are multivariate normal vectors with pairwise correlation cor(i, j) = (0.1)I*=7l
and the variance of each x; is one. For each estimate 3, it is said to discover the exact true
model if {Bl, Bg, 35} are non-zero and the rest coefficients are all zero. Table 1 shows the
probability of discovering the exact true model using AIC-Lasso shrinkage and BIC-Lasso
shrinkage. In this example both AIC and BIC always select the true predictors {1,2,5} in
all the 2000 replications, but AIC tends to include other variables as real factors as shown

in Table 2. In contrast to AIC, BIC has a much lower false positive rate.
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One may think of combining the good properties of AIC and BIC into a new criterion.
Although this proposal sounds quite reasonable, a surprising result is proved that any
model selection criterion cannot be consistent and optimal in average squared error at the
same time (Yang 2005). In other words, any model selection criterion must sacrifice either

prediction optimality or consistency.

4.4.2 Computation

Using either AIC or BIC to find the optimal lasso model, we are facing an optimization

problem

— 12 ~
A(optimal) = arg m}n % + % df (X), (4.55)

where w, = 2 for AIC and w,, = log(n) for BIC. Since the LARS algorithm efficiently
solves the lasso solution for all A, finding A\(optimal) is attainable in principle. In fact, we
show that A(optimal) is one of the transition points, which further facilitates the searching

procedure.
Theorem 4.5. To find A\(optimal), we only need to solve

Iy — o, 117

w o~
* i On T, 4.56
m arg min s + - If (Am) ( )

then A(optimal) = Ap,«.

Proof. Let us consider A\ € (Ap41, Am). By (4.21) we have

. A _
y—iy, = (I-Hg,)y+ 5 Xt (X3,,X5,,) ' Sen,, (4.57)
. A2 _
ly — > = y'(@I-Hg,)y+ T Senl (X3 Xz, ) 'Sen,, (4.58)

where Hp,, = Xp, (X Xp,, ) ' X5 . Thus we can conclude that |ly — fiy||? is strictly
increasing in the interval (Ap,+1, Ap). Moreover, the lasso estimates are continuous on A,

hence

I

Iy = fox, 1P >y = Ball* > lly = o, 1 (4.59)
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On the other hand, note that df (A) = |Bm| ¥ A € (Am1; Am) and |Bm| > |B(Am1)|. There-
fore the optimal choice of A in [Ay41, Am) 1S A1, which means A(optimal) € {\,,,},m =

0,1,2,..., K. O

According to Theorem 4.5, the optimal lasso model is immediately selected once the
entire lasso solution path is solved by the LARS algorithm, which has the cost of a single
least squares fit.

If we consider the best lasso fit in the forward stage-wise modeling picture (like Fig-
ure 4.2), inequality (4.59) explains the superiority of the choice of my, in the conjecture. Let
my, be the last lasso step containing k non-zero predictors. Suppose m}, is another lasso step
containing k non-zero predictors, then cz\f(ﬂ(mz)) =k = ch(/l(mk)) However, mj < my,
gives |ly — fu,,, [I* < [ly — [Lm%HQ. Then by the C), statistic, we see that fi(my) is always

more accurate than fi(m),), while using the same number of non-zero predictors. Using k

as the tuning parameter of the lasso, we need to find k(optimal) such that

Iy = B, II?
2

Wn,

k(optimal) = arg rnkin + —k. (4.60)
n

no

Once \* = A(optimal) and k&* = k(optimal) are found, we fix them as the regularization
parameters for fitting the lasso on future data. Using the fixed £* means the fit on future
data is fi,, ., while the fit using the fixed A\* is f1y.. It is easy to see that the selected
models by (4.55) and (4.60) coincide on the training data, i.e., iy« = fi,, ..

Figure 4.6 displays the C), (equivalently AIC) and BIC estimates of risk using the dia-
betes data. The models selected by C), are the same as those selected in the LAR paper.
With 10 predictors, C), and BIC select the same model using 7 non-zero covariates. With
64 predictors, C), selects a model using 15 covariates, while BIC selects a model with 11

covariates.
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Figure 4.6: The diabetes data. C,, and BIC estimates of risk with 10 (left) and 64 (right) predictors.
In the left panel C, and BIC select the same model with 7 non-zero coefficients. In the right panel, C,
selects a model with 15 non-zero coefficients and BIC selects a model with 11 non-zero coefficients.

4.5 Discussion

4.5.1 Smoothed df estimate

It is interesting to note that the true degrees of freedom is a strictly decreasing function of A,
as shown in Figure 4.7. However, the unbiased estimate c%}” (A) is not necessarily monotone,
although its global trend is monotonically decreasing. The same phenomenon is also shown
in the right panel of Figure 4.1. The non-monotonicity of cif (M) is due to the fact that some
variables can be dropped during the LARS/lasso process.

An interesting question is that whether there is a smoothed estimate ch *()\) such that

c/l]\“*()\) is a smooth decreasing function and keeps the unbiased property, i.e.,
df(\) = Eldf" (V)] (4.61)

holds for all A. This is a future research topic.
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Figure 4.7: The dotted line is the curve of estimated degrees of freedom (c/l}(/\) vs. log(1+ X)),
using a typical realization y* generated by the synthetic model (4.16). The smooth curve shows
the true degrees of freedom df () obtained by averaging 20000 estimated curves. One can see that
the estimated df curve is piece-wise constant and non-monotone, while the true df curve is smooth

and monotone. The two thin broken lines correspond to df (\) 124/ Var(cEf()\)), where Var(a/lj\”(/\)) is
calculated from the B = 20000 replications.
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4.5.2 df of the elastic net

The elastic net is a generalized version of the lasso and offers many additional advantages.
Our analysis in this Chapter can be used to derive the degrees of freedom of the elastic
net, since the elastic net is equivalent to a lasso-type problem on an ”augmented data set”

(Lemma 2.1). The (naive) elastic net estimates are given by

p
B = angmin |y =35s8, + Xell I + 1B, (4.62)
j=1

where A\; and A9 are non-negative regularization parameters.
We consider the degrees of freedom (df (A1, A2)) of the elastic net with a fixed (A1, A2)
pair. It is straightforward to check that by similar arguments in Section 4.32, we have an

unbiased estimate for (df (A1, A2)) as follows
df = Tr (H,,(A)) (4.63)
where A is the active set and
H,, (A) = X 4 (X4X 4+ AoI) ' XA (4.64)

One can see equations (4.63) and (4.64) by combining the results in Section 4.32 and
Lemma 2.1 in Chapter 2.

4.6 Proofs of Lemmas 4.2-4.8

Proof. Lemma 4.2
Let

p p
0B, y) = lly = D_xiBiI1P+ 2D 1851 (4.65)
=1 j=1
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Given y, B()\) is the minimizer of £(3,y). For those j € By, we must have aeé()g;y) =0, i.e.,

P
—2x]T y — ZXjB(A)j + A Sgn(ﬁ()\)j) =0, forje€ B, (4.66)
j=1

Since B(A\); = 0 for all i ¢ B,,, then E?Zl ij()\)j = D icB, XjB(A)j. Thus equations in
(4.66) become
—2XF <y - XBmB(A)Bm> + A Sgn,, =0 (4.67)

which gives (4.21). O

Proof. Lemma 4.3
We adopt the matrix notation used in S : M[i, | means the i-th row of M. 7,44 joins By,
at Ay, then

A~

B(Am)iygq = 0. (4.68)

Consider 3(\) for A € (A1, Am). Lemma 4.2 gives
3 T -1 T A
ﬁ()\)Bm = (XBmXBm) XBmy — § Sgnm . (469)

By the continuity of G());, ,,, taking the limit of the i*-th element of (4.69) as A — A, — 0,

we have

2{ (X5 Xg5,) " [i*,]XTm}y = Am{ (X5 Xg5,)"" [i*,]Sgnm}. (4.70)

The second {-} is a non-zero scalar, otherwise 3(A);. .. = 0 for all A € (Am1, Am), which

ladd

contradicts the assumption that 7,44 becomes a member of the active set B,,. Thus we have

Am =

XL Xp )7,
(XBm XBm) [Z*v ]Sgnm
(X, X5,) ' [i")]
(Xgm XBm ) - [i* 7}Sgnm
Similarly, if jg0p is a dropped index at A, 41, we take the limit of the j*-th element of

where v(By,,i*) = < 2 . Rearranging (4.71), we get (4.22).
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(4.69) as A — Apyq1 + 0 to conclude that

X% Xs,)" [, .
Ami1 = {2( ( B ) i) X%;my =: v(Bm,]*)Xgmy, (4.72)

—1..
(XL Xg,,) ")
—1,.
Xgm XBm ) [.7* 7}Sgn7n

where v(Bp,,j%) = {2( } Rearranging (4.72), we get (4.23). O

Proof. Lemma 4.4
Suppose for some y and m, A = A(y)m. A > 0 means m is not the last lasso step. By

Lemma 4.3 we have
A=A = {0(Bp,i")XE, Yy = a(Bp,i")y. (4.73)

Obviously a(Bm,i*) = v(Bm,i*)X% is a non-zero vector. Now let ay be the totality of
(B, 1*) by considering all the possible combinations of B,,, i* and the sign vector Sgn,,,.
ay only depends on X and is a finite set, since at most p predictors are available. Thus

Ya € ay, ay = A defines a hyperplane in R™. We define
Ny={y:ay =Xforsome a € ay} and G,=R"\N,.

Then on Gy (4.73) is impossible.

Proof. Lemma 4.5

For writing convenience we omit the subscript A. Let
By)as = (XTX) X"y (4.74)

be the OLS estimates. Note that we always have the inequality

1B < 1B()otsh - (4.75)
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Fix an arbitrary yo and consider a sequence of {y,} (n =1,2,...) such that y, — yo.
Since y, — yo, we can find a Y such that ||y,| <Y for all n =0,1,2,.... Consequently
16(yn)ots]| < B for some upper bound B (B is determined by X and Y). By Cauchy’s

inequality and (4.75), we have

1B(yn)l1 <+/pB foralln=0,1,2,... (4.76)

(4.76) implies that to show B(yn) — B(yo), it is equivalent to show for every converging
subsequence of {3(yn)}, say {B(yn,)}, the subsequence converge to 3(y).
Now assume B(ynk) converges t0 (s as ni — oo. We show s = B(yo). The lasso

criterion ¢(3,y) is written in (4.65). Let
By the definition of Bnk, we must have

K(B(yO%Ynk) > e(B(ynk)7Ynk)' (4'78)

Then (4.78) gives

E(/@(yo)vyo) = E(/B(yo)vynk)+A‘€(B(YO)7yO7Ynk)
E(B(ynk)vynk) + AK(B(YO)aYOaYnk)

= L(B(Yny) ¥0) + AUBYny)s Yngs ¥o) + AUB(Y0), Y0, Yy ). (4.79)

Y

We observe

Ag(ﬁ(ynk% ynk7y0) + Ae(ﬁ()’o)v Yo, ynk) = 2(3’0 - yrzk)XT(B(ynk) - B(yo)) (4'80)

Let ny — oo, the right hand side of (4.80) goes to zero. Moreover, E(B(ynk),yg) —
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U(Bss,y0). Therefore (4.79) reduces to

0(B(30),¥0) > £(Boo, ¥0)-

However, B(yo) is the unique minimizer of ¢(3,yy), thus Boo = B(yo).

Proof. Lemma 4.6

Fix an arbitrary yo € Gy. Denote Ball(y,r) the n-dimensional ball with center y and
radius r. Note that G, is an open set, so we can choose a small enough e such that
Ball(yo, €) C Gx. Fix €. Suppose y, — y as n — 00, then without loss of generality we can
assume y,, € Ball(yp,¢€) for all n. So A is not a transition point for any y;,.

By definition B(yg)j # 0 for all j € B(yop). Then Lemma 4.5 says that 3 a N, as long
as n > Ny, we have 3(yn); # 0 and Sgn(8(y,)) = Sgn(B(y,)), for all j € B(yo). Thus
B(yo) € B(yn) Vn > Nj.

On the other hand, we have the following equiangular conditions (Efron, Hastie, John-

stone & Tibshirani 2004)

A = 2/x](yo—XB(yo))| Vi€ B(yo) (4.81)

A > 2] (yo — XB(yo))| Vj ¢ Byo). (4.82)

Using Lemma 4.5 again, we conclude that 3 a N > Nj such that V j ¢ B(yo) the strict
inequalities (4.82) hold for y,, provided n > N. Thus B¢(yo) C B(y») Vn > N. Therefore
we have B(yn) = B(yo) Vn > N. Then the local constancy of the sign vector follows the
continuity of 3 (y). O

Proof. Lemma 4.7
Suppose at step m, [Wi(y)| > 2. Let igqq and jaqq be two of the predictors in W, (y),

and let ¢ ,, and j;,, be their indices in the current active set \A. Note the current active
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set A is B,, in Lemma 4.3. Hence we have

Am = o[A, X%y, (4.83)
A = o[A, Xy, (4.84)

Therefore
0= {[U(A7 indd) — V(A, J'de)]Xﬁ}y = Qgddy- (4.85)

We claim agaq = [0(A, 0% 4,) — (A, j754)]XY is not a zero vector. Otherwise, since {X;} are

linearly independent, agqq = 0 forces v( A, ,,) — v(A,j%,;) = 0. Then we have

—1 oy —1r.,
1. = 1. ’ :
(XLXa) " [i*]Sena  (XLXa4)  [i*,]Sena
which contradicts the fact (X4 X 4)7! is a full rank matrix.
Similarly, if i4rop and jgrop are dropped predictors, then
0= {[U(A’ i:lrop) - ’U(A, j;rop)]Xﬂ}y =: adT’Opy’ (487)

and agrop = [V(A, i3,,,) — v(A,j;mp)]Xﬁ is a non-zero vector.
Let Mgy be the totality of aqqq and agrep by considering all the possible combinations of
A, (iadd; Jadd), (idrop,jdrop) and Sgn 4. Clearly My is a finite set and only depends on X.
Let
No = {y cay =0 for some « € Mo}. (4.88)

Then on R\ A , the conclusion holds. O

Proof. Lemma 4.8
First we can choose a sufficiently small €* such that V 'y’ : ||y’ —y| < €*, ¥’ is an interior
point of R™\ (M UN}). Suppose K is the last step of the lasso solution given y. We show

that for each m < K, there is a €, < €* such that ¢,_1Vm,—1 and W,, are locally fixed in
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the Ball(y, €,); also A, and fm are locally continuous in the Ball(y, €m).

We proceed by induction. For m = 0 we only need to verify the local constancy of
Wy. Lemma 4.7 says Wy(y) = {j}. By the definition of W, we have |x;‘-Fy] > |xTy| for
all i # j. Thus the strict inequality holds if y’ is sufficiently close to y, which implies
Woly') = {i} = Woly)-

Assuming the conclusion holds for m, we consider points in the Ball(y,€y,+1) with
€m+1 < ming<,{e/}. By the induction assumption, A,,(y) is locally fixed since it only
depends on {(qVe, Wy), ¢ < (m — 1)}. @gmVm = @ is equivalent to 7(y) < 7(y). Once
A, and W, are fixed, both 7(y) and (y) are continuous on y. Thus if y’ is sufficiently
close to y, the strict inequality still holds, which means ¢, (¥ )Vin(y') = &. If ¢V = Vin,
then 7(y) > 7(y) since the possibility of ¥(y) = 7(y) is ruled out. By Lemma 4.7, we
let Vi(y) = {j}. By the definition of 5(y), we can see that if y’ is sufficiently close to y,
Vi (y') = {j}, and 3(y’) > 7(y’) by continuity. So gn(y')Vin(y’) = Vin(y') = Vin(y)-

Then Bm—i—l and A,,+1 are locally continuous, because their updates are continuous on
y once Ay, Wy, and ¢, Vi, are fixed. Moreover, since ¢, Vy, is fixed, A,,11 is also locally

fixed. Let Wy,11(y) = {j} for some j € A7, ;. Then we have
%} (v = X Bsn )| > Ix] (v = X" B (v)| Vi #J, i € Afypy

By the continuity argument, the above strict inequality holds for all y’ provided ||y’ —y|| <
em+1 for a sufficiently small €,,41. So Wy+1(y') = {j} = Win+1(y). In conclusion, we can
choose a small enough €,,11 to make sure that ¢,,V,, and W,, 1 are locally fixed, and Bm_i'_l

and A,,4+1 are locally continuous. O



Chapter 5

Summary of Thesis

In Chapter 2, we have proposed the elastic net, a new regularization and variable selection
method. Real world data and a simulation study show that the elastic net often outperforms
the lasso, while enjoying a similar sparsity of representation. In addition, the elastic net
encourages a grouping effect, where strongly correlated predictors tend to be in or out of
the model together. The elastic net is particularly useful when the number of predictors
(p) is much bigger than the number of observations (n). We have considered an algorithm
called LARS-EN for efficiently computing the entire elastic net regularization path. In the
p > n problem, it is not necessary to run the LARS-EN algorithm to the end, thus we
suggest an early stopping strategy to save computations.

In Chapter 3 we have derived a sparse principal component algorithm using the elastic
net, which is a principled approach to modify PCA based on a new sparse PCA criterion. We
show that PCA can be formulated as a regression-type optimization problem, then sparse
loadings are obtained by imposing an elastic net constraint on the regression coefficients.
To minimize our SPCA criterion, we have proposed an efficient algorithm which takes
advantage of SVD and the LARS-EN algorithm for solving the elastic net. SPCA allows
flexible control of the sparse structure of the resulting loadings. Compared to other methods
for deriving sparse PCs, SPCA appears to have advantages in computational efficiency, high

explained variance, and ability of identifying important variables.
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CHAPTER 5. SUMMARY OF THESIS 96

In Chapter 4, we have studied the degrees of freedom of the lasso. We prove that
the number of non-zero coefficients is an unbiased estimate for the degrees of freedom of
the lasso—a conclusion requires no special assumption on the predictors. Our analysis
also indicates that k is a good estimate of df(my), where my can be any LARS-lasso
step containing exact k non-zero predictors. The estimates of degrees of freedom are used
to construct various model selection criteria such as C,, AIC and BIC, which provide a
principled and efficient approach to obtain the optimal lasso fit with the computational

effort of a single ordinary least-squares fit.
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