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Abstract

Regularization is critical for successful statistical modeling of “modern” data, which
is high-dimensional, sometimes noisy and often contains a lot of irrelevant predictors.
It exists — implicitly or explicitly — at the heart of all successful methods. The two
main challenges which we take on in this thesis are understanding its various aspects
better and suggesting new regularization approaches, which are motivated by both
theoretical and computational considerations.

This thesis comprises a collection of papers whose common thread is reqularization

in a vague, almost abstract, sense. Two main areas are covered in this context:

e Boosting. We analyze and illustrate its close relation to [;-regularized op-
timization (chapter 2), discuss selection of robust loss functions for boosting
(chapter 4) and apply boosting methodology to a new domain of density esti-
mation (chapter 5).

e Parametric regularization. We discuss methods of solving the regularized

optimization problem:

~

A(A) = min L(y, X3) + AJ(5)

for whole ranges of the regularization parameter A. In chapter 6 we characterize

families of problems (characterized by choice of “loss” L and “penalty” J) where

v



the whole solution path {3(\) : 0 < A < oo} can be calculated efficiently
because it is “piecewise linear”. We suggest and analyze a generic method
for generating the solution path for any “well behaved” (loss, penalty) pair in

chapter 7.
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Chapter 1

Introduction

What is regularization?

My best definition is that regularization is any part of model building which takes
into account — implicitly or explicitly — the finiteness and imperfection of the data
and the limited information in it, which we can term “variance” in an abstract sense.

By this definition, forms of regularization include but are not limited to:

1. Explicit constraints on model complexity, such as bounds on the [, norm of a
parameter or coefficient vector # which characterizes the model. This is the
obvious sense in which “regularization” is used and it includes ridge regression

and the lasso. This regularization has the form:
mgnloss(data, B) st |[B|IF < S (1.1)

It is interesting to note that constrained models can equivalently be cast as

penalized models:

mﬁin loss(data, 3) + M| 85 (1.2)
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The two formulations are equivalent in the sense that for any value of S in (1.1)
there exists a value of A in (1.2) such that the solutions of the two problems are

the same.

2. Implicit regularization through incremental building of the model. The prime
example here is boosting (Freund & Schapire 1995), which iteratively builds a
prediction model by combining “weak learners”. Stopping the boosting itera-
tions is implicitly selecting a complexity (or regularization) parameter for the
model. One of the main results of this thesis (and other recent works) is to
show that early stopping of boosting in fact corresponds — approximately —
to parametric regularization of the form (1.1,1.2) with p = 1, i.e. the lasso

penalty.

3. Choice of the empirical loss function for model fitting can also be affected by
regularization considerations. The most obvious expression of this concept is
equation (1.2) above, which can be interpreted as simply changing the loss to

include a complexity penalty term.

Choice of robust loss functions is not strictly a regularization procedure, as robust-
ness is related more to uncertainty in assumptions about the error than to variance.
However, we know that for high-dimensional data every data point is likely to be an
outlier. Thus for high-dimensional data regularization and robustness considerations
are in fact confounded to a large extent, in the sense that any uncertainty in our
assumptions about the error model will cause a large increase in variance. Hence we
need to “regularize” the model by selecting a robust loss function. See chapter 6 for
further discussion of this issue.

The main theme of this thesis is to discuss regularization in its many forms from

theoretical, statistical and computational perspectives:



1.1. ILLUSTRATIVE EXAMPLE 3

What are good regularization approaches and why? What are good empirical

loss functions?

What connections can we draw between existing successful modeling approaches

by examining the regularization schemes they employ?

What can we say about the way a regularized model evolves as we change the

regularization, in particular the regularization parameter in (1.2)7

e How can we calculate regularized solutions efficiently? For what problems? How

can we calculate a “path” of regularized solutions to (1.2), parameterized by A7

1.1 Illustrative example

The following simple simulated example (discussed in more detail in chapter 6) il-
lustrates the importance of all three component of regularization for building good

prediction models:

e An appropriate loss function, i.e. one that either matches data distribution or

is robust enough to account for lack of knowledge of this distribution.
e An appropriate regularization scheme.
e Selection of an appropriate value for the regularization parameter(s).

Take n = 100 observations and k = 80 predictors, where all z;; are i.i.d N(0,1)

and the true model is:

e < 0.9-N(0,1)+0.1- N(0,100) (1.4)
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Figure 1.1: Coefficient paths for Huberized lasso (left) and lasso(right) for data ex-
ample. (3 is the full line, and the true model is E(Y |x) = 10z,

So the normality of residuals, implicitly assumed by using squared error loss, is vio-
lated.

We solve two parametric regularization problems on this data:

Lasso: B(\) = arg mﬁin ;(yZ — 3'%:)* + MBI (1.5)
“Huber” Lasso:  3(\) = arg mﬂin Z Li(yi, B'%:) + NG| (1.6)
— 3'x)? if [y — 0'x| <1
with Lo(y. %) (y — 0') ly — 9’| <

14+ 2(ly — f'x| — 1) otherwise

The [;(lasso) regularization approach is appropriate here, since we know the true
model to be “sparse” with only one non-0 coefficient.

Figure 1.1 shows the optimal coefficient paths G()) for the lasso (1.5, right) and
“huberized” lasso, (1.6, left). We observe that the lasso fails in identifying the correct
model E(Y|x) = 10z, while the robust loss identifies it exactly, if we choose the
appropriate reqularization parameter. Figure 1.2 gives the “reducible” squared error

loss of the models along the two regularized paths and illustrates the superiority of
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20
I8l

Figure 1.2: Reducible error for the models along the regularized paths

the robust loss in that respect as well.

Thus we see that in this simple example, the correct combination of loss, regular-
ization method and regularization parameter choice allows us to identify the correct
model exactly, while failing on any of these three components significantly degrades

the performance.

1.2 Boosting and regularized model fitting

We focus special attention on boosting, a generic modeling approach which has at-
tracted a lot of attention in the machine learning, data mining and statistics commu-
nities over the last five years. This interest can be attributed to its great empirical
success in data modeling as well as its interesting theoretical properties. Chapters
2,4 and 5 of this thesis cover various aspects of boosting theory and methodology.
Boosting can most generally be described as a method for iteratively building an

additive model
T
FT(X) - Zathjt(x)7 (17)
t=1

where hj, € H — alarge (or even infinite) dictionary of candidate predictors or “weak

learners”; and hj, is the basis function selected as the “best candidate” to modify at
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stage t. The essence of boosting is to design a way to “adaptively” select the next
increment at each step, to improve the fit. The original boosting algorithm (Freund
& Schapire 1995) and many of its successors described boosting in vague terms of
“concentrating on difficult examples”, game theory analogies and more. Our view of
their algorithm — and of the essence of boosting — is that it is just a gradient descent
algorithm (more specifically, a coordinate descent algorithm) in the high dimensional
space spanned by the weak learners. In this view we follow Friedman (2001),Mason,
Baxter, Bartlett & Frean (1999) and others. We build on this view to use boosting to
solve a new problem in chapter 4 and to design a new family of boosting algorithms
in chapter 5.

Taking this point of view, it is clear that boosting follows a “regularized path”
of solutions in an abstract sense — the solutions get more complex and more “over-
fitted” as the boosting iterations proceed. However one of the main results of this
thesis, presented in chapter 2, is that boosting can in fact be described as following
— approximately — the path of [;-regularized solutions to its loss criterion. Boosting
doesn’t merely trace a path of models of increasing complexity, it in fact approxi-
mately applies a specific, well researched and in many regards reasonable regulariza-
tion scheme. We feel that this property is fundamental in boosting’s success, and
that understanding boosting’s regularization behavior is key in improving boosting

methodology and devising new algorithms.

1.3 Structure of this thesis

This thesis is organized as a collection of papers, each one presenting some aspect
of boosting, regularized fitting and loss function selection. There are many connec-

tions and cross-references between the chapters, but I have tried to make them as
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modular and self contained as possible, and construct each chapter around one cen-
tral result. Chapters 2-5 are “machine learning” oriented and concentrate on issues
surrounding boosting, support vector machines and logistic regression. Chapters 6-7
deal with more traditional statistical regularization approaches, and concentrate on
their computational aspects.

Here is a brief exposition of the contents of the chapters which attempts to put

them in context relative to the main theme and to the other chapters:

Chapter 2: Boosting, regularized optimization and margin

maximization

In this chapter we study boosting methods from a new perspective. We build on recent
work by Efron et al. to show that boosting approximately (and in some cases exactly)
minimizes its loss criterion with an /; constraint on the coefficient vector. This helps
understand the success of boosting with early stopping as regularized fitting of the
loss criterion. For the two most commonly used criteria (exponential and binomial
log-likelihood), we further show that as the constraint is relaxed — or equivalently as
the boosting iterations proceed — the solution converges (in the separable case) to an
“l,-optimal” separating hyper-plane. We prove that this [;-optimal separating hyper-
plane has the property of maximizing the minimal [;-margin of the training data,
as defined in the boosting literature. An interesting fundamental similarity between
boosting and kernel support vector machines emerges, as both can be described as
methods for regularized optimization in high-dimensional predictor space, utilizing
a computational trick to make the calculation practical, and converging to margin-
maximizing solutions. While this statement describes SVMs exactly, it applies to
boosting only approximately.

This chapter represents joint work with Ji Zhu and is based on Rosset, Zhu &
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Hastie (2003).

Chapter 3: Margin maximizing loss functions

Margin maximizing properties play an important role in the analysis of classification
models, such as boosting and support vector machines. Margin maximization is theo-
retically interesting because it facilitates generalization error analysis, and practically
interesting because it presents a clear geometric interpretation of the models being
built. In chapter 2 we show margin maximizing properties of the exponential and
logistic loss functions in 2-class problems. In this chapter we extend the discussion to
formulate and prove a sufficient condition for the solutions of regularized loss functions
to converge to margin maximizing separators, as the regularization vanishes. This
condition covers the hinge loss of SVM, as well the exponential loss of AdaBoost and
logistic regression loss discussed in chapter 2. We also generalize this result to multi-
class classification problems, and present margin maximizing multi-class versions of
logistic regression and support vector machines.

This chapter represents joint work with Ji Zhu.

Chapter 4: Robust boosting and its relation to bagging

In the gradient-based view of boosting introduced in chapter 2, at each iteration ob-
servations are re-weighted using the gradient of the underlying loss function. This
chapter presents an approach of weight decay for observation weights which is equiv-
alent to “robustifying” the underlying loss function. At the extreme end of decay
this approach converges to Bagging, which can be viewed as boosting with a linear
underlying loss function. We illustrate the practical usefulness of weight decay for
improving prediction performance and present an equivalence between one form of

weight decay and “Huberizing” — a statistical method for making loss functions more
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robust. Our examples show that “robustifying” the loss function in high dimensional

data can be useful even when there are no outliers.

Chapter 5: Boosting density estimation

In this chapter, we apply gradient-based boosting methodology to the unsupervised
learning problem of density estimation. We show convergence properties of the al-
gorithm and prove that a “strength of weak learnability” property applies to this
problem as well. We illustrate the potential of this approach through experiments
with boosting Bayesian networks to learn density models. This chapter represents a
slight deviation from the “regularization” theme as its main goal is to suggest and im-
plement a practical boosting algorithm to a new “kind” of problem — that of density
estimation.

This chapter represents joint work with Eran Segal and is based on Rosset & Segal

(2002).

Chapter 6: Efficient, robust and adaptable methods for re-

gression and classification via piecewise linear solution paths
We consider the generic regularized optimization problem

~

B(N) = arg mﬁinz L(y;, B'z:) + \J(B)

Recently Efron, Hastie, Johnstone & Tibshirani (2002) have shown that for the Lasso
— i.e. if L is squared error loss and J(3) = || 3|1 is the {; norm of § — the optimal
coefficient path is piecewise linear, i.e. VB()\) is piecewise constant. We derive a
general characterization of the properties of (loss L, penalty J) pairs which give

piecewise linear coefficient paths. Such pairs allow for efficient generation of the
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full regularized coefficient paths. We analyze in detail the solution for [/;-penalized
Huber loss for regression, and [;-penalized truncated Huber loss for classifications,
and illustrate how we can use our results to generate robust, efficient and adaptable
modeling tools.

This chapter represents joint work with Ji Zhu.

Chapter 7: Approximate methods for following curved regu-

larized optimization solution paths

In this chapter I present a general approach for following “curved” regularized opti-
mization solution paths, using a modified Newton-Raphson approach. This approach
can be used when the “piecewise linearity” property discussed in chapter 6 does not
hold. We prove that this approach is good in the sense that it guarantees stay-
ing “close” to the path of optimal solutions, and illustrate it on regularized logistic

regression.



Chapter 2

Boosting, regularized optimization

and margin maximization

2.1 Introduction and outline

Boosting is a method for iteratively building an additive model

T
FT<X> = Z athjt (X)7 (21>

t=1
where hj, € H — alarge (but we will assume finite) dictionary of candidate predictors
or “weak learners”; and hj, is the basis function selected as the “best candidate” to
modify at stage t. The model Fr can equivalently be represented by assigning a

coefficient to each dictionary function h € H rather than to the selected hj,’s only:
J

Fr(x) =Y hj(x)- 87", (2.2)

J=1

11
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where J = |H| and ﬁ](T) =3

ii=j @t The “(7 representation allows us to interpret
the coefficient vector ) as a vector in R” or, equivalently, as the hyper-plane which
has ST as its normal. This interpretation will play a key role in our exposition.

Some examples of common dictionaries are:

e The training variables themselves, in which case h;(x) = z;. This leads to our
"additive” model Fr being just a linear model in the original data. The number

of dictionary functions will be J = d, the dimension of x.

e Polynomial dictionary of degree p, in which case the number of dictionary func-
p+d
d

tions will be J =

e Decision trees with up to k terminal nodes, if we limit the split points to data
points (or mid-way between data points as CART does). The number of possible
trees is bounded from above (trivially) by J < (np)* - 2. Note that regression

trees do not fit into our framework, since they will give J = oc.

The boosting idea was first introduced by Freund and Schapire (Freund & Schapire
1995), with their AdaBoost algorithm. AdaBoost and other boosting algorithms have
attracted a lot of attention due to their great success in data modeling tasks, and the
“mechanism” which makes them work has been presented and analyzed from several
perspectives. Friedman, Hastie & Tibshirani (2000) develop a statistical perspective,
which ultimately leads to viewing AdaBoost as a gradient-based incremental search for
a good additive model (more specifically, it is a “coordinate descent” algorithm), using
the exponential loss function C(y, F') = exp(—yF'), where y € {—1,1}. The gradient
boosting (Friedman 2001) and anyboost (Mason, Baxter, Bartlett & Frean 1999)
generic algorithms have used this approach to generalize the boosting idea to wider
families of problems and loss functions. In particular, Friedman, Hastie & Tibshirani

(2000) have pointed out that the binomial log-likelihood loss C(y, F') = log(1 +
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exp(—yF')) is a more natural loss for classification, and is more robust to outliers and
misspecified data.

A different analysis of boosting, originating in the Machine Learning community,
concentrates on the effect of boosting on the margins y; F'(x;). For example, Schapire,
Freund, Bartlett & Lee (1998) uses margin-based arguments to prove convergence
of boosting to perfect classification performance on the training data under general
conditions, and to derive bounds on the generalization error (on future, unseen data).

In this chapter we combine the two approaches, to conclude that gradient-based
boosting can be described, in the separable case, as an approximate margin maxi-
mizing process. The view we develop of boosting as an approximate path of optimal
solutions to regularized problems also justifies early stopping in boosting as specifying
a value for "regularization parameter”.

We consider the problem of minimizing convex loss functions (in particular the
exponential and binomial log-likelihood loss functions) over the training data, with

an [; bound on the model coefficients:

~

Ble) =arg min > Cly:. h(x;)'B). (2.3)
Where h(x;) = [h1(x:), ha(X;), ... , hy(x:)]T and J = |H]|.

Hastie, Tibshirani & Friedman (2001) (chapter 10) have observed that “slow”
gradient-based boosting (i.e. we set a; = €, V¢t in (2.1), with € small) tends to follow
the penalized path §(c) as a function of ¢, under some mild conditions on this path.
In other words, using the notation of (2.2), (2.3), this implies that [|3¢/9 — 3(c)||
vanishes with €, for all (or a wide range of) values of c¢. Figure 2.1 illustrates this
equivalence between e-boosting and the optimal solution of (2.3) on a real-life data
set, using squared error loss as the loss function. In this chapter we demonstrate

this equivalence further and formally state it as a conjecture. Some progress towards
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Figure 2.1: Exact coefficient paths(left) for /;-constrained squared error regression
and “boosting” coefficient paths (right) on the data from a prostate cancer study

proving this conjecture has been made by Efron et al. (Efron, Hastie, Johnstone &
Tibshirani 2002) who prove a weaker “local” result for the case where C' is squared
error loss, under some mild conditions on the optimal path. We generalize their result
to general convex loss functions.

Combining the empirical and theoretical evidence, we conclude that boosting can
be viewed as an approximate incremental method for following the /;-regularized path.

We then prove that in the separable case, for both the exponential and logistic
log-likelihood loss functions, 3(c)/c converges as ¢ — oo to an “optimal” separating

hyper-plane 3 described by:

B = arg “/rgrﬁaxl min y; 6 h(x;) (2.4)
1= 7

In other words, 8 mazimizes the minimal margin among all vectors with [;-norm
equal to 1. This result generalizes easily to other [,-norm constraints. For example,
if p =2, then 3 describes the optimal separating hyper-plane in the Euclidean sense,
i.e. the same one that a non-regularized support vector machine would find.

Combining our two main results, we get the following characterization of boosting:



2.1. INTRODUCTION AND OUTLINE 15

e-Boosting can be described as a gradient-descent search, approximately
following the path of [;-constrained optimal solutions to its loss criterion,
and converging, in the separable case, to a “margin maximizer” in the [;

sense.

Note that boosting with a large dictionary H (in particular if n < J = |H|) guarantees
that the data will be separable (except for pathologies), hence separability is a very
mild assumption here.

As in the case of support vector machines in high dimensional feature spaces, the
non-regularized “optimal” separating hyper-plane is usually of theoretical interest
only, since it typically represents a highly over-fitted model. Thus, we would want to
choose a good regularized model. Our results indicate that Boosting gives a natural
method for doing that, by “stopping early” in the boosting process. Furthermore,
they point out the fundamental similarity between Boosting and SVMs: both ap-
proaches allow us to fit regularized models in high-dimensional predictor space, using
a computational trick. They differ in the regularization approach they take — exact
Iy regularization for SVMs, approximate [; regularization for Boosting — and in the
computational trick that facilitates fitting — the “kernel” trick for SVMs, coordinate

descent for Boosting.

2.1.1 Related work

Schapire, Freund, Bartlett & Lee (1998) have identified the normalized margins as
distance from an [;-normed separating hyper-plane. Their results relate the boosting
iterations’ success to the minimal margin of the combined model. Rétsch, Onoda

& Miiller (2001) take this further using an asymptotic analysis of AdaBoost. They
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prove that the “normalized” minimal margin, min; y; >, arh(x;)/ >, |oul, is asymp-
totically equal for both classes. In other words, they prove that the asymptotic sep-
arating hyper-plane is equally far away from the closest points on either side. This
is a property of the margin maximizing separating hyper-plane as we define it. Both
papers also illustrate the margin maximizing effects of AdaBoost through experimen-
tation. However, they both stop short of proving the convergence to optimal (margin
maximizing) solutions.

Motivated by our result, Rétsch & Warmuth (2002) have recently asserted the
margin-maximizing properties of e-AdaBoost, using a different approach than the
one used in this chapter. Their results relate only to the asymptotic convergence of
infinitesimal AdaBoost, compared to our analysis of the “regularized path” traced
along the way and of a variety of boosting loss functions, which also leads to a
convergence result on binomial log-likelihood loss.

The convergence of boosting to an “optimal” solution from a loss function per-
spective has been analyzed in several papers. Rétsch, Mika & Warmuth (2001) and
Collins, Schapire & Singer (2000) give results and bounds on the convergence of
training-set loss, > . C(y;, >, athi(x;)), to its minimum. However, in the separable
case convergence of the loss to 0 is inherently different from convergence of the linear
separator to the optimal separator. Any solution which separates the two classes
perfectly can drive the exponential (or log-likelihood) loss to 0, simply by scaling

coefficients up linearly.

2.2 Boosting as gradient descent

Generic gradient-based boosting algorithms such as Friedman (2001) and Mason,
Baxter, Bartlett & Frean (1999) attempt to find a good linear combination of the

members of some dictionary of basis functions to optimize a given loss function over
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a sample. This is done by searching, at each iteration, for the basis function which
gives the “steepest descent” in the loss, and changing its coefficient accordingly. In
other words, this is a “coordinate descent” algorithm in R’, where we assign one
dimension (or coordinate) for the coefficient of each dictionary function.

Assume we have data {x;,y;}!,, a loss (or cost) function C(y, F'), and a set of
basis functions {h;(x)} : R* — R. Then all of these algorithms follow the same

essential steps:

Algorithm 2.1 Generic gradient-based boosting algorithm
1. Set B0 =0.
2. Fort=1:T,

(a) Let F; = B¢V h(x;), i=1,... ,n (the current fit).

(b) Setwi:%, i=1,...,n.

(¢) Identify j, = argmax; | Y, w;h;(x;)]|.

(@) Set B = B — oy and B = Bk # ji.

Here 5 is the “current” coefficient vector and oy > 0 is the current step size. Notice

that Zz wihjt (XZ) = w

Jt
As we mentioned, algorithm 1 can be interpreted simply as a coordinate descent

4

algorithm in “weak learner” space. Implementation details include the dictionary
H of “weak learners”, the loss function C(y, F'), the method of searching for the
optimal j;, and the way in which |oy| is determined (the sign of «; will always be
—sign(d_; wih;,(x;)), since we want the loss to be reduced. In most cases, the dic-
tionary H is negation closed, and so it is assumed WLOG that oy > 0 ). For ex-

ample, the original AdaBoost algorithm uses this scheme with the exponential loss

C(y, F) = exp(—yF), and an implicit line search to find the best «; once a “direction”
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J has been chosen (see Hastie, Tibshirani & Friedman (2001), chapter 10 and Mason,
Baxter, Bartlett & Frean (1999) for details). The dictionary used by AdaBoost in
this formulation would be a set of candidate classifiers, i.e. h;(x;) € {-1,+1} —

usually decision trees are used in practice.

2.2.1 Practical implementation of boosting

The dictionaries used for boosting are typically very large — practically infinite — and
therefore the generic boosting algorithm we have presented cannot be implemented
verbatim. In particular, it is not practical to exhaustively search for the maximizer
in step 2(c). Instead, an approximate, usually greedy search is conducted to find a
“good” candidate weak learner h;, which makes the first order decline in the loss large
(even if not maximal among all possible models).

In the common case that the dictionary of weak learners is comprised of decision
trees with up to k nodes, the way AdaBoost and other boosting algorithms solve
stage 2(c) is by building a decision tree to a re-weighted version of the data, with the

weights |w;| (w; as defined above). Thus they first replace step 2(c) with minimization

of:
Z lwil H{y: # hj,(x:)}

which is easily shown to be equivalent to the original step 2(c). They then use a
greedy decision-tree building algorithm such as CART or C5 to build a decision tree
which minimizes this quantity, i.e. achieves low “weighted misclassification error” on
the weighted data. Since the tree is built greedily — one split at a time — it will not
be the global minimizer of weighted misclassification error among all k-node decision
trees. However, it will be a good fit for the re-weighted data, and can be considered
an approximation to the optimal tree.

This use of approximate optimization techniques is critical, since much of the
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strength of the boosting approach comes from its ability to build additive models in
very high-dimensional predictor spaces. In such spaces, standard exact optimization
techniques are impractical: any approach which requires calculation and inversion
of Hessian matrices is completely out of the question, and even approaches which
require only first derivatives, such as coordinate descent, can only be implemented

approximately.

2.2.2 Gradient-based boosting as a generic modeling tool

As Friedman (2001) and Mason, Baxter, Bartlett & Frean (1999) mention, this view of
boosting as gradient descent allows us to devise boosting algorithms for any function
estimation problem — all we need is an appropriate loss and an appropriate dictionary
of “weak learners”. For example, Friedman, Hastie & Tibshirani (2000) suggested
using the binomial log-likelihood loss instead of the exponential loss of AdaBoost
for binary classification, resulting in the LogitBoost algorithm. However, there is no
need to limit boosting algorithms to classification — Friedman (2001) applied this
methodology to regression estimation, using squared error loss and regression trees,
and Rosset & Segal (2002) applied it to density estimation, using the log-likelihood
criterion and Bayesian networks as weak learners. Their experiments and those of
others illustrate that the practical usefulness of this approach — coordinate descent
in high dimensional predictor space — carries beyond classification, and even beyond
supervised learning.

The view we present in this paper, of coordinate-descent boosting as approximate
l1-regularized fitting, offers some insight into why this approach would be good in
general: it allows us to fit regularized models directly in high dimensional predictor
space. In this it bears a conceptual similarity to support vector machines, which

exactly fit an [y regularized model in high dimensional (RKH) predictor space.
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2.2.3 Loss functions

The two most commonly used loss functions for boosting classification models are the

exponential and the (minus) binomial log-likelihood:

Exponential :  Ce(y, F) = exp(—yF)

Loglikelihood :  Ci(y, F) = log(1 + exp(—yF))

These two loss functions bear some important similarities to each other. As Friedman,

Figure 2.2: The two classification loss functions

Hastie & Tibshirani (2000) show, the population minimizer of expected loss at point

x is similar for both loss functions and is given by:

P(x) = c-log [M]

Py = —1[x)

where ¢, = 1/2 for exponential loss and ¢; = 1 for binomial loss.
More importantly for our purpose, we have the following simple proposition, which
illustrates the strong similarity between the two loss functions for positive margins

(i.e. correct classifications):
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Proposition 2.1
yF > 0= 0.5C(y, F) < Ci(y, F) < Ce(y, F) (2.5)

In other words, the two losses become similar if the margins are positive, and both

behave like exponentials.

Proof: Consider the functions fi(z) = z and fa(z) = log(1 + z) for z € [0,1]. Then

f1(0) = f2(0) = 0, and:
ﬁfl(z)
0z
1< df2(2) _ 1
27 0z 142z~

1

Thus we can conclude 0.5f1(z) < fa(z) < fi(z). Now set z = exp(—yf) and we get
the desired result.

For negative margins the behaviors of C. and Cj are very different, as Friedman,
Hastie & Tibshirani (2000) have noted. In particular, C; is more robust against

outliers and misspecified data.

2.2.4 Line-search boosting vs. e-boosting

As mentioned above, AdaBoost determines o, using a line search. In our notation for

algorithm 1 this would be:
ap = arg minz Clyi, Fi + ahj, (x3))

The alternative approach, suggested by Friedman (Friedman 2001, Hastie, Tibshirani
& Friedman 2001), is to “shrink” all oy to a single small value €. This may slow down

learning considerably (depending on how small € is), but is attractive theoretically:
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the first-order theory underlying gradient boosting implies that the weak learner cho-
sen is the best increment only “locally”. It can also be argued that this approach
is “stronger” than line search, as we can keep selecting the same h;, repeatedly if it
remains optimal and so e-boosting “dominates” line-search boosting in terms of train-
ing error. In practice, this approach of “slowing the learning rate” usually performs
better than line-search in terms of prediction error as well (see Friedman (2001)).
For our purposes, we will mostly assume ¢ is infinitesimally small, so the theoretical
boosting algorithm which results is the “limit” of a series of boosting algorithms with
shrinking e.

In regression terminology, the line-search version is equivalent to forward stage-
wise modeling, infamous in the statistics literature for being too greedy and highly
unstable (See Friedman (2001)). This is intuitively obvious, since by increasing the
coefficient until it “saturates” we are destroying “signal” which may help us select

other good predictors.

2.3 [, margins, support vector machines and boost-
ing

We now introduce the concept of margins as a geometric interpretation of a binary
classification model. In the context of boosting, this view offers a different understand-
ing of AdaBoost from the gradient descent view presented above. In the following

sections we connect the two views.

2.3.1 The Euclidean margin and the support vector machine

Consider a classification model in high dimensional predictor space: F/(x) = 3, h;(x)0;.

We say that the model separates the training data {x;,y; }1", if sign(F(x;)) = y;, Vi.
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Figure 2.3: A simple data example, with two observations from class “O” and two
observations from class “X”. The full line is the Euclidean margin-maximizing sepa-
rating hyper-plane.

From a geometrical perspective this means that the hyper-plane defined by F'(x) =0

is a separating hyper-plane for this data, and we define its (Euclidean) margin as:

(2.6)

The margin-maximizing separating hyper-plane for this data would be defined by 3
which maximizes msy(3). Figure 2.3 shows a simple example of separable data in
2 dimensions, with its margin-maximizing separating hyper-plane. The Euclidean
margin-maximizing separating hyper-plane is the (non regularized) support vector
machine solution. Its margin maximizing properties play a central role in deriving

generalization error bounds for these models, and form the basis for a rich literature.

2.3.2 The [; margin and its relation to boosting

Instead of considering the Euclidean margin as in (2.6) we can define an “/, margin”

concept as

(2.7)
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Figure 2.4: [; margin maximizing separating hyper-plane for the same data set as
figure 2.3. The difference between the diagonal Euclidean optimal separator and the
vertical [; optimal separator illustrates the “sparsity” effect of optimal [; separation

Of particular interest to us is the case p = 1. Figure 2.4 shows the [; margin max-
imizing separating hyper-plane for the same simple example as figure 2.3. Note the
fundamental difference between the two solutions: the l,-optimal separator is diago-
nal, while the [i-optimal one is vertical. To understand why this is so we can relate

the two margin definitions to each other as:

yF(x) _ yF&) [18l:

= (2.8)

1Bl 118l 1181k
From this representation we can observe that the [; margin will tend to be big if the
ratio Hg”j is big. This ratio will generally be big if 3 is sparse. To see this, consider

fixing the l; norm of the vector and then comparing the /5 norm of two candidates:
one with many small components and the other — a sparse one — with a few large
components and many zero components. It is easy to see that the second vector will
have bigger l3 norm, and hence (if the I, margin for both vectors is equal) a bigger [y
margin.

A different perspective on the difference between the optimal solutions is given by
a theorem due to Mangasarian (Mangasarian 1999), which states that the [, margin

maximizing separating hyper plane maximizes the [, distance from the closest points
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to the separating hyper-plane, with ]19 + % = 1. Thus the Euclidean optimal separator
(p = 2) also maximizes Euclidean distance between the points and the hyper-plane,
while the [; optimal separator maximizes [, distance. This interesting result gives an-
other intuition why [; optimal separating hyper-planes tend to be coordinate-oriented
(i.e. have sparse representations): since [, projection considers only the largest co-
ordinate distance, some coordinate distances may be 0 at no cost of increased [
distance.

Schapire, Freund, Bartlett & Lee (1998) have pointed out the relation between
AdaBoost and the [; margin. They prove that, in the case of separable data, the

boosting iterations increase the “boosting” margin of the model, defined as:

¥a
min? (x)

i alh (29)

In other words, this is the [; margin of the model, except that it uses the a incremental
representation rather than the 3 “geometric” representation for the model. The two
representations give the same [; norm if there is sign consistency, or “monotonicity”
in the coefficient paths traced by the model, i.e. if at every iteration t of the boosting

algorithm:

Bj, # 0 = sign(as) = sign(3;,) (2.10)

As we will see later, this monotonicity condition will play an important role in the
equivalence between boosting and [; regularization.

The [;-margin maximization view of AdaBoost presented by Schapire, Freund,
Bartlett & Lee (1998) — and a whole plethora of papers that followed — is important

for the analysis of boosting algorithms for two distinct reasons:

e [t gives an intuitive, geometric interpretation of the model that AdaBoost is
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looking for — a model which separates the data well in this /;-margin sense.
Note that the view of boosting as gradient descent in a loss criterion doesn’t
really give the same kind of intuition: if the data is separable, then any model
which separates the training data will drive the exponential or binomial loss to

0 when scaled up:

mi(f) >0 = ZC’(yl-,dﬁ’xi) —0 as d —

e The [;-margin behavior of a classification model on its training data facilitates
generation of generalization (or prediction) error bounds, similar to those that

exist for support vector machines.

From a statistical perspective, however, we should be suspicious of margin-maximization
as a method for building good prediction models in high dimensional predictor space.
Margin maximization is by nature a non-regularized objective, and solving it in high
dimensional space is likely to lead to over-fitting and bad prediction performance.This
has been observed in practice by many authors, in particular Breiman (Breiman 1999).

In section 2.7 we return to discuss these issues in more detail.

2.4 Boosting as approximate [; constrained fitting

In this section we introduce an interpretation of the generic coordinate-descent boost-
ing algorithm as tracking a path of approximate solutions to l;-constrained (or equiv-
alently, regularized) versions of its loss criterion. This view serves our understanding
of what boosting does, in particular the connection between early stopping in boost-
ing and regularization. We will also use this view to get a result about the asymptotic
margin-maximization of regularized classification models, and by analogy of classifi-

cation boosting. We build on ideas first presented by Hastie, Tibshirani & Friedman
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(2001) (chapter 10) and Efron, Hastie, Johnstone & Tibshirani (2002).
Given a loss criterion C(-,-), consider the 1-dimensional path of optimal solutions

to [; constrained optimization problems over the training data:

N

Blc) = arg min >  Clyi, h(xi)'5). (2.11)
As ¢ varies, we get that B(c) traces a l-dimensional “optimal curve” through R”.
If an optimal solution for the non-constrained problem exists and has finite /; norm
o, then obviously B(c) = B(co) = 3, Ve > co. Note that in the case of separable
2-class data, using either C, or (}, there is no finite-norm optimal solution. Rather,
the constrained solution will always have ||3(c)||; = c.

A different way of building a solution which has [; norm ¢, is to run our e-boosting
algorithm for c/e iterations. This will give an a(/¢) vector which has [; norm exactly
c. For the norm of the geometric representation 3(“/¢ to also be equal to ¢, we need
the monotonicity condition (2.10) to hold as well. This condition will play a key role
in our exposition.

We are going to argue that the two solution paths 3 (c) and B/ are very similar
for € “small”. Let us start by observing this similarity in practice. Figure 2.1 in
the introduction shows an example of this similarity for squared error loss fitting
with /; (lasso) penalty. Figure 2.5 shows another example in the same mold, taken
from Efron, Hastie, Johnstone & Tibshirani (2002). The data is a diabetes study

Y

and the “dictionary” used is just the original 10 variables. The panel on the left
shows the path of optimal [;-constrained solutions B(c) and the panel on the right
shows the e-boosting path with the 10-dimensional dictionary (the total number of
boosting iterations is about 6000). The 1-dimensional path through R is described

by 10 coordinate curves, corresponding to each one of the variables. The interesting

phenomenon we observe is that the two coefficient traces are not completely identical.
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Figure 2.5: Another example of the equivalence between the Lasso optimal solution
path (left) and e-boosting with squared error loss. Note that the equivalence breaks
down when the path of variable 7 becomes non-monotone

Rather, they agree up to the point where variable 7 coefficient path becomes non
monotone, i.e. it violates (2.10) (this point is where variable 8 comes into the model,
see the arrow on the right panel). This example illustrates that the monotonicity
condition — and its implication that ||a||; = ||5]|1 — is critical for the equivalence
between e-boosting and [;-constrained optimization.

The two examples we have seen so far have used squared error loss, and we should
ask ourselves whether this equivalence stretches beyond this loss. Figure 2.6 shows
a similar result, but this time for the binomial log-likelihood loss, C;. We used the
“spam” dataset, taken from the UCI repository (Blake & Merz 1998). We chose only
5 predictors of the 57 to make the plots more interpretable and the computations
more accommodating. We see that there is a perfect equivalence between the exact
constrained solution (i.e. regularized logistic regression) and e-boosting in this case,
since the paths are fully monotone.

To justify why this observed equivalence is not surprising, let us consider the fol-

lowing “[;-locally optimal monotone direction” problem of finding the best monotone
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Figure 2.6: Exact coefficient paths (left) for [;-constrained logistic regression and
boosting coefficient paths (right) with binomial log-likelihood loss on five variables
from the “spam” dataset. The boosting path was generated using ¢ = 0.003 and 7000
iterations.

€ increment to a given model f.:

min C'(3) (2.12)
st 1Bl = ol <€

18] = | 5ol

Here we use C(f3) as shorthand for >, C(y;, h(x;)'3). A first order Taylor expansion

gives us:

C(B) = C(B) + VC(5)' (5 = Bo) + O(e?)

And given the [; constraint on the increase in |||, it is easy to see that a first-order
optimal solution (and therefore an optimal solution as € — 0) will make a “coordinate

descent” step, i.e.:

B; # Boy = VC(5); = max IVC(Bo)]
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assuming the signs match (i.e. sign(fo;) = —sign(VC(5),)).

So we get that if the optimal solution to (2.12) without the monotonicity constraint
happens to be monotone, then it is equivalent to a coordinate descent step. And so
it is reasonable to expect that if the optimal [; regularized path is monotone (as it
indeed is in figures 2.1,2.6), then an “infinitesimal” e-boosting algorithm would follow
the same path of solutions. Furthermore, even if the optimal path is not monotone,
we can still use the formulation (2.12) to argue that e-boosting would tend to follow
an approximate [;-regularized path. The main difference between the e-boosting path
and the true optimal path is that it will tend to “delay” becoming non-monotone,
as we observe for variable 7 in figure 2.5. To understand this specific phenomenon
would require analysis of the true optimal path, which falls outside the scope of
our discussion — Efron, Hastie, Johnstone & Tibshirani (2002) cover the subject
for squared error loss, and their discussion applies to any continuously differentiable
convex loss, using second-order approximations.

We can utilize this understanding of the relationship between boosting and ;-
regularization to construct [, boosting algorithms by changing the coordinate-selection
criterion in the coordinate descent algorithm. We will get back to this point in section
2.7, where we design an “l, boosting” algorithm.

The experimental evidence and heuristic discussion we have presented lead us to

the following conjecture which connects slow boosting and [;-regularized optimization:

Conjecture 2.2 Consider applying the e-boosting algorithm to any convez loss func-
tion, generating a path of solutions 3 (t). Then if the optimal coefficient paths are

monotone Ve < c¢q, i.e. if V7, \B(C)]| is non-decreasing in the range ¢ < cgy, then:
lim 3 (co/e) = B(co)

Efron, Hastie, Johnstone & Tibshirani (2002) (theorem 2) prove a weaker ”local”
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result for the case of squared error loss only. We generalize their result for any convex
loss. However this result still does not prove the ”global” convergence which the
conjecture claims, and the empirical evidence implies. For the sake of brevity and
readability, we defer this proof, together with concise mathematical definition of the
different types of convergence, to appendix A.

In the context of “real-life” boosting, where the number of basis functions is usu-
ally very large, and making ¢ small enough for the theory to apply would require
running the algorithm forever, these results should not be considered directly ap-
plicable. Instead, they should be taken as an intuitive indication that boosting —
especially the e version — is, indeed, approximating optimal solutions to the con-

strained problems it encounters along the way.

2.5 [,-constrained classification loss functions

Having established the relation between boosting and [/; regularization, we are going
to turn our attention to the regularized optimization problem. By analogy, our results
will apply to boosting as well. We concentrate on C, and Cj, the two classification

losses defined above, and the solution paths of their [, constrained versions:

~

ﬂ(p)(c) = arg min C(y;, B'h(xy)) (2.13)

18l <c 4

where C'is either C, or C;. As we discussed below equation (2.11), if the training data

is separable in span(H), then we have || 3@ (c) |l, = c for all values of c. Consequently:

5(”) (c)

c

| 1

Hp =
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We may ask what are the convergence points of this sequence as ¢ — oo. The fol-
lowing theorem shows that these convergence points describe “/,-margin maximizing”

separating hyper-planes.

Theorem 2.3 Assume the data is separable, i.e. 35 s.t.¥i, y; ' h(x;) > 0.

Then for both C, and C, w converges to the l,-margin-mazimizing separating
hyper-plane (if it is unique) in the following sense:

A0 — i g(p)( )

g = arg max min y;5 h(x;) (2.14)

cooo ¢ l18llp=1

If the l,-margin-mazimizing separating hyper-plane is not unique, then @ may have
multiple convergence points, but they will all represent l,-margin-maximizing separat-

ing hyper-planes.

Proof:
This proof applies for both C, and C}, given the property in (2.5). Consider two
separating candidates (3; and [ such that ||Gi]|, = [|G2]l, = 1. Assume that [

separates better, i.e.:
my = miin yiBih(x;) > mg = miinyiﬁéh(xi) >0

Then we have the following simple lemma:

Lemma 2.4 There exists some D = D(mq, ms) such thatVd > D, d3, incurs smaller

loss than dfs, in other words:

Zc vi, dBh(x;)) ZO vir G5 h(x;))

()

Given this lemma, we can now prove that any convergence point of i must be an

l,-margin maximizing separator. Assume (3* is a convergence point of ﬁ . Denote
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its minimal margin on the data by m*. If the data is separable, clearly m* > 0 (since
otherwise the loss of d3* does not even converge to 0 as d — 00).
Now, assume some 3 with ||3]|, = 1 has bigger minimal margin /m > m*. By

continuity of the minimal margin in (3, there exists some open neighborhood of 3*:
Ng- ={f |8 — 5"l < 6}
and an € > 0, such that:
mingy; ' h(x;) < m—¢€, V3 € Na-

Now by the lemma we get that there exists some D = D(m,m — €) such that

d3 incurs smaller loss than dj3 for any d > D, 8 € Ng«. Therefore 3* cannot be a

. 3(p)
convergence point of %(C)

We conclude that any convergence point of the sequence w must be an [,-

margin maximizing separator. If the margin maximizing separator is unique then it
is the only possible convergence point, and therefore:
A 5

5(17) = lim = arg max miny;['h(x;)
c—00 C 181lp= i

Proof of Lemma:

Using (2.5) and the definition of C,, we get for both loss functions:

Z C(yi, dBih(x:)) < nexp(—d - my)
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Now, since (3; separates better, we can find our desired

{ log2
D = D(ml,mQ) — %
1 2

such that:
Vd > D, nexp(—d-my) < 0.5exp(—d-msy)

And using (2.5) and the definition of C, again we can write:
0.5exp(—d-my) <Y Clyi, dBh(x;))
Combining these three inequalities we get our desired result:

¥d> D, Y Cly,dBih(x)) <Y Clys, dBh(x:)

We thus conclude that if the [,-margin maximizing separating hyper-plane is
unique, the normalized constrained solution converges to it. In the case that the
margin maximizing separating hyper-plane is not unique, this theorem can easily be
generalized to characterize a unique solution by defining tie-breakers: if the minimal
margin is the same, then the second minimal margin determines which model sep-
arates better, and so on. Only in the case that the whole order statistics of the [,
margins is common to many solutions can there really be more than one convergence

point for w
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2.5.1 Implications of theorem 2.3
Boosting implications

Combined with our results from section 2.4, theorem 2.3 indicates that the normal-

1)
Zugt Qu

converges to a separating hyper-plane B , which attains:

ized boosting path — with either C, or C] used as loss — “approximately”

max miny;5'h(x;) = max miny;d;||52, 515
Blli=1 i 4 ( ) 1Bllhi=1 i Y || ”2 ( )

where d; is the Euclidean distance from the training point ¢ to the separating hyper-
plane. In other words, it maximizes Euclidean distance scaled by an ls norm. As
we have mentioned already, this implies that the asymptotic boosting solution will
tend to be sparse in representation, due to the fact that for fixed [; norm, the [y
norm of vectors that have many 0 entries will generally be larger. We conjecture that
this asymptotic solution 3 = lim,_ ﬁ(l)(c) /¢, will have at most n (the number of
observations) non-zero coefficients. This in fact holds for squared error loss, where
there always exists a finite optimal solution B(l) with at most n non-zero coefficients

(see Efron, Hastie, Johnstone & Tibshirani (2002)).

Logistic regression implications

Recall, that the logistic regression (maximum likelihood) solution is undefined if the
data is separable in the Euclidean space spanned by the predictors. Theorem 3 allows

us to define a logistic regression solution for separable data, as follows:
1. Set a high constraint value ¢4,

2. Find B(p)(cmax), the solution to the logistic regression problem subject to the
constraint ||3]|, < ¢mnaz. The problem is convex for any p > 1 and differentiable

for any p > 1, so interior point methods can be used to solve this problem.
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3. Now you have (approximately) the /,-margin maximizing solution for this data,

described by )
ﬁ(p) (Cmax)

Cmax
This is a solution to the original problem in the sense that it is, approximately,
the convergence point of the normalized [,-constrained solutions, as the con-

straint is relaxed.

Of course, with our result from theorem 3 it would probably make more sense to sim-
ply find the optimal separating hyper-plane directly — this is a linear programming
problem for [; separation and a quadratic programming problem for [, separation.
We can then consider this optimal separator as a logistic regression solution for the

separable data.

2.6 Examples

2.6.1 Spam dataset

We now know if the data are separable and we let boosting run forever, we will
approach the same “optimal” separator for both C. and C;. However if we stop
early — or if the data is not separable — the behavior of the two loss functions
may differ significantly, since C, weighs negative margins exponentially, while Cj is
approximately linear in the margin for large negative margins (see Friedman, Hastie
& Tibshirani (2000) for detailed discussion). Consequently, we can expect C. to
concentrate more on the “hard” training data, in particular in the non-separable
case. Figure 2.7 illustrates the behavior of e-boosting with both loss functions, as
well as that of AdaBoost, on the spam dataset (57 predictors, binary response).
We used 10 node trees and ¢ = 0.1. The left plot shows the minimal margin as

a function of the l; norm of the coefficient vector ||3||;. Binomial loss creates a
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Figure 2.7: Behavior of boosting with the two loss functions on spam dataset

bigger minimal margin initially, but the minimal margins for both loss functions
are converging asymptotically. AdaBoost initially lags behind but catches up nicely
and reaches the same minimal margin asymptotically. The right plot shows the
test error as the iterations proceed, illustrating that both e-methods indeed seem to
over-fit eventually, even as their “separation” (minimal margin) is still improving.
AdaBoost did not significantly over-fit in the 1000 iterations it was allowed to run,

but it obviously would have if it were allowed to run on.

2.6.2 Simulated data

To make a more educated comparison and more compelling visualization, we have
constructed an example of separation of 2-dimensional data using a 8-th degree poly-
nomial dictionary (45 functions). The data consists of 50 observations of each class,
drawn from a mixture of Gaussians, and presented in figure 2.8. Also presented, in
the solid line, is the optimal [; separator for this data in this dictionary (easily cal-
culated as a linear programming problem - note the difference from the I, optimal
decision boundary, presented in section 2.7.2, figure 2.11 ). The optimal [; separator

has only 12 non-zero coefficients out of 45.
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Figure 2.8: Artificial data set with /;-margin maximizing separator (solid), and boost-
ing models after 10° iterations (dashed) and 10° iterations (dotted) using € = 0.001.
We observe the convergence of the boosting separator to the optimal separator

We ran an e-boosting algorithm on this dataset, using the logistic log-likelihood
loss O}, with € = 0.001, and figure 2.8 shows two of the models generated after 10> and
3 - 10% iterations. We see that the models seem to converge to the optimal separator.
A different view of this convergence is given in figure 2.9, where we see two measures
of convergence — the minimal margin (left) and the [;-norm distance between the
normalized models (right), given by:

. B

EANEOT

2.

7

where B is the optimal separator with {; norm 1 and 5 is the boosting model after
t iterations.
We can conclude that on this simple artificial example we get nice convergence of
the logistic-boosting model path to the /;-margin maximizing separating hyper-plane.
We can also use this example to illustrate the similarity between the boosted path

and the path of [; optimal solutions, as we have discussed in section 2.4.
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Figure 2.9: Two measures of convergence of boosting model path to optimal [; separa-
tor: minimal margin (left) and [/; distance between the normalized boosting coefficient
vector and the optimal model (right)

Figure 2.10 shows the class decision boundaries for 4 models generated along the
boosting, compared to the optimal solutions to the constrained “logistic regression”
problem with the same bound on the /; norm of the coefficient vector. We observe
the clear similarities in the way the solutions evolve and converge to the optimal [y
separator. The fact that they differ (in some cases significantly) is not surprising if we
recall the monotonicity condition presented in section 2.4 for exact correspondence
between the two model paths. In this case if we look at the coefficient paths (not
shown), we observe that the monotonicity condition is consistently violated in the
low norm ranges, and hence we can expect the paths to be similar in spirit but not

identical.
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Figure 2.10: Comparison of decision boundary of boosting models (broken) and of
optimal constrained solutions with same norm (full)

2.7 Discussion

2.7.1 Regularized and non-regularized behavior of the loss

functions

We can now summarize what we have learned about boosting from the previous

sections:

e Boosting approximately follows the path of [i-regularized models for its loss

criterion

e If the loss criterion is the exponential loss of AdaBoost or the binomial log-
likelihood loss of logistic regression, then the I regularized model converges to
an [j-margin maximizing separating hyper-plane, if the data are separable in

the span of the weak learners
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We may ask, which of these two points is the key to the success of boosting ap-
proaches. One empirical clue to answering this question, can be found in The work of
Leo Breiman (Breiman 1999), who programmed an algorithm to directly maximize the
margins. His results were that his algorithm consistently got significantly higher min-
imal margins than AdaBoost on many data sets, but had slightly worse prediction
performance. His conclusion was that margin maximization is not the key to Ad-
aBoost’s success. From a statistical perspective we can embrace this conclusion, as
reflecting the notion that non-regularized models in high-dimensional predictor space
are bound to be over-fitted. “Margin maximization” is a non-regularized objective,
both intuitively and more rigorously by our results from the previous section. Thus
we would expect the margin maximizing solutions to perform worse than regularized
models — in the case of boosting regularization would correspond to “early stopping”

of the boosting algorithm.

2.7.2 Boosting and SVMs as regularized optimization in high-

dimensional predictor spaces

Our exposition has led us to view boosting as an approximate way to solve the

regularized optimization problem:
min Y Clys, B'h(x:)) + A8l (2.16)

which converges as A — 0 to B(l), if our loss is C, or ;. In general, the loss C' can be
any convex differentiable loss and should be defined to match the problem domain.

Support vector machines can be described as solving the regularized optimization
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problem (see for example Friedman, Hastie & Tibshirani (2000), chapter 12):
min D (1= yih(xi)) 5 + AlIBII3 (2.17)

which “converges” as A — 0 to the non-regularized support vector machine solution,
i.e. the optimal Euclidean separator, which we denoted by 3(2).
An interesting connection exists between these two approaches, in that they allow

us to solve the regularized optimization problem in high dimensional predictor space:

e We are able to solve the [;- regularized problem approximately in very high
dimension via boosting by applying the “approximate coordinate descent” trick
of building a decision tree (or otherwise greedily selecting a weak learner) based

on re-weighted versions of the data.

e Support vector machines facilitate a different trick for solving the regularized
optimization problem in high dimensional predictor space: the “kernel trick”.
If our dictionary H spans a Reproducing Kernel Hilbert Space, then RKHS
theory tells us we can find the regularized solutions by solving an n-dimensional
problem, in the space spanned by the kernel representers { K (x;,x)}. This fact
is by no means limited to the hinge loss of (2.17), and applies to any convex
loss. We concentrate our discussion on SVM (and hence hinge loss) only since

it is by far the most common and well-known application of this result.

So we can view both boosting and SVM as methods that allow us to fit regularized
models in high dimensional predictor space using a computational “shortcut”. The
complexity of the model built is controlled by the regularization. In that they are
distinctly different than traditional statistical approaches for building models in high
dimension, which start by reducing the dimensionality of the problem so that standard

tools (e.g. Newton’s method) can be applied to it, and also to make over-fitting less
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of a concern. While the merits of regularization without dimensionality reduction —
like Ridge regression or the Lasso — are well documented in statistics, computational
issues make it impractical for the size of problems typically solved via boosting or
SVM, without computational tricks.

We believe that this difference may be a significant reason for the enduring success

of boosting and SVM in data modeling, i.e.:

working in high dimension and regularizing is statistically preferable to a
two-step procedure of first reducing the dimension, then fitting a model

in the reduced space.

It is also interesting to consider the differences between the two approaches, in
the loss (flexible vs. hinge loss), the penalty (I3 vs. l3), and the type of dictionary
used (usually trees vs. RKHS). These differences indicate that the two approaches
will be useful for different situations. For example, if the true model has a sparse
representation in the chosen dictionary, then [; regularization may be warranted;
if the form of the true model facilitates description of the class probabilities via a
logistic-linear model, then the logistic loss Cj is the best loss to use, and so on.

The computational tricks for both SVM and boosting limit the kind of regular-
ization that can be used for fitting in high dimensional space. However, the problems
can still be formulated and solved for different regularization approaches, as long as

the dimensionality is low enough:

e Support vector machines can be fitted with an [; penalty, by solving the 1-norm
version of the SVM problem, equivalent to replacing the Iy penalty in (2.17)
with an [; penalty. In fact, the 1-norm SVM is used quite widely, because it is
more easily solved in the “linear”, non-RKHS, situation (as a linear program,
compared to the standard SVM which is a quadratic program) and tends to

give sparser solutions in the primal domain.
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e Similarly, we describe below an approach for developing a “boosting” algorithm

for fitting approximate [ regularized models.

Both of these methods are interesting and potentially useful. However they lack
what is arguably the most attractive property of the “standard” boosting and SVM

algorithms: a computational trick to allow fitting in high dimensions.

An [; boosting algorithm

We can use our understanding of the relation of boosting to regularization and theo-
rem 3 to formulate [,-boosting algorithms, which will approximately follow the path
of [,-regularized solutions and converge to the corresponding /,-margin maximizing
separating hyper-planes. Of particular interest is the l5 case, since theorem 3 implies
that ly-constrained fitting using C; or C, will build a regularized path to the optimal
separating hyper-plane in the Euclidean (or SVM) sense.

To construct an [y boosting algorithm, consider the “equivalent” optimization

problem (2.12), and change the step-size constraint to an [y constraint:

18ll2 = [1Boll2 < €

It is easy to see that the first order to this solution entails selecting for modification

the coordinate which maximizes:

VC(Bo)k

Bo.k
and that subject to monotonicity, this will lead to a correspondence to the locally
l>-optimal direction.
Following this intuition, we can construct an [y boosting algorithm by changing

only step 2(c) of our generic boosting algorithm of section 2 to:

[ >0 wihj, (%)

2(c)* Identify j; which maximizes 5
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Note that the need to consider the current coefficient (in the denominator) makes the
Iy algorithm appropriate for toy examples only. In situations where the dictionary of
weak learner is prohibitively large, we will need to figure out a trick like the one we
presented in section 2.1, to allow us to make an approximate search for the optimizer
of step 2(c)*.

Another problem in applying this algorithm to large problems is that we never
choose the same dictionary function twice, until all have non-0 coefficients. This is
due to the use of the [y penalty, which implies current coefficient value affects the
rate at which the penalty term is increasing. In particular, if 3; = 0 then increasing
it cause the penalty term ||3]|2 to increase at rate 0, to first order (which is all the
algorithm is considering).

The convergence of our Iy boosting algorithm on the artificial dataset of section

2.6.2 is illustrated in figure 2.11. We observe that the [, boosting models do indeed

2

-1.5 __ optimal
_ _ boost 5+10° iter
boost 10° iter
T

L L L L L L
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Figure 2.11: Artificial data set with ly-margin maximizing separator (solid), and lo-
boosting models after 5 % 10° iterations (dashed) and 10® iterations (dotted) using
e = 0.0001. We observe the convergence of the boosting separator to the optimal
separator
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approach the optimal [, separator. It is interesting to note the significant differ-
ence between the optimal [, separator as presented in figure 2.11 and the optimal [,

separator presented in section 2.6.2 (figure 2.8).

2.8 Summary and future work

In this chapter we have introduced a new view of boosting in general, and two-class

boosting in particular, comprised of two main points:

e Following Efron, Hastie, Johnstone & Tibshirani (2002), Hastie, Tibshirani &
Friedman (2001), we have described boosting as approximate [;-regularized op-

timization.

e We have shown that the exact [;-regularized solutions converge to an [;-margin

maximizing separating hyper-plane.

We hope our results will help in better understanding how and why boosting works.
It is an interesting and challenging task to separate the effects of the different com-

ponents of a boosting algorithm:
e Loss criterion
e Dictionary and greedy learning method
e Line search / slow learning

and relate them to its success in different scenario. The implicit [; regularization
in boosting may also contribute to its success - it has been shown that in some
situations [y regularization is inherently superior to others (see Donoho, Johnstone,

Kerkyacharian & Picard (1995)).
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An important issue when analyzing boosting is over-fitting in the noisy data case.
To deal with over-fitting, Réatsch, Onoda & Miiller (2001) propose several regular-
ization methods and generalizations of the original AdaBoost algorithm to achieve
a soft margin by introducing slack variables. Our results indicate that the models
along the boosting path can be regarded as [; regularized versions of the optimal
separator, hence regularization can be done more directly and naturally by stopping
the boosting iterations early. It is essentially a choice of the constraint parameter c.

Many other questions arise from our view of boosting. Among the issues to be

considered:

e [s there a similar “separator” view of multi-class boosting? In chapter 3 we
answer this question positively — we develop and prove multi-class “margin

maximizing” versions of logistic regression and SVM.

e Can the constrained optimization view of boosting help in producing general-
ization error bounds for boosting that would be more tight than the current

existing ones?



Chapter 3

Margin maximizing loss functions

3.1 Introduction

Assume we have a classification “learning” sample {x;,y; }7, with y; € {—1,+1}. We
wish to build a model F(x) for this data by minimizing (exactly or approximately)
a loss criterion ), C(y;, F'(x;)) = Y, C(y:F'(x;)) which is a function of the margins
y; F(x;) of this model on this data. Most common classification modeling approaches
can be cast in this framework: logistic regression, support vector machines, boosting
and more. The model F'(x) which these methods actually build is a linear combination

of dictionary functions coming from a dictionary H which can be large or even infinite:

F(x) =Y Bihi(x)
h;eH
and our prediction at point x based on this model is sgnF'(x).
When |H| is large, as is the case in most boosting or kernel SVM applications,
some regularization is needed to control the “complexity” of the model F'(x) and the

resulting over-fitting. Thus, it is common that the quantity actually minimized on

48
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the data is a regularized version of the loss function:

~

BA) = Hgnzc(yiﬁ’h(xi)) + A6 (3.1)

where the second term penalizes for the [, norm of the coefficient vector 8 (p > 1
for convexity, and in practice usually p € {1,2}), and A > 0 is a tuning regulariza-
tion parameter. The 1- and 2-norm support vector machine training problems with
slack can be cast in this form (Hastie, Tibshirani & Friedman (2001), chapter 12).
In chapter 2 we have shown that boosting approximately follows the “path” of reg-
ularized solutions traced by (3.1) as the regularization parameter \ varies, with the
appropriate loss and an [, penalty.

The main question that we answer in this chapter is: for what loss functions does
B (A\) converge to an “optimal” separator as A — 07 The definition of “optimal” which
we will use depends on the [, norm used for regularization, and we will term it the
“l,-margin maximizing separating hyper-plane”. More concisely, we will investigate

for which loss functions and under which conditions we have:

LB —p
}\ILI(I) OV = arg ||/r31ﬁ?§1 min yi B h(x;) (3.2)

This margin maximizing property is interesting for two distinct reasons. First, it
gives us a geometric interpretation of the “limiting” model as we relax the regular-
ization. It tells us that this loss seeks to optimally separate the data by maximizing
a distance between a separating hyper-plane and the “closest” points. A theorem by
Mangasarian (Mangasarian 1999) allows us to interpret [, margin maximization as [,
distance maximization, with 1/p 4+ 1/¢g = 1, and hence make a clear geometric inter-

pretation. Second, from a learning theory perspective large margins are an important



3.2. SUFFICIENT CONDITION FOR MARGIN MAXIMIZATION 50

quantity — generalization error bounds that depend on the margins have been gen-
erated for support vector machines (Vapnik (1995) — using /> margins) and boosting
( Schapire, Freund, Bartlett & Lee (1998) — using [; margins). Thus, showing that a
loss function is “margin maximizing” in this sense is useful and promising information
regarding this loss function’s potential for generating good prediction models.

Our main result is a sufficient condition on the loss function, which guarantees
that (3.2) holds, if the data is separable, i.e. if the maximum on the RHS of (3.2) is
positive. This condition is presented and proven in section 3.2. It covers the hinge
loss of support vector machines, the logistic log-likelihood loss of logistic regression,
and the exponential loss, most notably used in boosting. We discuss these and other
examples in section 3.3. Our result generalizes elegantly to multi-class models and
loss functions. We present the resulting margin-maximizing versions of SVMs and

logistic regression in section 3.4.

3.2 Sufficient condition for margin maximization

The following theorem shows that if the loss function vanishes “quickly” enough,
then it will be margin-maximizing as the regularization vanishes. It provides us
with a unified margin-maximization theory, covering SVMs, logistic regression and

boosting.

Theorem 3.1 Assume the data {x;,y;}I, is separable, i.e. 3P s.t. min; y;0'h(x;) >
0.
Let C(y, f) = C(yf) be a monotone non-increasing loss function depending on the

margin only.
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If 3T >0 (possibly T = oo ) such that:

 Ct-[1—¢)
th/rrle =00, Ve >0 (3.3)

Then C' is a margin mazimizing loss function in the sense that any convergence point

EY
R

margin-mazximizing separating hyper-plane. Consequently, if this margin-mazimizing

of the normalized solutions to the reqularized problems (3.1) as A — 0 is an [,

hyper-plane is unique, then the solutions converge to it:

L BO) .
lim m = arg ”rﬁrﬁ?ﬁ min yiB'h(x;) (3.4)

Proof We prove the result separately for 7' = oo and T < oo.

a. T = oo:

Lemma 3.2 [|B(\)], 2=

Proof Since T' = oo then C(m) > 0 Vm > 0, and lim,, .. C(m) = 0. Therefore,
for loss+penalty to vanish as A\ — 0, HB()‘)Hp must diverge, to allow the margins to

diverge.

Lemma 3.3 Assume [y, B2 are two separating models, with |||, = ||Bll, = 1, and
01 separates the data better, i.e.: 0 < mg = min; y;h(x;) e < my = min; y;h(x;) 1.
Then U = U(my, ms) such that

vt > U, Z Cly:h(x) (t31)) < Z C(yih(x;) (t52))

In words, if 31 separates better than By then scaled-up versions of B will incur smaller

loss than scaled-up versions of (s, if the scaling factor is large enough.
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Proof Since condition (3.3) holds with 7" = oo, there exists U such that V¢ >

C(tma)
U’ C(tm?)

> n. Thus from C being non-increasing we immediately get:
Vt> U, > Clyh(x) (t41) < - Cltmy) < Ctma) <> Clyih(x:) (t5))

Proof of case a.: Assume (* is a convergence point of ﬁ as A — 0, with
16%|l, = 1. Now assume by contradiction 3 has |||, = 1 and bigger minimal [,
margin. Denote the minimal margins for the two models by m* and m, respectively,
with m* < m.

By continuity of the minimal margin in 3, there exists some open neighborhood of

B* on the [, sphere:

Nog= =482 118l =1, 16 = 57l < 0}
and an € > 0, such that:
ml_in yid'h(x;) <m—e€, V3 € N
Now by lemma 3.3 we get that exists U = U(m, m — €) such that t6 incurs smaller

loss than ¢3 for any ¢t > U, 3 € Ng-. Therefore 3* cannot be a convergence point of

B
B

b. T'< >

Lemma 3.4 C(T) =0 and C(T —§) > 0, V§ > 0.

C(T—Te)

Proof From condition (3.3), o68)

0 ="Te.

= 00. Both results follow immediately, with

~

Lemma 3.5 limy_min; y;6(\)h(x;) =T
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Proof Assume by contradiction that there is a sequence Ai, Ao, ... \, 0 and € > 0 s.t.
Vj, mini yzB()\j)/h(Xz> S T —e.
Pick any separating normalized model 3 i.e. ||B||p = 1 and m := min; y;,'h(x;) > 0.

Then for any A < mpo( 9 we get:
T -~ T -
> CluiFh(xi) + A=l < C(T =€)

since the first term (loss) is 0 and the penalty is smaller than C'(7T — ¢€) by condition

on .

C(T—e)
TP

But djo s.t. A, < mP and so we get a contradiction to optimality of B()\jo),

since we assumed min; yiB(Ajo)’h(xi) < T — € and thus:
Z C(y:f3 (xi)) = C(T — )

We have thus proven that lim infy_o min; 1;6(A\)'h(x;) > T. It remains to prove equal-
ity. Assume by contradiction that for some value of A we have m := min; y; 6(\)'h(x;) >
T. Then the re-scaled model %B(/\) has the same zero loss as B()\), but a smaller
penalty, since ||%5A()\)|| = %HB(A)H < [|BN)]|. So we get a contradiction to optimality
of B(N).

Proof of case b.: Assume 3* is a convergence point of W as A — 0, with
P

16|, = 1. Now assume by contradiction /3 has ||3]|, = 1 and bigger minimal margin.
Denote the minimal margins for the two models by m* and m, respectively, with
m* < m.

B *
) ool P '
assumption, [|(\;)|l, — = > &. Thus, Jjo such that Vj > jo, [|B(\;)|l, > = and

m

Let A1, Ao, ... \, 0 be a sequence along which . By lemma 3.5 and our
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consequently:
ZC(yiﬁ(Aj)’h(Xi)) + B > A )P = ZC Yi— ﬁh(xz)) +Al= ﬁHp

So we get a contradiction to optimality of G();).

B
1B »
H » = 1, such convergence points obviously

Thus we conclude for both cases a. and b. that any convergence point of

ﬁ(A)
[ERY

exist. If the l,-margin-maximizing separatmg hyper-plane is unique, then we can

must maximize the [, margin. Since ||

conclude:

BN
oy, O e e, min v h(x,)

3.2.1 Necessity results

A necessity result for margin maximization on any separable data seems to require
either additional assumptions on the loss or a relaxation of condition (3.3). We conjec-
ture that if we also require that the loss is convex and vanishing (i.e. limy,,—.C(m) =
0) then condition (3.3) is sufficient and necessary. However this is still a subject for

future research.

3.3 Examples

Support vector machines

Support vector machines (linear or kernel) can be described as a regularized problem:

min Z[l — uif'h(xi)l4 + IS (3.5)
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where p = 2 for the standard (“2-norm”) SVM and p = 1 for the 1-norm SVM. This
formulation is equivalent to the better known “norm minimization” SVM formulation
in the sense that they have the same set of solutions as the regularization parameter
A varies in (3.5) or the slack bound varies in the norm minimization formulation.

The loss in (3.5) is termed “hinge loss” since it’s linear for margins less than
1, then fixed at 0 (see figure 1). The theorem obviously holds for 7" = 1, and it
verifies our knowledge that the non-regularized SVM solution, which is the limit of
the regularized solutions, maximizes the appropriate margin (Euclidean for standard
SVM, [; for 1-norm SVM).

Note that our theorem indicates that the squared hinge loss (AKA truncated

squared loss):

Cys, F(x:)) = [1 — yzF(Xl)]i

is also a margin-maximizing loss.

Logistic regression and boosting

The two loss functions we consider in this context are:

Exponential :  Ce(m) = exp(—m) (3.6)
Log likelihood :  Cj(m) = log(1 + exp(—m)) (3.7)

These two loss functions are of great interest in the context of two class classification:
Cy is used in logistic regression and more recently for boosting (Friedman, Hastie
& Tibshirani 2000), while C, is the implicit loss function used by AdaBoost - the
original and most famous boosting algorithm (Freund & Schapire 1995) .

In chapter 2 we showed that boosting approximately follows the regularized path
of solutions B (M) using these loss functions and [; regularization. We also proved that

the two loss functions are very similar for positive margins, and that their regularized
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solutions converge to margin-maximizing separators. Theorem 3.1 provides a new
proof of this result, since the theorem’s condition holds with 7" = oo for both loss

functions.

Some interesting non-examples

Commonly used classification loss functions which are not margin-maximizing in-

1

clude any polynomial loss function: C(m) = =, C(m) = m?, etc. do not guarantee
convergence of regularized solutions to margin maximizing solutions.

Another interesting method in this context is linear discriminant analysis. Al-
though it does not correspond to the loss+penalty formulation we have described, it
does find a “decision hyper-plane” in the predictor space.

For both polynomial loss functions and linear discriminant analysis it is easy
to find examples which show that they are not necessarily margin maximizing on

separable data.

3.4 A multi-class generalization

Our main result can be elegantly extended to versions of multi-class logistic regression
and support vector machines, as follows. Assume the response is now multi-class, with
K > 2 possible values i.e. y; € {c1,...,cx}. Our model consists of a “prediction” for

each class:

Fu(x)=>_ B (x)

h;€H
with the obvious prediction rule at x being arg maxy, Fj(x).

This gives rise to a K — 1 dimensional “margin” for each observation. For y = ¢,
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Figure 3.1: Margin maximizing loss functions for 2-class problems (left) and the SVM

3-class loss function of section 3.4.1 (right)

define the margin vector as:

m(cy, fi, ., fx) = (fo = fro s foo = fots foo = frsts s fro = fi)

And our loss is a function of this K — 1 dimensional margin:

CY, f1, - fx) = Y Hy = a}C(m(cx, f, -, fi))

k

The [,-regularized problem is now:

~

B(A) =arg min > Clys, h(x:) BY, . h(x:)BX) A 1807
) k

B, B

Where S(A) = (BDN), ..., BION)) e REIM,

(3.8)

(3.9)
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In this formulation, the concept of margin maximization corresponds to maximiz-

ing the minimal of all n - (K — 1) normalized [,-margins generated by the data:

max min min A(x;)’ (vi) _ p(k) 3.10
10 ey g A 2D () (5 = 5 (3.10)

Note that this margin maximization problem still has a natural geometric interpre-
tation, as h(x;)' (%) — 3*)) > 0 Vi, k # y; implies that the hyper-plane h(x)'(3V) —
B*)) = 0 successfully separates classes j and k for any two classes.

Here is a generalization of the optimal separation theorem 3.1 to multi-class mod-

els:

Theorem 3.6 Assume C'(m) is commutative and decreasing in each coordinate, then

if 3T >0 (possibly T = oo ) such that:

C(t[l — 6], tul, ...tuK,Q)
= OO7
C’(t,tvl, ...,tUK_g)
Ve>0, ug > 1,...,ug_o>1,00>1,...05_9>1

lim, -7 (3.11)

Then C' is a margin-mazximizing loss function for multi-class models, in the sense that

B0
T BN’

any convergence point of the normalized solutions to (3.9) attains the optimal

separation as defined in (3.10)

Idea of proof The proof is essentially identical to the two class case, now consid-
ering the n- (K — 1) margins on which the loss depends. The condition (3.11) implies
that as the regularization vanishes the model is determined by the minimal margin,

and so an optimal model puts the emphasis on maximizing that margin.
Corollary 3.7 In the 2-class case, theorem 3.6 reduces to theorem 3.1.

Proof The loss depends on ) — 3 the penalty on [|[8M]2 4 ||[8@ 2. An op-

timal solution to the regularized problem must thus have ) 4+ 3 = 0, since by
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transforming:

we are not changing the loss, but reducing the penalty, by Jensen’s inequality:

5(1) _ 5(2)

2 1 2
+ 5@ 15—l < I8l + 152

a BW 4 53 »
180 — ———II

BW 4 53
Ty =2

So we can conclude that (X)) = —4®(\) and consequently that the two margin

maximization tasks (3.2), (3.10) are equivalent.

3.4.1 DMargin maximization in multi-class SVM and logistic

regression

Here we apply theorem 3.6 to versions of multi-class logistic regression and SVM.
For logistic regression, we use a slightly different formulation than the “standard”
logistic regression models, which uses class K as a “reference” class, i.e. assumes that
B = 0. This is required for non-regularized fitting, since without it the solution is
not uniquely defined. However, using regularization as in (3.9) guarantees that the
solution will be unique and consequently we can “symmetrize” the model — which
allows us to apply theorem 3.6. So the loss function we use is (assume y = ¢ belongs

to class k):

efk

C(y, f1, s &) (3.12)

R
= 1Og(ef1—fk Lol L el o efK_fk)

with the linear model: f;(x;) = h(x;)’8Y). It is not difficult to verify that condition
(3.11) holds for this loss function with 7" = oo, using the fact that log(l + ¢€) =
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¢ + O(e?). The sum of exponentials which results from applying this first-order ap-
proximation satisfies (3.11), and as € — 0, the second order term can be ignored.
For support vector machines, consider a multi-class loss which is a natural gener-

alization of the two-class loss:

K-1
Clm) = S —ml, (3.13)

j=1
Where m; is the j’th component of the multi-margin m as in (3.8). Figure 1 shows this
loss for K = 3 classes as a function of the two margins. The loss+penalty formulation
using 3.13 is equivalent to a standard optimization formulation of multi-class SVM

(e.g. Weston & Watkins (1998)):

max ¢
s.t. h(Xl)/(ﬁ(yl) — ﬁ(k)) Z C(l — fzk)a 1€ {1, n}, k e {1, ...,K}, C ?é Yi
§ik =20, Zfz‘k <B, Z 15*p =1
i,k k

As both theorem 3.6 (using 7" = 1) and the optimization formulation indicate, the
regularized solutions to this problem converge to the [, margin maximizing multi-class

solution.

3.5 Discussion

What are the properties we would like to have in a classification loss function? Re-
cently there has been a lot of interest in Bayes-consistency of loss functions and
algorithms (Bartlett, Jordan & McAuliffe (2003) and references therein), as the data
size increases. It turns out that practically all “reasonable” loss functions are con-

sistent in that sense, although convergence rates and other measures of “degree of
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consistency” may vary.

Margin maximization, on the other hand, is a finite sample optimality property of
loss functions, which is potentially of decreasing interest as sample size grows, since
the training data-set is less likely to be separable. Note, however, that in very high
dimensional predictor spaces, such as those typically used by boosting or kernel SVM,
separability of any finite-size data-set is a mild assumption, which is violated only in
pathological cases.

We have shown that the margin maximizing property is shared by some popu-
lar loss functions used in logistic regression, support vector machines and boosting.
Knowing that these algorithms “converge”, as regularization vanishes, to the same
model (provided they use the same regularization) is an interesting insight. So, for
example, we can conclude that 1-norm support vector machines, exponential boosting
and [;-regularized logistic regression all facilitate the same non-regularized solution,
which is an /;-margin maximizing separating hyper-plane. From Mangasarian’s the-
orem (Mangasarian 1999) we know that this hyper-plane maximizes the [, distance
from the closest points on either side.

The most interesting statistical question which arises is: are these “optimal” sep-
arating models really good for prediction, or should we expect regularized models to
do better in practice? Statistical common sense, as well as the empirical evidence,
seem to support the latter, for example see the margin-maximizing experiments by
Breiman (Breiman 1999) and Grove and Schuurmans (Grove & Schuurmans 1998).
Accepting this view implies that margin-dependent generalization error bounds can-
not capture the essential elements of predicting future performance, and that the

theoretical efforts should rather be targeted at the loss functions themselves.



Chapter 4

Robust boosting and its relation to

bagging

4.1 Introduction

Boosting (Freund & Schapire 1995, Freund & Scahpire n.d.) and Bagging (Breiman
1996) are two approaches to combining “weak” models in order to build predic-
tion models that are significantly better. Much has been written about the em-
pirical success of these approaches in creating prediction models in actual model-
ing tasks (Breiman 1998, Bauer & Kohavi 1999). The theoretical discussions of
these algorithms (Breiman 1998, Friedman, Hastie & Tibshirani 2000, Friedman &
Hall 2000, Buhlmann & Yu 2003, Mason, Baxter, Bartlett & Frean 1999) have viewed
them from various perspectives. The general theoretical and practical consensus, how-
ever, is that the weak learners for boosting should be really weak, while the “weak
learners” for bagging should actually be strong. In tree terminology, one should use
small trees when boosting and big trees for bagging. In intuitive “bias-variance”
terms, we can say that bagging is mainly a variance reduction (or stabilization) oper-

ation, while boosting, in the way it flexibly combines models, is also a bias reduction

62
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operation, i.e. it adds flexibility to the representation beyond that of a single learner.
In this chapter we present a view of boosting and bagging which allows us to connect
them in a natural way, and in fact view bagging as a form of boosting. This view
is interesting because it facilitates creation of families of “intermediate” algorithms,
which offer a range of “degrees of bias reduction” between boosting and bagging.
Our experiments indicate that in many cases these intermediate approaches perform
better than either boosting or bagging.

Our exposition concentrates on 2-class classification, this being the most common
application for both boosting and bagging, but the results mostly carry through to
other learning domains where boosting and bagging have been used, such as multi-
class classification, regression (Friedman 2001) and density estimation (Rosset & Segal

2002).

4.2 Boosting, bagging and a connection

A view has emerged in the last few years of boosting as a gradient-based search for
a good model in a large implicit predictor space (Mason, Baxter, Bartlett & Frean
1999, Friedman 2001). More specifically, the components of a 2-class classification

boosting algorithm are:
e A data sample {x;,y;}", with x; € R? and y; € {—1,+1}

e Aloss function C(y, f). The two most commonly used are the exponential loss of
AdaBoost (Freund & Schapire 1995) and the logistic log-likelihood of LogitBoost
(Friedman, Hastie & Tibshirani 2000). We will assume throughout that C(y, f)
is a monotone decreasing and convex function of the margin m = yf, and so we

will sometimes write it as C'(m).

e A dictionary H of “weak learners”, where each h € H is a classification model:
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h:RP — {—1,+1}.
The dictionary most commonly used in classification boosting is classification

trees, i.e. 'H is the set of all trees with up to £ splits.

Given these components, a boosting algorithm incrementally builds a “good” linear

combination of the dictionary functions:

x) = Z Brh(x)

heH

Where “good” is defined as making the empirical loss small:

Z Clyi F(x;))

The actual incremental algorithm is an exact or approximate coordinate descent
algorithm. At iteration ¢ we have the “current” fit F}, and we look for the weak

learner h; which maximizes the first order decrease in the loss, i.e. h; maximizes

oC (y;, F(x;
5 )

or equivalently and more clearly it maximizes
oC( yl,
Z ) |p=p, - h(x;)

which in the case of two-class classification is easily shown to be equivalent to mini-

mizing

Z wil{y: # h(x:)} (4.1)
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Where w; = \803’7))\ F=r,|. So we seek to find a weak learner which minimizes
weighted error rate, with the weights being the gradient of the loss. If we use the

exponential loss:

C(y, f) = exp(—yf) (4.2)

then it can be shown (e.g. Hastie, Tibshirani & Friedman (2001)) that (4.1) is the
exact classification task which AdaBoost (Freund & Schapire 1995), the original and
most famous boosting algorithm, solves for finding the next weak learner. In their
original AdaBoost implementation (Freund & Scahpire n.d.) suggested solving (4.1)
on a ‘new” training data set of size n at each iteration, by sampling from the training
dataset “with return” with probabilities proportional to w;. This facilitates the use
of methods for solving non-weighted classification problems for approximately solv-
ing (4.1). We will term this approach the “sampling” boosting algorithm. Friedman
(2001) has argued that sampling actually improves the performance of boosting al-
gorithms, by adding much needed randomness (his approach is to solve the weighted
version of (4.1) on a sub-sample, but the basic motivation applies to “sampling boost-
ing” as well). Here is a formal description of a sampling boosting algorithm, given

the inputs described above:

Algorithm 4.1 Generic gradient-based sampling boosting algorithm
1. Set By = 0.
2. Fort=1:T,

(a) Let F; = (] h(x;), i=1,... ,n (the current fit).

(b) Set w; = |2

,1=1,...,n.

(¢) Draw a sample {XZ Ui of size n by re-sampling with return from {x;, y;}"_,

with probabilities proportional to w;
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(d) Identify j, = argmin; > . I{y; # h;(x*;)}.

(e) Set Byj, = Bi-1,, +€ and Bop = Bi—11, k # Ji-

Comments:

1. Implementation details include the determination of 7' (or other stopping cri-

terion) and the approach for finding the minimum in step 2(d).

2. We have fixed the step size to € at each iteration (step 2(e)) . While AdaBoost
uses a line search to determine step size, it can be argued that a fixed (usually
“small”) € step is theoretically preferable (see Friedman (2001) and chapter 2
for details).

3. An important issue in designing boosting algorithms is the selection of the loss
function C(-,-). Extreme loss functions, such as the exponential loss of Ad-
aBoost, are not robust against outliers and misspecified data, as they assign
overwhelming weight to observations which have the smallest margins. Fried-
man, Hastie & Tibshirani (2000) have thus suggested replacing the exponential
loss with the logistic log likelihood loss, but in many practical situations, in
particular when the two classes in the training data are separable in sp(H), this
loss can also be non-robust (in chapter 2 we show that for separable data, it

resembles the exponential loss as the boosting iterations proceed).

4. The algorithm as described here is not affected by positive affine transformations
of the loss function, i.e. running algorithm 4.1 |using a loss function C(m) is

exactly the same as using C*(m) = aC(m) + b as long as a > 0.

Bagging for classification (Breiman 1996) is a different “model combining” ap-
proach. It searches, in each iteration, for the member of the dictionary H which
best classifies a bootstrap sample of the original training data, and then averages the

discovered models to get a final “bagged” model. So, in fact, we can say that:
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Proposition 1 Bagging implements algorithm 1, using a linear loss, C(y, f) = —yf

(or any positive affine transformation of it)
Proof: From the definition of the loss we get:

0 — yF(x;)

VF;h vZ7 | aF(X) |F=Ft =1

So no matter what our “current model” is, all the gradients are always equal, hence
the weights will be equal if we apply a “sampling boosting” iteration using the linear
loss. In the case that all weights are equal, the boosting sampling procedure described
above reduces to bootstrap sampling. Hence the bagging algorithm is a “sampling
boosting” algorithm with a linear loss.

Thus, we can consider Bagging as a boosting algorithm utilizing a very robust
(linear) loss. This loss is so robust that it requires no “message passing” between
iterations through re-weighting, since the gradient of the loss does not depend on the

current margins.

4.2.1 Robustness, convexity and boosting

The gradient of a linear loss does not emphasize low-margin observations over high-
margin (“well predicted”) ones. In fact, it is the most robust convex loss possible, in

the following sense:

Proposition 2 Any loss which is a differentiable, convexr and decreasing function of

the margin has the property:
my < my = [C'(mq)| = |C"(my)]

And a linear loss is the only one which attains equality Ymy, mo.
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Proof: immediate from convexity and monotonicity.

Mason, Baxter, Bartlett & Frean (1999) have used arguments about generaliza-
tion error bounds to argue that a good loss for boosting would be even more robust
than the linear loss, and consequently non-convex. In particular, they argue that
both high-margin and low-margin observations should have low weight, leading to a
sigmoid-shaped loss function. Non-convex loss functions present a significant com-
putational challenge, which Mason, Baxter, Bartlett & Frean (1999) have solved for
small dictionary examples. Although the idea of such “outlier tolerant” loss functions
is appealing, we limit our discussion to convex loss functions, which facilitate the use
of standard fitting methodology, in particular boosting.

Our view of bagging as boosting with linear loss allows us to interpret the similarity
— and difference — between the algorithms by looking at the loss functions they
are “boosting”. The linear loss of bagging implies it is not emphasizing the badly
predicted observations, but rather treats all data “equally”. Thus it is more robust
against outliers and more stable, but less “adaptable” to the data than boosting with

an exponential or logistic loss.

4.2.2 Intermediate approaches

This view of bagging as a boosting algorithm, opens the door to creating boosting-
bagging hybrids, by “robustifying” the loss functions used for boosting. These hybrids
may combine the advantages of boosting and bagging to give us new and useful
algorithms.

There are two ways to go about creating these intermediate algorithms:

e Define a series of loss functions starting from a “boosting loss” — the exponential

or logistic — and converging to the linear loss of bagging.

e Implicitly define the intermediate loss functions by decaying the weights w;



4.3. BOOSTING WITH WEIGHT DECAY 69

given by the boosting algorithm using a boosting loss. The loss implied will be

the one whose gradient corresponds to the decayed weights.

The two approaches are obviously equivalent through a differentiation or integration
operation. We will adopt the “weight decay” approach, but will discuss the loss

function implications of the different decay schemes.

4.3 Boosting with weight decay

We would like to change the loss C(-,-) to be more robust, by first decaying the
(gradient) weights w;, then considering the implicit effect of the decay on the loss. In
general, we assume that we have a decay function v(p, w) which depends on a decay

parameter p € [0, 1] and the observation weight w > 0. We require:
e v(l,w) = w, i.e. no decay

e v(0,w) = 1, i.e. no weighting, which implicitly assumes a linear loss when

considered as a boosting algorithm and thus corresponds to Bagging
e Monotonicity: w; < we — v(p,w;) < v(p,ws) Vp.
e Continuity in both p and w.

And once we specify a decay parameter p, the problem we solve in each boosting

iteration, instead of (4.1), is to find the dictionary function h to minimize:
> vlpwi) {y: # h(x:)} (4.3)

which we solve approximately as a non-weighted problem, using the “sampling boost-

ing” approach of algorithm 1.
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For clarity and brevity, we concentrate in this chapter on one decay function —

the bounding or ”Windsorising” operator:

‘H

v(pw)=q " o> (4.4)
otherwise

—

S

Since w is the absolute gradient of the loss, then bounding w means that we are
“huberizing” the loss function, i.e. continuing it linearly beyond some point. The

loss function corresponding to the decayed weights is:

C(m) . %

—— ifm>m

COm)={ 7 ) (4.5)
me () _ ﬁ - (m —m*(p)) otherwise

where m*(p) is such that C'(m*(p)) = —1%; (unique because the loss is convex and

monotone decreasing).

As we have mentioned, for the purpose of the sampling boosting algorithm, only

Figure 4.1: “Huberized” logistic loss, for different values of p

the relative sizes of the weights are important, and thus multiplication of the loss
function by a constant of 1/p — which we have done to achieve the desired properties
of v(p, w) — does not affect the algorithm for fixed p. Figure 4.1 illustrates the effect
of bounding on the logistic log likelihood loss function, for several values of p (for

presentation, this plot uses the non-scaled version, i.e. (4.5) multiplied by p).
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Thus, applying this transformation to the original loss function gives a modified
loss which is linear for small margins, then as the margin increases starts behaving
like the original loss. Thus we can interpret boosting with the huberized loss function
as “bagging for a while”, until the margins become big enough and reach the non-
huberized region. If we boost long enough with this loss, we will have most of the data
margins in the non-huberized region, except for outliers, and the resulting weighting
scheme will emphasize the “problematic” data points, i.e. those with small margins.

There are many other interesting decay functions, such as the power transforma-
tion:

v(p,w) = w”

This transformation is attractive because it does not entail the arbitrary “threshold”
determination, but rather decays all weights, with the bigger ones decayed more.
However, it is less interpretable in terms of its effect on the underlying loss. For the
exponential loss C(m) = exp(—m), the power transformation does not change the
loss, since exp(—m)? = exp(—mp). So the effect of this transformation is simply to

slow the learning rate (exactly equivalent to decreasing € in algorithm 1).

4.4 Experiments

We now discuss briefly some experiments to examine the usefulness of weight decay
and the situations in which it may be beneficial. We use three datasets: the “spam”
and “waveform” datasets, available from the UCI repository (Blake & Merz 1998);
and the “digits” handwritten digits recognition dataset, discussed in LeCun, Boser,
Denker, Henderson, Howard, Hubbard & Jackel (1990). These were chosen since they
are reasonably large and represent very different problem domains. Since we have
limited the discussion here to 2-class models, we selected only two classes from the

multi-class datasets: waveforms 1 and 2 from “waveform” and the digits “2” and “3”
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from “digits” (these were selected to make the problem as challenging as possible).
The resulting 2-class data-sets are reasonably large — ranging in size between about
2000 and over 5000. In all three cases we used only 25% of the data for training and
75% for evaluation, as our main goal is not to excel on the learning task, but rather
to make it difficult and expose the differences between the models which the different
algorithms build.

Our experiments consisted of running algorithm 1 using various loss functions, all
obtained by decaying the observation weights given by the exponential loss function
(4.2). We used “windsorising” decay as in (4.4) and thus the decayed versions cor-
respond to “huberized” versions of (4.2). In all our experiments, bagging performed
significantly worse than all versions of boosting, which is consistent with observations
made by various researchers, that well-implemented boosting algorithms almost in-
variably dominate bagging (see for example Breiman’s own experiments in Breiman
(1998)). It should be clear, however, that this fact does not contradict the view that
bagging has some desirable properties, in particular a greater stabilizing effect than
boosting.

We present in figure 4.2 the results of running algorithm 1 with p = 1 (i.e. using
the non-decayed loss function (4.2)), and with p = 0.0001 (which corresponds to
“huberizing” the loss, as in (4.5), at around m = 9) on the three data-sets. We use
two settings for the “weak learner”: 10-node and 100-node trees. The “learning rate”
parameter € is fixed at 0.1. The results in figure 4.2 represent averages over 20 random
train-test splits, with estimated 2-standard deviations confidence bounds.

These plots expose a few interesting observations. First, note that weight decay
leads to a slower learning rate. From an intuitive perspective this is to be expected,
as a more robust loss corresponds to less aggressive learning, by putting less emphasis
on the hardest cases.

Second, weight decay is more useful when the “weak learners” are not weak,
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Figure 4.2: Results of running “sampling boosting” with p = 1 (solid) and p = 0.0001
(dashed) on the three datasets. with 10-node and 100-node trees as the weak learners. The
x-axis is the number of iterations, and the y-axis is the mean test-set error over 20 random
training-test assignments. The dotted lines are 2-sd confidence bounds.
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but rather strong, like a 100-node tree. This is particularly evident in the “spam”
dataset, where the performance of the non-decayed exponential boosting deteriorates
significantly when we move from 10-node to 100-node learners, while that of the
decayed version actually improves significantly. This phenomenon is also as we expect,
given the more robust “Huberized” loss implied by the decay.

Third, there is no clear winner between the non-decayed and the decayed versions.
For the “Spam” and “Waveform” datasets it seems that if we choose the “best”
settings, we would choose the non-decayed loss with small trees. For the “Digits”
data, the decayed loss seems to produce consistently better prediction models.

Note that in our examples we did not have big “robustness” issues as they pertain
to extreme or highly prevalent outliers in the predictors or the response. Rather,
we examine the “bias-variance” tradeoff in employing more “robust” loss functions.
Since real-life data usually has “difficult” cases, the sensitivity of the loss and the
resulting algorithms to these data can still be considered a “robustness” issue, as we
interpret this concept. However, our experiments do not necessarily represent the
extreme situations — of many and/or big outliers — where the advantage of using

robust loss functions is more pronounced.

4.5 Discussion

The gradient descent view of boosting allows us to design boosting algorithms for a
variety of problems, and choose the loss functions which we deem most appropriate.
In chapter 2 we show that gradient boosting approximately follows a path of [;-
regularized solutions to the chosen loss function. Thus selection of an appropriate
loss is a critical issue in building useful algorithms.

In this chapter I have shown that the gradient boosting paradigm covers bagging

as well, and used it as rationale for considering new families of loss functions —
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hybrids of standard boosting loss functions and the bagging linear loss function —
as candidates for gradient-based boosting. The results seem promising. There are
some natural extensions to this concept, which may be even more promising, in
particular the idea that the loss function does not have to remain fixed throughout
the boosting iterations. Thus, we can design “dynamic” loss functions which change
as the boosting iterations proceed, either as a function of the performance of the
model or independently of it. It seems that there are a lot of interesting theoretical
and practical questions that should come into consideration when we design such an

algorithm, such as:

e Should the loss function become more or less robust as the boosting iterations

proceed?

e Should the loss function become more or less robust if there are problematic

data points?



Chapter 5

Boosting density estimation

5.1 Introduction

Boosting is a method for incrementally building linear combinations of “weak” models,
to generate a “strong” predictive model. Given data {z;}! , a basis (or dictionary)
of weak learners H and a loss function L, a boosting algorithm sequentially finds
models hy, hy, ... € H and constants ay, o, ... € R to minimize ), L(z, Zj a;hj(z;)).
AdaBoost (Freund & Schapire 1995), the original boosting algorithm, was specifi-
cally devised for the task of classification, where z; = (z;,y;) with y; € {—1,1} and
L = L(yi, )_; ajhj(r;)). AdaBoost sequentially fits weak learners on re-weighted ver-
sions of the data, where the weights are determined according to the performance
of the model so far, emphasizing the more “challenging” examples. Its inventors
attribute its success to the “boosting” effect which the linear combination of weak
learners achieves, when compared to their individual performance. This effect mani-
fests itself both in training data performance, where the boosted model can be shown
to converge, under mild conditions, to ideal training classification, and in generaliza-
tion error, where the success of boosting has been attributed to its “separating” —

or margin maximizing — properties (Schapire, Freund, Bartlett & Lee 1998).
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It has been shown (Friedman, Hastie & Tibshirani 2000, Mason, Baxter, Bartlett
& Frean 1999) that AdaBoost can be described as a gradient descent algorithm,
where the weights in each step of the algorithm correspond to the gradient of an
exponential loss function at the “current” fit. In chapter 2 we show that the margin
maximizing properties of AdaBoost can be derived in this framework as well. This
view of boosting as gradient descent has allowed several authors (Friedman 2001,
Mason, Baxter, Bartlett & Frean 1999, Zemel & Pitassi 2001) to suggest “gradient
boosting machines” which apply to a wider class of supervised learning problems and
loss functions than the original AdaBoost. Their results have been very promising.

In this chapter we apply gradient boosting methodology to the unsupervised learn-
ing problem of density estimation, using the negative log likelihood loss criterion
L(z, 32 ajhi(2)) = —log(d_; ajh;(2)). The density estimation problem has been
studied extensively in many contexts using various parametric and non-parametric
approaches (Bishop 1995, Duda & Hart 1973). A particular framework which has
recently gained much popularity is that of Bayesian networks (Heckerman 1998),
whose main strength stems from their graphical representation, allowing for highly
interpretable models. More recently, researchers have developed methods for learning
Bayesian networks from data including learning in the context of incomplete data.
We use Bayesian networks as our choice of weak learners, combining the models using
the boosting methodology. We note that several researchers have considered learning
weighted mixtures of networks (Meila & Jaakkola 2000), or ensembles of Bayesian
networks combined by model averaging (Friedman & Koller 2002, Thiesson, Meek &
Heckerman 1997).

We describe a generic density estimation boosting algorithm, following the ap-
proach of Friedman (2001),Mason, Baxter, Bartlett & Frean (1999). The main idea
is to identify, at each boosting iteration, the basis function h € H which gives the

largest “local” improvement in the loss at the current fit. Intuitively, A assigns higher
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probability to instances that received low probability by the current model. A line
search is then used to find an appropriate coefficient for the newly selected h function,
and it is added to the current model.

We provide a theoretical analysis of our density estimation boosting algorithm,
showing an explicit condition, which if satisfied, guarantees that adding a weak learner
to the model improves the training set loss. We also prove a “strength of weak
learnability” theorem which gives lower bounds on overall training loss improvement
as a function of the individual weak learners’ performance on re-weighted versions of
the training data.

We describe the instantiation of our generic boosting algorithm for the case of
using Bayesian networks as our basis of weak learners ‘H and provide experimental
results on two distinct data sets, showing that our algorithm achieves higher general-
ization on unseen data as compared to a single Bayesian network and one particular
ensemble of Bayesian networks. We also show that our theoretical criterion for a weak

learner to improve the overall model applies well in practice.

5.2 A density estimation boosting algorithm

At each step ¢ in a boosting algorithm, the model built so far is: Fy_1(2) = >_,_, ajh;(2).
If we now choose a weak learner h € ‘H and add it to our model with a small coeffi-
cient €, then developing the training loss of the new model G = F;_; + ¢h in a Taylor

series around the loss at F;_; gives

DLz Gla) = 3 Lz Fra() €3 aLgZ;tf(;()Zi)) h(z) + O(e2),

7
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which in the case of negative log-likelihood loss can be written as

1

> —log(G(z)) = Y —log(Fioa(z)) — €Y | mh(%) + 0(é%).

Since € is small, we can ignore the second order term and choose the next boosting
step h; to maximize ), ﬁ(z)h(zz) We are thus finding the first order optimal weak
learner, which gives the “steepest descent” in the loss at the current model predic-
tions. However, we should note that once € becomes non-infinitesimal, no “optimality”
property can be claimed for this selected h;.

The main idea of gradient-based generic boosting algorithms, such as AnyBoost
(Mason, Baxter, Bartlett & Frean 1999) and GradientBoost (Friedman 2001), is to
utilize this first order approach to find, at each step, the weak learner which gives
good improvement in the loss and then follow the “direction” of this weak learner to
augment the current model. The step size a; is determined in various ways in the
different algorithms, the most popular choice being line-search, which we adopt here.

When we consider applying this methodology to density estimation, where the
basis ‘H is comprised of probability distributions and the overall model F} is a prob-
ability distribution as well, we cannot simply augment the model, since F;_; + a;h;
will no longer be a probability distribution. Rather, we consider a step of the form
F, = (1 —ay)F,—1 + azhy, where 0 < oy < 1. It is easy to see that the first order
theory of gradient boosting and the line search solution apply to this formulation as
well.

If at some stage t, the current F,_; cannot be improved by adding any of the weak
learners as above, the algorithm terminates, and we have reached a global minimum.

This can only happen if the derivative of the loss at the current model with respect
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to the coefficient of each weak learner is non-negative:

0> . —log((1 — a)F,_1(z) + ah(z)) 1
? n = _ - ) > ().
Vh € H, ; la=o =1 E Ft,1h<zl> 0

%

Thus, the algorithm terminates if no h € H gives >, ﬁh(zz) > n (see section 5.3

for proof and discussion).

The resulting generic gradient boosting algorithm for density estimation can be

seen in Fig. 5.1. Implementation details for this algorithm include the choice of the

family of weak learners H, and the method for searching for h; at each boosting

iteration. We address these details in Section 5.4.

1. Set Fy(z) to uniform on the domain of 2

). Fort =1to T

(a) Set w; =1/F;_1(2;)

(b) Find hy € H to maximize ), w;h:(2;)

(c) If >, wihi(2;) < n break.

(d) Find oy = argming »_, —log((1 — a)Fi—1(z;) + ahi(z;))
()

3. Output the final model Frp

Set Ft = (1 — Oét)Ft_l + Oétht

Figure 5.1: Boosting density estimation algorithm

5.3 Training data performance

The concept of “strength of weak learnability” (Freund & Schapire 1995, Schapire,

Freund, Bartlett & Lee 1998) has been developed in the context of boosting classifi-

cation models. Conceptually, this property can be described as follows: “if for any

weighting of the training data {w;}! ,, there is a weak learner h € H which achieves

weighted training error slightly better than random guessing on the re-weighted ver-

sion of the data using these weights, then the combined boosted learner will have

vanishing error on the training data”.



5.3. TRAINING DATA PERFORMANCE 81

In classification, this concept is realized elegantly. At each step in the algorithm,
the weighted error of the previous model, using the new weights is exactly 0.5. Thus,
the new weak learner doing “better than random” on the re-weighted data means it
can improve the previous weak learner’s performance at the current fit, by achieving
weighted classification error better than 0.5. In fact it is easy to show that the weak
learnability condition of at least one weak learner attaining classification error less
than 0.5 on the re-weighted data does not hold only if the current combined model is
the optimal solution in the space of linear combinations of weak learners.

We now derive a similar formulation for our density estimation boosting algorithm.
We start with a quantitative description of the performance of the previous weak

learner h;_; at the combined model F;_;, given in the following lemma:

Lemma 5.1 Using the algorithm of section 5.2 we get: Vt, Y. %ﬁ?; =n, wheren is

the number of training examples.

Proof: The line search (step 2(c) in the algorithm) implies:

0 . —log((1 —a)Fi_1(z) + ahz; 1 h(z;
0 = Zz g(( a)a ( )"‘ ( ))‘a:at _ 1_at(n_ZFtEZi;>'

Lemma 5.1 allows us to derive the following stopping criterion (or optimality
condition) for the boosting algorithm, illustrating that in order to improve training
set loss, the new weak learner only has to exceed the previous one’s performance at

the current fit.

Theorem 5.2 If there does not exist a weak learner h € H such that ), %h(zi) >

n, then Fy is the global minimum in the domain of normalized linear combinations of

H: Fy=argmin, ), —log(d_; vihi(2)) st.v>0and ) ;v =1

Proof: This is a direct result of the optimality conditions for a convex function (in

this case —log) in a compact domain.
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So unless we have reached the global optimum in the simplex within span{H}
(which will generally happen quickly only if H is very small, i.e. the “weak” learners
are very weak), we will have some weak learners doing better than “random” and

attaining ) ;t((z;_)) > n. If this is indeed the case, we can derive an explicit lower

bound for training set loss improvement as a function of the new weak learner’s

performance at the current model:
Theorem 5.3 Assume:

1. The sequence of selected weak learners in the algorithm of section 5.2 has:

Z ﬁht(zi) =n+ M\

%

2. Vit mini(thl(Zi),ht(Z,L')) Z €¢

Then we get: — . log(F,(2;)) < — >, log(Fi_1(%)) — /\2%:;

Proof:

0> —log((1 —a)Fy1(z) + ahy(z)), hi(zi)
o la=0 =N — XZ: Fr1(z) ==\

0% 3, —log((1 — a)Fioy(2i) + alu(z) [Fi1(2i) — Te(2:)]? n
da? B Z (1 — a)Fi—1(2) + ahy(2;)]? = €2

7

0>, —log((1—a)Fy_1(z;)+ahi(2;)
Oan

Combining these two gives: ) < —A¢ + 2, which implies:

i log(Fi(2i) — 2 log(Fima(z)) < — [

The second assumption of theorem 5.3 may not seem obvious but it is actually

Ateq 2,2 2.2 2.2

R i Sk i
quite mild. With a bit more notation we could get rid of the need to lower bound A,
completely. For F};, we can see intuitively that a boosting algorithm will not let any

observation have exceptionally low probability over time since that would cause this

observation to have overwhelming weight in the next boosting iteration and hence



5.4. BOOSTING BAYESIAN NETWORKS 83

the next selected h; is certain to give it high probability. Thus, after some iterations
we can assume that we would actually have a threshold e independent of the iteration
number and hence the loss would decrease at least as the sum of squares of the “weak

learnability” quantities ;.

5.4 Boosting Bayesian Networks

We now focus our attention on a specific application of the boosting methodology
for density estimation, using Bayesian networks as the weak learners. A Bayesian
network is a graphical model for describing a joint distribution over a set of random
variables. Recently, there has been much work on developing algorithms for learning
Bayesian networks (both network structure and parameters) from data for the task
of density estimation and hence they seem appropriate as our choice of weak learners.
Another advantage of Bayesian networks in our context, is the ability to tune the
strength of the weak learners using parameters such as number of edges and strength
of prior.

Assume we have categorical data {z;}; in a domain Z where each of the n
observations contains assignments to k variables. We rewrite step 2(b) of the boosting
algorithm as:

2(b) Find h; € ‘H to maximize »__ - v.h(z), where v, =3 _ w;
In this formulation, all possible values of z have weights, some of which may be 0.

As mentioned above, the two main implementation-specific details in the generic
density estimation algorithm are the set H of weak models and the method for search-
ing for the ”"optimal” weak model h; at each boosting iteration. When boosting
Bayesian networks, a natural way of limiting the “strength” of weak learners in H is
to limit the complexity of the network structure in H. This can be done, for instance,

by bounding the number of edges in each “weak density estimator” learned during
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the boosting iterations.

The problem of finding an “optimal” weak model at each boosting iteration (step
2(b) of the algorithm) is trickier. We first note that if we only impose an L, constraint
on the norm of h; (specifically, the PDF constraint ) | h(z) = 1), then step 2(b) has
a trivial solution, concentrating all the probability at the value of z with the highest
“weight”: h*(z) = 1{z = argmaxycz v,}. This phenomenon is not limited to the
density estimation case and would appear in boosting for classification if the set
of weak learners ‘H had fixed L; norm, rather than the fixed L, norm, implicitly
imposed by limiting H to contain classifiers. This consequence of limiting H to
contain probability distributions is particularly problematic when boosting Bayesian
networks, since h* can be represented with a fully disconnected network. Thus,
limiting H to “simple” structures by itself does not amend this problem.

However, the boosting algorithm does not explicitly require H to include only
probability distributions. Let us consider instead a somewhat different family of can-
didate models, with an implicit L, size constraint, rather than L; as in the case of
probability distributions (note that using an L, constraint as in Adaboost is not
possible, since the trivial optimal solution would be A* = 1). For the unconstrained
“distribution” case (corresponding to a fully connected Bayesian network), this leads
to re-writing step 2(b) of the boosting algorithm as:

2(b)! Find h to maximize ) _;v.h(2), subject to Y - h(z)? =1

z€EZ

By considering the Lagrange multiplier version of this problem it is easy to see that

the optimal solution is h 1,(2) = “=— and is proportional to the optimal solution

V ZuGZ Vu

to the log-likelihood maximization problem:

2(b)? Find h to maximize ) _; v.log(h(z)), subject to Y - h(z) =1

Vz

given by leog(z) =5 This fact points to an interesting correspondence between

solutions to Lo-constrained linear optimization problems and Li-constrained log op-

timization problems and leads us to believe that good solutions to step 2(b)! of the
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boosting algorithm can be approximated by solving step 2(b)? instead.

The formulation given in 2(b)? presents us with a problem that is natural for
Bayesian network learning, that of maximizing the log-likelihood (or in this case the
weighted log-likelihood ) v, logh(2)) of the data given the structure.

Our implementation of the boosting algorithm, therefore, does indeed limit H to
include probability distributions only, in this case those that can be represented by
“simple” Bayesian networks. It solves a constrained version of step 2(b)? instead of the
original version 2(b). Note that this use of “surrogate” optimization tasks is not alien
to other boosting applications as well. For example, Adaboost calls for optimizing
a re-weighted classification problem at each step; Decision trees, the most popular
boosting weak learners, search for “optimal” solutions using surrogate loss functions
- such as the Gini index for CART (Breiman, Friedman, Olshen & Stone 1984) or
information gain for C4.5 (Quinlan 1993).

5.5 Experimental Results

We evaluated the performance of our algorithms on two distinct datasets: a ge-
nomic expression dataset and a US census dataset. In gene expression data, the
level of mRNA transcript of every gene in the cell is measured simultaneously, us-
ing DNA microarray technology, allowing researchers to detect functionally related
genes based on the correlation of their expression profiles across the various ex-
periments. We combined three yeast expression data sets (Gasch, Spellman, Kao,
O.Carmel-Harel, Eisen, G.Storz, D.Botstein & Brown 2000, Hughes & al. 2000, Spell-
man & al. 1998) for a total of 550 expression experiments. To test our methods
on a set of correlated variables, we selected 56 genes associated with the oxida-
tive phosphorlylation pathway in the KEGG database (KEGG: Kyoto Encyclope-

dia of Genes and Genomes 1998). We discretized the expression measurements of
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Figure 5.2: (a) Comparison of boosting, single Bayesian network and AutoClass performance on
the genomic expression dataset. The average log-likelihood for each test set instance is plotted. (b)
Same as (a) for the census dataset. Results for AutoClass were omitted as they were not competitive
in this domain (see text). (c) The weak learnability condition is plotted along with training data
performance for the genomic expression dataset. The plot is in log-scale and also includes log(N)
as a reference where N is the number of training instances (d) Same as (c) for the census dataset.

each gene into three levels (down, same, up) as in Pe’er, Regev, Elidan & Friedman
(2001). We obtained the 1990 US census data set from the UC Irvine data repos-
itory (http://kdd.ics.uci.edu/databases/census1990/USCensus1990.html). The data
set includes 68 discretized attributes such as age, income, occupation, work status,
etc. We randomly selected 5k entries from the 2.5M available entries in the entire
data set.

Each of the data sets was randomly partitioned into 5 equally sized sets and our
boosting algorithm was learned from each of the 5 possible combinations of 4 par-
titions. The performance of each boosting model was evaluated by measuring the
log-likelihood achieved on the data instances in the left out partition. We compared

the performance achieved to that of a single Bayesian network learned using standard
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techniques (see Heckerman (1998) and references therein). To test whether our boost-
ing approach gains its performance primarily by using an ensemble of Bayesian net-
works, we also compared the performance to that achieved by an ensemble of Bayesian
networks learned using AutoClass (Cheeseman & Stutz 1995), varying the number of
classes from 2 to 100. We report results for the setting of AutoClass achieving the
best performance. The results are reported as the average log-likelihood measured for
each instance in the test data and summarized in Fig. 5.2(a,b). We omit the results
of AutoClass for the census data as it was not comparable to boosting and a single
Bayesian network, achieving an average test instance log-likelihood of —31.49 4 0.28.
As can be seen, our boosting algorithm performs significantly better, rendering each
instance in the test data roughly 3 and 2.8 times more likely than it is using other
approaches in the genomic and census datasets, respectively.

To illustrate the theoretical concepts discussed in Section 5.3, we recorded the
performance of our boosting algorithm on the training set for both data sets. As
shown in Section 5.3, if ), %h(zl) > n, then adding h to the model is guaranteed
to improve our training set performance. Theorem 2 relates the magnitude of this
difference to the amount of improvement in training set performance. Fig. 5.2(c,d)

plots the weak learnability quantity > h(z;), the training set log-likelihood and

the threshold n for both data sets on a log scale. As can be seen, the theory matches
nicely, as the improvement is large when the weak learnability condition is large and
stops entirely once it asymptotes to n.

Finally, boosting theory tells us that the effect of boosting is more pronounced
for “weaker” weak learners. To that extent, we experimented (data not shown) with
various strength parameters for the family of weak learners H (number of allowed

edges in each Bayesian network, strength of prior). As expected, the overall effect of

boosting was much stronger for weaker learners.
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5.6 Discussion and future work

In this chapter we extended the boosting methodology to the domain of density
estimation and demonstrated its practical performance on real world datasets. We
believe that this direction shows promise and hope that our work will lead to other
boosting implementations in density estimation as well as other function estimation
domains.

Our theoretical results include an exposition of the training data performance of
the generic algorithm, proving analogous results to those in the case of boosting for
classification. Of particular interest is theorem 5.2, implying that the idealized algo-
rithm converges, asymptotically, to the global minimum. This result is interesting,
as it implies that the greedy boosting algorithm converges to the exhaustive solution.
However, this global minimum is usually not a good solution in terms of test-set per-
formance as it will tend to overfit (especially if H is not very small). Boosting can
be described as generating a regularized path to this optimal solution — see chapter
2 — and thus we can assume that points along the path will usually have better
generalization performance than the non-regularized optimum.

In Section 5.4 we described the theoretical and practical difficulties in solving
the optimization step of the boosting iterations (step 2(b)). We suggested replacing
it with a more easily solvable log-optimization problem, a replacement that can be
partly justified by theoretical arguments. However, it will be interesting to formulate
other cases where the original problem has non-trivial solutions - for instance, by
not limiting H to probability distributions only and using non-density estimation
algorithms to generate the “weak” models h;.

The popularity of Bayesian networks as density estimators stems from their in-
tuitive interpretation as describing causal relations in data. However, when learning

the network structure from data, a major issue is assigning confidence to the learned



5.6. DISCUSSION AND FUTURE WORK 89

features. A potential use of boosting could be in improving interpretability and re-
ducing instability in structure learning. If the weak models in H are limited to a
small number of edges, we can collect and interpret the “total influence” of edges in
the combined model. This seems like a promising avenue for future research, which

we intend to pursue.



Chapter 6

Adaptable, Efficient and Robust
Methods for Regression and

Classification Via Piecewise Linear

Regularized Coefficient Paths

We consider the generic regularized optimization problem /3 (A\) = argming L(y, X )+
AJ(B). Recently Efron, Hastie, Johnstone & Tibshirani (2002) have shown that for
the Lasso — i.e. if L is squared error loss and J(8) = ||3]]; is the {; norm of § —
the optimal coefficient path is piecewise linear, i.e. VB () is piecewise constant. We
derive a general characterization of the properties of (loss L, penalty .J) pairs which
give piecewise linear coefficient paths. Such pairs allow for efficient generation of the
full regularized coefficient paths. We analyze in detail the solution for /;-penalized
Huber loss for regression, and [;-penalized truncated Huber loss for classifications,
and illustrate how we can use our results to generate robust, efficient and adaptable

modeling tools.

90
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6.1 Introduction

Regularization is an essential component in modern data analysis, in particular when
the number of predictors is large, possibly larger than the number of observations,
and non-regularized fitting is guaranteed to give badly over-fitted and useless models.

In this chapter we consider the generic regularized optimization problem. The

inputs we have are:

e A training data sample X = (xq,....,2,)", y = (y1, ..., yn)’, 7 € RP and y; € R

for regression, y; € {1} for 2-class classification.
e A convex non-negative loss functional L : R" x R" — R

e A convex non-negative penalty functional J : R? — R, with J(0) = 0. We will
almost exclusively use J(3) = [|3||] in this chapter, i.e. penalizing the [, norm

of the coefficient vector.

We want to find:

B(A) = arg min L(y, X 8) + AJ(8) (6.1)

Where A > 0 is the regularization parameter: A = 0 corresponds to no regularization
(hence 3(0) = argming L(y, X 3)), while limy_.o()\) = 0. There is not much theory
on choosing the “right” value of A and the most common approach is to solve (6.1)
for a “representative” set of A values and choose among these models, using cross
validation, generalized cross validation or similar methods.

We concentrate our attention on (loss L, penalty J) pairings where the optimal
path 3()\) is piecewise linear as a function of A, ie. g =0 < A\ < ... < Ay = o0
and v0,71,... ,Y%m-1 € RP such that B()\) = B(Ak) + (A — M)ve where k is such

that A\, < A < Agy1. Such models are attractive because they allow us to generate
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the whole regularized path B()\), 0 < X\ < oo simply by calculating the “directions”
Yy e s Ym1. Our discussion will concentrate on (L, J) pairs which allow efficient
generation of the whole path and give useful models.

A canonical example is the lasso Tibshirani (1996):

L(y,y) = |ly = yl3 (6.2)
J(B) =118l = Z 18)] (6.3)

Recently Efron, Hastie, Johnstone & Tibshirani (2002) have shown that the piecewise
linear coefficient paths property holds for the lasso. Their results show that the
number of linear pieces in the lasso path is approximately the number of the variables
in X, and the complexity of generating the whole coefficient path, for all values of A,
is approximately equal to one least square calculation on the full sample.

A simple example to illustrate the piecewise linear property can be seen in figure
6.1, where we show the lasso optimal solution paths for a simple 4-variable synthetic
dataset. The plot shows the optimal lasso solutions B()\) as a function of the reg-
ularization parameter A. Each line represents one coefficient and gives its values at
the optimal solution for the range of A values. We observe that between every two
“+7 signs the lines are straight, i.e. the coefficient paths are piecewise-linear, as a
function of A, and the 1-dimensional curve 3()\) is piecewise linear in R*.

The structure of this chapter is as follows: In section 6.2 we present a general
formulation of (loss, penalty) pairs which give piecewise linear coefficient paths. Our
main result is that the loss is required to be piecewise quadratic and the penalty is
required to be piecewise linear for the coefficient paths to be piecewise linear. We
utilize this understanding to define a family of “almost quadratic” loss functions
whose lasso-penalized solution paths are piecewise linear, and formulate and prove an

algorithm for generating these solution paths.
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Figure 6.1: Piecewise linear solution paths for the lasso on a simple 4-variable example

We then focus in section 6.3 on some interesting examples which use robust loss
functions, yielding modeling tools for both regression and classification which are
robust (because of the loss function), adaptable (because we can calculate the whole
regularized path and choose a good regularization parameter) and efficient (because
we can calculate the path with a relatively small computational burden). In section
6.3.1 we present the [y (lasso)-penalized Huber loss for regression, and in section 6.3.2
we discuss the [1-penalized truncated Huber loss for classification.

In section 6.4 we list further examples of (loss, penalty) pairs which give piecewise
linear coefficient paths, but do not belong to the family of (almost quadratic loss,
lasso penalty) problems describes in section 6.3. These include linear loss functions
, the [, penalty and multiple-penalty problems. We discuss the practical uses and

computational feasibility of calculating the full coefficient paths for these examples.

6.1.1 Illustrative example

Before we delve into the technical details, let us consider an artificial, but realistic,
example, which illustrates the importance of both robust loss functions and adaptable

regularization.
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Figure 6.2: Squared error loss and Huber’s loss with knot at 1

Our example has n = 100 observations and p = 80 predictors. All z;; are i.i.d

N(0,1) and the true model is:

yi = 1020 +¢ (6.4)

itd
~Y

0.9- N(0,1) 4 0.1 - N(0,100) (6.5)

We consider two regularized coefficient paths:

e For the [i-penalized “Huber’s loss” with knot at 1:

BN = arg mﬁin Z (y; — B'ws)? +2 Z (lys — B'zs| —0.5) +

lys— Bz <1 lys—B'z;|>1

A1 (6.6)

e For the Lasso ((6.2), (6.3))

Figure 6.3 shows the two regularized paths 3()\) as a function of ||3|;. The “true”
coefficient [3; is the solid line, all other coefficient paths are the dotted lines. For
the “Huberized” loss (on the left) we observe that (3 is the only non-0 coefficient
until it reaches its true value of 10. At this point the regularized model is exactly
the correct model! Only then do any of the other coefficients become non-0, and

as ||B]|1 increases (or equivalently as the regularization parameter A decreases) the
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Figure 6.3: Coeflicient paths for Huberized lasso(left) and lasso(right) for simulated data
example. (3 is the unbroken line, and the true model is Fy = 102,
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Figure 6.4: Reducible error for the models along the regularized paths

model becomes less and less adequate. The lasso (on the right) does not do as well -
the lack of robustness of the loss function (i.e. the implicit normality assumption of
squared error loss) causes the regularized path to miss the true model badly at all A
values.

Figure 6.4 shows the reducible “future” squared loss (E||§ — Ey||3) as a function
of ||]|1 for the Huberized-lasso and Lasso coefficient paths we got, and it re-iterates
our observation that the Huberized version hits ezactly 0 reducible loss at || 3|1 = 10,
and the model then degrades significantly as ||3||; increases, while the lasso does not

do particularly well at any point in the regularized path in terms of reducible loss.



6.2. A GENERAL THEORY AND A USEFUL (LOSS, PENALTY) FAMILY 96

6.2 A general theory and a useful (loss, penalty)
family

In this section, we first develop a general criterion for piecewise linear solution paths
in the case that the loss and penalty are both twice differentiable. This will serve us
as an intuitive guide to identify regularized models where we can expect piecewise
linearity. It will also prove useful as a tool in asserting piecewise linearity for non-twice
differentiable functions. We then build on this result to define a family of “almost
quadratic” loss functions whose lasso-regularized solution paths are piecewise linear.
We present a general algorithm for generating the solution paths. This family will
supply us with modeling tools for regression and classification which we will analyze

in detail in the next sections.

6.2.1 Piecewise linear coefficient paths in twice differentiable

loss and penalty models

For the coefficient paths to be piecewise linear, we require that %&’\) is “piecewise

proportional” (i.e. piecewise constant vector, up to multiplication by scalar) as a
function of A, or in other words that over ranges of A values:

L B0+ = B0

e—0 €

o const vector (6.7)

To get a condition, let us start by considering only (3 values where L, J are both twice
differentiable, with bounded second derivatives in the relevant region. Throughout
this section we are going to use the notation L(f3) in the obvious way, i.e. we make
the dependence on the data X,y implicit, since we are dealing with optimization

problems in the coefficients # only, and assuming the data is fixed.
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We can now write the normal equations for (6.1) at A and A + e:

~ ~

VL(BN) + AVJ(B(N) = 0 (6.8)
VLB +€)+ A+ eVIBA+e) =0 (6.9)

Developing (6.9) in Taylor series around VL(3())) and VJ(3()\)) we get:

VL(BA) + VLBA)BA+e€) — BN +
+ AVI(BN) + AVZI (BB + €) — BN + eVI(B(N)) +
+ O(?) =0 (6.10)

From (6.8) and (6.10) we easily get:

B+ €)= B

€

= —[V2L(BO\) + AVEI (BT VI (B(V) + O(e) (6.11)

And from (6.7) and (6.11) we get that:

Lemma 6.1 For twice differentiable loss and penalty, a sufficient and necessary con-

dition for piecewise linear coefficient paths is that the direction
~(VEL(B(N) + AV2J(B(N) VI (B(N) (6.12)
is a piecewise proportional (i.e. constant up to multiplication by scalar) vector in RP

as a function of \.

The obvious situation in which lemma 6.1 holds and we get piecewise linear coef-

ficient paths is:

e [ is piecewise quadratic as a function of 3 along the optimal path B()\), when
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X,y are assumed constant at their sample values
e J is piecewise linear as a function of 3 along this path.

We would generally not expect the lemma to apply in any other situation, since (6.12)
will follow a “curved” path. Technically we cannot rule out the existence of (L, J)
pairs which would yield piecewise linear coefficient paths for a specific sample Xy, as
the requirements of the lemma amount to a functional differential equation. However
if we require the same (L,J) choice to apply for all the sample space and give piecewise
linear coefficient paths, it seems that the piecewise quadratic L - piecewise linear J
is the only feasible solution.

So we can conclude that the search for regularized problems with piecewise lin-
ear coefficient paths should concentrate on losses L which are “almost everywhere”
quadratic and penalties J which are “almost everywhere” linear. We next define a
family of such loss and penalty pairs for which a generic algorithm exists for generat-
ing the whole coefficient paths. Members of this family are going to be the focus of

our later sections.

6.2.2 “Almost quadratic” loss functions with Lasso penalty

We now concentrate our attention on a family of models which give piecewise linear
coefficient paths - a family we consider to be most useful and practical. We fix the

penalty to be the [; (lasso) penalty:

J(B) = 1181 = >_ 185 (6.13)
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And the loss is required to be differentiable and piecewise quadratic in a fixed function

of the sample response and the “prediction” 3'x:

L(y, XB) = 3, Uy, B'x:) (6.14)
Uy, B'x) = a(r(y, B'z))r(y, B'x)? + b(r(y, 8'z))r(y, B'z) + c(r(y, B'z)) (6.15)

Where r(y,3'z) = (y — 'x) is the residual for regression and r(y,x) = (yf'z)
is the margin for classification; and a(-),b(+),c(-) are piecewise constant functions,
with a finite (usually small) number of pieces, defined so as to make the function [
differentiable everywhere.

Some examples from this family are:
e The lasso: I(y,B'z) = (y — B'z;)?, ie. a=1,b=0,c = 0.

e The Huber loss function with fized knot ¢ (define r = y — 3'x the residual):

r? if |r] <t
I(r) = (6.16)

2t|r| — t* otherwise
e Truncated squared error loss for classification (define r = y/3'x the margin):

=4 " h <t (6.17)

0 otherwise

Theorem 6.2 All regularized problems of the form (6.1) using (6.13), (6.15) (with
r being either the residual or the margin) generate piecewise linear optimal coefficient

paths B()\) as the regularization parameter A varies.

Proof Since we do not assume twice-differentiability of either the loss or the penalty
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(but we do assume differentiability of the loss), we use lemma 6.1 as an intuitive ar-
gument only, and prove the theorem formally using the Karush-Kuhn-Tucker (KKT)
formulation of the optimization problem implied.

We will code 3; = 8 — 8, with 8 >0, 8; > 0, and start from the constrained

version of the regularized optimization problem:

mings g Y Uy, (87— B7)xs) (6.18)
s.t. Zﬁf + 087 <5,

B >0,87 >0, Vj
Then we can write the Lagrange dual function of our minimization problem as:

Dy (B = 7)) M B + 871 = 8) = DN =D A8 (6.19)

J

And the corresponding KKT optimality conditions:

(VL(3)); + A=A =0 (6.20)
—(VL(3)); + A=A, =0 (6.21)
MO B +87—5)=0 (6.22)
ATBf =0 (6.23)

A B =0 (6.24)

Using these we can figure that at the optimal solution for fixed S (and hence fixed
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Ain (6.1)) the following scenarios could hold:

A=0 = (VL(f)); = 0V (optimal solution) (6.25)

Bf>0A>0 = X =0= (VL) =-A<0 = (6.26)
= Aj.‘ >0 = ﬁj‘ =0

By >0,A>0 = A =0= (VL(),;=A>0 = (6.27)
= A\ >0 = 3 =0

(VL(5));| > A = contradiction (6.28)

Based on these possible scenarios we can see that:

e Variables can have non-0 coefficients at /3 (M) only if their “generalized absolute

correlation” |VL(B(X)),| is equal to A. Thus, for every value of A we have a set

of “active” variables A = {j € {1,...,m} : §; # 0} such that:

jeA = |[VL(BN);| = A, sgn(VL(B(N);) = —sgn(B;)  (6.29)
jEA = [VLBN);| <A
BN

e The direction in which the fit is moving =5~ should be such that it maintains

the conditions |VL(3(X).a] = A, |[VL(B(\)).ac| < A.

So, if we know what the “active” set A is we can use a similar argument to the
one we used for proving lemma 6.1 in (6.8)- (6.12) to argue that, as long as we are in

a region where the loss and penalty are both right differentiable, we will have

PV — (V2B sen(5) (6.30)

which is just a version of (6.12), limited to only the active variables and substituting
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the lasso penalty for J.
For the family of almost quadratic loss functions we can derive V2L(3(\))4 ex-
plicitly, since the second derivative of the constant and linear parts in (6.15) is 0.

Thus we easily see:

VEL(B)a = 3 alr(ys, BO)axas) Xaiy (6.31)
Twice differentiability is violated and hence the direction in (6.30) changes when

one of the following events occur:

e A new variable should join A, i.e. we reach a point where |L(G(\))ac| < A

would cease to hold if we keep moving in the same direction

e A coefficient in A hits 0. This is possible, just as in the lasso (Efron, Hastie,
Johnstone & Tibshirani 2002). In that case, we reach a non-differentiability
point in the penalty and we can see that sgn(VL(G(\))4) = —sgn(64) would
cease to hold if we continue in the same direction. Thus we need to drop the

coefficient hitting 0 from A.

~

e A “generalized residual” r(y;(\)'x;) hits a non-twice differentiability point (a
“knot”) in L, for example the “huberizing” point ¢ in (6.16), or the truncation

point in (6.17).

And so we conclude that the path 3 (A) will be piecewise linear, with the direction
given by (6.30) and direction changes occurring whenever one of the three events
above happens. When it happens, we need to update A to get a legal scenario and

re-calculate the direction using (6.30). o

Based on this theorem and the arguments in its proof we can derive a generic algo-

rithm to generate coefficient paths for all members of the “almost quadratic” family
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of loss functions with Lasso penalty. The LARS-Lasso algorithm (Efron, Hastie,
Johnstone & Tibshirani 2002) is a simplified version of this algorithm since “knot
crossing” events do not occur in the lasso (as the loss is twice differentiable). Our
algorithm starts at A\ = oo and follows the linear pieces, while identifying the “events”
and re-calculating the direction when they occur. Notice that the algorithm does not
calculate A explicitly, since the direction calculations and step-length calculations do

not require to track the A\ values.

Algorithm 6.1 An algorithm for “almost quadratic” loss with Lasso penalty

1. Initialize: =0, A= argmax;(VL(5));, 74 = —sgn(VL(B))a, yac =0
2. While (max|VL(B)| > 0)

(@) di = min{d > 0 minggs [VL(3 + d7);] = [VL(3 + ) al}
(b) dy = min{d > 0 : minje 4(8 + dv); = 0} (hit 0)

(¢) ds = min{d > 0 : min,[r(y;, (B + dvy)'z;) hits a “knot”]}
(d) set d = min(dy,dsy,ds)

(e) If d = dy then add variable attaining equality at d to A.
(f) If d = dsy then remove variable attaining 0 at d from A.
(9) B B+dy

(h) C =3 alr(yi, f'xi))waitly

(i) ya = C(=sgn(Ba))

(7)) yac =0

It should be noted that our formulation here of the “almost quadratic” family with

lasso penalty has ignored the existence of a non-penalized intercept. This has been
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done for simplicity of exposition, however incorporating a non-penalized intercept
into the algorithm is straight forward (alas not as straight forward as it is for squared
error loss, where centering the predictors allows us to fit the intercept separately). The
functions we use for numerical examples in the next sections allow for the inclusion

of a non-penalized intercept.

6.2.3 Computational considerations

What is the computational complexity of running algorithm 6.1 on a data-set with
n observations and p variables? Let us start by considering the simpler question
of the complexity of the LARS-lasso algorithm , i.e. algorithm 6.1 when the loss
is squared error loss. As Efron, Hastie, Johnstone & Tibshirani (2002) discuss, the
complexity of LARS-lasso is “approximately” that of one least squares calculation,
i.e. O(p*+np?) = O(np*) when n > p. The qualification refers to the fact that “drop”
events in algorithm 6.1 — that is, if d = dy in step 2(d) — are not accounted for,
and there is no simple theoretical bound on how many of these events can occur. It
stands to reason that “on average” these events are rare (see Efron, Hastie, Johnstone
& Tibshirani (2002) for discussion) but that cannot be guaranteed.

In the same sense we can say that in the “average” case, the complexity of algo-
rithm 6.1 is O(n?p) when n > p. The additional complexity incurred by this algorithm

is twofold:

e Figuring out the step size requires considering all possible O(n) “knot crossing”

events, which cannot occur in the lasso

e Knot crossing events increase the number of steps of the algorithm. The rarity
assumption on drop events made the number of steps of the lasso O(p). Here
we add the assumption that “knot crossing” events occur only O(n) times. This

second assumption is very reasonable in the “average” case, since the residuals
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tend to move monotonically towards from 0 as the regularization parameter A

decreases.
Thus overall we assume we have O(n + p) steps, each requiring:

e O((n+p)p) = O(np) calculations to figure out the step length (steps 2(a)-2(d)
of algorithm 6.1)

e O(p?) calculations to calculate the new direction (step 2(i)) using the Sherman-
Morrison-Woodbury lemma and the fact that we are either adding or dropping

a single variable or a single observation.

which gives us an overall complexity of O((n+p)?p+(n+p)p*) = O(n?*p) when n > p,
given our (reasonable, but not guaranteed) assumptions on the number of steps.

An interesting case, especially in micro-array data analysis, is when p >> n. In
that case, a least squares calculation will incur a complexity of only O(n?®). Using
similar assumptions to the ones above (i.e. that the number of “drop” events is small,
i.e. O(1), and the number of “know crossing” events is O(n)), we get a computational
complexity of O(pn?) for both the lasso and algorithm 6.1

In both cases, the complexity is dominated by the step-length calculations, and

the direction “least squares” calculations are less costly.

6.3 Robust methods for regression and classifica-
tion

We now concentrate on a detailed statistical and computational analysis of two mem-
bers of the “almost quadratic” family of loss functions — one for regression and one
for classification. We choose loss functions which are robust, i.e. linear for large

residuals (or margins). We will build on the previous section, in particular algorithm
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6.1, to generate the solution paths to the regularized problems 3(\) for the lasso (1)
regularized versions of these fitting problems.

The primary motivation for use of lasso regularization as presented here is compu-
tational, since the resulting problems have piecewise linear solution paths. However
there are also statistical reasons why [; regularization may be a good idea, and in
many cases preferable to the ridge (Iy) regularized solutions. Using [; regularization
results in “sparse” solutions with a relatively small fraction of non-0 coefficients, as
opposed to ridge regularization which forces all non-0 coefficients. Thus, in situa-
tions where the number of relevant variables is small and there are a lot of irrele-
vant “noise” variables, [; regularization may prove much superior to [l regularization
from a prediction error perspective. From an inference/interpretation perspective, [y
regularization gives “smooth” variable selection and more compact models than [,
regularization. For detailed discussion of these and other advantages of [; regulariza-
tion see Tibshirani (1996),Friedman, Hastie, Rosset, Tibshirani & Zhu (2003),Efron,
Hastie, Johnstone & Tibshirani (2002),Donoho, Johnstone, Kerkyacharian & Picard
(1995).

6.3.1 The Huberized Lasso for regression

The loss is given by (6.16). It is obviously “almost quadratic” as defined in section
6.2.2, and so theorem 6.2 and algorithm 6.1 apply to its [; regularized solution paths.

In section 6.1.1 we have illustrated on an artificial example the robustness of the
huberized lasso against incorrect distributional assumption. In (Huber 1964), Huber
has shown that “huberizing” has some asymptotic optimality properties in protecting
against “contamination” of the assumed normal errors. For our (very practical) pur-
pose the main motivating property of the huberized loss is that it protects us against
both extreme “outliers” and long tailed error distributions.

The one open issue is how to select the “knot” ¢ in (6.16). Huber (1964) suggests
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t = 1.3450, where o is the variance of the non-contaminated normal, and describes an
iterative algorithm for fitting the data and selecting ¢, when the variance is unknown.
Since our algorithm 6.1 does not naturally admit changing the knot as it advances,
we need to iterate the whole algorithm to facilitate adaptive selection of ¢. This is
certainly possible and practical, however for clarity and brevity we use a fixed-knot

approach in our examples.

Prostate cancer dataset

Consider the “prostate cancer” dataset, used in the original lasso paper (Tibshirani
1996), and available from: http://www-stat.stanford.edu/ "tibs/ElemStatLearn/data.htmi.
We use this dataset to compare the prediction performance of the “huberized” lasso
to that of the lasso on the original data and after we artificially “contaminate” the
data by adding large constants to a small number of responses.

We use the training-test configuration as in Hastie, Tibshirani & Friedman (2001),
page 48. The training set consists of 67 observations and the test set of 30 observa-
tions. We ran the lasso and the huberized lasso with “knot” at ¢ = 1 on the original
dataset, and on the “contaminated” dataset where 5 has been added to the response of
6 observations, and 5 was subtracted from the response of 6 other observations. This
contamination is extreme in the sense that the original responses vary between —0.4
and 5.6, so their range is more than doubled by the contamination, and practically
all contaminated observations become outliers.

Figure 6.5 shows the mean squared error on the 30 test set observations for the four
resulting regularized solution paths from solving the lasso and huberized lasso for all
possible values of A on the two data sets. We observe that on the non-contaminated
data, the lasso (full) and huberized lasso (dashed) perform quite similarly. When
we add contamination, the huberized lasso (dash-dotted) does not seem to suffer

from it at all, in that its best test set performance is comparable to that of both
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Figure 6.5: Mean test squared error of the models along the regularized path for the
lasso (full), huberized lasso (dashed), lasso on contaminated training data (dotted) and
huberized lasso on contaminated data (dash-dotted). We observe that the huberized lasso
is not affected by contamination at all, while the lasso performance deteriorates significantly.

regularized models on the non-contaminated data. The prediction performance of
the non-huberized lasso (dotted), on the other hand, deteriorates significantly when
contamination is added, illustrating the lack of robustness of squared error loss. A
naive paired t-test of the difference in test set MSE between the best lasso model and
the best huberized lasso model on the contaminated data gives a marginally significant
p-value of 4.5%. However the difference in performance seems quite striking.

The two lasso solutions contain 9 pieces each, while the Huber-lasso path for the
non-contaminated data contains 41 pieces, and the one for the contaminated data

contains 39 pieces.
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6.3.2 The Huberized truncated squared loss for classification

For classification we would like to have a loss which is a function of the margin:

r(y, f'x) = (yB'z). This is true of all loss functions typically used for regression:

Logistic regression: Iy, 8x) = log(1 + exp(—yf'z))
Support vector machines: l(y,x)=(1—-ylx),

Exponential loss (boosting):  I(y, 3'z) = exp(—y3'z)

The properties we would like from our classification loss are:

e We would like it to be “almost quadratic”, so we can apply algorithm 6.1.

e We would like it to be robust, i.e. linear for large absolute value negative
margins, so that outliers would have a small effect on the fit. This property
is shared by the loss functions used for logistic regression and support vector
machines. The truncated squared loss (AKA squared hinge loss) (6.17) and

more so the exponential loss are non-robust in this sense.

This leads us to suggesting for classification the “Huberized truncated squared loss”,

i.e. (6.17) “Huberized” at ¢t < 1:

(1=t +2(1—t)(t—r) ifr<t
I(r) =1 (1—r)? ifr <1 (6.32)

0 otherwise

Figure 6.6 compares some of these classification loss functions: the logistic, expo-
nential, truncated squared loss and our suggested loss function (6.32), with ¢ = —1.
The exponential and logistic are scaled up by 4 to make comparison easier. We can
see the non-robustness of the squared and more so the exponential in the way they

“diverge” as the margins become negative.
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Figure 6.6: Classification loss functions

Figure 6.7: Simulated classification data

To illustrate the similarity between our loss (6.32) and the logistic loss, and their
difference from the truncated squared loss (6.17), consider the following simple sim-
ulated example:z € R? with class centers at (—1,—1) (class “1”) and (1,1) (class
“17) with one big outlier at (30, 100), belonging to the class “-1”. The Bayes model,
ignoring the outlier, is to classify to class “1”7 iff 1 + x5 > 0. The data and optimal
separator can be seen in figure 6.7.

Figure 6.8 shows the regularized model paths and misclassification rate for this
data using the logistic loss (left), the huberized truncated loss (6.32) (middle) and
the truncated squared loss (6.17) (right). We observe that the logistic and huberized
regularized model paths are similar and they are both less affected by the outlier than

the non-huberized squared loss.
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Figure 6.8: Regularized paths and prediction error for the logistic loss (left), huberized
truncated squared loss (middle) and truncated squared loss (right)

Spam dataset

We illustrate the algorithm on the “Spam” dataset, available from the UCI reposi-
tory (Blake & Merz 1998). The dataset contains 4601 observations and 57 variables.
To make the problem more interesting from a regularization perspective we use only
1000 of the available data for model training, leaving the rest for evaluation. We
want to test the effect of “contamination” on the robustness of the huberized and
non-huberized truncated squared error loss. Label contamination in the 2-class clas-
sification case is limited to switching the class of the response — there are no real
response “outliers” in that sense. We now describe our experiments, comparing the
performance of [1-penalized truncated squared error (6.17) and its Huberized version

(6.32) on this dataset, using t = —.5.

1. Original data: we ran 10 repetitions of algorithm 6.1 with random selections
of 1000 observations for training. The left panel of figure 6.9 shows the test
error of the two regularized model paths on one of these repetitions . As we
can see, the behavior of the two loss functions is quite similar, probably due

to the fact that few observations get to the “Huberized” section of the loss,
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corresponding to large absolute value negative margins. The average difference
in test error of the best prediction models in the regularized sequences was only

0.2%.

2. Contaminated response: we ran the same 10 training-test samples as in
the first experiment, but this time we randomly “flipped” the labels of 10%
of the training data. The right panel of figure 6.9 shows the test error of the
two regularized paths on the same data as in the left panel, this time with the
contamination. We observe that the performance of both model deteriorates,
but that the advantage of the “Huberized” version is now slightly bigger. This
effect is consistent throughout the 10 repetitions. The average difference in
best performance between the robust (Huberized) regularized path and the non-
robust one is now 0.5%, and a naive matched t-test over the 10 repetitions gave

a significance level of just under 4%.
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Figure 6.9: The prediction error of the resgularized models for the Spam data (left) and
for the same data with label contamination (right), as a function of model norm. The
broken line is for models created using the truncated squared loss and the full line is for the
Huberized truncated squared loss

Our overall conclusion from these and other experiments is that robustness and regu-

larization are indeed issues in classification as well as in regression. However it seems
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that their effect in classification is lee pronounced, due to a variety of reasons, not all

of which are clear to us at this point.

6.4 Other piecewise linear models of interest

6.4.1 Using [; loss and its variants

Our discussion above has concentrated on differentiable loss functions, with a quadratic
component. It is also interesting to consider piecewise-linear non-differentiable loss
functions, which appear in practice in both regression and classification problems.

For regression, the absolute loss is quite popular:

Uy, B'z) = |y — B'z] (6.33)

For classification, the hinge loss is of great importance, as it is the loss underlying

support vector machines (Vapnik 1995):

Wy, B'z) = [1 —yB'z]y (6.34)

The second derivatives of both the loss and the penalty vanish where defined so
our analysis of the differentiable cases (6.12) cannot be applied directly, but it stands
to reason that the solution paths to lj-penalized versions of (6.33) and (6.34) are
also piecewise linear. This is in fact the case, however proving it and developing
an algorithm for following the regularized path require a slightly different approach
from the one we presented here. In Zhu, Hastie & Tibshirani (2003) we present
an algorithm for following the lasso-penalized solution path of (6.34). Figure 6.10,
reproduced from (Zhu, Hastie & Tibshirani 2003), illustrates this algorithm on a

simple 3-variable simulated example. As it turns out Iy (ridge) penalized solution
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paths of (6.33) and (6.34) also follow a piecewise linear solution path — this is a

subject of active research.
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Figure 6.10: The solution path ((s) as a function of s.

Another interesting variant is to replace the [; loss with an [, loss, which is also
linear “almost everywhere” and non-differentiable. Similar properties hold for that
case, i.e. the solution paths are piecewise-linear and similar algorithms can be used
to generate them. However working out the details and implementing algorithms for
this case remains as a future task (in section 6.4.2 we use I, as the penalty and show
the similarity between the resulting algorithms and the ones using the /; penalty. A

similar approach can be applied on the loss side).

6.4.2 The [, penalty

The ly, penalty J(8) = max;|3;| is also piecewise linear in R*. It has non differ-
entiability points where the maximum coefficient is not unique. To demonstrate the
piecewise linearity regularized solution paths using almost-quadratic loss functions

and the [, penalty, consider first the optimization formulation of the problem. As
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before, we will code ; = 3 — §;, with 8 > 0,; > 0, and start from the con-

strained version of the regularized optimization problem:

mings g Y Uy, (87— B7)'xs) (6.35)
s.t. B+ 57 <M, Vj

B >0, 37 >0, Vj
then we can write the Lagrange dual function of our minimization problem as:

min > Uy (87 = 67)m) + 3 N8 + 8 = M) = A Bf =X 68 (630)
s :

And the corresponding KKT optimality conditions:

(VL(B)); = Af +A; =0 (6.37)
—(VL(B)); — A7 +X; =0 (6.38)
NG+ 87 —M)=0 (6.39)
ABE=0 (6.40)

A B =0 (6.41)

Using these we can figure out that at the optimum the possible scenarios are:

Br4+8; <M = X\j=0& X =X =(VLB)),; =0 (6.42)
(VL(B)); >0 = A7 >0,\,>0 = 37 =0, =M (6.43)
(VL(B)); <0 = A7 >0,0,>0 = 37 =0,5 =M (6.44)

We can use these to construct an algorithm for solution paths for /., regularized

“almost quadratic” loss functions, in the spirit of algorithm 6.1 above. In the [,
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version, all variables have the maximal absolute value coefficient, except the ones
which have 0 “generalized correlation” (i.e. derivative of loss). Those are changing
freely, in such a way as to keep the correlation at 0. Following is an algorithm for
lo penalized squared error loss regression — we present this rather than the more

general “almost quadratic” version for clarity and brevity.

Algorithm 6.2 An algorithm for squared error loss with I, penalty

1. Initialize: 3 =0, A=10, v= —sgn(VL(5))
2. While (max|VL(3)| > 0)

(a) di = min{d > 0 : minjg4 |VL(G + dv),;| = 0}

(b) dg = mm{d >0: minjeA |5J + d’)/J’ = |ﬂAC| —|—d}

(c) set d =min(dy,ds)

(d) If d = dy then add variable attaining equality at d to A.

(e) If d = dy then remove variable attaining equality at d from A.

(f) B B+dy

(9) vac = (—=sgn(VL(B)).ac)

(h) a4 = (XHXa) T XUX 400

Figure 6.11 illustrates the resulting coefficient paths when running algorithm 6.2

on the diabetes data-set, used for illustrating the lasso in Efron, Hastie, Johnstone
& Tibshirani (2002). Notice how all coefficients start moving away from 0 together,
then leave the “maximal” set one by one as their correlations hit zero.

The statistical motivation for using [, penalty is not clear, and we have not en-

countered such examples in the statistics literature. It may actually be more adequate
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Figure 6.11: Solution paths for I penalized squared error loss, using the diabetes dataset

for operations research scenarios, where the coefficients represent costs, such as oper-
ating times of machines, and the overall cost depends on the maximal one. We feel it
is still an open issue whether there are compelling examples to that effect, however

it is worth noticing that the possibility exists.

6.4.3 Multiple penalty problems

Suppose now that we would like to penalize more than one function of the coefficients,

i.e. solve:

~

B, X)) = mﬁin L(y, X3) + M J1(B) + Mo Jo(B) (6.45)

then we can easily see that the theory we have developed tells us that as long as both
penalties and the loss follow the conditions we have defined for piecewise linearity,
the solution B()\l, o) will be a piecewise affine surface in RP. In particular, if we
limit our interest to a 1-dimensional line in (A1, A2) space, i.e. A\; = a+ bAg, we get a
piecewise-linear solution path.

An example where the two penalty formulation is natural and of great practical
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interest can be found in Tibshrani, Saunders, Rosset & Zhu (2003). The problem
considered is that of protein mass spectroscopy, and the predictors correspond to a
continuum of “time of flight” sites. Thus the predictors have an order and a distance
between them, and there are scientific reasons why we would expect neighboring
coefficients to be much more correlated than distant ones. We would like a method
which strongly prefers to make neighboring coefficients similar, while still limiting the
amount of non-0 coefficients. A natural way to achieve that is to include a separate

penalty on magnitude of coefficients and on differences of neighboring coefficients:

ming [ly = X8> + A Y1851+ X2 Y185 — B4l (6.46)

J Jj>1
In Tibshrani, Saunders, Rosset & Zhu (2003) we show how we can formulate an
incremental algorithm for this problem which is a more involved version of the LARS

algorithm of Efron, Hastie, Johnstone & Tibshirani (2002) and our algorithm 6.1.

6.5 Discussion: robustness and regularization

In this chapter we have tried to design methods which combine computational and sta-
tistical advantages. We emphasize the importance of both regularization and robust
loss functions for successful practical modeling of data. From a statistical perspec-
tive, we can consider robustness and regularization as almost independent desirable

properties dealing with different issues in predictive modeling:

e Robustness mainly protects us against wrong assumptions about our error (or
noise) model. It does little or nothing to protect us against the uncertainty
about our model structure which is inherent in the finiteness of our data. For
example, if our errors really are normal, then squared error loss minimizes the

asymptotic variance of the coefficients, no matter how little data we have or
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how inappropriate our model is (Huber 1964). Using a robust loss in such a

situation is always counter productive.

e Regularization deals mainly with the uncertainty about our model structure by
limiting the model space. Note, in this context, the equivalence between the

“penalized” formulation (6.1) and a “constrained” formulation:
mﬁinL(y,Xﬁ) s.t. J(B) <'s (6.47)

The two formulations are equivalent in the sense that every solution (3 (s) to
(6.47) is equal to a solution G(A) to (6.1) for some value of A and vice versa
((6.1) is in fact just a Lagrange multiplier version of (6.47)). Thus the main goal
of regularization is to make the model estimation problem easier, and match
it to the amount of information we have for estimating it, namely our training

data.

We can also take a Bayesian approach, in which case the penalized optimization prob-
lem (6.1) corresponds to maximizing a posterior log-likelihood, if J(3) is a log-prior
on the model space and L is a log-likelihood (for example, the lasso maximizes pos-
terior with i.i.d Gaussian error model and i.i.d exponential priors on the coefficients).
The more vague Bayesian interpretation for using robust loss would be that it rep-
resents a reluctance to commit to a specific error model, electing instead to use a
“non-informative” one which can accommodate a range of reasonable error models,
in particular ones contaminated by outliers, without suffering significant degradation

in performance.



Chapter 7

Approximate quadratic method for

following curved solution paths

In this chapter we build on classical “newton”-like methods to approximately track

the parametrized path of regularized solutions:

~

BN = argmin 3 | L(ys, #7:) + A (5) (7.1)

Where we will assume that both L and J are convex, twice differentiable and “nice”
(in an obvious sense of bounded derivatives, which we define rigorously later). The

key to our method are the normal equations for (7.1):

VL(B(N) + AVJ(B(N) = 0 (7.2)

7.1 Algorithm

Our algorithm constructs an approximate solution 3¢ (t) by taking “small” € steps

in a Newton-Raphson direction trying to maintain (7.2). Our main result in this

120
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chapter is to show, both empirically and theoretically, that for small €, the difference
18 (t) — B(e - t) is small, and thus that our method successfully tracks the path of

optimal solutions to (7.1).

Algorithm 7.1 Approximate incremental quadratic algorithm for reqularized opti-

mization
1. Set 39(0) = (o), set t = 0.
2. While (A < Aaz)

(CL) )\t+1 = )\t+€

(b)

BO(+1) = BI() = (VELBO(E)+ Aa VEI(B(1) ™" -
[VL(B(#) + A VI (B (@))]

(c)t=t+1

Algorithm 7.1 gives a formal description of our quadratic tracking method. We start
from a solution to (7.1) for some fixed Ay (e.g. 3(0), the non-regularized solution).
At each iteration we increase A by € and take a single Newton-Raphson step towards
the solution to (7.2) with the current A value in step 2.b.

We illustrate the empirical usefulness of this algorithm in section 7.2 and prove
a theoretical result in section 7.3, which implies that under “regularity” conditions,

the algorithm guarantees that

Ve >0, 59 c/e) — Bro+0) (7.3)
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7.2 Data examples

We illustrate our quadratic method on regularized logistic regression using a small
subset of the “spam” dataset (Blake & Merz 1998).
We choose five variables and 300 observations and track the solution paths to two

regularized optimization problems using this data:

BN) = axgmin Ly, 1) + A3 (7.4
BN = arg min L(y;, 5';) + A8l (7.5)
Where the loss is the logistic log-likelihood:

el 1
el +1

Ly, f) = (

The two solution paths we calculate differ in the regularization they are using. The
Iy penalty of (7.4) gives the standard “penalized logistic regression” method, popular
in high-dimensional data modeling, where non-regularized solutions are not useful,
or even undefined (probably the prime current application for this approach is in
modeling gene microarrays). The [; 1 penalty of (7.5) is devised to make the problem
somewhat like using [, regularization, i.e. the fit to be dominated by a few large
coefficients. In section 7.4.2 we discuss and illustrate an approach for applying our
method to [;-regularized models, which slightly deviate from our standard formulation
since the penalty ||3]|; is not differentiable.

Figure 7.1 shows the solution paths 3)(¢) generated by running algorithm 7.1 on
this data using € = 0.02 and srtrting at A = 0, i.e. from the non-regularized logistic

regression solution. The interesting graphs for our purpose are the ones on the right.
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Figure 7.1: Solution paths (left) and optimality criterion (right) for [y ; penalized
logistc regression (top) and Iy penalized logistic regression (bottom). These result
from sunning algorithm 7.1 using ¢ = 0.02 and starting from the non-regularized
logistic regression solution

They represent the “optimality criterion”:

VL(B(t))

~vI@Eom) !

G(89(1), 1)

where the division is done componentwise. Note that the optimal solution B(te) is
uniquely defined by the fact that (7.2) holds and therefore G(j3(te),te) = 0 compo-
nentwise. By convexity and regularity of the loss and the penalty, there is a corre-
spondence between small values of G and small distance ||3©)(¢) — f((te).

In our example we observe that the components of G seem to be bounded in a
small region around 0 for both paths (note the small scale of the y axis in both plots
- the maximal error is less than 1073).

Thus we conclude that on this simple example our method tracks the optimal

solution paths nicely.
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7.3 Theoretical result

Theorem 7.1 Assume \g > 0, then under regularity conditions on the derivatives of

L and J,
Ye> 0, [89c/e) — B(Xo + c)|| = O(e?)

So there is a uniform bound O(€*) on the error which does not depend on c.

Proof We give the details of the proof in appendix A. Here we give a brief review of
the main steps.

Denote:

VL(B(1)) _
|(W)j + M| = ey (7.6)

And define a “regularity constant” M, which depends on Ay and the first, second and
third derivatives of the loss and penalty.

The proof is presented as a succession of lemmas:

Lemma 7.2 Assume we have m predictors. Let uy = M -m- €%, uy, = M (w1 ++/m-

€)2, then: ||eg|s < uy

This lemma gives a recursive expression bounding the error in the “normal equations”

(7.6) as the algorithm proceeds.
Lemma 7.3 If /meM < 1/4 then u, —Jm e Vi—tymed o)

This lemma shows that the recursive bound translates to an absolute O(€?) bound, if

€ is small enough.

Lemma 7.4 Under reqularity conditions on the functions and the solutions to (7.1),

the O(€*) uniform bound of lemma 7.3 translates to an O(€e?*) uniform bound on

18 (c/e) = B + )]
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7.4 Some extensions

In this section, we discuss some cases that do not strictly abide with the conditions

of the theorem but are of great practical interest.

7.4.1 The Lasso and other non-twice-differentiable penalties

If J(5) in (7.1) is not twice differentiable then we cannot apply our method directly,
since the theory may not apply. In particular, consider using the lasso penalty J((3) =
|B]]. In chapter 6 we have shown that if the loss is “piecewise quadratic” then we can
derive the lasso-penalized solution path B(A) directly and exactly without reverting
to the approximate quadratic method. However, if we want to use a non-quadratic
loss function (such as the logistic log-likelihood we used in section 7.2) with the lasso
penalty we need to utilize a quadratic approximation.

To understand how we can generalize algorithm 7.1 and theorem 7.1 to this situa-
tion, consider the optimization formulation for the lasso-penalized problem presented
in chapter 6, in (6.18), and the conclusions drawn about the resulting optimal so-
lution path in (6.25)—(6.28). These hold for any loss and tell us that at each point
on the path we have a set A of non-0 coefficients which correponds to the variables

whose current “generalized correlation” |VL(B(A)),| is maximal and equal to A. We

can summarize the situation as:

IVL(B(A);] <A = B(A); =0 (7.7)
BN); #0 = [VL(BN);] = A (7.8)

Using these rules we can now adapt algorithm 7.1 to working with a lasso penalty,

as follows:
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Algorithm 7.2 Approximate incremental quadratic algorithm for regqularized opti-

mazation with lasso penalty
1. Set ﬁ((f) = B(No), set t =0, set A= {j: B(\); # 0}.
2. While (A < Aaz)

(a) Ms1 =M+ €

(t)
Bih = B = VLG Al - VLB )4+ desasgn( 7))

(c) A=AU{j ¢ A: VLB > M)
(0) A=A—{jeA: |55, >3}
(e) t=t+1
Algorithm 7.2 employs the Newton approach of algorithm 7.1 for twice differen-
tiable penalty, limited to the sub-space of “active” coefficients denoted by A. In that
sub-space the penalty is indeed twice differntiable since all the coefficients are non-0.
It adds to algorithm 7.1 updates for the “add variable to active set” and “remove

variable from active set” events, when equality in correlation and 0 coefficient are

attained, respectively.

7.4.2 Example: logistic regression with lasso penalty

We continue the example of section 7.2, this time with a lasso penalty:

~

B(A) = argmin L(ys, 5'zs) + |6l (7.9)
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Figure 7.2: Solution path (left) and optimality criterion (right) for /; penalized logistc
regression. These result from sunning algorithm 7.2 using € = 0.02 and starting from
the non-regularized logistic regression solution

Figure 7.2 shows the result of applying algorithm 7.2 to the same 300 observations
and 5 variables as in section 7.2. We observe that the coefficient paths seem to track
the optimal solution nicely, by looking at the optimallity criterion in the right panel.
We can also observe the variable selection effect of using the lasso penalty, in the left
panel. For example, for all values of A above 20 we have only a single non-0 coefficient
in the regularized solution. By comparison, in the solution paths to the [;; and Iy
regularized models, displayed in figure 7.1, we observe that all coefficients are non-0

for all value of the regularization parameter .



Appendix A

Proofs of theorems

Proof of local equivalence of e-boosting and lasso
from chapter 2

As before, we assume we have a set of training data (x1,v1), (X2,¥2), ... (Xn, Yn), &
smooth cost function C(y, F'), and a set of basis functions (hy(x), ha(x), ... hs(x)).

We denote by B(s) be the optimal solution of the L;-constrained optimization

problem:
I C ) h 7 r Al
min 32 Cluah)" (A1)
subject to  ||B]1 < s. (A.2)

Suppose we initialize the e-boosting version of algorithm 2.1, as described in section
2.2, at ((s) and run the algorithm for T steps. Let 5(T') denote the coefficients after

T steps.

128



APPENDIX A. PROOFS OF THEOREMS 129

The “global convergence” conjecture 2.2 in section 2.4 implies that VAs > 0:

~

B(As/e) — B(s+ As) as € — 0

under some mild assumptions. Instead of proving this “global” result, we show here
a “local” result by looking at the derivative of B(s) Our proof builds on the proof
by Efron, Hastie, Johnstone & Tibshirani (2002) (theorem 2) of a similar result for
the case that the cost is squared error loss C(y, F) = (y — F)?®. Theorem (A.1)
below shows that if we start the e-boosting algorithm at a solution ﬁ(s) of the L;-
constrained optimization problem (A.1) - (A.2), the “direction of change” of the

e-boosting solution will agree with that of the L;-constrained optimizaton problem.

Theorem A.1 Assume the optimal coefficient paths Bj(s) V) are monotone in s and

the coefficient paths 3;(T) V¥j are also monotone as e-boosting proceeds, then

%_‘EB(S)HVB(S) as € =0, T — 00, T-¢— 0.

Proof First we introduce some notations. Let

Let

be the vector of current fit.
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Let

_ _ac(ylvFl) _ 8C(yn, Fn) g
or, 7 oF,

be the current “generalized residual” vector as defined in (Friedman 2001).

Let

be the current “correlation” between h; and r.

Let
A={j:|¢|= mJaX|Cj|}

be the set of indices for the maximum absolute correlation.
For clarity, we re-write this e-boosting algorithm, starting from B (s), as a special

case of Algorithm 1, as follows:
(1) Initialize 5(0) = 3(s),Fo = F,ro = r.
(2) Fort=1:T

(a) Find j, = argmax; [hr,_,|.

(b) Update
Brjo < Bi—1,4, + € sign(c;,)

(¢) Update F; and r;.

Notice in the above algorithm, we start from B(s), rather than 0. As proposed in

Efron, Hastie, Johnstone & Tibshirani (2002), we consider an idealized e-boosting
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case: € > 0. Ase — 0, T — oo and T - ¢ — 0, under the monotone paths condition,

(Efron, Hastie, Johnstone & Tibshirani 2002) showed

Fr—F

T W (A.3)
rpr —Try

A4

T ¢ v (A4)

where u and v satisfy two constraints:

(Constraint 1) u is in the convex cone generated by {sign(c;)h; : j € A}, ie.

u= Z P;sign(c;)h;, P; > 0.
JEA

(Constraint 2) v has equal “correlation” with sign(c;)h;,j € A:

sign(cj)hjrv =Xy for je A

Efron, Hastie, Johnstone & Tibshirani (2002) further showed u and v satisfying
constraints 1 — 2 are unique.

Now we consider the L;-constrained optimization problem (A.1 — A.2). Let F(s)
be the fitted vector and #(s) be the corresponding residual vector. Since F(s) and

f(s) are smooth, define

F(s + As) — F(s)

vo= Algilo As ’ (4.5)
. .. T(s+As)—1(s)
V' o= Alérgo s : (A.6)

Lemma A.2 Under the monotone coefficient paths assumption, u* and v* also sat-

1sfy constraints 1 — 2.
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Proof Write the coefficient 3; as ﬁf — fB;, where

BF =86, =0 if ;>0
BF=0,6; =p; if ;<0

The L;-constrained optimization problem (A.1) — (A.2) is then equivalent to:

min ZC (yi, h(x)" (8" - 5_)) )
Br.p i=1

subject to || + |37 [y < 5,87 > 0,67 >0.

The corresponding Lagrangian dual is:

J

L= 3 C(uh(x) (B = 07) +AD_(5 +6;)

J J
SRR MRS BV
i=1 j=1

J=1

where A > 0,\7 > 0, A7 > 0 are Lagrange multipliers.
J J

132

By differentiating the Lagrangian dual, we get the solution of (A.7) — (A.8) need

to satisfy the following Karush-Kuhn-Tucker conditions:

oL
ﬁﬁf
oL
05;
AA = 0

N BT =0

_ T+ _
= —h;jf+X-X\ =0

T _

(A.11)

(A.12)

(A.13)
(A.14)

Let ¢; = h] T and A = {j : |¢;| = max; |¢j|}. We can see the following facts from the

Karush-Kuhn-Tucker conditions:
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(Fact 1) Use (A.11), (A.12) and A > 0, A1, A7 > 0, we have |¢;| < A.

SRR
(Fact 2) If Bj # 0, then |¢;| = A and j € A. For example, suppose B;r # 0,
then A = 0 and (A.11) implies ¢; = A,
(Fact 3) If (3; # 0, sign(3;) = sign(c;).
Remark:

. ﬁ+ and B can not both be non-zero, otherwise AT = A7 = 0, (A.11) and (A.12)

can not hold at the same time.

e [t is possible that Bj =0 and j € A. This only happens for a finite number of

s values, where basis h; is about to enter the model.

For sufficiently small As, since the second derivative of the cost function C(y, F)
is finite, A will stay the same. Since j € A if Bj # 0, the change in the fitted vector

1s:

(s—i—As ZQ]

jeA

Since sz’gn(ﬁj) = sign(c;) and the coefficients @ change monotonically, sign(Q;) will

agree with sign(c;). Hence we have

F(s+ As) — F(s) = ZPjsign(cj)hj P; =1Q;| > 0. (A.15)
jeA

This implies u* satisfies constraint 1. The claim v* satisfies constraint 2 follows di-

rectly from fact 2, since both #(s + As) and (s) satisfy constraint 2. 4
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Completion of proof of theorem (A.1): By the uniqueness of u and v, we then

have
u=u* and v=v".

To translate the result into 3(s) and 3(T), we notice F(x) = h(x)T3. (Efron, Hastie,
Johnstone & Tibshirani 2002) showed that for V3(s) to be well defined, A can have
at most n elements, i.e. [A| < m. This fact can also be seen from the Karush-
Kuhn-Tucker conditions (A.11) - (A.12): suppose A has n + 1 elements; without
loss of generality, assume A = {1,2,...n + 1} and thf' = )\, j € A. Recall each
h; is a n-dimensional vector, therefore hy,...h,; must be linearly dependent. Let
h,;1 = ath; + ... + a,h,,a; € R, then h]Tf‘ =\j € Aimpliesa; + ... +a, = 1,
which is in general not true.

Now Let
H=(hj(x;)),i=1,...n;j € A
be a n x |.A| matrix, which we assume is of rank |.A|. Then V/3(s) is given by
Vi(s) = (HTH)™ H u,

and

B(T) = B(s)

T\~ 1 3T
T e (H H) H u.

Hence the theorem is proved.
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Proof of theorem 7.1
Recall that we have defined:

VL(B(1))

TIEw)

)i+ Ad = ey

Now we define two “regularity constants”:

M =, %Xe I(VE2L(B)) s || + Amae maxg ; V2T (B)); |
1 = P

Ao ming ; |(VJ(8)),]
M, = max(VJ(B))? %ng[VQL(ﬁ)+/\V2J(ﬁ)]‘1||2

B, J

We also define ay 1 as the direction algorithm 7.1 takes in step ¢, i.e.

135

(A.16)

(A.17)
(A.18)

a1 = (V2L(BO (1) + A VEI (B (1) - [VL(B(1) + Aea VI(B(1))] (A19)

Proof of lemma 7.2 For the sequence ﬂf), defined in algorithm 7.1, denote:

OL(B)
aw - (L
PLEOW)
PLEYW) ,
93,0308, *IHm=!
a.J(p
o) = (D
2IEW).,
PIEW).,

D) = {
D) = {

ct) = A
ct) = {
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Fix ¢t and define

a=d(t—-1)+D(t—-1). .o

b=c(t—-1)+C({t—-1) o

Then it is easy to verify that Z—j =X\, VY.

By building separate Taylor series for numerator and denominator we can write:

dj—(t) . d](t — 1) + D(t — 1)]".()[15 + OéiD(ﬁ*%’.’.@t

aj + alD(3*);. .o

bj + (X%C(ﬂ)j,.’,()ét

— (A.20)

Where 3* and B are the “intermediate” values which give equality. Developing

(A.20) further we get:

d;(t) _ %(1 N bjoiD(5*);..cu — a];a§C(,6)j7.,.at) _ (A21)
c;(t) b; a;jb; + a;0iC(B);..cu

_ 4 bjaiD(B*);..on — cijoéC(B)j,.,.ozt _

b aj(b; + a4C(B);..ax)
_ - alD(B*);..ap + MalC(B);..cu _
Ay (t)
D(B*)j.. + MC(B);,...
S (SOt TN

And from combining (A.21) and (A.17) we get:

lex]| < fle[*M, (A.22)
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To complete the proof we need to bound ||a;||?. Note that in our notation:

a = (D(t—1)+NCOEt—1)" et —1) +d(t—1) = (A.23)
d(t —1
c(t—1)
= (Dt—-1)+NCt—1)"te(t—1)(er 1 +¢)

= D(t—1)+NC{E—1)) et —1) (A1 +

+e¢) =

note that the notation e;_; + € is used for adding € to each element of e, ;.

Consequently:
love||* < Jles—1 + €l|* Mo (A.24)
And from (A.22) and (A.24) we get that:
el < llewr + el*Mi Mo (A.25)
Now we observe:

lecr +ell> = |lecl® + 262 ei_1; +me® < (Jensen ineq.) (A.26)

ler—1]|? +2v/m - €|le;m1 +me® = (|ler|| + vm - €)?

IN

Since ey = 0 and using (A.25) and (A.26) we thus get (with M = M, M>):

le|| < Mme* = uy (A.27)

lecll < M(llecsll + vm - €)* < u,

Thus lemma 7.2 is proven.
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Proof of lemma 7.3: We have u; = mMe?, uy = M(us_q ++/m - €)% It’s easy
to verify that u, is an increasing series. To find lim;u; we just need to solve the fixed

point equation:
u=M(u+vm-e)? (A.28)

and find the smallest solution that is bigger than u; = Mme.
Denote 0 = y/m - €. Then solving (A.28) gives:

1 V1—4oM
the solution is real if 40 M < 1, and we can write:
V1 —46M =1+ 26M — 85*M? + O(8?) (A.30)
which gives us that
1 V1—46M 9 3

is the fixed point we are looking for, if § (or equivalently € = §//m is small enough.

O

Proof of lemma 7.4: A sufficient condition for this lemma to hold is a “Lipshitz”

condition:

B*) VL) .z
) VJ(B)H <6 = ||gF=p<Co (A.32)
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This condition doesn’t have to hold for every 3 but rather only in the “neighbor-
hood” of the optimal solution path B()\) It can easily be translated to boundedness
conditions on the second derivatives of L and J in this neighborhood. In particular,
if [[V2L|| is bounded from above and ||[V?J|| is bounded from below in the relevant
neighborhood then condition (A.32) holds.

Since we know that z%g&;g = )\ (eq 7.2) and using lemma 7.3, we get that (A.32)

is equivalent to:

ledl = O() = 118“(c/e) = BAo + )| = O(?) (A.33)

Required regularity conditions

For full rigorosity of theorem 7.1 we need to figure out the exact regularity conditions
required for all “constants” to be finite and the implications about the loss functions,
data and ranges of regularization parameter values, where theorem 7.1 holds.

Consider the two constants M;, M, defined in (A.17), (A.18) respectively. First
note that Ay of algorithm 7.1 appears in the denominator of M; and therefore our
theorem does not hold is the algorithm starts from \y = 0, the non-penalized solution.
Rather, we should start by finding an exact regularized solution for some (potentially
tiny) value of Ag. In the examples in chapter 7, however, we started from \g = 0 and
still got the desired behavior.

Next, let us make the following very mild assumptions:

1. J is “reasonable” in the sense that it penalizes more for bigger ||3]| in some

weak sense. For example, assume Jec such that J(3) < ¢||3]|.
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2. L and J are convex 3-times continuously differentiable functions on the compact

~

domain J(3) < J(B)

Given these assumptions we are guaranteed that B()\) is in this compact domain
and that all relevant derivatives are bounded from above. Thus if we look at the
“numerator” quantities in (A.17), (A.18) they are all guranteed to be finite. This
also applies to interesting non-differentiable cases, such as absolute or hinge loss,
Huber’s loss and the lasso penalty.

We also need to bound the “denominator” quantity ming; |(VJ(f)),| from below.
For any reasonable penalty the other side of assumption 1 above also holds, i.e. de
st. ||[J|| > € = J(B) > ce. Thus bounding [(VJ(53))| from below is equivalent to
bounding ||3]| from below. In other words, we are on safe ground as long as we bound
A from above in algorithm 7.1 and consequently don’t let ﬁf’ get close to 0.

The other “denominator” quantity, maxg y ||[V2L(3) +AV2J(3)]7}||? is somewhat
more problematic if we want a general theory. Instead, we consider here some popular

choices for L and J and illustrate that this expression is bounded for these.

e Ridge- or lasso-penalized squared error loss. We have V2L = XTX = 0 and
V2J = I for ridge, V.J = 0 for lasso, all independent of 3. Since A > 0 we get:

max [|[V2L(5) + AV H" = [[(XTX) 7

e Logistic or exponential loss with lasso/ridge penalty. It is easy to see that as
long as ||| is bounded from above, then [[V2L(3)|| is bounded from below
(the second derivatives converge to 0 as the margins become oo for exponential
and as the margins become +oo for logistic. Thus by convexity and the same
arguments as before, with either the lasso or ridge penalty we are guaranteed

that ||[VZL(5) + AV2J(3)] 7] is bounded.
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