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Abstract

Functional magnetic resonance imaging (fMRI) has made it possible to conduct so-
phisticated human brain mapping neuroscience experiments. Such experiments com-
monly consist of human subjects being exposed to a designed temporal sequence
of stimulus conditions while repeated MRI scans of the brain region of interest are
taken. The images produce a view of recently activated neural areas by detecting the

subsequent blood flow replenishing the sites.

The data collected in fMRI human brain mapping experiments consists of se-
quences of images, which may also be thought of as a spatially organized collection of
time series collected at each pixel or voxel location of the brain. The dimensionality
of such data sets is very high, usually containing thousands of pixels with short time
series from a few to around a hundred scans or time points. The data are correlated,
both in space and in time. The data are very noisy and the magnitude of the signal

increase due to activation can be low.

A wide variety of statistical methodologies have been proposed for the analysis of
such data for purposes of detecting localized and inter-connected regions of activation.
This dissertation includes an extensive literature review of statistical techniques as

applied in the analysis of fMRI human brain mapping experiments.

In this dissertation, we examine time-course models for fMRI human brain map-

ping data at each pixel location. The convolution model proposed by Friston, Jezzard

iv



and Turner [31] and generalized by Lange and Zeger [44] is shown to have intrinsic
structural inadequacies leading to fits which do not appear to capture the patterns
in the data. More flexible data-driven models based on spline basis expansions are
compared. Using bootstrap resampling, we are able to show that a Poisson-based
convolution model for the data performs no better than fitting a sinusoid at the ac-
tivation frequency. Using cubic splines is shown by the resampling methodology to
afford a non-trivial improvement in capturing the underlying pattern of the data.
Use of the model fits as inputs to a clustering procedure shows an interesting and

informative brain map.

The dissertation also proposes use of a restricted singular value decomposition
for fMRI data to exploit the known temporal and spatial patterns in the data such
as periodicity and smoothness. The restrictions find contrasts from within a basis
expansion family with the required properties which orthogonally maximize variability
in the data and provide new informative data views.

Regularization of image sequence regression models is also considered, leading to

an analogous wavelet shrinkage procedure, and finally interactive software tools for

exploratory data visualization in fMRI image sequence models is discussed.
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Chapter 1

Introduction

Functional magnetic resonance imaging (fMRI) has made it possible to conduct so-
phisticated human brain mapping neuroscience experiments. Such experiments com-
monly consist of human subjects being exposed to a designed temporal sequence of
stimulus conditions while repeated MRI scans of the brain region of interest are taken.
A common experimental design alternates equal length periods of stimulus and rest
for a number of cycles. The magnetic characteristics of hemoglobin in the blood are
detectably changed by oxygenation. Recently activated sites of neural activity are re-
plenished with oxygenated blood, allowing identification of brain activity using MRI
scans designed to detect such changes in magnetic susceptibility. Neural activation
occurs on a millisecond time-scale. The detectable blood flow replenishing the acti-
vation sites depends however on local vasculature and can occur as long as several

seconds after activation.

The data collected in fMRI human brain mapping experiments consists of se-
quences of images, which may also be thought of as a spatially organized collection of
time series collected at each pixel or voxel location of the brain. The dimensionality
of such data sets is very high, usually containing thousands of pixels with short time

series from a few to around a hundred scans or time points. The data are correlated,
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both in space and in time. The data are very noisy and the magnitude of the signal

increase due to activation can be low.

A wide variety of statistical methodologies have been proposed for the analysis of
such data for purposes of detecting localized and inter-connected regions of activa-
tion. This dissertation includes an extensive literature review of statistical techniques
as applied in the analysis of fMRI human brain mapping experiments. The literature
review is divided between two chapters. The literature reviewed in Chapter 2 con-
siders statistical methodologies for analysis, estimation and modeling of fMRI data,
and Chapter 7 describes the literature on statistical inference which may be applied
to the results of statistical analyses such as those described in both the literature and

also to the analyses proposed in Chapters 3, 4, and 5.

The original contributions contained in the dissertation are in Chapters 3, 4, 5,
and 6. Chapter 3 evaluates several proposals for modeling pixel time-courses. Chap-
ter 4 considers a modified form of the singular value decomposition to exploit spatial
and temporal relationships known to exist in fMRI data sets. Chapter 5 considers reg-
ularized image sequence regression, and Chapter 6 describes interactive visualization

tools developed for data exploration in conjunction with the dissertation research.

The dissertation is organized as follows:

e Chapter 2 contains background and literature review. In it can be found an
overview description of how human brain mapping experiments are conducted
with functional magnetic resonance imaging, with an illustrative example of
such data. This chapter also has a substantial literature review of the state of
the art in statistical methodology from the fMRI journals. The emphasis in this
review is on analysis, estimation and modeling, with a detailed description of

inferential issues deferred to Chapter 7.
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e Chapter 3 considers time-course models for fMRI data on a pixel by pixel basis.
The dominant model based on convolution of a hemodynamic response function
with the treatment profile is examined closely and specific inadequacies high-
lighted. Alternative flexible data-driven models are proposed and shown to offer
superior faithfulness to the data while preserving interpretability. Model fits in
neighboring pixels showed physiologically interesting patterns of similarity when

used as inputs to a clustering procedure.

e Chapter 4 investigates singular value decompositions of fMRI data restricted to
have singular vectors with particular features, such as temporal periodicity or

spatial smoothness.

e Chapter 5 looks at regularized image regression models and compares a basis

expansion restriction shrinkage method to wavelet shrinkage.

e Chapter 6 describes methods of visualizing large fMRI data sets, focusing on

interactive, exploratory data visualization methods.

e Further literature review detailing the sophisticated inferential procedures for

fMRI data analysis in the literature are detailed in Chapter 7.



Chapter 2

Background and Literature Review

This chapter provides background information describing the nature of data collected
in fMRI human brain mapping experiments and a substantial review of the statistical
methodology extant in the fMRI literature. The emphasis in the review is on tech-
niques of analysis, estimation and modeling. A separate literature review of inference
procedures is contained in Chapter 7. The findings in this chapter are summarized

in Section 2.3.6 on page 35.

2.1 Functional Magnetic Resonance Imaging (fMRI)

Functional magnetic resonance imaging (fMRI) is a methodology by which brain areas
of cognitive and sensory function can be identified non-invasively using sequences of

very fast brain scans.

Magnetic resonance imaging (MRI) is accomplished by observing differences in
response between various types of tissue when observed in a strong magnetic field
and subjected to radio frequency (RF) radiation pulses. In MRI, the subject is
placed in an extremely strong magnetic field, usually produced by a superconducting

magnet with field strength between 1 and 4 Tesla. Magnetic resonance imaging and
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spectroscopy can be performed to target particular isotopes of many elements, but
typically hydrogen protons are considered, here exploiting their ubiquity and high
abundance in human tissues. In the presence of the strong magnetic field, some
fraction of the proton spins align with the field, precessing around the field direction
at a frequency called the Larmor frequency, which is directly proportional to the field
strength. This precessional spin frequency, the resonance frequency, lies in the radio
frequency range. At a quantum mechanical level, the hydrogen protons ordinarily
consist of equal populations of the two spin orientations +% and —%. In the presence of
the strong magnetic field, one of these orientiations (—3) is a lower energy state, since
it has a magnetic characteristic more aligned with the external field. By introducing
a momentary pulse of RF radiation at the resonance frequency, the protons will rise
to a higher energy state back into probabilistic equilibrium and spin alignment. Local
inhomogeneities in the magnetic nature of surrounding tissue will cause the gradual
relaxation of these higher energy state protons, releasing the energy as an RF signal
which is detected on receiver coils around the subject. Protons in different types of
molecules, and hence tissues, relax at different rates based on the differences in their
magnetic character. By recording the RF signal echoes over time and observing the
signal decay rates for different regions, a contrast image can be computed based on
these recorded signals. Different modalities of MRI image acquisition are based on
different contrast calculations, called 77, T, and T7;. The time delay between the RF
pulse and signal collection is called T'E or time-to-echo and is set to enhance contrast

between different types of tissue.

Functional magnetic resonance imaging is possible because of an effect called
BOLD contrast, standing for Blood Oxygenation-Level-Dependent contrast. The
BOLD contrast mechanism was first described, so-named, and observed in vivo in
Ogawa et al. [54]. Kwong et al. [42] are also among the first to describe the phe-

nomenon in the context of fMRI experiments on primary sensory stimulation. The
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effect occurs because neural activation is followed by a localized increase in regional
cerebral blood flow (rCBF) delivering oxygenated blood to the activated area. De-
oxygenated hemoglobin is paramagnetic, while oxygenated hemoglobin is not, and
paramagnetism more quickly destabilizes the spin phasing of the protons produced
by the RF pulse. It follows that regions of neural activation have a greater concen-
tration of oxygenated blood shortly after neuronal activity, and the protons in that
oxygenated blood dephase more slowly, leading to an RF signal in that region which
decays more slowly as well. Consequently, activated brain regions appear brighter in

MR images when based on contrasts which are able to detect this phenomenon.

Brain mapping experiments using fMRI are typically of the treatment versus con-
trol variety, although more sophisticated experimental designs are certainly used in
the literature, ranging from multiple treatment designs to fully parametric studies.
For paradigms of the latter, see for example Engel et al. [13] and Sereno et al. [56].
The more common treatment versus control experiments are conducted by repeatedly
scanning the brain area of interest. Periods of rest and stimulus are alternated, with
multiple replications within each regime and several cycles of alternation. The data
collected are thus an image sequence of MRI brain scans, together with a covariate

encoding whether the scan was taking during a period of rest or stimulation.

2.2 Image Sequence Data

The data we are considering consists of sequences or time series of image data. Let y;
denote the " image in the sequence, for i = 1,...,n, where each image is viewed as
a vector of M = m; x my pixels, where m; and msy are the image dimensions. As a
motivating example, we consider image sequences obtained from functional MRI scans
intended to identify regions of the brain activated by particular (in our example below,

visual) stimuli. In these fMRI experiments, the experimental subject is scanned while
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being exposed to alternating periods of rest and stimuli. By contrasting images taken
during the rest period with those taken during stimulation, identification of the brain
region associated with the functional neural activity is possible!. Encoding whether
an image is scanned during a period of rest or stimulation, we can create a covariate
vector which might be used in regression style data analysis. In general, we could
have associated with each image a vector of p covariates x; which may contain a
general mix of quantitative variables such as time or amount of drug and qualitative

variables such as our encoding of rest versus stimulus state.

We represent our image data as an n x M matrix Y, with each row being the pixels
of an image in the sequence, and each column being the time-course at individual pixel
locations. The covariate data is represented as an n X p matrix with the p covariate
values corresponding to each image in the sequence as rows. We can model such

sequences using a linear regression model of the form

Yoxm = anpﬁpo +e€

The rows of the coefficient matrix § represent regression coefficient values at each
pixel location, and as such can be viewed as coefficient images. In the fMRI example,
high values of regression coefficients associated with covariate terms which alternate
at the same frequency as the stimulus could be used to identify the regions of neural
activation, and presentation of the regression coefficient images could visually display

these regions in an immediately interpretable anatomical framework.
The quantity of data collected in an fMRI experiment can be substantial. Over

one hundred scans will typically be taken at a resolution which produces hundreds

or thousands of pixels per scan. To visually inspect such data as either an image

LOxygenation of hemoglobin changes its magnetic characteristics, and the vascular flow to recently
activated sites of neural activity allows identification of brain activity using MRI scans. Note that
it is the post-activation blood flow to the region which is detected, not neural activity per se.
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sequence or as pixelwise time courses usefully may require careful data reduction
or presentation methods. Visualization will be elaborated in greater detail in later
sections. Some data from an experiment are presented here to assist in understanding
the nature of the data in preparation for discussion of analytical techniques in the

next section.

Figure (2.1) shows an anatomical MRI scan of the human brain. This is an
oblique slice taken as part of an investigation into activation of primary visual cortex,
which is located along the calcarine sulcus. The area of activation for this particular

experiment is expected to lie within the boxed 16 by 16 pixel subregion.

Figure 2.1: An anatomic MRI oblique scan localized around the calcarine sulcus.
The 16 by 16 subregion indicated contains the area of primary visual corter being
stimulated.
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The time series for each pixel are displayed in Figure (2.2), both as raw data
and mean-corrected series. Clearly some organization or visualization procedures are

needed to make sense of this quantity of such data.

Pixel time courses - 16x16 subregion Mean corrected time courses, 16x16 subregion

150

100

50

Figure 2.2: On the left are shown the raw data of the 256 pixelwise time courses in the
16 by 16 subregion identified in Figure (2.1). On the right are the same data adjusted
to each have mean zero.

Organizing the time series from contiguous pixels provides display of the spatial
arrangement, of the responses and allows viewing of the individual time series at
pixels. Figure (2.3) offers such a display, showing a tessellation into subregions and
a representative time course from each subtessellations pixels. In this example, a
pixel closest to the subtile center is chosen from each tile. Similar displays using tile
averages or all series contained in a tiles pixels are similarly informative.

The stimulus-rest regime for this series of functional scans consists of stimulus for
15 scans then rest for 15 scans repeated for 4 cycles, a total of 120 functional scans. A
scan was taken every 1.5 seconds. Figure (2.4) below shows the time series produced
at a single pixel, with the stimulus regime superimposed at the top of the figure.
Note there is a delay between the change in treatment and the change in signal. Note
also the appearance of an overall linear trend, a common artifact from the imaging

modality, usually subtracted from the raw data before analysis.
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Figure 2.3: An anatomical brain scan is divided into subregions and a representative
time course from each subregion is presented on the right.
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Figure 2.4: The time course from a single pizel is displayed. Superimposed is the
stimulus regime, with the higher level indicating stimulus and the lower rest.
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2.3 Statistical techniques used for fMRI data to
date

Statistical methodology in the fMRI literature to date is summarized in the following
list. Many of the methodologies follow from earlier work done with positron emission

tomography (PET).

> Subtraction-based methods such as taking the difference between the average of
all stimulation state images and the average of all rest state images effectively

amount to performing pixel-wise t-tests.

> Correlation analysis with fixed frequency sinusoids matching stimulation period
(Bandettini et al [3], Lee et al [46], Engel et al [13]), arbitrary phase shifts for
each pixel location, Fourier analysis of pixel-wise time series, ranging from solely
considering the fundamental stimulus frequency to considering all harmonics to

using the entire power spectrum and complex phase information.

Figure 2.5: Alternating periods of photic stimulation and rest at a fized frequency stim-
ulate the primary visual cortex. Identified here are pizels whose time-course behavior

matched with a sinusoid at the stimulation frequency have correlation coefficients
higher than 0.5
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> Nonlinear modeling of hemodynamic response function (using a parametric ker-
nel convolution with the stimulation square wave) by Friston et al [31] and by

Lange and Zeger [44].

> Friston’s statistical parametric maps (SPM) and general linear model, including

multiple comparison corrected z- and T-testing of image volumes.

> Use of singular value decomposition and other multivariate statistical tech-

niques.

2.3.1 Subtraction methods

Considering Figure (2.4) we see that for each pixel in our example data set we have
a time series and know whether a value was recorded during stimulus or rest. The
simplest of statistical analyses is simply to compute an average of all values recorded
during the stimulus state and an average of all values recorded during the rest state,
take their difference, and perform a t-test to determine whether they are significantly
different. Computed for each pixel in the image, we can compute what Friston [26, 30,
23, 25] has termed a statistical parametric map, or SPM, of t-values from each pixel
value, and the areas of the SPM which exceed a certain threshold can be considered
to be the areas of brain significantly activated by the stimulus. Figure (2.6) shows

such a ¢ statistic image computed for the data set of Figure (2.1).

For an early example of the use of subtraction methods, see Fox et al [17] who
use subtraction images in a PET study to map human primary visual cortex. In
their experiments, they injected radioactive oxygen-15 isotope tracers and performed
paired 40 second PET scans under both treatment and control stimuli for three differ-
ently eccentric visual stimuli. They write: “Images of regional CBF change ... were
formed by paired subtraction of control-state and stimulated-state CBF measure-

”

ments.” They achieve super-resolution localization of primary visual cortex due to
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Figure 2.6: An SPM{T} statistic image from the experimental data of Figure (2.1).
The tmage is formed by taking the difference between the average image during stimu-
lation and the average image during rest. Note the darker regions in the same locations
identified in Figure (2.5). The bright pizel corresponds to a blood vessel.

the focal nature of the activation. They analyze 17 treatment-control pairs obtained
from 6 different subjects for three visual eccentricities (5 macular, 6 perimacular and
6 peripheral pairs). The paper does not make clear whether the ANOVA performed
assumed independence between trials or was adjusted for repeated measurements

within subjects.

In Fox et al [16], a similar PET study into human visual retinotopy is described,
with each subject undergoing the same number of identically designed treatment
regimes of stimulus and control. In this study, their statistical methodology is de-
scribed as follows: “Comparisons between 2 conditions were made with a ¢ test. Com-
parisons among more than 2 conditions were made using a 1-way, repeated-measures
analysis of variance (ANOVA)”. They use Bonferroni correction for multiple compar-
isons and a repeated measures Newman-Keuls procedure on statistically significant

ANOVA results. Fox et al [15] describe identical statistical methods used in a PET
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study of human somatosensory cortex, with a similar experimental design of controls
and multiple locations of cutaneous vibration, but missing data from one treatment

for one subject.

Fox et al [18] discuss in some detail the advantages of utilizing replication in PET
experiments. In this paper they discuss inter-subject averaging of PET images to im-
prove the signal to noise ratio in functional brain mapping. They utilize a method of
stereotactic anatomical localization to co-register PET images from multiple subjects
as described in Fox et al [19]. They use 28 stimulus-control pairs and systematically
assess the effects of averaging on groups of 2 through 5, 10, 15 and 20 images in a
bootstrap-like procedure, taking 10 groups (to compute 10 average images) at each
grouping size. They note that the signal loss they ascribe to residual anatomic vari-
ability “was much less than the noise suppression achieved, giving a marked rise in
signal:noise ratio”. This paper [18] also discusses local maximum sampling for local-
ization of activation, use of control-control pairs to assess noise variability and char-
acterize the noise distribution, and use of the Snedecor and Cochran ([58]) gamma-1
and gamma-2 statistics as measures of skew and kurtosis as test statistics for detecting
significant activation. Their motivation for the use of gamma-2 (v = Z#f:)‘l - 3)
as a test statistic was based on their observation that their noise distribution ap-
peared platykurtic and their physiological responses induced leptokurtosis, and they

cite Grubbs [37] on outlier detection as a similar application.

Belliveau et al [5], in a early fMRI paper mapping human visual cortex and com-
paring the mapping to those earlier PET studies, follow a similar methodology. They
used a susceptibility-based contrast agent (a gadolinium-based compound) injected
into the subject and took 60 images in 45 seconds, before, during and after contrast
agent injection. They converted each voxel time course into a concentration-time
curve of the contrast agent, and computed the area under those curves, corrected for

recirculation, as a measure known to be proportional to local cerebral blood volume
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(CBV). Having arrived at a value for CBV at each voxel location, and running such
a sequence for both a rest and photic stimulation case on each of seven subjects, they
obtain seven rest versus photic stimulation subtraction images. They use a paired
t-test to note a 324+10% average increase in CBV in the anatomically defined primary
visual cortex, and use the subtraction images and a threshold of two standard devi-
ations to estimate the extent of the activated cortex, ignoring activated extrastriate

regions. No mention of use of a multiple comparison correction appears in this paper.

Belliveau et al [6] describe a similar (possibly the same) study in which they state:
“Activated cortical areas are shown by subtraction of averaged baseline (resting)
images from all subsequent images. Cine display of subtraction images (activated
minus baseline) directly demonstrates activity-induced change in brain MRI signal.”
They also report the results of the non-invasive Ogawa et al [54] study and further
report on a single subject experiment in which they perform a hemifield experiment to
produce activation in left and right visual fields. In this latter experiment they present
a checkerboard semi-annular stimulus flickering at 8Hz alternating between left and
right visual hemifields every 20 seconds for several complete cycles, with an image
acquired every 2 seconds. They describe their results as follows: “In this subject there
was a 2% to 3% change in signal intensity with a 1% variation of the left and right
ROIs during a single, unaveraged sampling interval. The observed significance for
activation in the selected regions within V1 is P = .03 and the corresponding power
is greater than .9 from an analysis of the activation map computed from an average
of two time samples. With this fairly robust activation task, only two intra-subject
averages (4 seconds of data) were required to obtain significance.” Whether these two

averages were randomly selected or chosen to maximize the difference is not reported.

The earliest papers describing the BOLD contrast in the Proceedings of the Na-

tional Academy of Science both use subtraction methods. Kwong et al [42] state that
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“Focal regions of cortical activation were revealed by magnitude subtraction of aver-
aged baseline (resting) images from all subsequent images.” They alternate through
20 scans of rest state, 20 of stimulus and repeat for a total of 80 scans. It is not clearly
stated, but it appears that the baseline average to which they refer is based only on
the first 20 scans for each subject. They perform paired ¢-tests on the responses from
within the anatomically defined primary visual cortex region, and make no mention
of multiple comparison corrections. Ogawa et al [54] describe that “When the sum
of eight images acquired during a visual stimulation period are subtracted from the
the sum of eight images without stimulation, a localized change is seen in the region
corresponding to human visual cortex.” They took a scan every 10 seconds for a total
of 85 images, with visual stimulation present between images 20 through 30 and 50

through 65. It is not described how they choose the eight images for each average.

Frahm et al [20] describe a series of experiments investigating how changes in MRI
parameters (voxel size and echo time) affect functional investigation of visual cortex.
Their functional activation maps “were obtained by subtracting the average of 4 to
12 images in the dark state from a corresponding average of images in the activated
state”. Again, it is not clearly stated how the selection of images for these averages

was made.

Menon et al [50] describe an fMRI experiment mapping primary visual cortex.
Their results are presented as “difference images ... found by subtracting the baseline
image from images obtained during the stimulation” which “represent the functional
brain maps.” They compute the baseline rest image apparently by averaging all dark
(rest-state) images excluding “the very first few at the beginning of the study.”

Bandettini et al [4] describe a set of experiments to show fMRI can detect hu-
man brain function during task activation. Experimental subjects were “instructed
to touch each finger to thumb in a sequential, self-paced, and repetitive manner”,

and areas of primary sensory and motor cortex were identified. They computed brain
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activity maps by computing the correlation coefficient of each voxel time-course with

)

what they called “an ideal response to the task activation.” Specifically, they con-
struct a vector containing +1 for task activation scan times and —1 for rest condition
scan times, and compute an image of the correlation of each voxel time-course with
that vector. Clearly this is a scaled subtraction method akin to computing a t-statistic

SPM for the difference between stimulus and rest states using all images in the scan

sequence.

Series 4 - Cross correlation with sin(pi/15 x)

10 20 30 40 50 60

Figure 2.7: The correlation coefficients between each pixel time course and a reference
sinusoid at the experimental forcing frequency represented as an image for the exper-
imental data of Figure (2.1). Note the darker regions in the same locations identified
in Figure (2.5). The bright pizel corresponds to a blood vessel.

2.3.2 Correlation and Fourier methods

Bandettini et al [3] criticize subtraction based techniques, pointing out that “Sim-

ple image subtraction neglects useful information contained in the time response of
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FFT power at frequency pi/15 — Series 4
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Figure 2.8: The power of the pizelwise Fourier transforms at the experimental forcing
frequency represented as an image for the experimental data of Figure (2.1). Higher
spectral power in this figure corresponds to lighter shades. Observe the highest power
is located in the regions identified in Figure (2.5).

the activation-induced signal change, and is, therefore, an ineffective means to dif-
ferentiate artifactual from activation-induced signal enhancement.” They propose
processing strategies based on thresholding correlation-derived images and compare
image subtraction, temporal cross-correlation and Fourier methods on a motor cortex
activation example. They describe what they call a Gram-Schmidt orthogonalization,
which is basically least-squares, to remove linear drift as part of their data processing

methodology.

In an experiment similar to that described in [4], the subject performs “self-paced
sequential tapping of fingers to the thumb.” A sequence of 128 images are taken every
2 seconds, with the subject switching between right and left thumb every 8 images.
They then discuss the following processing strategies.

Subtraction. Selecting images 54 and 62 as “obtained during periods of peak signal
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enhancement for the right and left motor cortices, respectively”, they form a subtrac-
tion image by taking their difference. They note “artifactual signal enhancement in
the sagittal sinus region” which they attribute to CSF or blood flow.

Averaging with Subtraction. They subtract the average of images 52 through 57
from the average of images 60 through 65, and observe improved image quality but
note “the artifactual signal enhancement in the sagittal sinus region is still present”.

Cross-Correlation. By cross-correlation, Bandettini et al refer to the dot prod-
uct of the pixelwise time-course with a reference vector. In effect, they describe it
as the correlation coefficient between the time-course and the reference vector “un-
normalized” to reflect amplitude information. As reference waveforms, they discuss
use of a box-car “ideal” vector, an actual pixel vector, and a time-averaged response
vector. As noted above, cross-correlation with the box-car waveform “is essentially
the same as averaging all images during the interleaved “on” periods and subtracting
the average of all images during the interleaved “off” periods.” Use of a selected pix-
els waveform as the reference avoids the over-simplification of the “ideal” model the
box-car represents, enhancing the image quality “because the reference vector more
closely approximates the actual response vectors and the dot products are higher.”
The disadvantages are that artifacts may be present in the selected pixel and the
issue of selection bias. The time-averaged response vector reference is constructed by
averaging a pixels response across stimulation cycles. Again, selection bias and the
potential presence of artifacts correlated with activation are of concern.

Fourier Transform. The magnitudes of the Fourier transforms of the time re-
sponses at the stimulation frequency display similar activation patterns to those pro-
duced using cross-correlation, including sagittal sinus signal enhancement.

Imaging Formation with Thresholding. Working with either time-domain or frequency-
domain representations of the pixel waveforms, Bandettini et al observe that ignor-

ing amplitude information and working with correlation coefficient images, spurious
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artifacts presumably associated with venous or cardio-vascular flow show minimal
correlation. They propose thresholding of the correlation coefficient image. Thresh-
old selection is based on an i.i.d. Gaussian assumption for the noise and takes no
account of multiple comparisons. Formation of the cross-correlation image at pixel lo-
cations not excluded by correlation coefficient thresholding is their recommendation,

providing “a high degree of contrast-to-noise.”

McCarthy et al [48] provide an example of frequency domain Fourier analysis of an
fMRI experiment designed to localize brain activation in response to moving visual
stimuli. Rather than using an activation-rest paradigm, they compare two stimuli
states they call Motion and Blink. “Stimuli were 100 small white dots randomly
arranged on a visual display. During the Motion condition, the dots moved along
random non-coherent linear trajectories at different velocities. During the Blink con-
dition, the dots remained stationary but blinked on and off every 500 ms. The Motion
and Blink conditions continuously alternated with 10 cycles per run and 6-8 runs per
experiment. In half of the runs, the starting stimulus condition was Motion, while in
the remaining runs it was Blink.” A series of 128 images, taken every 1.5 seconds, of

multiple brain slices were acquired for each run.

For each voxel time-series, the Fast Fourier Transform was computed, and only the
frequency and phase at the stimulus alternation frequency were considered. Voxels
were retained for analysis if they satisfied both a spectral power and phase threshold.
The average frequency spectrum was considered to have a significant peak at the
frequency of condition alternation if the spectral power at that frequency exceeded the
mean spectral power of the fourteen neighboring frequencies (seven frequency points
on each side of the stimulus alternation frequency) by more than 2 standard deviations
for both stimulus orders (Motion-Blink and Blink-Motion). The stimulus alternation
frequency was selected in such a way as to exactly correspond to a frequency of the

FFT. The relative phases at the condition alternation frequency for the two stimulus



CHAPTER 2. BACKGROUND AND LITERATURE REVIEW 21

orders were also required to be within +15 degrees of 180 degrees out of phase in
order to be retained. Voxels satisfying both conditions were considered to have been

activated.

Binder and Rao [7], in an overview chapter on human brain mapping with fMRI,
compare subtraction, Fourier and cross-correlation methods of analysis. They list
several drawbacks of using Fourier analysis, including artifacts caused when “large
magnitude signal changes create multiple peaks in the spectral density profile” and
the lack of a “readily apparent” “acceptable method for testing the statistical sig-
nificance of signal enhancement”. They promote the cross-correlation procedure of
Bandettini et al [3] using a sinusoidal reference waveform and make reference to mul-
tiple comparison correction in setting a correlation threshold to detect activation. A
Bonferroni adjustment based on the number of pixels per brain slice and the total
number of images in the series is used. Noting that “the normalized correlation coef-
ficient contains no information concerning the magnitude of the signal change”, they
produce functional brain maps overlaying signal amplitude information for the pixels

exceeding the correlation threshold over the anatomical scans.

Lee, Glover and Meyer [46] use correlation and phase lag information to discrimi-
nate venous responses from gray matter neural activity in an experiment stimulating
primary visual cortex. For each voxel, they first subtract a “trend” line from the
time course, and then compute the correlation coefficient between the detrended time
course and both a sine and cosine function at the stimulus frequency. They combine
these two correlation coefficients, effectively treating them as the real and imaginary
parts of a complex correlation coefficient, to compute magnitude and phase compo-
nents of the correlation. They compare the magnitude and phase images so computed
with anatomical scans and a percentage signal deviation above baseline image com-
puted using the Fourier power at the stimulus frequency and a baseline image. The

temporal phase lags in their experiments correspond directly to hemodynamic time
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delays, with each 10 seconds of phase corresponding to a one second delay. They
observe that shorter delays appear to correspond to gray matter activation, with
longer delays attributable to larger blood vessels showing higher percentage signal
deviations, often for low baseline levels of MR signal. They offer a variety of detailed

physiological explanations for this behavior.

They find that for their data, “all the high percentage signal changes with 90 <
phase < 110 degrees are almost certainly due to large veins” but that not all large
veins are identified “due to the range of signal deviation at each phase.” They also find
pixels roughly 180 degrees out of phase with the hemodynamic delay (“indicating a
signal decrease with stimulation”) “anatomically correlated with large vessels.” They
quantify the uncertainty in temporal phase via a Fisher z-transformation and normal
approximation, and use this to produce confidence band images of activations based

on temporal phase (of the correlation).

They also compute similar correlation quantities from the NMR signal phase im-
age. (MR images are typically based on signal strength contrasts or magnitude im-
ages, but the Fourier nature of image reconstruction can also provide a phase angle
image of the scan region.) They observe that “regions with a high value of r; ap-
pear to be anatomically correlation with large vessels.” They propose a technique
for discriminating large veins based on comparison of both the phase and magnitude
correlation responses. Both proposed methods of discrimination identified similar re-
gions where larger blood vessels were anatomically expected, with the latter technique

considered to be more sensitive to partial volume effects.

Engel et al [13] employ what is sometimes called a phase-delay encoding or phase-
tagging experimental design in an fMRI experiment of human primary visual cortex.
By virtue of the spatial organization of the primary visual cortex along the calcarine
sulcus, whereby “as a stimulus moves from the fovea to the periphery the locus of

responding neurons varies from posterior to anterior portions of the calcarine sulcus”,
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they were able to map the retinotopic organization of the visual cortex with regard
to increasing visual angle or eccentricity. Their stimulus was a pair of concentric
expanding annuli displaying high-contrast flickering checkerboard patterns, with the
rate of expansion constant and a new annuli emerging from the center as the outer
annulus passed an experimental upper limit of visual field. Four cycles of the stimulus
were viewed during a 192 second session, with an image taken every 1.5 seconds. They
observe periodic response behavior at the expansion frequency (one cycle being the
time taken for an annulus to expand from the center to the peripheral limit) along
the calcarine with phase delay increasing from anterior to posterior areas. They
use the average and standard deviations of the phase delays estimated for a best-
fitting least squares sinusoid fit from each of the four stimulus cycles to compute an
estimate of the cortical distance for which reliable separation of signal is possible using
their technique. The retinotopic mapping between eccentricity and cortical distance
produced is compared with previous studies and seen to provide superior detail and

resolution.

De Yoe et al [10] describe an experimental analysis using cross-correlation tech-
niques where the correlation threshold is determined by comparing the distribution
of correlation values for both a blank series of scans (no stimulation) and the ex-
perimental scans, including a multiple comparison correction. They use a reference
waveform based on ten representative pixels they consider to have been activated.
One study described maps visual field eccentricity along the sulcus by performing a
set of experiments with each run having a stimulus at a fixed eccentricity. They also
report on a phase-tagged experiment identifying a circulating retinotopic pattern cor-
responding to visual field angle. The stimulus consisted of a flashing hemifield placed
so as to rotate 18 degrees of visual field angle every two seconds. The mapping was
computed “by performing a cross-correlation analysis with a set of reference wave

forms spanning a complete range of phase shifts (0-360 degrees = 0—40 seconds).”
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Sereno et al [56] produce a detailed mapping of the retinotopic organization for
both polar angle and eccentricity using stimulus phase-encoding and Fourier analysis.
Stimulus regimes of both expanding and contracting rings mapped eccentricity, while
both clockwise and counter-clockwise rotating hemifields mapped polar angles. They
describe their analysis as follows: “The linear trend and baseline offset for each
pixel time series was first removed by subtracting off a line fitted through the data
by least squares. ...The phase angle of the response at the stimulus rotation (or
dilation-contraction) frequency at a voxel is related to the polar angle (or eccentricity)
represented there. ...The phase angles were mapped to different hues ...”. They
note that their “basic procedure is closely related to correlation of the signal with a

sinusoid function.”

In summary, correlation methods appear attractive by providing a single num-
ber summary for each pixel time course, compared against a comparison reference
curve. Selection of the reference curve remains a somewhat arbitrary choice. The
box-car curve of the stimulus regime leads to a scaled ¢-statistic image. Correlation
with smooth reference curves ignores high frequency noise in the time-course. Use
of a reference sinusoid at the stimulation frequency or the Fourier spectral power at
that frequency exemplify this approach. Use of the correlation coefficient without
regard to the amplitude of the signal risks identification of spurious low-amplitude
artifacts correlated with stimulation as regions of activation. Choice of a reference
waveform based on selected pixels introduces the statistical issue of selection bias.
Determination of the appropriate threshold above which correlation indicates acti-
vation is typically either done in an ad hoc fashion, with questionable distributional
assumptions or without regard to the need for multiple comparisons correction. The
temporal phase of the best-fitting sinusoid to a time course has a direct interpretation

as a time-delay of activation.
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2.3.3 Models for hemodynamics

Bandettini et al [3] write: “The activation-induced signal change has a magnitude and
time delay determined by an imperfectly understood transfer function of the brain.”
Several authors have attempted to improve upon the understanding of that transfer

function.

Kwong et al [42] model the rise time in recorded MRI signal intensity of activation
using an exponential model: “A(1 — e**) where ¢ is time and A is a constant”,
reporting a mean time constant, k, of 4.442.2 seconds for gradient echo imaging and

8.9£2.8 seconds for inversion recovery imaging.

Friston, Jezzard and Turner [31] introduce the concept of the hemodynamic re-
sponse function to describe the delay and dispersion that blood flow dynamics must
contribute to the detection of brain function using fMRI. Their paper, one of the
most influential in the fMRI literature, also introduces the use of a normalized
cross-covariance SPM for determining regional activation, explores stationary Gaus-
sian random field theory approximations for inference, and considers eigenimages
or singular value decompositions of fMRI data. They propose the following model:
“(t) = A(e(v) + 2(t)) where z(t) is the observed signal at a particular time (), A(.)
is a convolution operator modeling the effect of the response function, €(v) is the
evoked neuronal transient as a function of time from the stimulus onset (v) and z(¢)
is an uncorrelated neuronal process representing fast intrinsic neuronal dynamics.” In
a form more familiar to statisticians, the operator A(.) can be written as the convo-
lution of its argument with a function h, the hemodynamic response function. The
Friston, Jezzard and Turner model can then be re-expressed as x(t) = (h* (e + 2))(t).
They then propose use of a Poisson form for the hemodynamic response function (to
be convolved, for example, with the temporal treatment profile), with a single pa-

rameter A globally describing delay, dispersion, and hemodynamic response function
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shape. This choice is based on mathematical convenience and parsimony. Note that
z(t) = (h*(e+2))(t) = (hxe)(t)+ (hxz)(t) by linearity of convolution, and the Friston
model is thus making a very strong statement about the nature of any additive noise

in their model.

Their test statistic for detecting activation is a statistical parametric map of the
normalized cross-covariance between the observed time course at each voxel and the
convolution model fit based on the globally estimated A\. They heuristically argue
that this forms a SPM{Z}, or Gaussian SPM, and use stationary Gaussian random
field theory to propose inference methods. These are described in more detail in

Chapter 7.

Lange and Zeger [44] consider experiments based on alternating periods of stimulus
and rest of equal length repeating for several cycles. They propose use of all the
harmonic frequencies of the stimulus square wave and a Poisson or Gamma model
for the hemodynamic response function in a Fourier-domain method for iteratively
estimating model parameters. They allow for spatially varying hemodynamic response
parameters at each voxel. By transforming into Fourier space, the convolution of the
hemodynamic response with the stimulus signal can be modeled as a (complex-valued)
multiplication of the corresponding Fourier transforms of each. The Fourier transform
of a square wave has power only at the fundamental frequency and odd-numbered

harmonics of that frequency.

The Lange-Zeger model assumes the observed MRI signal time-courses at each
voxel are formed by the convolution of their parametric hemodynamic response func-
tions with the stimulus signal plus a noise term consisting of a stationary Gaussian
process at each pixel. The parameters of the hemodynamic response function are
iteratively fit using complex-valued least-squares in the Fourier domain on a pixel
by pixel basis. Under the stationary Gaussian process assumption, the temporal

auto-covariances translate into a diagonal variance-covariance matrix in the frequency
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domain with unequal variances. Having fit the parameters pixel-wise, inference is ac-
complished assuming a spatio-temporal autocovariance structure on the residuals and
using multivariate Gaussian theory. Empirical spatial autocorrelation functions as a
function of intervoxel spacing at the fundamental and harmonic frequencies were com-
puted. These were approximated by exponential or Gaussian functions to construct
a patterned variance-covariance estimate upon which to base inference. Isotropy was

assumed.

Figure (2.9) displays at left the mean-corrected time-series observed at each of
the 23 high-correlation pixels identified in Figure (2.5) on page 11 in the 16 by 16
pixel sub-region of Figure (2.1). On the right are the parametric reconvolution fits
obtained by the Lange and Zeger procedure, using Fourier analysis and convolving
a parametric Poisson kernel with a box-car waveform at the stimulation frequency.
Only a single cycle of the fit is shown. Figure (2.10) offers the same display but shows
the time-courses and fits for every pixel in the 16 by 16 subregion of Figure (2.1) on
page 8.

Boynton, Engel and Heeger [8] conduct experiments on the response of human
visual cortex to varying contrast stimuli. They quantify both visual cortex contrast
response and hemodynamic response functions by means of linear systems analysis.
They model the hemodynamic response function in a convolution model using a

Gamma model.

These convolution-based hemodynamic response models are considered along with

more data-driven modeling approaches in Chapter 3.
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Figure 2.9: Time-courses and one cycle of Lange-Zeger model fit for 23 high-
correlation pizels of the subregion identified in Figure (2.1). Note the left and right
panels are on different scales.
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Figure 2.10: Time-courses and one cycle of Lange-Zeger model fit for all pizels of the
16 by 16 subregion identified in Figure (2.1). Note the left and right panels are on
different scales.



CHAPTER 2. BACKGROUND AND LITERATURE REVIEW 30

2.3.4 Statistical Parametric Maps and the General Linear

Model

The statistical parametric maps referred to above in the context of subtraction-based
t-statistics at each pixel location can be generally applied to any pixel-wise or voxel-
wise summary statistic, including the correlation coefficient. Friston et al [25] pio-
neered their use in PET data analysis with an analysis of covariance or ANCOVA

model for activation accounting for global and local changes in rCBF flow.

In two papers by Friston and others [30, 29], of which the latter was subsequently
corrected in Worsley and Friston [67], analysis of statistical parametric maps from
functional imaging experiments is presented in the context of a general linear model.
Not to be confused with generalized linear models or GLMs, the model proposed is
simply a linear model for the expectation of a response variable. They observe that
this presents “a framework that can accommodate any form of parametric statistical
test ranging from correlation with a single reference vector, in a single subject design,

to mixed multiple regression/ANCOVA models in many subjects.”

They propose that the (mean-corrected) time series at any single pixel be modeled
as X = GB3 + e. In Friston et al [30], the residuals e are said to be “a matrix of
normally distributed error terms” and are treated as if independent for inferential
purposes. Later papers such as Friston et al [29] and Worsley and Friston [67] impose
a strict structure on them, arising from their hemodynamic model. Friston et al [29]
hold as a central tenet of their work “that a more powerful test obtains if the data are
smoothed in time” and apply smoothing with a Gaussian kernel as a preprocessing
step before analysis. The width of the Gaussian kernel is determined by comparison
to their expectations of the dispersion of the hemodynamic response function. To
accommodate this temporal smoothing, they pre-multiply the linear model equation

with a matrix representing the Gaussian kernel of specified smoothness. If K is that
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matrix, the new model is
K-X=(K-G)B+K-e=G*8+K-e

The residuals from the fitted linear models are assumed to be independent and iden-

2 smoothed when

tically distributed normal variates with mean zero and variance o
multiplied by K. They assume that after smoothing, “the correlations that manifest
are stationary and (almost) completely accounted for by the convolution (or smooth-
ing operation).” They claim that “the aim of this work is to extend the general linear
model so that it can be applied to data with a stationary and known autocorrelation.”

Worsley and Friston [67] observe that “there is a large literature on this topic” and

cite Watson [60] as one of the best early references.

Worsley and Friston [67] correct many of the results given in Friston et al [29],
mostly providing mathematical rigor where heuristic arguments had been used and
correcting errors. Friston et al [29] claim their parameter estimator for 5 optimally
“maximizes variance in the signal frequencies relative to other frequencies”. Worsley
and Friston [67] note that the optimal estimator of 5 in that sense “is obtained by
deconvoluting or unsmoothing the data by multiplying by K! and applying least-
squares to the uncorrelated data X” by the Gauss-Markov theorem. Instead, Friston

et al [29] apply least squares to the smoothed observations, with an estimator
b = (G*TG*) 'G*TKX

where G* = KG. Worsley and Friston note this estimator “is unbiased and the loss
of efficiency is more than offset by the gain in robustness”. The variance-covariance

matrix of the parameter estimates is given by

-1

Var(b) = 0*(G*"G*) 'G*TVG(G*TG*)
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where V = KKT.

Hypothesis testing in Friston et al [29] is framed in terms of single degree of
freedom linear contrasts c of weights summing to zero. In their notation c is a row
vector. The test statistic for a particular linear compound c is given by Worsley and
Friston as

T = cb/(ce?(G*TG*) 'G*TVG(G*TG*) 'cT)3

where € is an unbiased estimator of 0. Worsley and Friston point out the estimator
€2 suggested in Friston et al [29] is biased, and give the formula for the correct unbiased
estimator as

€?> = r'r/trace(RV)

where r = RKX is the vector of residuals and R is the residual-forming matrix given
by
R=1I-— G*(G*TG*)_IG*T

The distribution of 7" above under the null hypothesis of no effect is approximately
distributed as a t random variable with “effective degrees of freedom” v. The correct
formula for the effective degrees of freedom, given by Worsley and Friston, is computed

to be
2E(€2)? trace(RV)?
vV = —
Var(e?)  trace(RVRV)

Having developed a theory producing SPM{T} maps for any linear compound
hypothesis, they apply the theory of stationary spatial random fields to perform
inferences about regions of significant activation. More details of inference procedures

in this context are discussed in Chapter 7.

The purpose of the temporal smoothing introduced by the matrix K to obtain “a

more powerful test” is analogous to what is done in analysis of variance of mixed or



CHAPTER 2. BACKGROUND AND LITERATURE REVIEW 33

random effects models. In the case of multiple or nested error strata, the F-test per-
formed in analysis of variance compares the sums of squares within the error stratum
concerned, avoiding contributions to the overall sum of squares due to uncorrelated
errors in the other strata. If the high frequency noise in the data is totally uncorre-
lated with the signal, temporally smoothing before analysis is increasing the power

of a test within the low frequency error stratum.

2.3.5 Eigenimages, functional connectivity,

multivariate statistics

Connectivity between brain regions is of particular interest in human brain mapping.
The organization of brain function for particular mental tasks can be split between
discontiguous cortical regions. A substantial amount of work has been done in the
psychology literature on identifying such functional connectivity, typically using tem-

poral coherence and cross-correlation as indications.

Friston et al [27] propose use of principal components analysis (PCA) of PET data
to identify functional connectivity. They argue that each of the principal components
of the correlation matrix of ANCOVA-adjusted rCBF data “represents a truly dis-
tributed brain system within which there are high intercorrelations.” They also claim
that since the principal components are orthogonal to each other, each system so

identified is functionally unconnected.

To reduce the computational workload implied by eigenanalysis of the correlation
matrix of thousands of image voxels, the authors propose a recursive PCA subroutine
written in matlab to compute the eigenvalues and eigenvectors of the correlation
matrix. Weaver [61] shows that use of the eig and cov functions in matlab executed
twenty to forty times faster and had an error six to ten orders of magnitude smaller

for data sets at usual imaging sizes.
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Friston et al [27] compute the principal components based on a subset of their data
consisting of the pixels for which significant differences between scans were detected
by the ANCOVA F-test. Their first principal components accounted for 71% of the
variance of the data and identified separated brain regions of activation corresponding
to anatomically connected areas used for processing the verbal fluency task their

experimental regime was testing.

In Friston et al [22], a distinction is made between what the authors call functional
connectivity and effective connectivity. Functional connectivity is defined as “tempo-
ral correlations between spatially remote neurophysiological events”, where effective
connectivity is “the influence one neuronal system exerts over another.” To quantify
“the amount a pattern of activity ...contributes to the functional connectivity or
variance-covariances observed”, the authors propose use of the vector 2-norm of the
pattern multiplied by the data matrix. They claim this metric combined with use
of the singular value decomposition “has been used to good effect in demonstrating
abnormal prefrontotemporal integration in schizophrenia” in Friston et al [32]. Not-
ing that the singular value decomposition produces singular vectors which are the
eigenvectors of their functional connectivity matrix, they put forth the SVD as a way
of “decomposing a neuroimaging time-series into a series of orthogonal patterns that
embody, in a step-down fashion, the greatest amounts of functional connectivity.”
The eigenimages show spatial arrangements of areas with high principal component

values, accounting for large fractions of the variability in the data.

The authors further borrow from multivariate statistics and mathematics, propos-
ing application of multidimensional scaling to map anatomy into functionally simi-
lar regions, use of mutual information as a metric for intrahemispheric integration
comparisons between normal and schizophrenic patients, and undetermined linear

modeling of effective connectivity as well as exploring nonlinear models.
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A number of authors, such as Gonzalez-Lima [36] and McIntosh and Gonzalez-
Lima [49], propose use of structural equation modeling to quantify the interactions
among neural regions. This methodology, also known as path analysis, has been
roundly criticized by many statisticians, an excellent example of which is the paper

by Freedman [21] and its many responses and rejoinders.

Friston et al [24] propose a MANCOVA test based on their general linear model
framework described above. Specifically, they compute a Wilk’s Lambda statistic to
test the null hypothesis that [ is zero, and transform it so it has an approximate 2
distribution. The degrees of freedom they indicate is based on the incorrect effective
degrees of freedom proposed in Friston et al [29]. Once testing via MANCOVA in-
dicates a significant effect, they suggest use of canonical variate analysis (CVA) to
characterize the spatiotemporal dynamics of the effects. In an example data set, the
canonical variates identify transient brain responses that are biphasic and have dif-
ferential responses based on the activation condition. The authors describe canonical
images as “de-noised eigenimages that are informed by (and attempt to discount)

error.”

2.3.6 Summary

Statistical techniques used in the analysis of PET and fMRI data sets for human brain
mapping experiments run the gamut from subtraction-based ¢-tests and correlation
coefficients to linear and non-linear modeling approaches and use of multivariate
statistical tools. The literature review in this chapter has focused primarily on tech-
niques of estimation and modeling, and detailed consideration of issues involved in
statistical inference for such data sets are deferred to Chapter 7. As is seen by the
range of statistical techniques considered in the literature, the scope for involvement

of professional statisticians is vast.
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Characteristic features of the analysis of fMRI data sets include high dimension-
ality, relatively short time series at each pixel, the low signal to noise ratio of the
BOLD effect, the need to reduce variability through replication and intersubject av-
eraging, experimental design issues such as selection bias and treatment presentation
orderings, and multiple comparison corrections. For the most part, these have been
reasonably well considered in the literature. Many of the papers carefully validate
their methodological proposals with experimental data. The enthusiasm with which
papers describing the application of such a great variety of statistical techniques may
be of potential concern to statisticians. Several of the papers by Friston and others
have contained mathematical errors or inaccuracies due to heuristic or ad hoc rea-
soning [26, 29] or inefficient, inaccurate implementations proposed as innovative [27].
The same authors have proposed some of the landmark papers in the fMRI literature,
for example [26, 31]. Some of the assumptions taken for granted in this literature may
benefit from closer inspection by statisticians. The nature and adequacy of the con-
volution model proposed by Friston, Jezzard and Turner [31] and the generalization
proposed by Lange and Zeger [44] will be examined in the next chapter. The sta-
tistical rigor of inference techniques, discussed in Chapter 7, is substantial. Several
aspects of fMRI data analysis pre-processing could bear further examination, but are
not considered here. These include issues of image registration, ensuring subsequent
images are aligned and comparing the same brain regions. The pre-eminent technique
used in the literature is that proposed by Woods et al [63], although Friston et al [33]
propose their own technique. The detrending of the time course drift prior to analysis
rather than as part of analysis may be introducing systematic bias and reducing the
effectiveness of subsequent statistical analysis. Finally, the temporal smoothing pro-
posed by Friston et al [29, 67] with a Gaussian kernel is quite a strong presumption on
the form of the temporal auto-correlation of the data, and more data-driven analysis

of its appropriateness would be of interest.



Chapter 3

Spline Basis Expansion Models

Identification of brain activity using functional magnetic resonance imaging (fMRI)
depends on blood flow replenishing activated neuronal sites. In this chapter we de-
scribe how previous studies have sought to model the hemodynamic response function
with restricted parametric models, and examine some of the inadequacies imposed
by the implicit restrictions. A study of primary visual cortex activation is used to
illustrate. We investigate more flexible estimation of hemodynamic response using
cubic spline basis expansions, both of the time course itself and of the hemodynamic
response function. In the latter, a deconvolution estimate of hemodynamic response
is estimated from the observed fMRI time series at each pixel location and the de-
signed temporal input stimulus. The estimated hemodynamic responses include both
monophasic and biphasic forms, comparable with the more limited model proposed
in Friston et al [28]. Bootstrapping allows us to show that for our example data, a
Poisson-based convolution model performs no better than fitting a sinusoid to the
data, but that for regions of activation, both the spline-based convolution model and
periodic spline models do. Classification of hemodynamic response estimates using
a statistical clustering algorithm such as Hartigan’s k-means yields an informative

brain activation map.

37
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3.1 Time-course models at each pixel

While neural activation occurs on a millisecond time-scale, the detectable blood flow
replenishing the activation sites depends on local vasculature and can occur as long
as several seconds after activation. As discussed in the previous chapter, a number of
models have been proposed by various authors to detect activation while allowing for
that time delay and dispersion. The concept of the hemodynamic response function
introduced by Friston, Jezzard and Turner [31] and their convolution model has been

enthusiastically adopted in the fMRI literature.

To recap briefly, they propose the following model: “x(t) = A(e(v) + z(t)) where
x(t) is the observed signal at a particular time (), A(.) is a convolution operator mod-
eling the effect of the response function, €(v) is the evoked neuronal transient as a
function of time from the stimulus onset (v) and z(¢) is an uncorrelated neuronal pro-
cess representing fast intrinsic neuronal dynamics.” In terms more familiar to statisti-
cians, if h is the hemodynamic response function, their model is z(¢) = (h*(e+2))(?).
They propose use of a Poisson form for the hemodynamic response function (to be
convolved, for example, with the temporal treatment profile), with a single parameter
A globally describing delay, dispersion, and hemodynamic response function shape.
Lange and Zeger [44] and Boynton, Engel and Heeger [8] use Gamma forms for the
hemodynamic response. Lange and Zeger estimate parameters at each pixel location

rather than globally, and use a frequency domain fitting procedure.

Friston et al [28, 24] observe that evoked hemodynamic responses can be biphasic
or have differential ‘early’ or ‘late’ profiles. Friston et al [28] fit a model consisting of
a linear combination of two monophasic parametric curves to explore this behavior,
for example. They set the parameters of their model’s monophasic curves to pre-

chosen integers and do not estimate them using the data. The hemodynamic response
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functions admitted by their model take the form Afy(¢t) + Bf_1(t) where

it —t
n T)exp(—)

fr(t) = sin( - =

Figure (3.1) shows examples of the family of curves provided using Afy/4(t)+ B f_1(t).
The exponential modulation described by Friston et al [28] in the text of the paper
does not seem to correspond to the curves displayed in Figure 1 of that paper, but

using the reciprocal rate constants seems to correct this.
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Figure 3.1: An example family of curves admitted by the model proposed in Friston
et al [28].
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An acknowledged deficiency of the Poisson model for the hemodynamic response
function is that it confounds estimation of delay and dispersion into a single param-
eter. Given the possible inadequacy of the Poisson and Gamma models in describing
the true nature of vascular delay and acknowledging the possibility of a biphasic
response, we propose a more data-driven approach to the estimation of the hemody-
namic response. In particular, by using a more flexible modeling family, such as cubic
B-splines, we are able to discover more information regarding the local workings of

the brain during activation such as sensory stimulation or cognitive function.

3.2 Data

Figure (3.2) shows an anatomical MRI scan of the human brain. This is an oblique
slice taken as part of an investigation into activation of primary visual cortex, which
is located along the calcarine sulcus. The area of activation for this particular exper-
iment is expected to lie within the boxed 16 by 16 pixel subregion along the sulcus.
The stimulus-rest regime for this series of functional scans consists of stimulus for 15
scans then rest for 15 scans repeated for 4 cycles, a total of 120 functional scans. An

image was taken every 1.5 seconds in a continuous spiral scan.

Figure (3.3) shows an example of a time series produced at a single pixel, with
the stimulus regime superimposed at the top of the figure. Note the delay between
the change in treatment and the change in signal. Observe also the periodic nature of
the response in an almost sinusoidal pattern. One common form of analysis of such
data consists of thresholding a map of the correlation coefficient between the data at
each pixel and the best fitting sinusoid at the stimulation frequency (with respect to

amplitude and phase).

Figure (3.4) on page 42 shows the brain location of four selected pixels, whose

mean-corrected time courses are shown in Figure (3.5) on page 43. Superimposed over
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Figure 3.2: An oblique anatomic MRI scan localized around the calcarine sulcus.
The 16 by 16 subregion indicated contains the area of primary visual corter being
stimulated.
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Figure 3.3: The time course from a single pizel is displayed. Superimposed is the
stimulus regime, with the higher level indicating stimulus and the lower rest.
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the data are the fits produced by the Lange-Zeger procedure using a Poisson model
for the hemodynamics. We first model the observed data directly, using smooth cubic
spline fits constrained to be periodic. Figure (3.6) on page 43 shows the fits produced
at these four pixels for comparison, and Figure (3.7) on page 44 shows a single cycle
of the periodic splines compared to the Lange-Zeger estimates at the corresponding

pixels. Precise details of the periodic spline model are described in the next section.

Figure 3.4: The location of four selected pizels used in examples below.

A large number of the periodic spline fits of the data exhibited the characteristic
double-humped pattern seen in these figures. Increasing the number of knots did
not dramatically alter the overall shape of the fits, suggesting this pattern is not an

artifact of the fitting procedure.

The structure apparently uncovered by these exploratory fits suggested that a
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Figure 3.5: Mean-corrected time-courses at the four pizel locations indicated above (in
order from left to right). Superimposed over the time-courses are the parametric fits
obtained using the Lange-Zeger procedure for those pizels.
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Figure 3.6: The panels above show mean-corrected time-courses at the four pizel loca-
tions marked in black at left (in order from left to right). Superimposed over the raw
time-courses are the fits obtained for those pizels using periodic cubic splines.
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Figure 3.7: The monophasic kernel fits of the Lange-Zeger procedure are shown com-
pared to the periodic spline fits over a single cycle at each of the J pizels displayed
above.

more flexible model might provide greater insights into the nature of the brain’s re-
sponse to activation. The double-humped pattern seemed to be suggestive of a bipha-
sic hemodynamic response. This led us to also consider cubic spline basis expansion

models for the hemodynamic response function.

3.3 Models

The data we are considering consists of sequences or time series of image data. Let
y; denote the i"® image in the sequence, for i = 1,...,n, where each image is viewed
as a vector of M = m; X my pixels, where m; and my are the image dimensions. If
we consider the image data as an n x M matrix Y, each row represents the pixels of
an image in the sequence, and each column represents the time-series of responses at

individual pixel locations. The experimental subject is scanned while being exposed
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to alternating periods of rest and (in our example above, visual) stimuli. Encoding
whether an image is scanned during a period of rest or stimulation, we can create a
covariate x(t), for which we have the discretized vector with z; = x(¢;) equal to one

if the i'" scan occurs during the stimulus condition, or zero during rest.

3.3.1 Periodic Spline Model for pixel time series

Since the simplest commonality of the experimental regime is its periodic nature,
we first explored the time-series using regression with periodic splines. Here we are

modeling the observed data directly, with a model of the form
Y(t) = S(t) +€(?)

where S(t) = S, 0;b(t). The spline fits are based on equally spaced knots over a
single cycle, constrained to periodically wrap at the cycle boundaries with continuous
zero’th through second derivatives at the knots. The functions b;(¢) forl =1,..., L are
the cubic B-spline basis functions for L equally spaced knots over a single stimulus-
rest cycle, and the values of #;, must be such that the periodicity constraints are

satisfied.

The times at which fMRI scans are taken, t;, are converted to new times t; =
t; mod T. We can then construct a basis for cubic-splines periodic on [0,7] as
follows. We have available a function to generate a basis of cubic B-splines ;(¢) with
L equally spaced knots in [0, 7], and their derivatives [9]. Using their zero’th through
third derivatives at 0 and 7', we can obtain a linear constraint matrix C' such that
C6 = 0 enforces the periodic boundary conditions on the parameters 6. We now
construct a basis matrix B using the periodic time points ;. Using C', we can reduce

B to B* by standard linear algebra [35], where B* has the constraints built in. We
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can then regress the pixelwise series Y;; at the j pixel on the columns of B* for
j=1,..., M.

The standard linear algebra mentioned above can be computed as follows. First
we generate a basis of cubic B-splines with K uniformly spaced knots in [0,7]. Any
knot spacing can be modified to a periodic basis; uniform spacing here merely reflects
the least presumptive design. The cubic B-spline basis generates a linear function sub-
space of piecewise cubic functions which are smooth in the sense that their zero’th
through second derivatives match at each knot. The columns of the matrix B are the
values of the B-spline basis evaluated at the “wrapped” time points ¢; = ¢; mod 7.
In order to satisfy the additional requirement of periodicity, the functions must also
satisfy the constraint that their zero’th through third derivatives at 0 and 7" must
also match. Note the periodic interval endpoints are not necessarily knots, but the
cubic polynomial in the first and last subintervals must wrap onto each other exactly.
By matching the zero’th through third derivatives, we ensure the same cubic polyno-
mial between the last interior knot and the “wrapped” knot above it, and similarly
for the subinterval up to the first interior knot from the “wrapped” knot below it.
Alternatively, we can force the periodic boundary to be a knot by only matching the
zero’th through second derivatives. Now we have a basis B for the cubic B-splines
space, but wish to further restrict ourselves to a linear subspace determined by the
constraint C' = 0, which amounts to a basis for the null space of C. Note that
R(A)* = N(AT). By taking the QR decomposition of CT, we obtain an orthonormal
matrix Q.onst Such that the first 4 columns are an orthonormal basis for R(C") and
the remaining columns form a basis for R(CT)+ = N(C). Our basis B* can thus be

constructed by removing the first 4 columns of BQconst-
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3.3.2 Hemodynamic Spline Model for response function

Alternatively, we consider the time-series Yj; at the gt pixel, for i = 1,...,n as
formed by the convolution of an unknown hemodynamic response function, h(t) with

the stimulus regime, z(t),
Y(t) = p+ (h*z)(t) + €(t).

Noting that we are sampling at uniformly-spaced time points, we denote by the vector
h consisting of h(k) for k =1,..., K, the discretized version of h(t) evaluated at the
uniform time points. Since we allow for distinct hemodynamic responses at each pixel
location, we may refer to the hemodynamic response at the j™ pixel using h;(¢) or

its discretization h;. We can write the convolution model as

K
Yij=pn+ Z Ti—pirh; (k) + €
k=1

for each pixel 7 and time index i. Negative subscripts are to be understood as zero
value quantities. (Cyclically lagging values modulo n may be an appropriate alterna-

tive in some circumstances.) This can be rewritten in vector form as
Y=p+Xh+e

if the n x K matrix X is constructed with first column given by the vector x described
above, and lagged versions of z in subsequent columns. (If A is periodic, cyclic lags
may be quite appropriate, especially in the typical case where initial scans are not
considered while the magnetic resonance relaxation effects of tissue stabilize.) For
physiological interpretation, we consider u as a baseline (control) response level, and

values of h(t) to be non-negative, corresponding to how much blood is delayed by
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that amount. We can now readily estimate h using least-squares, subject to a non-

negativity constraint. That is, at the j pixel, we minimize

n

Qj =Y (Vi —p—Xh;)® (3.1)

=1

with respect to o and hj(k),k = 1,..., K subject to the constraints h;(k) > 0 for
k=1,..., K.

In this description so far, we have offered a similar formulation to the convolution
models proposed by Friston et al and Lange and Zeger and others. They model A
using a Poisson or Gamma model, which could be fit in this framework by iterative
non-linear least squares techniques in the time domain. Friston et al [28] use a general
linear model estimation procedure as described in Friston, Holmes et al [30, 29] and
Worsley and Friston [67]. As described above, their model assumes an uncorrelated
error term as the sole source of error which is added to the response function before
convolution by the hemodynamic response. Lange and Zeger transform into Fourier
space and perform what is effectively iteratively re-weighted non-linear least squares
in the frequency domain. Friston, Jezzard and Turner [31] assume the same Poisson
model across all pixels; Lange and Zeger allow for locally varying parameter values

between pixels, and use Gamma models to allow for more general local variability.

Rather than presume a specific distributional form for A, we propose instead to
estimate it semi-parametrically at each pixel location based on the time course data.
Specifically, we propose a basis expansion model of the form h(t) = S, ;b,(¢) and
the values of § are the parameters to be estimated. The studies referred to above use
scaled probability distributions such as the Poisson and Gamma to estimate hemo-
dynamic response. Given the physiological interpretation of h, we expect h(t) to be
“smooth” and suggest the use of cubic B-splines as basis functions to ensure smooth-

ness without requiring a specific monophasic form. Note that the cubic B-spline
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basis functions b;(t) for [ = 1,..., L are themselves probability density functions.
Modeling h(t) as 1, 0;b;(t), we are estimating the hemodynamic response as a non-
negative linear combination of densities. The coefficients may be negative so long as
the estimate of h(t) is non-negative. The non-negativity constraint on h makes this
a constrained but linear least-squares problem (note that the constraints are also lin-
ear). This is easily implemented using minimization software such as CFSQP [45]. We
discretize the basis functions b;(¢) for = 1,..., L at the uniform points at which h(¢)
was discretized into the columns of a matrix B. The minimization from equation (3.1)

becomes: minimize
n

Q; =Y (Yij — n— XB;)’ (3.2)
i=1
with respect to p and 6;(1),l =1,..., L(L < K) subject to the constraints B6;(l) > 0

fori=1,...,L.

3.4 Example

Examples of the periodic spline fits to several pixels were provided previously in
Figures (3.6) and (3.7). They appear to follow the observed data quite well and
detect structural patterns not observed in the comparable Lange-Zeger fits. Now

observe what is found by the hemodynamic spline modeling approach.

Recall Figure (3.3) displaying the time series produced at a single pixel, with the
stimulus regime superimposed at the top of the figure. In this hemodynamic spline
model, we use a cubic B-spline basis with eight equally spaced knots on the interval
[0,22.5] seconds. Recall that a scan is taken every 1.5 seconds and this corresponds
to the time taken for 15 scans. Consider the construction of the matrix X in the
hemodynamic spline model described above for this stimulus regime. Since the test

and stimulus phases last 15 scans each, the columns become linearly dependent if
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X has more than 15 columns. It follows that estimability of h(¢) beyond 22.5 sec-
onds is not possible. Lange and Zeger cite Bandettini et al [3] and Friston, Jezzard
and Turner [31] as estimating hemodynamic delays in humans to be roughly between
4 to 10 seconds so this should not be restrictive. We have chosen K = 15 and
L = 8 for this example. Figure (3.8) shows examples of the estimates obtained at two
example pixels. The two pixels selected are the upper two of the four displayed in Fig-
ures (3.5), (3.6), and (3.7). The estimated hemodynamic response function is shown
on the left, and the fitted reconvolutions on the right. For each case the corresponding
curves based on the best fitting Poisson model is displayed for comparison. There is
little, if any, obvious improvement or difference in the reconvolution estimates. Also,
neither convolution models’ estimates appear to capture the double-humped pattern

seen in the periodic spline fits.

The general shape of the estimates of hemodynamic response for these pixels are
fairly close in gross features. In many cases the estimates obtained for the hemody-
namic response closely follow the matching Poisson fit. Figure (3.9) below shows the
corresponding estimates at two pixels with more obvious biphasic dissimilarity. Ob-
serve that the estimate of the hemodynamic response in each case is notably different,
apparently uncovering structure not observed in the Lange-Zeger and Friston mod-
els. The reconvolutions, however, are still quite similar. The periodic spline fits (not
shown) in these cases are similar to both convolution models and are more sinusoidal,

not exhibiting the double-humped pattern noted previously.

3.5 Inadequacies of convolution models

To more clearly display the differences between the two convolution models and the
periodic spline fits, Figure (3.10) below shows a single cycle of each model. The fits
displayed are from the first example pixel in Figure (3.7), and the first example pixel
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Figure 3.8: On the left are estimates of the hemodynamic response function. On the
right appear the convolutions of both our and the Lange-Zeger hemodynamic estimates
superimposed over the original time series. For the hemodynamic response function
estimates, the dashed line represents the Lange-Zeger Poisson estimate, and the solid
line the hemodynamic spline model fit.
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Figure 3.9: On the left are estimates of the hemodynamic response function. On the
right appear the convolutions of both our and the Lange-Zeger hemodynamic estimates
superimposed over the original time series. For the hemodynamic response function
estimates, the dashed line represents the Lange-Zeger Poisson estimate, and the solid
line the hemodynamic spline model fit.
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in Figure (3.9). The convolution models are convolving a square wave with the hemo-
dynamic response function. As the stimulus regime switches from rest to stimulus,
the convolution accumulates a sum of the values of the hemodynamic response func-
tion. As it switches back from stimulus to rest, the accumulated terms are dropped
in the order they were added. This accounts for the mirror anti-symmetry at the half
cycle point of the convolution model reconstructions. This is more clearly seen in
Figure (3.11), which shows one cycle of the hemodynamic spline model from the first

set of panels of Figure (3.9).

10
10

—— spline convolution model
- Lange-Zeger model \
fffff periodic spline fit

-10
-10

0 10 20 30 0 10 20 30

Figure 3.10: A single cycle of each of the convolution models together with the periodic
spline fit. At left are the fits from the first example pixel above. At right are the fits
from the strongly biphasic pizel seen in Figure (3.9).

The window smoothing nature of the convolution models for this stimulus regime
also forces the estimates to be monotonically non-decreasing up to the half cycle
and monotonically non-increasing in the second half cycle. By contrast, the periodic
spline model is only constrained to be smooth and periodic and admits different rise
and decay behaviors. An attempt to model the periodic spline fitted values from
the first panel of Figure (3.10) with a convolution model was undertaken. Fitting a

completely general hemodynamic response function produces the deconvolution and
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Figure 3.11: A single cycle of the strikingly biphasic hemodynamic spline estimates
reconvolution. Observe both the half-cycle monotonicity and mairror anti-symmetry.

reconvolution estimates shown in Figure (3.12). Clearly the convolution model is

unable to capture the types of patterns suggested by the spline fits to the data.

3.6 Signal or Noise?

Our investigations above suggest that the convolution models used by Friston et al
and Lange and Zeger may be unfairly restrictive and fail to represent structure present
in the data. It should be stressed that thus far these are empirical results, and we
need to better understand the nature of variability of the the data. The observed
time series can be quite noisy, and we need to be sure we are not just fitting models
to the noise. Observe the closeness of the convolution model reconstructions which
call into question how much signal information is contained in the data. The example

power spectrum in Figure (3.13) on page 56 shows the periodogram of the time series
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Figure 3.12: On the left is the best deconvolution kernel estimate when attempting to
fit the periodic spline fitted values using a convolution model. On the right are the
curve being fitted and the convolution reconstruction. Note the convolution model is
unable to adequately describe the shape of the spline fit.

displayed in Figure (3.3) on page 41. Most of the power lies at the fundamental
frequency. Implicit in the convolution model is the assumption that signal power at
the off-harmonic frequencies comes from noise. The spectral power at the harmonic
frequencies is of comparable magnitude to that seen at the off-harmonic frequencies.
This poses the following questions: if all of the spectral power of the time series lies at
the fundamental frequency, do any of these models perform significantly better than
fitting a single sinusoid at that frequency, and can we statistically test if the pattern

observed in the periodic spline fits is real?

3.6.1 Poisson convolution model versus sinusoid

Observing the power of the periodogram above to lie almost solely at the fundamental
frequency, we consider first the question of whether fits produced by the Poisson-
based convolution models are significantly different from simply fitting a sinusoid at
the fundamental frequency to the time-course data. We do this via the bootstrap,

using the residuals from the best sinusoidal fits at each pixel to form our resampling
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Figure 3.13: The power spectrum of the first example time series above. Superimposed
is a scaled periodogram of the stimulus regime square wave, whose power lies at odd
harmonics of the fundamental frequency.
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distribution. Specifically, we compute the best fitting sinusoid at each pixel and
then take each cycle of the residuals as our sampling units. In the example above,
each pixel time-course thus yields four cycles of residuals. We resample in temporal
blocks of cycles in an attempt to retain the temporal autocorrelation structure of
the underlying data. Under the null model that the data are ideally modeled by a
sinusoid at the fundamental frequency, these can reasonably be assumed to arise from

the same distribution.

At each pixel, B — 1 bootstrap resamples are formed by taking the best fitting
sinusoid for that pixel, and adding a separate resampled residual cycle to each of
its four cycles to produce a bootstrap simulated time-course. For each of these B —
1 simulated time series, the best fitting Poisson-based convolution model for that
data was computed. The Poisson-based convolution model fit of that pixels original
data was included in this ensemble for comparison, and ranked based on a score
quantifying the difference between the convolution model fits and the sinusoidal fit.
If the pixels convolution fit lay within the top or bottom aB/2 values, it can be

considered significantly different from the sinusoid model.

To produce a single number summary of how different a convolution model fit was
from the best sinusoidal fit, we took the best Poisson-based convolution model and
the best sinusoidal model at each pixel, and took their difference across a single cycle.
Both models are periodic, so a single cycle suffices for comparison. These difference
curves or vectors were put in a matrix, and the singular value decomposition of that
matrix was taken to determine linear combinations explaining the majority of the
variability of that data which might be used to discriminate between the two models.
Views of the singular vectors and the principal component loadings were examined

seeking a good discrimination of these differences for pixels likely to be activated!.

! Differences between the two models at pixels where no activation was detected could show greater
difference of a distinctly different pattern than that accounted for in the first principal component.
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These showed that the second principal component of the difference data is a good
discriminator of time courses over pixels where activation appears to be present.
Figure (3.14) below shows a single cycle of both the Poisson-based convolution model
and best sinusoidal model at each pixel. Figure (3.15) below shows the projections of
the differences between the fits onto the space of the first two principal components.
Observe here that the second principal component discriminates between the fits well
for the high amplitude pixels, while the first principal component is discriminating
between pixels with low amplitude sinusoidal fits and convolution models that are
effectively flat. Note that the monotonicity constraint implicit in the convolution
models means that sinusoids with a wide range of phase delays may fit the data well
but cannot be modeled by the convolution model. This appears to explain many of

these cases.
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Figure 3.14: At each pizel one cycle of the best Poisson-based convolution model and
best sinusoidal fit are displayed. Pizels are labeled for comparison with later figures.

These pixels typically had very noisy time courses and low amplitude sinusoid fits, which are not of
interest here.
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Figure 3.15: First two principal components loadings of the difference between
Poisson-based convolution and sinusoid models. Example shapes of both the sinusoid
and Lange-Zeger model fits are shown for high values of each principal component.
The first principal component is seen to discriminate the case where an out-of-phase
sinusoid may fit the data while the convolution model estimate is flat, as it is unable
to describe such data.
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Simulations as described above were performed with B = 500, computing the
second principal component loading of the convolution model fits of each simulated
time-course. The rank ordering of the score for the true data at each pixel within
the B simulated values was recorded. Ranks close to 1 or B would indicate that the
difference between the convolution model fit was so substantially different from the
sinusoidal fit that it was unlikely to have arisen purely by chance. The ‘one-sided’
ranks out of 500 were converted to ‘two-sided’ ranks out of 250 indicating smallest
rank from both extremes. Figure (3.16) displays these two-sided ranks at each pixel.
Figure (3.17) displays the corresponding p-values. The smallest rank across the entire
image is 62 out of 250, corresponding to a p-value of o = 24.8%, which is far from
being statistically significant. Among the pixels with high-amplitude signals where
activation is likely to lie, ranks in excess of 100 or 200 were common. We can conclude
confidently that for this fMRI data set, fitting a Poisson-based convolution model
offers no significant improvement over simply fitting a sinusoid at the fundamental

frequency.

3.6.2 Periodic splines versus sinusoid

Having determined that the Poisson-based convolution model is no better than fit-
ting a sinusoid at the fundamental frequency for this data, the question remains as
to whether the double-humped pattern of the periodic spline fits are modeling signal
or noise. We approach this question in an identical fashion, assessing whether pe-
riodic spline fits to the data are significantly different from fitting a sinusoid at the
fundamental frequency.

At each pixel, B — 1 bootstrap resamples were formed by taking the best fitting

sinusoid for that pixel, and adding a separate resampled residual cycle to each of its

four cycles to produce a bootstrap simulated time-course. For each of these B — 1
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Figure 3.16: Rank out of 250 obtained in bootstrap simulation comparing Poisson
convolution model to sinusoid. Low values would indicate significance.
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to sinusoid. Low values would indicate significance.
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simulated time series, the periodic spline fit for that data was computed. The periodic
spline fit of that pixels original data was included in this ensemble for comparison, and
ranked based on a score quantifying the difference between the periodic spline fits and
the sinusoidal fit. Similarly to the comparison of Poisson-based convolution models
and sinusoid, the score quantifying difference was based on the first two principal
components of the difference vectors of one cycle of the periodic spline fits and best
fitting sinusoids. The first and second principal components together account for over
85% of the variability in this difference data set. The norm of the projection into the
subspace spanned by the first two singular vectors was a good discriminator of the
difference between the periodic spline fits, especially for the high-amplitude signal
pixels. Figure (3.18) shows a plot of the norm of the projection into the subspace

spanned by the first two singular vectors against amplitude.

Simulations as described above were performed with B = 500, computing the
norm of the projection onto the subspace spanned by the first two singular vectors?
of the periodic spline fits of each simulated time-course. The rank ordering of the
score for the true data at each pixel within the B simulated values was recorded.
Ranks close to 1 or B would indicate that the difference between the convolution
model fit was so substantially different from the sinusoidal fit that it was unlikely to
have arisen purely by chance. The ‘one-sided’ ranks out of 500 were converted to ‘two-
sided’ ranks out of 250 indicating smallest rank from both extremes. Figure (3.19)
displays these two-sided ranks at each pixel. Figure (3.20) displays the corresponding
p-values. Several pixels among areas thought to be active show ranks lower than
20. In one case, the pixel is the most extreme of the bootstrap resamples. For those

pixels, this is strong evidence of a significant difference between the periodic spline fits

2The singular vectors of the data set formed by taking the difference between the periodic spline
fits and the best fitting sinusoid at each pixel. The singular vectors need not be recomputed with
each bootstrap resampling
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Figure 3.18: Norm of the projection onto the subspace spanned by the first two sin-
gular vectors of the difference between periodic spline and sinusoid fits against signal

amplitude. Examples of the shapes of both the sinusoidal and periodic spline fit are
displayed near several of the extreme points.
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and fitting a sinusoid at the fundamental frequency.

pixels appear in spatially clustered regions.
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Figure 3.19: Rank out of 250 obtained in bootstrap simulation
spline fits to sinusoid. Low values would indicate significance.

Validation with Friston, Jezzard and Turner data

comparing periodic

To confirm that these results are not specific to the example data used, similar anal-

yses were performed on a reference data set. Peter Jezzard provided us with access

to a copy of the data analyzed in Friston, Jezzard and Turner [31], which is also the
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Figure 3.20: p-values from bootstrap simulation comparing periodic spline fits to si-
nusoid. Low values would indicate significance.



CHAPTER 3. SPLINE BASIS EXPANSION MODELS 67

example data set used and described in Lange and Zeger [44]. The data from Friston,
Jezzard and Turner [31] were taken from “a time series of gradient-echo EPI single
coronal slices through the calcarine sulcus and extrastriate areas”. Only the subset
of the images containing the brain were considered, constituting an 18 x 30 voxel
region®. The experimental subject was subjected to 30 seconds of photic stimulation
followed by 30 seconds of rest, for three complete cycles, with a scan taken every 3
seconds. The image sequence thus comprises 60 scans, with three cycles of 10 stimu-
lus images followed by 10 rest images. The average image taken over all experimental
scans is displayed in Figure (3.21). The analysis in Friston, Jezzard and Turner iden-
tifies regions of activation for this data in “V1 bilaterally and (on the right) V2 dorsal
to the calcarine fissure” as well as in “extrastriate regions in the fusiform, lingual,
and dorsolateral cortices.” Figure (3.22) below shows the difference image between

an average across stimulus images and an average across rest images.

The same basic procedure as used in the previous sections was applied to the
Friston, Jezzard and Turner data. At each pixel, B — 1 bootstrap resamples were
formed by taking the best fitting sinusoid to the pixel time course and adding a re-
sampled residual cycle to each of its three cycles to produce a bootstrap simulated
time course. For each of the B — 1 simulate time series, the periodic spline fit to that
data was computed, and the periodic spline fit to the pixels original data included
in the ensemble. The original fit was ranked within the ensemble in accordance to a
score which discriminating difference between periodic spline fits and the sinusoidal
fit. For this data, the score used was the norm of the projection into the subspace
spanned by the first three singular vectors, which showed good discrimination be-

tween the periodic spline fits and the sinusoids. The first three principal components

3Both the Friston, Jezzard and Turner paper and the Lange and Zeger paper consider interpolated
voxels and consequently consider the same region of data at a resolution of 36 x 60 voxels. We chose
to use the raw data resolution rather than the interpolated resolution.
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Sl

Figure 3.21: Friston, Jezzard and Turner’s fMRI data set, averaged across all exper-

mmental scans.

R

Figure 3.22: Friston, Jezzard and Turner’s fMRI data set, difference image between
average across stimulation scans and average across rest scans. Darker regions cor-
respond to likely areas of activation.
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together accounted for approximately 93% of the variability of this difference data
set. Bootstrap simulations with B = 500 were performed, and the rank order of the
periodic spline fit recorded. As above, ‘two-sided’ ranks and p-values were computed
and are displayed for this data in the following figures. Figure (3.23) on page 70
shows the two-sided rank for each pixel of the Friston, Jezzard and Turner data, and
Figure (3.24) on page 71 displays the corresponding p-values. Periodic spline fits to
the several of the regions in which activation was identified are seen to have a simi-
lar double-humped shape to those observed previously, and the bootstrap ranks and

p-values at these locations are seen to be highly significant.
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Figure 3.23: Rank out of 250 obtained in bootstrap simulation comparing periodic
spline fits to sinusoid for the Friston, Jezzard and Turner data. Low values would
indicate significance.



CHAPTER 3. SPLINE BASIS EXPANSION MODELS 71

0:536/0:628/0.028(0:168(0:1960:028( 0:04-(0:208[0.016{0:312(0.876(0.552| 0.44-| 0:82-{0.808(0.4880.804(0.744(0.452| 0,68 |0,964(0.716|0:444/0:9680.664/0.188(0.252(0.144 0.204/0.012

|0:148/0-412|0.1960-0360:148{0-544(0.868(0:880.58 | 0:02-10:552(0:512( 0:38-0.272{ 0.68-/0:392|0:592(.0:9(0:616 0.848/ 0:96-{ 0-16 {0.072(0-704[0-7960-412(0.224(0:412/0:156 [0-364

0-908(0.64(0:116{-0.1{0.368/0.508/0-824/0.788{ 068 (0,876(0,744(0:296|-0.72-(0.924(0.844/(0:308 0356 (0.688(0.2560.656/0.512 0:22-/0.8040-756 0. 188[-0:78 {0:936|0.2 06810:004

0-176/0-168(0:0120-112(0.288/0.716(0,312/0,584/0,672{0.416| 0,42 |0.944| 0/6(0.888[0.747|0.556|0:244(0.732(0.32410.24-10.06-{_0:9-(0.428/0.772(0.248/0-388/0.928| 0-44-0:112 0:36

|0:484{0-384(0:104{0-868{.0:8 0:64°0,432/0,716/ 0:32-0,888(0.192(0.336| 0,76 | 0.28 {0.984/0.952(0,248 082 0.82 | 0/9-{0.572|0:58-0,716 0.94-{0.612(0.592| 0.88(0.664 0-432(0.872

0:1520:26-/0.696/0.304(0,276|0.552(0.908/0.8520.444{0.596| 0,34 (0.148/0.332/0.396(0.744|0.188|0.048(0.2080.4040,584/0.608(0.156(0:088(0-108 0-872(0.408/0.896(0.7440.892(0.472

0:08-0:324{.0.58 0,216 0,76 (0.664 0,86 {. 0.7 0:52-0.244/0,764/0,656/0.408(0.092(0.256|0.016(0.004|0.224/0.792 0-8440:328 (0508 0:12 0:288{ 0:82-| 0:22-10.972(0-756 0-504 014

10.7520.392|0.872/0.9160.492(0.284/0.692| 0:78-10.436(0.072| 0.64-| 0.74-/0.456{0.956/0.208{0.004 (0.004|0.476(0.8080.9240.408| 0-46-/0.844( 0.78-0.924|0.964|0.808(0.768(0.984(0.304

[0.2280,552|0.832(0.24 0.128{0,328(0.464(0.976 0.984| 0.44-0.864(0.984/0.616(0:312/0.116/0.004(0.01 668(0.296{0:94-/0.692|0-284(0,836/0.252 0.2 |0.796{0-192(0.796{0.892(0.468

|0.544/0.764| 0,58 0.456.0.26 .0.22(0-336/0.7120.964{0.936{0.448(0.452(0.044|-0.5.{0.:304{0.008|0.076(0.672(.0:860.588/0:524(0:236(0.808(0.432(0:42|0:072| 0.44-10.188/0.248(0.136

10.588/0.328|0,7080.264/0:076 (0.916/0:812(0.496 0.16-{0.508{0-644/0.908|0.832(0.588/0.84-0.012|0.088(0.4160.028 0.156 |0.436 | 0-72 0.884(0:592 0-468(0.744(0:172|0.9040.432(0.716

0:94{0.696|0.256 {0.04-{0:32-{ 0:32-/0.312{0.888/0:092{0.7560.116| 0,34 10.988(0.552{0:14-0.008/0.032|0.0880.008 0.036 |0.368(0.364 0.24-{0:324/0:088(0:396(0:648/0-3720:572(0:996

10.856.0.82°.0.76-0.364/0.556 (0.684(0.6 76| 0-94-0-464{.0.880.028/0.016| 016 | 0,960.384(0.032|0.136/0.136(0.08 0.0560.9040-088/0:532(0-948/0-356{0:184(0-256(0-192 0-384{0.568

10.952(0.96{ 0:76-(0.416{0-4240-608| 0:48-0-288[0.072(0-032(0.164 0,02 [0.008/0.092|0.824/0.136/0.144| 0.6{0.3680,36 |0.828(0:568( 0-98-(0.7720-936(0:588(0:128(0-028 0-308/0.468

0-8920.636|0.4440.18-/0.724 0-36-10.584/ 0.38-{0.296{0:756{0,956{0.644(0.144{0.704(0.1440.464|0.164 0,08 |0.192/0.7320.2240-016(0:112/0-064 0-088|0:128| 0.04-10.252 0-764{0:596

0:4-1-0:6-/0,572[0.968(0.96-0:852(0:532{ 092 1 {0.352|0.888/0.384/0:164(0.072(0.8480.148|0.256/0. 0.89610.688(0.716(0.604|—1—(0:136/0:192(0:412(0:684(0:372/0:644(0.756

|0.708/0:576|0.9320.928(0.944{0.572(0.436/0.956 0.556|0.776{0.876(0.74-0.2680.332|0.428{0.144| 0.28|0.3680.756 [ 0.76 10.864(-0:2(0.336(0-944(0.924/0.824(0:852|0.624 0.52-10.528

0:6-{0.564(0:68-0.2040:46-(0.532 0:74-0:836(0.592(0.564|0.452|0.044/0:496 | 0:44-| 0.76-0:988(0.108(0.068(0.2120.492/0.556 0.8880:828 0:94-{0:776{ 0:48-0:952(0.628 0.992( 0.9

Figure 3.24: p-values from bootstrap simulation comparing periodic spline fits to sinu-
soid for the Friston, Jezzard and Turner data. Low values would indicate significance.
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3.6.3 Hemodynamic spline models versus sinusoid

For completeness, it seems only reasonable to consider whether the models afforded
by the hemodynamic spline modeling approach perform better than the sinusoidal
model at any pixel. An identical procedure to the two above was followed with the
example model fits performed above (where L = 15 and K = 8). The score used to
separate the spline-based convolution model fits from the best fitting sinusoids was
again the second principal component. As for the Poisson-based convolution model
case, the first principal component for the spline-based convolution models was seen
to discriminate the cases of better fit by a sinusoid for low amplitude cases where the

convolution constraint is restricted to an almost flat estimate.

As before, B bootstrap resamples were computed at each pixel, one being the
spline-based convolution model fit to the true pixel data, and B — 1 by adding a
resampled cycle of residuals to each cycle of the best fitting sinusoid at that pixel. The
rank of the second principal component score among the B resamples was recorded,
and the ranks and corresponding p-values are displayed in Figures (3.25) and (3.26)

below.

Note that several of the pixels have ranks and p-values suggesting they are sig-
nificantly different from simply fitting a sinusoid to the data at the fundamental
frequency. Although the convolution model has the inherent restrictions described
above, flexibly modeling the hemodynamic response function using cubic splines ap-
pears to afford a non-trivial improvement in capturing the underlying pattern of the
data. In addition, it has the advantage of being directly comparable to the convo-
lution models proposed and used by Friston and others, which the periodic spline
model lacks. The question remains as to how much to believe in these model fits.
The nature of the model is unable to capture what appears to be the true structure

as estimated by the periodic spline fits.We are however fitting K parameters per time
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Figure 3.25: Rank out of 250 obtained in bootstrap simulation comparing spline-based
convolution model fits to sinusoid. Low values would indicate significance.
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Figure 3.26: p-values from bootstrap simulation comparing spline-based convolution
model fits to sinusoid. Low values would indicate significance.
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course, which may be over-parameterization. Nonetheless, the estimates so obtained
appear to include the biphasic, ‘early’, and ‘late’ profiles described by Friston et
al [28]. In the next section, we will also see that using these estimates in a clustering

procedure identifies interesting spatial arrangements of brain response.

3.7 Clustering

Figure (3.27) shows the estimated hemodynamic response function for each pixel in
the 16 by 16 subregion identified in Figure (3.2). Observe that regions of activity
tend to lie along the upper bank of the sulcus, and that patterns of ‘early’, ‘late’ and
biphasic response occur, as observed in Friston, Frith, Turner and Frackowiack [28].
Note also these regions appear to be spatially arranged, with neighboring pixels likely
to be similar, and biphasic regions between ‘early’ and ‘late’ regions. If we use
the hemodynamic response function estimates as vector inputs into a multivariate
clustering procedure, the resulting segmentation of the brain may be of physiological

interest to neuroscientists.

We used Hartigan’s [39, 38] k-means clustering procedure to produce the classifi-
cation displayed in Figures (3.28) and (3.29). Figure (3.28) shows the class centroids
and Figure (3.29) shows the classification generated. The inputs to the clustering
algorithm are the estimates of the hemodynamic response. The number of clusters
chosen was selected in accordance with Hartigan’s suggestion of a heuristic test for
the value of k. Specifically, if S5} is the within-group sum of squares for the k-means
clustering into j groups and n is the number of input vectors, we use the k-means
clustering into j + 1 groups if (n — j — 1)(S5;/5S;41 — 1) is greater than 10. Note
the classification into regions of no activation, monophasic activation with ‘early’ and

‘late’ profiles, and biphasic profiles. Note also the spatial arrangement of regions with
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Figure 3.27: The estimated hemodynamic response functions in the 16 by 16 subregion
of visual cortex identified in Figure (3.2), fit using a cubic B-spline basis expansion.

like profiles clustered together and biphasic regions spatially between ‘early’ and ‘late’

regions.

While the hemodynamic spline model offers direct comparability with the conjec-
tures of Friston et al [28], the constraints imposed by the convolution model and the
similarities of the reconstructions based on it call into question whether the shapes
of the spline-based hemodynamic response estimates can be reliably and robustly
estimated. In short, the shapes used as inputs to this clustering procedure may or
may not be real. Given that we are much more confident that the pattern in the
periodic spline model fits are real, what sort of a classification is obtained using them
as inputs?

Figure (3.30) shows a single cycle of the periodic spline model fits to each pixel of
the same 16 by 16 subregion. Using the same clustering procedure as described above

on these inputs, we obtain the class centroids displayed in Figures (3.31) and (3.32),
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Figure 3.28: The class centroids of a k-means procedure for k = 6 with inputs being
the cubic B-spline estimate of the hemodynamic response deconvolution.
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Figure 3.29: The classification produced by the k-means procedure.
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and the classification generated is shown in Figure (3.33). Again we see areas of

similar response spatially clustered together. The last three classes typify the pattern

previously described in the data and are clustered as spatial neighbors of each other.

The first three classes appear to be mostly noise patterns, and the fourth has a pattern

quite out of phase with the activation profile.
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Figure 3.30: One cycle of the periodic spline model fit at each pizel in the 16 by 16
subregion of visual cortex identified in Figure (3.2), fit using a cubic B-spline basis
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Figure 3.31: The class centroids of a k-means procedure for k = 7 with inputs being
one cycle of the periodic spline fit to the pixel time course.
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Figure 3.32: The class centroids of a k-means procedure for k = 7 with inputs being
one cycle of the periodic spline fit to the pixel time course.
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Figure 3.33: The classification produced by the k-means procedure on the periodic
spline fits inputs.
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Lee, Glover and Meyer [46] and others use Fourier domain phase information to
discriminate likely venous vessel responses from cortical activity. Classification using
model-based estimates may provide further useful insights into the nature and spatial

arrangement of brain activity.

3.8 Inference

In order to determine regions of the brain that are exhibiting significant activa-
tion, Friston, Jezzard and Turner [31] compute a normalized cross-covariance and
use the theory of stationary random Gaussian fields for multiple-comparison correc-
tion. Lange and Zeger propose a model in which each voxel has a response magnitude
coefficient which is multiplied by the Poisson model. For inference about activation,
they consider a vector of the response magnitude parameter estimates and use ap-
proximate multivariate Gaussian theory with a patterned variance-covariance matrix
based on spatio-temporal auto-covariance. The test for significant activation is es-
sentially a test that the response magnitude parameter is significantly different from
zero, and Worsley [64] has developed the distribution theory of such a t-field on the
image lattice for such inference. By comparison with a single magnitude parameter
multiplied by a probability density, we now have several parameters to estimate and a
non-negative linear combination of densities being estimated. A reasonably straight-
forward approximate inference procedure would be to assess significant activation
based on a hypothesis test of the null hypothesis that all the parameter estimates
are zero. Based on the same mathematical theory of stationary random Gaussian
fields, an approximate F'-field can be computed to determine where significant brain
activation has occurred. This is not pursued further here. A more detailed summary

of inference procedures is contained in Chapter 7.
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3.9 Summary

This chapter shows several important results about fMRI time course data. The first
is that the convolution model contains intrinsic structural constraints on the nature
of the reconstructions or model fits which cannot capture the patterns seen in the
periodic spline fits to the data. One possible modification which could improve mat-
ters would be to allow the hemodynamic response function to take negative values, at
the cost of more difficult physiological interpretation®. Models for the hemodynamic
response function are almost uniformly positive, usually Poisson, Gamma or Gaussian
density functions however, and as such the models will not capture the patterns seen

in the periodic spline fits.

Another important result is that fitting the Poisson-based convolution model is
shown conclusively to perform no better than fitting a sinusoid with arbitrary phase
and amplitude at the activation frequency. However, fitting the spline-based convo-
lution model does outperform the sinusoidal fits, despite the inherent constraints of
the convolution model. The periodic spline fits to the time course data are quite
substantially different from the sinusoid fits, and the patterns seen in them can be
argued to be quite real. This is further confirmed by observing the patterns remain

when the number of knots is increased.

We observe additionally that the responses are spatially clustered. The patterns
seen in the spline fits to the data at the activation areas are similar between spatial
neighbors. The locations seen to be different from the sinusoidal fits are spatially
clumped. This leads us to investigate clustering procedures applied to the model fits,

which provided interesting and informative brain maps.

4David Heeger, in personal communication, proposes the following possible mechanism: im-
mediately following neural activation but before vascular replenishment, there is a higher level of
deoxyhemoglobin at activation sites. This could be modeled by negative hemodynamic response
values. This usually happens faster than images are rescanned however.
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A flexible family of models, cubic B-splines, has provided more detailed insights
into the nature of evoked hemodynamic response and its spatial arrangement. Despite
the constraint asserted by Friston, Frith, Turner and Frackowiack [28] that the number
of temporal basis functions be kept to a minimum, both meaningful inference and

interpretability are seen to be usefully preserved.

An interesting question to ask is whether the spatio-temporal correlation of the
data can be exploited to improve estimation and inference. For example, the hemody-
namic responses in a spatial neighborhood’s pixels could be fit in some joint fashion,
encouraging regional similarity or smooth spatial variation. Alternatively, by exploit-
ing the multivariate nature of the responses, we may be able to “borrow strength”
from neighboring pixels in a James-Stein shrinkage sense to improve estimation. The
Hartigan k-means procedure can be easily adapted such that the distance used in
determining cluster membership be generalized to include a metric based on spatial
proximity of the estimates within the image. These generalizations are touched on

briefly in Chapter 5.



Chapter 4

Restricted Singular Value

Decompositions

In this chapter, singular value decompositions with basis expansion restrictions on the
left and right singular vectors are considered. The expected periodicity and temporal
smoothness of the time courses and spatial smoothness of the the brain response
can be incorporated into a singular value decomposition of the image sequence data

offering new views of the data.

4.1 Principal components and SVD

As described in Chapter 2, Friston et al [27, 31, 22] and others have used principal
component analysis and the SVD of PET and fMRI image sequences to produce
informative views of the high dimensional data. We consider the matrix Y, as before,
to be the n x M matrix of images, here centered with both row and column averages
subtracted throughout. There exists a unique singular value decomposition of the

matrix YV, given by Y = UDVT, such that U and V are orthogonal and D is diagonal
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with non-increasing diagonal entries. These diagonal entries are the singular values,

with the corresponding rows of U and V' being the singular vectors.

The leading principal component of Y (with the average image removed) is the
linear combination of pixel values which explains the maximal amount of variability
among the rows of Y, the images in the image sequence. It is thus a contrast image
which shows the most spatial variation, and is informative when displayed as an
image. The corresponding time plot shows each image in the series projected onto
this component or axis (an inner product) and shows how these maximal variations
occurred in time. This leading principal component is also the first right singular
vector of the matrix Y. It may be sensible to confine attention by masking the image
to exclude areas of “non brain” material and white matter, to have only grey matter
included. (Lange [43] describes a simple method for doing this, using histogram

thresholding.)

Similarly one can treat the pixelwise time series as vectors, and produce principal
components for them. Assuming again that the pixelwise time series are centered,
the first principal component is the linear combination of pixel values which explains
the maximal amount of variability among the columns of Y (equivalently, the rows
of YT), which are the time courses at each pixel. This leading principal component
is consequently also the first left singular vector of Y. The corresponding spatial plot
showing how these maximal variations occur within the anatomical images, projects
each pixels time course onto this component and can be color coded over anatomical
images of the brain. Using the singular value decomposition, one can obtain both
of these simultaneously at no extra cost. In identical fashion, subsequent orthogonal

principal components correspond to the appropriate singular vectors.
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4.2 Restricted SVD: motivation and theory

Here we would like to consider more structured approaches. For example, we might

constrain the right singular vectors to be spatially smooth, or limited in other ways,

and the left singular vectors likewise to be smooth and periodic functions of time.
In general, the unrestricted SVD of a centered matrix Y solves the optimization

problem

inf [y — DV
UV

subject to orthonormality constraints UTU = I, VTV = I and a diagonal form for D

with non-increasing diagonal entries.

If we reparameterize U = HyU* and V = H,V* where Hy is a restricted or-
thonormal basis for the time components and Hy is a restricted orthonormal basis
for the spatial components then we can solve for the reduced parameter matrices U*
and V* instead. The restricted orthonormal basis matrix Hy is formed by taking an
orthogonal set of ny (< n) basis vectors for a linear subspace of IR" as columns. Sim-
ilarly, Hy is formed taking My (< M) orthonormal basis vectors for a linear subspace
of IRM as columns. In this way, the singular vectors are restricted to lie in the linear
subspaces so chosen. Note the cases of ny = n and My, = M impose no restriction

on their corresponding singular vectors.

It is not hard to show that these restricted singular vectors are obtained from
the reduced or filtered SVD problem with matrix Y* = HY Hy, and solve the
optimization problem:

. * v T 2

inf |v* — UDV"|

A%

where Y* = HL'Y Hy, again subject to U and V being orthonormal and D diagonal

with non-increasing diagonal entries.

The proof of the above is as follows: If U = HyU*, V = H,V*, let Qu =
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and Qv = { Hy Hy, ] where Hyr, is an orthonormal basis comple-

tion of Hy over IR" and Hy, is an orthonormal basis completion of Hy over RM,

|: HU HUL
then
v —vpv'|

Q| v —upvT| Qv
Qb —upvhQy|’

QhY Qv — QLUDVT Q[

HIYHy,  HFYHy,
Hy "YHy Hy "YHy,

Hy, TY Hy

HYY Hy — U*DV*"

| HIYHy - U*DV*T  HIYHy,
Hy, TY Hy,

(Qu and Qy are orthonormal)

HY HY
Uy Hy Hy ] B U
T L T
| Hy, Hy,
HIYHy,  HIYHy,
| Hy,"YHy Hy,"YHy,
(HfHy)U*DV*" (HE Hy)

0

U*DVT

HeU DV HE | By Hy, |

(HYHy)U*DV*T (HEHy, )

(Hy, "Hy)U*DV*T(HLHy) (Hy,THy)U*DV*T(HTHy,)

|

2

2
‘ + terms not depending on U or V'

It follows that minimizing HY — UDVTH2 for orthonormal U and V' of the form
U = HyU* and V = HyV* is equivalent to minimizing HY - UDVTHZ where YV* =

HLY Hy, as stated above. Observe that the dimensionality of the singular value

problem is reduced to finding the singular vectors of the ny x My matrix Y*, which

can produce a substantial computational advantage.

2
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4.3 Application and Examples

As an example of how this works for a particular fMRI data set, we take the ex-
perimental data described in Chapter 2 presented in Figure (2.1). For purposes of
comparison, we first compute the first four (unrestricted) singular vectors for that
data, obtaining the curves and images displayed in Figures (4.1) and (4.2). The
curves displayed are the scaled singular vectors, the singular vectors multiplied by

the corresponding singular values.
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Figure 4.1: The first four U loadings of the unrestricted SVD, scaled by the corre-
sponding singular values.

Note there appears to be a certain periodicity to several of the singular vector
loadings corresponding to the activation-rest cycles. There is some indication of an
overall linear drift. Also note that the spatial contrasts appear aligned with the
location of the calcarine sulcus. In addition, observe that the left singular vectors,
the U loadings, like the original data, appear to have a great deal of high frequency

noise. The principal components are trying to explain as much variability as they
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5 10 15 5 10 15

Figure 4.2: The first four V loadings of the unrestricted SVD, scaled by the corre-
sponding singular values.

can, and high frequency variability is clearly part of this. Recall Friston et al [29] and
Worsley and Friston [67] remove this high frequency noise by temporally smoothing
the data, premultiplying the data by a matrix K based on a fixed width Gaussian
kernel. Restricting the left singular vectors to a temporally smooth linear subspace
of IR" provides an alternative method of discounting this high frequency noise. The
nature of the temporal smoothing imposed by the K matrix is extremely prescriptive,
determined by the bandwidth of the Gaussian kernel. This approach allows the

singular vectors to be as rough as the chosen subspace restriction allows.

4.3.1 Restriction on the left

For example, suppose we were to restrict the left singular vectors to be both periodic
and smooth, as members of a basis expansion of periodic cubic splines with 5 equally

spaced knots in each treatment-rest cycle. If we do this, we obtain a restricted singular
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value decomposition whose first four singular vectors are displayed in Figures (4.3)

and (4.4) below.
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Figure 4.3: The first four U loadings of the SVD restricted to have left singular vectors
from a basis of periodic cubic splines with 5 equally spaced knots across a cycle, scaled
by the corresponding singular values.

As another example, consider a basis matrix consisting of sines and cosines at
multiples of the activation frequency. The scaled singular vectors displayed in Fig-
ures (4.5) and (4.6) below were produced by taking an orthonormalized basis of sines
and cosines at frequencies of once, twice and three times the activation frequency.
These are by nature periodic and smooth. In effect such a basis imposes an extreme

low-pass filter on the signal.

Note the patterns of the leading left singular vectors in the above two cases display
similar temporal profiles to those discerned in Chapter 3 with the periodic spline
model fits. These are the principal components describing the pattern of maximal

variation. Interestingly, restricting to a trigonometric basis consisting of just the first
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Figure 4.4: The first four V' loadings of the SVD restricted to have left singular vectors
from a basis of periodic cubic splines with 5 equally spaced knots across a cycle, scaled
by the corresponding singular values.
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Figure 4.5: The first four U loadings of the SVD restricted to have left singular vectors
from a low frequency trigonometric basis, scaled by the corresponding singular values.
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Figure 4.6: The first four V' loadings of the SVD restricted to have left singular vectors
from a low frequency trigonometric basis, scaled by the corresponding singular values.

and third harmonics (not shown), we do not observe this characteristic pattern, as that

subspace incorporates the mirror antisymmetry property showcased in Figure (3.11).

4.3.2 Restriction on the right

To restrict the right singular vectors in a meaningfully interpretable way in this fash-
ion, we require a sensible set of spatial basis functions. Note that spatial masking as
used by Lange [43] is itself a form of spatial restriction. Masking can also be incorpo-
rated into the choice of spatial basis functions, but we do not explore this explicitly
here. An obvious candidate for a spatial basis consists of tensor products of univari-
ate basis functions in either spatial direction. This is the method underlying much
of two-dimensional wavelet analysis, for example. An easy to understand example of

such a basis is the Haar basis, displayed in Figures (4.7) and (4.8) below.

While the Haar basis is easy to explain and understand, it is somewhat deficient



92

CHAPTER 4. RESTRICTED SINGULAR VALUE DECOMPOSITIONS

HEEEEEEERNEEREEEN
HEEEEENRNEEEENER
NEBEENENRNEEEEEEN
AEBEDENNRNRNEEEENEN
AANOSESNNEBEEEDEEN
AN NENOEEEN
AN EEEN
JENEEEENENNNEEEN
FEERPEERNNEREEER
AODNABENNEEEEEEN
AAJUNSSNNEEERENN
TN NNEEEEEN
NMUPEENEEENEEEEEEN
Ti5dAEEENNEEEEEN
I“ECASGANENEEEEN
I*NJESIINNNEEEEN

Figure 4.7: A spatial basis formed of tensor products of Haar basis wavelets.
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Figure 4.8: The upper 8-by-8 corner of Figure (4.7)
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for our purposes here. The first coefficient fits a constant to the entire image, the
second to the difference between the left and right halves of the image and so on down
to coefficients for the differences between neighboring pixels or squares of pixels. This
basis is thus a basis of piecewise constant functions defined over square subregions
down to the pixel level. Taking the full set of basis functions in Figure (4.7) is then
no restriction on the image space, and so we need to take some reasonable subset of
that basis. One possible restriction is represented by the basis subset of Figure (4.8),
which restricts the image space to piecewise constant functions over subtiles of the
image space of size two pixels by two pixels. Our assumption is that image data from
fMRI experiments is likely to be spatially smooth in some fashion. The discontinuous
derivatives at subtile boundaries of the Haar basis make it somewhat unappealing
in this context. Fortunately, the dictionaries of orthonormal two-dimensional tensor
product wavelet bases we have access to is vast, and many have such attractive
properties as smooth derivatives up to arbitrary orders. For purposes of example,
the basis shown below in Figures (4.9) and (4.10) are of Symmlets with parameter 8.
These are wavelets that are smooth and symmetric. The restricted spatial basis used

will be the subset represented in Figure (4.10).

When the right singular vectors are restricted to elements from the upper-left 8 x
8 corner, the coarser elements, of this Symmlet(8) basis, with no restriction on the left
singular vectors, the first four restricted singular vectors appear as in Figures (4.11)

and (4.12).

Note the left singular vectors appear very similar to the unrestricted case, while
the right singular vector images are spatially smoother, as is to be expected. The
constrained right singular vectors show similar patterns of contrast to the unrestricted
case, with variation apparently corresponding to contrasts between spatially contigu-

ous regions around the calcarine sulcus.
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Figure 4.9: A spatial basis formed of tensor products of Symmlet(8) basis wavelets.
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Figure 4.10: The upper 8-by-8 corner of Figure (4.9)
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Figure 4.11: The first four U loadings of the SVD restricted to have right singular
vectors from the Symmlet(8) basis.
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Figure 4.12: The first four V loadings of the SVD restricted to have right singular
vectors from the Symmlet(8) basis.
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4.3.3 Restriction on both left and right

If we enforce both sets of restrictions simultaneously, we obtain the first four singular
vectors represented in Figures (4.13) and (4.14). In this example we combine both

the periodic spline basis restriction and the Symmlet(8) spatial basis restriction used

above.
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Figure 4.13: The first four U loadings of the SVD restricted to have left singular
vectors from a basis of periodic cubic splines with 5 equally spaced knots across a
cycle and right singular vectors from the Symmlet(8) basis.

As another example, Figures (4.15) and (4.16) show the singular vectors produced
when the left singular vectors are restricted to the orthonormalized trigonometric basis
of the first three harmonics of the activation frequency described above, and the right
singular vectors are restricted to the upper 4 by 4 subset of the Symmlet(8) basis.
This latter restriction impose a much greater amount of spatial smoothness than the
previous example which used the upper 8 by 8 subset of the Symmlet(8) basis. For
the left singular vector subspace restrictions, there are four degrees of freedom in this

trigonometric basis example versus five in the case of the periodic spline restriction.
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Figure 4.14: The first four V loadings of the SVD restricted to have left singular
vectors from a basis of periodic cubic splines with 5 equally spaced knots across a
cycle and right singular vectors from the Symmlet(8) basis.
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Figure 4.15: The first four U loadings of the SVD restricted to have left singular
vectors from a low frequency trigonometric basis and right singular vectors from the
upper 4-by-4 corner of the Symmlet(8) basis.
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5 10 15 5 10 15

Figure 4.16: The first four U loadings of the SVD restricted to have left singular
vectors from a from a low frequency trigonometric basis and right singular vectors
from the upper 4-by-4 corner of the Symmlet(8) basis.

Observe in both cases that the first left singular vector shows the temporal pattern
of maximal variability within this restricted framework has the characteristic pattern
of the data observed in Chapter 3. The fMRI magnitude response to activation ap-
pears to rise to show a small double hump, and then falls to a level lower than it starts,
showing what is sometimes referred to as undershoot. The effect of both restrictions
is to smooth the data, removing high frequency variability from consideration, both
temporally and spatially. The leading right singular vector in both cases is indicating
that the maximal variation of interest lies at the expected locations along the cal-
carine sulcus. The remaining singular vectors appear uninformative, suggesting that
the variability found in subsequent singular vectors in the unrestricted case may be

largely due to the high frequency temporal or spatial variability respectively.
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4.4 Summary

When applying principal components analysis or the singular value decomposition
to raw fMRI data, high frequency noise in the data may make the singular vectors
difficult to interpret. Use of the restricted singular value decomposition described in
this chapter allows one to restrict the class of possible singular vectors to members of
a basis expansion subspace with properties as desired. Thus the singular vectors rep-
resent orthonormal contrasts from within their respective restricted subspaces which
display maximal variability.

Applying the restricted SVD to impose periodic, temporally smooth left singular
vectors for Y and spatially smooth right singular vectors, presents contrasts which
show a leading left singular vector with the characteristic double-humped temporal
pattern and undershoot seen in Chapter 3 and a leading right singular vector show-
ing maximal variation around the expected activation regions of the calcarine sulcus.
The remaining singular vectors (and values) appear non-informative suggesting that
remaining variability in the data is due to high frequency temporal or spatial vari-

ability.



Chapter 5

Regularized Image Sequence

Regression

In this chapter we briefly consider regression performed on image sequences. Ba-
sis expansion estimation of regression parameters is considered, including a specific
penalized variant which gives rise to a linear transformation and shrinkage proce-
dure. An analogous non-linear shrinkage procedure based on the VisuShrink wavelet

shrinkage procedure of Donoho and Johnstone [12] is then considered.

5.1 Image Regression
We consider first some possible variations of the least squares regression problem
Brs = argmﬂin |Y — Xz ||2

Note this regression can be performed as separate pixel-wise regressions and as such

takes no account of any spatial correlation of the responses.

Suppose we wish to impose some structure on the rows of 3 a priori. One way to
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do this is to take a set of basis functions h; for j = 1,...,J and to model 3 from the
linear space spanned by those basis functions. Specifically, let H be the M x J matrix
whose columns are values of the basis functions h; evaluated at the spatial locations
of the image pixels. Model 3 as 8 = 0H”. Without loss of generality assume the
columns of H are orthonormal and denote by I' the matrix (H H, ) where H, is any

orthocomplement of H (HH" + H, H," = I). Note then that

Y =X | = [ -XB)L |

since the Frobenius and 2- norms are invariant
under orthonormal transformations

= | (VH - X0HTH) |+ | YH, |

= |Y"=X0 |+ ||YHL_|* where Y*=YH
It follows that

P = (X"X)'XTYH
= frsH
and BH = BLSHHT. In other words, BH is a smoothed version of the least squares

coefficients, where S = HHT is a spatial smoothing projection operator, projecting

into the column space of H.

Suppose further we wish to spatially regularize our regression coefficients using a

quadratic smoothness penalty of the form
B =argmin(| Y = X5 "+ A 8 [2)

where || 3 [|3= tr(3Q8") which amounts to a sum of quadratic penalties for each
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coefficient image, each parameterized by an identical “smoothing” parameter. This
may potentially be generalized to separate smoothing parameters for each coefficient

but this has not as yet been explored here.

Suppose 2 = HDH" where H is M x J with J < M orthonormal columns and D
is a diagonal penalty sequence (with “rougher” columns receiving higher penalties).
Now H is an orthonormal set of “basis function” columns with HHT + H H, T = 1.
Suppose as before that f = @H” where the 8 coefficients are expressed as linear

combinations of the “basis function” columns of H. Note then that

BT = OHTHDHTHOT
= D"

leading to the result that
|Y = XB|)° + Mr(BQ87) = || Y* — X0 ||” + Mr(0DO7) + || YH, ||? (5.1)

and hence we can minimize with respect to # and transform into results for .

Differentiating (5.1) with respect to 6 yields the normal equations
XTX0+MD = X7y~
which when considered pixel-wise give the solutions
0; = (XTX + Xd;I) "' XTy;

where y7 is the 4% column of Y* = YH. If in addition we have an orthonormal
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experimental design (X7 X = I), then it follows that
0=X"Y*(I+\D)" (5.2)
Transforming to the original covariate basis, this gives us an estimate for  which is

Ba = OH" = X"Y*(I+ D) 'H"
= X"YH(I + A D)"'H”
= Bus(H(I+AD)"'HT)

= BLSSQ

where Sq is a linear “smoother” operating on the rows of Y or ;¢ enforcing a spatial

smoothness constraint on the coefficient images /.

When we rewrite equation (5.2) as
0= (XTYH)(I+AD)*

the procedure can be described as follows: The image sequence is transformed on
the right into spatial basis coefficients, on the left by orthogonal regression contrasts,
and then operated on by a linear shrinkage operator on the right. Note that since
each of these operations are linear mappings, the order in which they are performed

is irrelevant.

The linear procedure above presents the possibility of an analogous nonlinear
procedure, wherein the image sequence is transformed (linearly) on the right into
some spatial basis coordinate system, into (linear) orthogonal contrasts on the right,
and a nonlinear shrinkage operator is applied. For example, if the spatial basis used

is wavelets, the shrinkage operator used could be SureShrink as proposed in Donoho
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and Johnstone [11] or VisuShrink as proposed in Donoho and Johnstone [12] or some
similar wavelet basis nonlinear shrinkage operator. The transformations on left and
right into spatial basis coefficients and orthogonal contrasts respectively remain linear
and may be applied in either order prior to shrinkage. Using such wavelet shrinkage
techniques will annihilate wavelet basis coefficients that are too small, isolating spatial
regions of the coefficient images that best describe the effect of the corresponding
covariate. Transforming back to the image domain, the regression coefficient images
for each covariate will have been spatially “smoothed” by the procedure, with large
scale signal hopefully well described, spatial structure left intact, and high frequency
noise removed.

Figure (5.1) below shows an example of such a procedure applied to a the re-
sults of an fMRI experiment on the region of primary visual cortex first described
in Chapter 2. In Figure (5.1), upper left, are displayed the results the unpenalized
(pixel-wise) least squares regression fits of the time courses against a sinusoidal covari-
ate at the stimulation frequency, allowing for optimal phase matching. Figure (5.1),
upper right, shows the result of a linear shrinkage heavily penalizing neighboring pixel
differences. Figure (5.1), lower left, shows the same regression subjected as described
above to nonlinear wavelet shrinkage using VisuShrink soft thresholding, and Fig-
ure (5.1), lower right, is the result of the same procedure but using VisuShrink soft

thresholding.

Note the spatial smoothness of the latter two figures when compared against the
pixel-wise regressions of Figure (5.1), upper left. All four images are presented using
the same color map for comparability. The VisuShrink procedure with hard thresh-
olding clearly a more visually appealing display in terms of spatial smoothness, but
shrinkage has noticeably reduced the parameter values across the image. Nonetheless,
indication of the higher parameter estimates around the expected areas of activation

calcarine sulcus in a spatially smoothed estimate map is clearly observed.
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Figure (5.2) below shows another example of the above procedure on the same
data set. In this example, the norm of projection of the pixel time course into the
periodic spline regression basis used in Chapter 3 is used. The matrix X used in this
example comprises an orthonormalized basis for the periodic splines with period equal
to a complete stimulus-rest cycle. As before, the upper left panel shows the result for
the unpenalized regression, the upper right panel the result of linear shrinkage, the
lower left shows the result of VisuShrink soft thresholding, and the lower right shows
the result of VisuShrink hard thresholding. The shrinkage procedures again produce
a more spatially smooth image and reduce the parameter values. VisuShrink hard

thresholding again yields the most visually appealing display.

5.2 Summary

Regularized image regression using the shrinkage techniques above can be accom-
plished quite efficiently computationally. However, the spatial smoothness obtained
by shrinking the parameter estimates in this is difficult to interpret and does seem to

afford tremendous gains in analysis or understanding.
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OLS, linear shrinkage, VisuShrink soft, VisuShrink hard

Figure 5.1: The upper left figure shows the ordinary least squares regression estimate
for the coefficient image fitting an arbitrary phase shift sinusoid at the stimulus fre-
quency to each pixel time course. The upper right is an estimate based on linear
shrinkage, with heavier penalization of neighboring pizel differences. The lower left
figure is the result of VisuShrink shrinkage with soft thresholding, and the lower right
displays the result of VisuShrink with hard thresholding
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OLS, linear shrinkage, VisuShrink soft, VisuShrink hard

Figure 5.2: The upper left figure shows the ordinary least squares regression estimate
for the coefficient image fitting an arbitrary phase shift sinusoid at the stimulus fre-
quency to each pixel time course. The upper right is an estimate based on linear
shrinkage, with heavier penalization of neighboring pizel differences. The lower left
figure is the result of VisuShrink shrinkage with soft thresholding, and the lower right
displays the result of VisuShrink with hard thresholding




Chapter 6

Visualization

6.1 Visualization of Image Sequence Data

By their very nature, image sequence data are a time sequence of images collected in
a particular order, and as such can be presented as a series of image frames (a contact
sheet of images, if you like) or an image movie. Considering the spatial structure first
provides an alternative view. At each pixel location, image sequence data records a
time series of pixel values over the time course of data collection. As such, we have
M = m; X mqy potential time series plots with underlying spatial interrelation to
consider.

The following list provides some examples of the sort of visualization structures

that are appropriate:
> Ordered Image Frames as Contact Sheets or Animations
> Region of interest visualization
> Selecting along an area of interest, not necessarily rectangular

> Visualizing the time course or summary/descriptive views for selected pixel

regions
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> Viewing the time courses of pixels or pixel regions, including spatial structure.

> Subsampling pixel space and producing grids of time series

> Multiple overlaying plots of pixel time series from that region

> Averaging/Smoothing time courses over rectangular region, possibly

with variability bands shown

6.2 Ordered Image Frames

For the typical dimensionality of fMRI data sets, laying out images as a contact sheet
of sequential images is rarely worthwhile. Care must be taken to display each image
with directly comparable color maps, much as one must plot multiple time series on
identical scales. Rescaling each image to utilize the entire color range can lead to
quite misleading visual comparisons. The increase in signal strength produced by the
BOLD contrast is on the order of a few percent of the signal magnitude, and as such
can be hard to perceive between successive image views. Indeed, this is the reason

there are statistical methods used to detect it.

Animation of the image sequence is a superior technique, subject to many of the
same caveats. Each image must be rendered on comparable color scales, and the
magnitude of the change may be difficult to perceive visually. The human visual
system is however much better at perceiving change when it is presented in this
form. Animation is considerably less effective if successive frames are not double-
buffered. Where double buffering is not done, each successive movie frame is drawn
onto the same area of screen memory, sometimes erasing the previous frame before
beginning the next. This visual interruption strongly detracts from the animation. In
double-buffering, the next frame is rendered off-screen into a portion of memory that

copied into screen memory all at once replacing the previous frame, giving a smooth
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continuity to the animation. The software package matlab provides for animation of
image sequences through its immovie function. A sequence of images can be made
into a movie matrix by first constructing what matlab calls an image deck, a matrix
with the image frames stored as rows and calling immovie with the image deck as

argument. Movie matrices are displayed in matlab using the movie function.

As well as the issue of comparable color scales, the issue of drift may need to be
considered. In Figure (2.4) we saw a common artifact of fMRI datasets wherein the
mean level at a single pixel appeared to have a linear drift. Taken across the entire
image sequence, it may be desirable to detrend each pixel time-course or the mean

intensity level of each image prior to analysis or visualization.

6.3 Region of interest visualization

Considering the image sequence data as a spatially organized collection of time courses
at each pixel, we may wish to examine how these time courses or summaries derived
from them such as model fits, appear at selected pixel locations, or over regions of

selected pixels.

Several software visualization tools were written in S-plus for interactive ex-
ploratory data analysis as part of this thesis research. The first of these explore.brain()
allows the user to view a general waveform or set of waveforms associated with a re-
gion of interest in the brain by selecting the pixels of the region on the split screen
display at left showing brain response, with the resulting waveforms displayed at

right. Figure (6.1) and (6.2) show examples of the sorts of displays produced.

Multiple waveforms can be superimposed or representative aggregates computed
to be displayed. This is accomplished by specifying a function argument which pro-
duces the waveform(s) of interest. In the example in Figure (6.2) that function has

produced as output the pair of waveforms consisting of the pixels time course and the
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Figure 6.1: Use of explore.brain to simply show the time course at a selected pixel.
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Figure 6.2: Use of explore.brain to show the time course and a periodic spline fit
at a selected pizel.
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periodic spline fit to that data. The function argument FUN is passed the pixel indices
which the user has selected as of interest and may compute as many waveforms per

pixel as the user desires.

Pixels are selected as of interest by selecting them with the left-most mouse button
on the brain representation at left. The optional argument add=T, true by default
allows successive addition of pixels to the region of interest. The function FUN can
select from among the pixels in the region of interest, create a regional summary such
as averaging across the regions pixels, or can compute single or multiple waveforms
for each pixel selected. Figures (6.3) and (6.4) give examples of region of interest

summaries computed this way.

Clicking outside the brain response region resets the region of interest to an empty
set. The selected pixels are identified on the brain response display. For exploration
on a pixel by pixel basis without having to repeatedly rest, the add argument can be

set to false. Clicking the middle mouse button ends the interactive exploration.

6.4 Spatial structure summaries

Exploratory data interaction which automatically shows the structure of spatially
neighboring pixels is also of interest. As seen in previous chapters, neighboring pixels
may have similar time course behaviors or model fits. One could use explore.brain
to select from pixels of interest and their spatial neighbors by computing the relevant
pixel indices and plot the relevant summary curves, but the display of explore.brain
does not accommodate a spatially arranged presentation of the results. For this
purpose, an alternative software visualization tool was developed.

The S-plus function boxes.brain() tessellates the brain area into rectangular tiles
and facilitates exploration of regional behavior with an equal number of panes across

and down specified by argument npanes. Analogously with explore.brain() the
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Figure 6.3: Use of explore.brain to show the average time course averaged over the
pizels in the selected region of interest.
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function argument FUN provides the waveform(s) output for all of the pixels contained
in each pane to be represented in the corresponding pane on the right side of the
display. Again, this might consist of the entire set of raw data or fitted responses of
that region of the brain, or some representative computed waveform for that region.
Clicking on a pane on the left zooms the tessellation to subdivide that pane, and the
corresponding displays on the right are updated accordingly. The procedure may be
iterated down to the resolution of individual pixels. Clicking outside the current set
of panes but within the brain area zooms back out to the next lower scale. Clicking
the middle mouse button ends the interactive exploration. Figure (6.5) below shows
an example of the function in use.

I have found the combination of these two functions to be quite general for ex-
ploratory visualization of the pixelwise time-series in the fMRI brain mapping image

sequence data examined as part of this thesis.
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Figure 6.5: Use of boxes.brain showing representative time course summaries of the

image subtiling indicated.
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Figure 6.6: Use of boxes.brain showing representative time course summaries of the
image zoomed into to pixel resolution. The lower subtiles include several pizels each.



Chapter 7

Inference for fMRI image sequence

models

Consider any statistical parametric map (SPM) constructed in any of the previously
discussed chapters. These may be formed from normalized cross-covariances, corre-
lations with best-fitting sinusoids with respect to amplitude and phase, or coefficient
estimate maps from hemodynamic, basis expansion, or regularized regression models.
How does one select a critical value threshold for assessing significance of the value
of the map, noting that (i) there are a large number (M) of simultaneous inferences
to be made, and (ii) there is spatial and temporal autocorrelation in the data. In
this chapter we review the literature of statistical inference procedures and how they

account for these considerations.
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7.1 Literature

7.1.1 Early Proposals

Bandettini et al [3] identify pixels with significant activation by thresholding the
correlation maps they compute. They assume that the sampling distribution of the
correlation coefficient is approximately normal, and relate threshold u to statistical

significance p by the formula

2 uy/n/2 5

S Y ey
P Vv Jo

where n is the number of images in the series. No adjustment for multiple comparisons

is proposed in this paper. Later papers describing their technique, such as De Yoe

et al [10] and Binder and Rao [7] make reference to an unspecified but conservative

correction and a Bonferroni correction respectively.

Much of the statistical methodology in fMRI followed out of earlier work done with

PET. Several papers from the PET literature are therefore included in this review.

Fox et al [18], as described earlier, propose an omnibus test of activation based
on the kurtosis measure gamma-2. (v, = fofz@‘l — 3). They assume that 7, fol-
lows a t distribution for n sufficiently large (citing Zar [69] that n > 1000 suffices)
or using significance tables such as Snedecor and Cochran [58]. Their technique in-
cluded local maxima sampling as a preprocessing step to select the region of interest.
Pixels were selected for consideration only if their mean change in rCBF exceeded
all 26 adjacent voxels and the local maximum location was estimated using a cen-
ter of mass calculation over a 14mm spherical region of interest. Consequently, the
sampling distributions of v, for the data from these local maxima areas exhibited

bimodal symmetry about zero. They decoupled the distributions of positive and neg-

ative 7y, computing what they call one-sided 7, statistics. They conclude that the
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one-sided v, statistic for leptokurtosis (positive v2) was “both sensitive to and specific
for stimulus-induced focal brain responses.” This procedure is however an omnibus
test for activation. As Fox et al note: “Omnibus testing, by g, statistic, determines
whether any regional changes within a subtracted image achieved significance as dis-
tribution outliers. It does not, however, identify which focal changes are significant,
physiological responses rather than image noise.” They propose post-hoc analyses
based on z-scores of standardized response magnitude assuming normality to identify
regions of significant activation. Multiple comparison adjustments are not considered,
except insofar as the sample size of their one-sided v, distributions are based on the

number of local maxima found, and this is accounted for.

7.1.2 Random field theory results

Friston et al [26] promote the use of statistical parametric maps and stationary Gaus-
sian field theory for assessing significant change due to neural activity in PET scans.
They observe that “the assessment of significance is confounded by the large number
of pixels and by image smoothness” meaning “a large number of comparisons are
made that are not independent.” They note that due to the image smoothness im-
posed by the PET modality, Bonferroni correction to ensure that the probability of at
least one pixel above the threshold is likely to overcorrect. They propose a “smooth-
ness adjustment” to be used in conjunction with a Bonferroni-style adjustment for
the number of pixels. Their smoothness adjustment requires that a smoothness pa-

rameter s based on the variance of the first partial derivatives of the image process

s=1/1/(2- S2) (7.1)

be estimated, where
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They estimate S3 numerically, approximating the partial derivative in a direction by
the difference between a pixel and its neighbor and “calculating the variance of the

pooled interpixel differences along rows and columns of the SPM.”

They assume that under the null hypothesis of no activation, the SPM is a station-
ary, isotropic, Gaussian random field, produced by the convolution of “a completely
random uncorrelated process with a Gaussian filter of width s.” In addition, they
assume that “(a) pixel size is small relative to s and (b) s is small relative to the size
of the SPM.” The probability of a false positive (£2) using a particular threshold (u)

is heuristically argued to be approximately

-1

O~ [321- 52 e - D(u)] (7.2)

where ®(u) = 1 — ®(u) with ®(u) = Pr(Z < u) for Z ~ N(0,1). To make the
appropriate multiple comparison correction for assessing significant activation within
an SPM, they recommend that for achieving a significance level «, the threshold u
should be chosen so that €2 in equation (7.2) equal a/N where N is the number of
pixels. The results of this paper only apply to two-dimensional data, or single slices,

and does not provided overall control of Type I error for multi-slice data.

Worsley et al [66] use the theory of random Gaussian fields and compute a more
mathematically rigorous adjustment. For the three-dimensional ¢ statistic image cal-
culated from normalized differences in CBF from PET data, they assume the null
distribution of the image field “is well approximated by a standard Gaussian distri-
bution.” As an aside, they cite results from Adler and Hasofer [2] and Adler [1, p.111]
for the maxima of a two-dimensional slice which shows that the heuristic arguments
in Friston et al [26] are incorrect by a factor of approximately /4. The main result of

this paper however, which the authors attribute to a result by Adler and Hasofer [2],
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is that
Pr(Tyae > t) & VA2 (27) 2(#2 — 1)e 32" (7.3)

where V' is the search volume “is large relative to the smoothness of the image”,
and the matrix A is the “3 x 3 variance matrix of the partial derivatives of the
random field in each of the three variables z,y, and 2z and measures the roughness
of the image.” Assuming that the image under no activation can be generated by
convolving a white noise Gaussian random field with a Gaussian kernel, where the
principal axes of the kernels covariance matrix align with the x,y, and z direction,

the determinant of matrix A simplifies, giving the formula
|A|% = (FWHM, FWHM,FWHM,)™"(41n 2)% (7.4)

where FWHM is the full width at half maximum of the kernel in the corresponding
direction. The full width at half maximum is the width of the kernel at half its
maximum value. Dividing the search volume V' by the product of the full widths at
half maximum, the authors define as the number of resolution elements or “resels”
in the search volume, and can use R = V/(FWHM,FWHM,FWHM,) to simplify
formulae used for threshold selection. (In fact, an extra step of linear interpolation
in the z direction was employed to exploit interplanar smoothness, and the effective
FWHM, of the interpolated, resampled voxels used, but the general principle remains

identical.)

The result in equation (7.3) is derived based on the Euler characteristic of the
excursion set above the threshold. Several definitions of the Euler characteristic exist.
Hasofer [40] defines the Euler characteristic as an additive, integer-valued functional
$(A) over compact subsets A C IR", such that ¢(AU B) = ¢(A) + ¢(B) — (AN B),
where additionally if A C IR™ is homeomorphic to an n-dimensional sphere, ¢(A) = 1.

A precise definition which can be used to evaluate the Euler characteristic involves
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counting contributions based on the curvature at critical points on the boundary
of the set. The Euler characteristic is an inherently topological concept, effectively
counting the number of isolated connected components of a set, minus the number of

‘holes’.

For threshold values t near the global maximum of the random field, the Euler
characteristic x; will equal zero if Ty, < t and one if T}, > t. Hasofer [40] shows
that as Pr(x; > 1) — 0 as t — o0, Pr(T},0 > t) = Pr(x: > 1) =~ E(x;) and this
bound is quite close for high levels of the threshold ¢. The result of Adler and Hasofer

used by Worsley et al is

E(x) = VIAEEm T —1)e"

= R(4In2)2(2m) 2t —1)e 2"

The results of Worsley et al [66] provide exact results for a Gaussian random
field computed using a pooled standard deviation across all voxels. The paper notes
that the t-statistic field computed using each voxels standard deviation in the de-
nominator has a different distribution and they suggest an approximation using the
inverse probability transform to convert the field to approximate normality with a
multiplicative correction factor to adjust equation (7.3). This approximate technique
remains widely used largely due to its implementation in the freely distributed SPM
software package [59] for matlab [47]. However, exact results for the expected Eu-
ler characteristic of the excursion set for y2, F, and t fields have been derived by

Worsley [64].

Siegmund and Worsley [57] consider the similar but not quite identical problem
of testing for a fixed signal of unknown location and amplitude within a stationary
Gaussian random noise field in IR™ where the signal width is also unknown. They

are able to use results based on the Hadwiger characteristic of differential topology as
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well as a differential geometry approach based on the volume of tubes to characterize
the null distribution of a likelihood ratio test and compute power against specific
alternatives. The Hadwiger characteristic is defined on different classes of sets than
the Euler characteristic, but is equal to it for all sets in the domain of definition
of both. It has an iterative definition more amenable to statistical analysis, which
facilitates Siegmund and Worsley’s theory. They apply their results to a PET data

set as an example in their paper.

Worsley [65] refines the theoretical results available for estimating the number of
peaks in a random field even further. He notes that the results previously published in
Worsley et al [66] are actually based on the IG (integral geometry) characteristic. He
also notes that the results proved by Adler [1] are for the DT (differential topology)
and IG characteristics. Both are equal to the Euler characteristic only provided that
the set does not touch the boundary of the volume. Neither of these characteristics are
invariant under reflections or rotations of the co-ordinate axes, which would present
problems in a non-stationary or anisotropic situation. In Worsley et al [66], the
authors attempt to handle this by averaging the IG characteristic over all reflections
of the co-ordinate axes, which introduces a problem of interpretability of fractional
values. Use of the Hadwiger characteristic is championed because “it avoids all these
problems.” “It takes integer values, it counts regions near the boundaries, it is defined
on any set (', and it is invariant under any rotations or reflections.” In an example
where the method is applied to PET study data containing activation, use of the
Hadwiger characteristic is seen to identify regions missed by the averaged IG criterion

because of their proximity to the volume boundary.
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7.1.3 Activation by spatial extent or cluster size

Several authors have observed that the threshold selection and multiple comparison
correction formulae are based on the Type I error for detecting activation at a single
pixel, whereas typically activation is only of interest if it occurs in clusters of multi-
ple neighboring pixels. A variety of techniques accounting for the spatial extent of

clustered pixels activated have been proposed.

Poline and Mazoyer [55] observe that functional images typically have low signal
to noise ratios and that filtering (smoothing) is often used to improve this, at the
expense of spatial resolution. They propose a method based on detecting high signal-
to-noise pixel clusters (HSC) and comparing their sizes to a Monte-Carlo derived
distribution of cluster sizes in pure noise images. Detection of the HSC pixels within
a slice of data is achieved by first performing low-pass spatial filtering (either the
average of a 3 pixel radius disk or a Gaussian filter with a 6.1 pixel FWHM was
used), then computing a signal-to-noise ratio image based on the average signal images
and a standard deviation image formed from control state scans, followed finally by
thresholding at critical points of the standard normal distribution and identifying

four-connected clusters above the threshold.

Their Monte-Carlo simulation of the HSC size distribution in noise-only images
models temporal autocorrelation to account for the between-scan covariance. The
temporal variance-covariance matrix they use is proportional to (v —¢)I +¢.J where v
is the pixel variance, ¢ is the between-scan covariance (both estimated from the exper-
imental data), I is the identity matrix and .J is the matrix of all ones. Lange [43] notes
that this is the same as Fishers intraclass correlation matrix which has an analytically
exact inverse formula, where Poline and Mazoyer use numerical Jacobi diagonaliza-
tion. Assuming HSC occurrences within noise images are well modeled by a Poisson

process, Poline and Mazoyer simulate such images, estimate the process intensities
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for particular levels of cluster size and threshold in the simulated noise images. They
then use a sequential procedure to control overall Type I error, accepting the largest
size HSC first if the probability of such a size cluster under the assumed Poisson
distribution with corresponding simulated intensity is less than the desired «. They
then reduce the desired level a by a Bonferroni adjustment and repeat for the next
largest HSC, stopping when a non-significant HSC is reached. They compare their
procedure with the v, method of Fox, and find it compares quite favorably, with the

additional benefit of localizing regions of significant activation.

Friston et al [34] revisit the theory of Gaussian random fields to answer the ques-
tion of how to select a threshold indicating significant activation such that the prob-
ability of the activation focus containing k£ voxels or more is approximately «. In
order to summarize their results, it is necessary to introduce some of their notation.
For a given threshold value u, the SPM contains a total of NV voxels exceeding the
threshold, m activation regions (connected subsets of the excursion set), and n is the
number of voxels within any activated cluster. They seek to approximate the prob-
ability that the largest region has k voxels or more: Pr(n., > k). Their previous
results in Friston et al [26] and Worsley et al [66] are noted to solve this problem
for £ = 1, with Pr(nmee > 1) = Pr(Thuee > u) = Pr(m > 1) & E(m) which can be
approximated using the expected value of the Euler characteristic for high values of

u.

First, the authors note that the expectations of N, m, and n satisfy

and that the following formulae give the expectation of each for a D-dimensional
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process of volume S and threshold wu:

E(N) = S-®(—u)
E(m) = 5(271')_(D+1)/2W_DUD_1€_u2/2

E(n) = E(N)/E(m)

where W is the smoothness factor corresponding to the determinant of the covariance
matrix of the partial derivatives of the stationary Gaussian process. If the process is
formed by a Gaussian point spread function with full width at half maximum in the

i" co-ordinate direction of FWHM,;, then

D
W = (41n2)""* [[ FWHM"P
i=1
The expectation of N follows from the Gaussian field assumption, and the expectation

of m follows from the results of Hasofer [40] as previously discussed.

The authors then make use of two approximation assumptions for the probability
distributions of m and n. The distribution of m is assumed to be Poisson with mean
given by E(m) computed as above. The authors cite Adler [1, Theorem 6.9.3, p.161]
who shows the Poisson distribution of m holds in the limit for high thresholds. For
the distribution of n, they cite asymptotic results due to Nosko [51, 52, 53] reported
in Adler [1, p. 158] that for large thresholds, n*? has an exponential distribution

with
2?2

En*P) ~
(") wT(D/2 +1)*P

They then assume that

2
Pr(n = 7) ~ Bﬁxz/’jleﬂww
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or

2/D

Pr(n > z) ~ e 7"
so that n?/? is exponentially distributed with expectation 1/3, and
E(n) =T(D/2+1) - =P/
where (3 is given by
8 =[0(D/2+1)- B(m)/E(N)["'"

This gives the necessary machinery to compute the desired probability Pr(n,.. > k)
by partitioning and conditioning on all values of m and computing the probability of
the complementary event “that all m regions have less than k voxels.” This leads to

the formula:

Pr(nme: > k) = iPr(m —i)-[1 —Pr(n < k)]

1 — 6—E(m)~Pr(nZk)

Q

1— exp(—E(m) - e ")

Q

This equation is then inverted to compute the critical region size k, such that

Pr(nme > k) = a giving the expression

ko % [log(—E(m)/log(1 — a))/5]""?

Using the results above facilitates an assessment of significant activation based on
cluster size or volume while still controlling Type I error. The authors note: “A
spatially extensive region of activation may not necessarily reach a high threshold
(e.g., 3.9), it may be significant (at P = 0.05) is assessed at a lower threshold (e.g.,
3).”
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Validation of the formulae and approximations was facilitated by simulation of
Gaussian random fields as well as using data from a PET phantom data set, and
showed results in good agreement with theory. A theoretical power analysis showed
that power either increased or decreased with threshold depending on the width of
the signal to be detected. For signals narrower than 70 percent of the resolution of
the underlying SPM, power increased with threshold, and for signals broader than 70
percent of the resolution, power increased as the threshold was lowered. This sug-
gests that “narrow focal activations are most powerfully detected by high thresholds,
... whereas broader more diffuse activations are best detected by low thresholds.” The
use of lower thresholds “is predicated on the assumption that real signals are broader
than the resolution.” For PET data, this is quite reasonable, however this may give
pause when applied to fMRI data. The authors reference the paper by Siegmund and
Worsley [57] as an attempt to resolve this “by searching over tuning parameters (like

smoothing) as well as voxels.”

Forman et al [14] also laud the use of cluster size thresholds as a means of improv-
ing power and sensitivity in detecting focal activation. They acknowledge the work
of Friston et al [34] with the criticism that “the approximations used appear largely
inapplicable to fMRI data sets.” They model the spatially correlated SPM data “as
if a Gaussian filter of width, s, had been applied to form the observed SPM.” They
note the formula proposed in Friston et al [26] for estimating s (Equation (7.1) above)
“assumes that pixel size is small relative to s”, an assumption not typically held in
fMRI data. They derive an alternative formula with which to estimate s, based on

careful integration assuming a bivariate Gaussian filter of width s yielding

=\ /(ono-2)
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where S? is the individual pixel variance across the SPM. Comparisons between es-
timates of s produced using equations (7.1) and (7.5) for simulated SPM data sets
smoothed with Gaussian kernels of known width showed equation (7.5) to be quite

superior, particularly for filter widths smaller than one pixel wide, which the authors

observed in their fMRI SPMs.

Assessment of significant activation under their method is accomplished by select-
ing both a cluster size threshold and an acceptable level of «, the per pixel permissible
error rate. For a given level of v and estimated smoothness, s, they use Monte Carlo
simulation to characterize the frequency versus cluster size distribution, which are
then converted into false positive probability per pixel. A selection of results for var-
ious cluster sizes and levels of o and smoothnesses considered typical for fMRI data
are tabulated. Power analyses are described based on similar simulation studies. An
example fMRI study considered identifies nearly five times as many pixels as active
than would the equivalent Bonferroni procedure, and a set of PET data is examined

to show that the identified pixel regions correspond to areas of increased blood flow.

Worsley et al [68] propose a test for detection of distributed, non-focal activation
based on the average sum of squares of a stationary smooth Gaussian SPM. Their
omnibus test is more sensitive than the , statistic proposed by Fox et al [18] for
spatially distributed signals, and has the benefit of a theoretical rather than empirical
underpinning for its claims of specificity. The test statistic, the average sum of squares
of voxels in the search volume, is appropriately scaled and compared against a >
distribution. The effective degrees of freedom varies with the smoothness of the
SPM. A previously proposed test based on the proportion of the search volume above
a threshold, proposed in Friston et al [25], is also corrected in this paper. The authors
observe that their test for diffuse, non-focal activations “could be used as a prelude
to variance partitioning procedures that do not allow statistical inference, such as

singular value decompositions and eigenimage analysis.”
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7.1.4 Non-parametric tests

Holmes et al [41] describe non-parametric randomization tests for assessing the statis-
tics images commonly used in analyzing functional mapping experiments. They pro-
vide compelling reasons to consider non-parametric analysis methods, listing several
shortcomings of the commonly used approaches based on random field theory. These
include the following: Low degrees of freedom resulting in highly variably variance
estimates dominating calculation of the ¢-field SPM. The estimated smoothness of
the statistic image may lead to poor approximation by rough random fields whose
features have smaller spatial extent than the voxel dimensions. Statistic images are
sometimes computed using a global variance estimate as in Worsley et al [66], an
approximation that has been criticized in the literature for physical and physiological
reasons. Smoothing by Gaussian filters, as sometimes used in preprocessing SPMs to
improve the smooth random field approximation, may be inappropriate, smoothing
out spatially localized activations of smaller extent. As the authors write: “When the
assumptions of the parametric methods are true, these new non-parametric methods,
at worst, provide for their validation. When the assumptions of the parametric meth-
ods are dubious, the non-parametric methods provide the only analysis that can be

guaranteed valid and exact.”

They consider t-statistic images, and a generalization they call “pseudo” t-statistics
based on a smoothed variance estimate. The smoothed variance estimate computed
by smoothing the voxel-wise variance estimate image by a Gaussian kernel of known
full-widths at half maximum in each co-ordinate direction. As an example, they first
describe the simplest case of an alternating stimulus regime of two conditions. They
point out that a non-parametric randomization distribution applied to the labeling of
conditions to scans can be used to test hypotheses of differences between conditions,

in either per-pixel, omnibus, or regional activation tests. Under the null hypothesis
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of no difference between stimulus conditions, statistic images based on any relabeling
of conditions to scans are equally likely. To control Type I error on the omnibus test,
“the probability of observing a statistic image with maximum intracerebral value as
or more extreme that the observed value T},,, is simply the proportion of random-
ization values greater than or equal to it. This gives a p-value for the omnibus null
hypothesis.” The possible values of the maximum statistic under each possible la-
beling is computed, and an approximate level a test is constructed by taking the
100(1 — a)th percentile of those values as threshold. To identify activated voxels us-
ing the randomization distribution, an adjusted p-value image is computed, replacing
each voxels value with the proportion of the randomization distribution of the maxi-
mal statistic greater than its ¢-statistic value. Any pixel with a value greater than «
has a pixel value greater than the level a threshold. The combinatorial complexity of
enumerating the maximal statistics randomization values is reduced in this case by
noting that reversing labels yields the negative value of the maximal statistic, halving

the number of cases to be considered.

The presence of more than one activation, they further note, may skew the dis-
tribution of randomization values of the maximal statistic, increasing the critical
threshold value of the test. This would lead to the above test being conservative
for detecting secondary areas of activation. To counteract this effect, they propose
a sequentially rejective test adapted to randomization testing. To achieve this, they
iteratively compute a step-down sequence of adjusted p-value images. In effect, once
a voxel is considered active, it is removed from consideration and an adjusted sam-
pling distribution of the maximal statistic is computed from the remaining voxels.
At each step, pixels with adjusted p-values less than or equal to « are added to the
set of activated pixels. Overall Type I error is strongly controlled, and an efficient

implementation due to Westfall and Young [62] makes the computations more feasible.

They apply the technique to data from a PET study, and find that it detects
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regions of activation slightly larger than those found by the technique of Friston et
al [26]. Analyzing the ¢-field using the expected Euler characteristic results of Wors-
ley [64] yielded only a small number of pixels in a primary activation region, where the
other techniques located secondary regions. In their discussion, they describe how to
apply randomization methods to other experimental designs and test statistics used in
functional mapping experiments, including many of the techniques referred to above.
They note that the enumeration of all possible labelings may be computationally im-
practical, but point out that a sufficiently large random sampling from all possible
labelings will approximate the randomization distribution quite well for very little
power loss if around 1000 samples are taken. In a final comment, they remark that
randomization methods can be applied to small and specific regions of interest, where

random field assumptions and approximations would not apply.
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