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Abstract

In this thesis, we visit three topics in modern sparse multivariate analysis that has received

and still continues to receive significant interest in applied statistics in recent years:

e Sparse high dimensional regression

(This work appears in our paper Mazumder et al. (2010).)

e Low-rank matrix completion & collaborative filtering

(This work appears in our paper Mazumder et al. (2011).)

e Sparse undirected gaussian graphical models
(This work appears in our papers Mazumder & Hastie (2012) and Mazumder & Hastie
(2011).)

A main challenge in high dimensional multivariate analysis is in developing scalable and
efficient algorithms for large scale problems that naturally arise in scientific and industrial
applications. This thesis explores the computational challenges that arise in these problems.
We develop and analyze statistically motivated algorithms for various models arising in the
aforementioned areas. This enhances our understanding of algorithms, sheds novel insights
on the statistical problems and leads to computational strategies that appear to outperform
state of the art. A salient feature of this work lies in the exchange of ideas and machinery
across the fields of statistics, machine learning, (convex) optimization and numerical linear

algebra.
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Chapter 1

Introduction

A principal task of modern statistical learning is to make meaningful inference based on
available data which comes in diverse forms from genomic, internet, finance, environmental,
marketing (among other) applications. In the ‘high dimensional’ setting a lot of exciting
research is being conducted in learning sparse, parsimonious and interpretable models via
the ¢1 penalization (aka LASSO) framework (Tibshirani 2011, for example). A large part
of this is motivated by high-impact real-life applications. The advent of new, complex and
large-scale data-structures from different applications in science and industry requires ex-
tending the scope of existing methods to structured sparse regression, matrix regularization
and covariance estimation. An important and challenging research direction in this context
is in developing statistical models for these tasks, building efficient algorithms for them and
exploring the trade-offs between algorithmic scalability and statistical inference. This thesis
addresses this important theme. What is particularly exciting in this effort is the cross-
fertilization of concepts and tools across the disciplines of statistics and machine learning,
convex optimization (and analysis) and numerical linear algebra.

This thesis covers three topics, based on a series of papers by us; and can be classified

under under the following broad divisions:
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Part I: Non-Convex Penalized Sparse Regression
This chapter develops df calibrated path-approaches to non-convex penalized regres-

sion, significantly improving upon existing algorithms for this task.

Part I of the thesis is based on joint work with Trevor Hastie and Jerome Friedman

and appears in our paper Mazumder et al. (2011);

Part II: Matrix Completion and Collaborative Filtering
This part studies (convex) nuclear-norm relaxations of (non-convex) low-rank con-
straints and exploring the connections with more traditional low-rank matrix fac-
torization based methods. Certain non-convex variants of the rank penalty are also

covered.

Part IT of the thesis is based on joint work with Trevor Hastie and Robert Tibshirani

and appears in our paper Mazumder et al. (2010);

Part III: Covariance Selection & Graphical Lasso : New Insights & Alternatives

This part of the thesis is further sub-divided into Chapters‘4 and 5:

o FExact Covariance Thresholding for GLASSO :

This is about a previously unknown and interesting property of Graphical Lasso
aka GLASSO which establishes the equivalence between the connected components
of the sparse precision graph and the same of a thresholded version of the sample
covariance matrix. This extends the scope of applications to problems with
number of nodes ranging from tens of thousands to possibly a million (current
technology has trouble in scaling beyond 1-2 K nodes).

This part of the thesis is based on joint work with Trevor Hastie, and appears

in our paper Mazumder & Hastie (2012).

e GLASSO New Insights and Alternatives:

This chapter highlights some of the properties of the GLASSO algorithm (Friedman,
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Hastie & Tibshirani 2007) that appear mysterious and provides explanations to
them. In the process of our analysis, we propose new (and superior) algorithm(s)

on the primal: P-GLASSO and DP-GLASSO and justify their usefulness.

This part is based on joint work with Trevor Hastie, and can be found in our

article Mazumder & Hastie (2011).
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Chapter 2

SparseNet: Non-Convex

Coordinate Descent

Abstract: In this chapter we address the problem of sparse selection in linear models. A num-
ber of non-convex penalties have been proposed in the literature for this purpose, along with a
variety of convex-relaxation algorithms for finding good solutions. In this chapter we pursue a
coordinate-descent approach for optimization, and study its convergence properties. We charac-
terize the properties of penalties suitable for this approach, study their corresponding threshold
functions, and describe a df-standardizing reparametrization that assists our pathwise algorithm.
The MC+ penalty (Zhang 2010) is ideally suited to this task, and we use it to demonstrate the
performance of our algorithm.

The content of this chapter is based on joint work with Jerome Friedman and Trevor Hastie;

and the work appears in our paper Mazumder et al. (2011).

2.1 Introduction

Consider the usual linear regression set-up

y=XB+e (2.1)
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with n observations and p features X = [x1,...,Xp], response y, coefficient vector 3 and
(stochastic) error €. In many modern statistical applications with p > n, the true 3 vec-
tor is often sparse, with many redundant predictors having coefficient zero. We would
like to identify the useful predictors and also obtain good estimates of their coefficients.
Identifying a set of relevant features from a list of many thousand is in general combina-
torially hard and statistically troublesome. In this context, convex relaxation techniques
such as the LASSO (Tibshirani 1996, Chen & Donoho 1994) have been effectively used for

simultaneously producing accurate and parsimonious models. The LASSO solves
min 4y — X2+ A8l (2.2)

The ¢; penalty shrinks coefficients towards zero, and can also set many coefficients to be
exactly zero. In the context of variable selection, the LASSO is often thought of as a convex

surrogate for best-subset selection:
min 4y — X2+ A8l (2.3)

The ¢y penalty |80 = >.7_; I(|3i| > 0) penalizes the number of non-zero coefficients in the
model.

The LASSO enjoys attractive statistical properties (Zhao & Yu 2006, Donoho 2006,
Knight & Fu 2000, Meinshausen & Biithlmann 2006). Under certain regularity conditions
on X, it produces models with good prediction accuracy when the underlying model is rea-
sonably sparse. Zhao & Yu (2006) established that the LASSO is model selection consistent:
Pr(A = A% — 1, where A° corresponds to the set of nonzero coefficients (active) in the
true model and A those recovered by the LASSO. Typical assumptions limit the pairwise
correlations between the variables.

However, when these regularity conditions are violated, the LASSO can be sub-optimal
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in model selection (Zhang 2010, Zhang & Huang 2008, Friedman 2008, Zou & Li 2008,
Zou 2006). Since the LASSO both shrinks and selects, it often selects a model which is
overly dense in its effort to relax the penalty on the relevant coefficients. Typically in such
situations greedier methods like subset regression and the non-convex methods we discuss
here achieve sparser models than the LASSO for the same or better prediction accuracy,
and enjoy superior variable-selection properties.

There are computationally attractive algorithms for the LASSO. The piecewise-linear
LASSO coefficient paths can be computed efficiently via the LARS (homotopy) algorithm
(Efron et al. 2004, Osborne et al. 2000). Coordinate-wise optimization algorithms (Friedman
et al. 2009) appear to be the fastest for computing the regularization paths for a variety of
loss functions, and scale well. One-at-a time coordinate-wise methods for the LASSO make

repeated use of the univariate soft-thresholding operator

S(B.0) = argmin {§(3—B)” + A5/ |
= ssn(A)(1B] - V- (2.4

In solving (2.2), the one-at-a-time coordinate-wise updates are given by

n
@:S(Z(yi—gg)xij,A), j=1,...,p (2.5)
i=1

where g]f = £ Zix Bk (assuming each x; is standardized to have mean zero and unit fo
norm). Starting with an initial guess for 3 (typically a solution at the previous value for
A), we cyclically update the parameters using (2.5) until convergence.

The LASSO can fail as a variable selector. In order to get the full effect of a relevant
variable, we have to relax the penalty, which lets in other redundant but possibly correlated
features. This is in contrast to best-subset regression; once a strong variable is included

and fully fit, it drains the effect of its correlated surrogates.
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Figure 2.1: Regularization path for LASSO (left), MC+ (non-convex) penalized least-squares for
v = 6.6 (centre) and v = 1+ (right), corresponding to the hard-thresholding operator (best subset).
The true coefficients are shown as horizontal dotted lines. Here LASSO is sub-optimal for model
selection, as it can never recover the true model. The other two penalized criteria are able to select
the correct model (vertical lines), with the middle one having smoother coefficient profiles than best
subset on the right.

As an illustration, Figure 2.1 shows the regularization path of the LASSO coefficients
for a situation where it is sub-optimal for model selection.! This motivates going beyond
the /1 regime to more aggressive non-conver penalties (see the left-hand plots for each
of the four penalty families in Figure 2.2), bridging the gap between ¢; and ¢y (Fan &
Li 2001, Zou 2006, Zou & Li 2008, Friedman 2008, Zhang 2010). Similar to (2.2), we
minimize

p
QB) = Lly —XBI*+ 1D P(Bil: A7), (2.6)

i=1

where P(|3|; \;7) defines a family of penalty functions concave in ||, and A and ~ control

'The simulation setup is defined in Section 2.7. Here n = 40, p = 10, SNR= 3, 8 =
(—40,—31,01x6,31,40) and X ~ MVN(0, X), where 3 = diag[3(0.65; 5), 3(0; 5)].
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the degrees of regularization and concavity of the penalty respectively.

The main challenge here is in the minimization of the possibly non-convex objective
Q(B). As one moves down the continuum of penalties from ¢; to ¢y, the optimization
potentially becomes combinatorially hard.?

Our contributions in this chapter are as follows.

1. We propose a coordinate-wise optimization algorithm SparseNet for finding minima of
Q(B). Our algorithm cycles through both A and ~, producing solution surfaces B Ay
for all families simultaneously. For each value of A\, we start at the LASSO solution,
and then update the solutions via coordinate descent as v changes, moving us towards

best-subset regression.

2. We study the generalized univariate thresholding functions SV(B, A) that arise from
different non-convex penalties (2.6), and map out a set of properties that make them
more suitable for coordinate descent. In particular, we seek continuity (in 5) of these

threshold functions for both A and ~.

3. We prove convergence of coordinate descent for a useful subclass of non-convex penal-
ties, generalizing the results of Tseng & Yun (2009) to nonconvex problems. Our
results go beyond those of Tseng (2001) and Zou & Li (2008); they study stationar-
ity properties of limit points, and not convergence of the sequence produced by the

algorithms.

4. We propose a re-parametrization of the penalty families that makes them even more
suitable for coordinate-descent. Our re-parametrization constrains the coordinate-
wise effective degrees of freedom at any value of A to be constant as ~ varies. This

in turn allows for a natural transition across neighboring solutions as as we move

2the optimization problems become non-convex when the non-convexity of the penalty is no longer dom-
inated by the convexity of the squared error loss.
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through values of v from the convex LASSO towards best-subset selection, with the

size of the active set decreasing along the way.

5. We compare our algorithm to the state of the art for this class of problems, and show

how our approaches lead to improvements.

Note that this chapter is about an algorithm for solving a non-convex optimization
problem. What we produce is a good estimate for the solution surfaces. We do not go into
methods for selecting the tuning paramaters, nor the properties of the resulting estimators.

The chapter is organized as follows. In Section 2.2 we study four families of non-convex
penalties, and their induced thresholding operators. We study their properties, particu-
larly from the point of view of coordinate descent. We propose a degree of freedom (df)
calibration, and lay out a list of desirable properties of penalties for our purposes. In
Section 2.3 we describe our SparseNet algorithm for finding a surface of solutions for all
values of the tuning parameters. In Section 2.5 we illustrate and implement our approach
using the MC+ penalty (Zhang 2010) or the firm shrinkage threshold operator (Gao &
Bruce 1997). In Section 2.6 we study the convergence properties of our SparseNet algo-
rithm. Section 2.7 presents simulations under a variety of conditions to demonstrate the
performance of SparseNet. Section 2.8 investigates other approaches, and makes compar-
isons with SparseNet and multi-stage Local Linear Approximation (MLLA/LLA) (Zou &
Li 2008, Zhang 2009, Candes et al. 2008). The proofs of lemmas and theorems are gathered

in the appendix.

2.2 Generalized Thresholding Operators

In this section we examine the one-dimensional optimization problems that arise in coordi-

nate descent minimization of Q(3). With squared-error loss, this reduces to minimizing

QW(B) = 18— B)2 + AP(18], \, 7). (2.7)
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We study (2.7) for different non-convex penalties, as well as the associated generalized

threshold operator

S(8,2) = argmin Q' (8). (2.8)

As « varies, this generates a family of threshold operators S,(-,A) : ® — R. The soft-
threshold operator (2.4) of the LASSO is a member of this family. The hard-thresholding

operator (2.9) can also be represented in this form

H(B,\) = argmln{% - —I—)\I(|5|>0)} (2.9)

= BI(IB] = A).

Our interest in thresholding operators arose from the work of She (2009), who also uses them
in the context of sparse variable selection, and studies their properties for this purpose. Our
approaches differ, however, in that our implementation uses coordinate descent, and exploits
the structure of the problem in this context.

For a better understanding of non-convex penalties and the associated threshold oper-
ators, it is helpful to look at some examples. For each penalty family (a)—(d), there is a
pair of plots in Figure 2.2; the left plot is the penalty function, the right plot the induced

thresholding operator.

(a) The £, penalty given by AP(t; \;y) = AJt|” for v € [0, 1], also referred to as the bridge

or power family (Frank & Friedman 1993, Friedman 2008).

(b) The log-penalty is a generalization of the elastic net family (Friedman 2008) to cover

the non-convex penalties from LASSO down to best subset.

AP(t; A7) = log(v[t| +1),7 > 0, (2.10)

A
log(v+1)

where for each value of A we get the entire continuum of penalties from ¢; (y — 0+)
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Figure 2.2: Non-Convex penalty families and their corresponding threshold functions. All are
shown with A = 1 and different values for ~.

to £y (v — 00).

(¢) The SCAD penalty (Fan & Li 2001) is defined via

%P(t;)\ﬂ) = I(tSAH%

Pt:An) = P(=tA7)

I(t > \) fort >0, v>2 (2.11)

PO;Ny) = 0
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(d) The MC+ family of penalties (Zhang 2010) is defined by

1t T
AP(t; N;y) = )\/ (1——)tdx
0

A= T < )+ AT 1 > ) (2.12)
- 2y T = A7 ‘

For each value of A > 0 there is a continuum of penalties and threshold operators,
varying from  — oo (soft threshold operator) to v — 1+ (hard threshold operator).
The MC+ is a reparametrization of the firm shrinkage operator introduced by Gao

& Bruce (1997) in the context of wavelet shrinkage.

Other examples of non-convex penalties include the transformed ¢; penalty (Nikolova
2000) and the clipped ¢; penalty (Zhang 2009).

Although each of these four families bridge ¢; and ¢y, they have different properties.
The two in the top row in Figure 2.2, for example, have discontinuous univariate threshold
functions, which would cause instability in coordinate descent. The threshold operators for
the £, log-penalty and the MC+ form a continuum between the soft and hard-thresholding
functions. The family of SCAD threshold operators, although continuous, do not include

H(-,A). We study some of these properties in more detail in Section 2.4.

2.3 SparseNet: coordinate-wise algorithm for constructing

the entire regularization surface 3, ,

We now present our SparseNet algorithm for obtaining a family of solutions B% ) to (2.6).
The X matrix is assumed to be standardized with each column having zero mean and unit
£5 norm. For simplicity, we assume v = oo corresponds to the LASSO and v = 14, the
hard-thresholding members of the penalty families. The basic idea is as follows. For v = oo,

we compute the exact solution path for Q(83) as a function of A\ using coordinate-descent.
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These solutions are used as warm-starts for the minimization of Q(3) at a smaller value
of v, corresponding to a more non-convex penalty. We continue in this fashion, decreasing
v, till we have the solutions paths across a grid of values for v. The details are given in

Algorithm 1.

Algorithm 1 SparseNet

1. Input a grid of increasing A values A = {\1,..., A}, and a grid of increasing  values
I = {71,...,7x}, where vk indexes the LASSO penalty. Define Ar1; such that
B YEAL+1 0.

2. For each value of £ € {L, L —1,...,1} repeat the following

(a) Initialize 3 = B'YK7>\€+1'
(b) For each value of k € {K, K —1,...,1} repeat the following
i. Cycle through the following one-at-a-time updates j =1,...,p,1,...,p,...

Bj =S, (Z(Z/z — §])zij, )\é> ; (2.13)
i=1

where g]f => £ 2Bk, until the updates converge to 3*.

ii. Assign B%N +— 3.

(c) Decrement k.
3. Decrement .

4. Return the two-dimensional solution surface 3 Ay (Ay) €A XT

In Section 2.4 we discuss certain properties of penalty functions and their threshold
functions that are suited to this algorithm. We also discuss a particular form of df recali-
bration that provides attractive warm-starts and at the same time adds statistical meaning
to the scheme.

We have found two variants of Algorithm 1 useful in practice:

e In computing the solution at (v, A7), the algorithm uses as a warm start the solution

,[:LwH .- We run a parallel coordinate descent with warm start B and then

Vs Aeg1?

pick the solution with a smaller value for the objective function. This often leads to
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improved and smoother objective-value surfaces.

e It is sometimes convenient to have a different A sequence for each value of y—for
example, our recalibrated penalties lead to such a scheme using a doubly indexed

sequence Apg.

In Section 2.5 we implement SparseNet using the calibrated MC+ penalty, which enjoys
all the properties outlined in Section 2.4.3 below. We show that the algorithm converges

(Section 2.6) to a stationary point of Q(B3) for every (7).

2.4 Properties of families of non-convex penalties

Not all non-convex penalties are suitable for use with coordinate descent. Here we describe
some desirable properties, and a recalibration suitable for our optimization Algorithm 1.

Univariate log-penalised least squares

2 — f=-01

B=0.7
o] B =0.99
@ B=12
o B=15
(V]

15 2.0

1.0

0.5

0.0

-0.5 00 05 10 15 20

B

Figure 2.3: The penalized least-squares criterion (2.8) with the log-penalty (2.10) for (v,\) =
(500, 0.5) for different values of 5. The “*” denotes the global minima of the functions. The “tran-
sition” of the minimizers, creates discontinuity in the induced threshold operators.
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2.4.1 Effect of multiple minima in univariate criteria

Figure 2.3 shows the univariate penalized criterion (2.7) for the log-penalty (2.10) for certain
choices of 3 and a (A7) combination. Here we see the non-convexity of Q!(3), and the
transition (with ) of the global minimizers of the univariate functions. This causes the
discontinuity of the induced threshold operators 3 S,Y(ﬁ~ ,A), as shown in Figure 2.2(b).
Multiple minima and consequent discontinuity appears in the £,,7 < 1 penalty as well, as
seen in Figure 2.2(a).

It has been observed (Breiman 1996, Fan & Li 2001) that discontinuity of the threshold
operators leads to increased variance (and hence poor risk properties) of the estimates. We
observe that for the log-penalty (for example), coordinate-descent can produce multiple limit
points (without converging) — creating statistical instability in the optimization procedure.
We believe discontinuities such as this will naturally affect other optimization algorithms;
for example those based on sequential convex relaxation such as MLLA. In the secondary
Appendix 2.2.3 we see that MLLA gets stuck in a suboptimal local minimum, even for the
univariate log-penalty problem. This phenomenon is aggravated for the £, penalty.

Multiple minima and hence the discontinuity problem is not an issue in the case of the
MC+ penalty or the SCAD (Figures 2.2(c,d)).

Our study of these phenomena leads us to conclude that if the univariate functions
QW (B) (2.7) are strictly convex, then the coordinate-wise procedure is well-behaved and
converges to a stationary point. This turns out to be the case for the MC+ for v > 1 and
the SCAD penalties. Furthermore we see in Section 2.5 in (2.18) that this restriction on
the MC+ penalty for « still gives us the entire continuum of threshold operators from soft
to hard thresholding.

Strict convexity of Q(l)(ﬁ) also occurs for the log-penalty for some choices of A and ~,
but not enough to cover the whole family. For example, the /, family with v < 1 does not

qualify. This is not surprising since with v < 1 it has an unbounded derivative at zero, and
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is well known to be unstable in optimization.

2.4.2 Effective df and nesting of shrinkage-thresholds

For a LASSO fit fiy(x), A controls the extent to which we (over)fit the data. This can be
expressed in terms of the effective degrees of freedom of the estimator. For our non-convex
penalty families, the df are influenced by v as well. We propose to recalibrate our penalty
families so that for fixed A, the coordinate-wise df do not change with . This has important
consequences for our pathwise optimization strategy.

For a linear model, dfis simply the number of parameters fit. More generally, under an

additive error model, dfis defined by (Stein 1981, Efron et al. 2004)

df (firg) =Y Covl(finy (i), y:) /0%, (2.14)
i=1

where {(z;,9;)}} is the training sample and o2 is the noise variance. For a LASSO fit, the df
is estimated by the number of nonzero coefficients (Zou et al. 2007). Suppose we compare
the LASSO fit with k£ nonzero coeflicients to an unrestricted least-squares fit in those k
variables. The LASSO coeflicients are shrunken towards zero, yet have the same df? The
reason is the LASSO is “charged” for identifying the nonzero variables. Likewise a model
with k coefficients chosen by best-subset regression has df greater than k (here we do not
have exact formulas). Unlike the LASSO, these are not shrunk, but are being charged the
extra df for the search.

Hence for both the LASSO and best subset regression we can think of the effective df as
a function of A. More generally, penalties corresponding to a smaller degree of non-convexity
shrink more than those with a higher degree of non-convexity, and are hence charged less
in df per nonzero coefficient. For the family of penalized regressions from ¢; to £y, df is
controlled by both A and ~.

In this chapter we provide a re-calibration of the family of penalties P(-;A;7y) such
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Figure 2.4: [Left] The df (solid line) for the (uncalibrated) MC+ threshold operators as a function
of 7, for a fixed A = 1. The dotted line shows the df after calibration. [Middle] Family of MC+
threshold functions, for different values of 7, before calibration. All have shrinkage threshold Ag = 1.
[Right] Calibrated versions of the same. The shrinkage threshold of the soft-thresholding operator
is A =1, but as v decreases, \g increases, forming a continuum between soft and hard thresholding.
that for every value of A the coordinate-wise df across the entire continuum of + values
are approximately the same. Since we rely on coordinate-wise updates in the optimization
procedures, we will ensure this by calibrating the df in the univariate thresholding operators.
Details are given in Section 2.5.1 for a specific example.

We define the shrinkage-threshold \g of a thresholding operator as the largest (absolute)
value that is set to zero. For the soft-thresholding operator of the LASSO, this is A itself.
However, the LASSO also shrinks the non-zero values toward zero. The hard-thresholding
operator, on the other hand, leaves all values that survive its shrinkage threshold Ay alone;
in other words it fits the data more aggressively. So for the df of the soft and hard thresh-
olding operators to be the same, the shrinkage-threshold Apg for hard thresholding should
be larger than the A for soft thresholding. More generally, to maintain a constant df there

should be a monotonicity (increase) in the shrinkage-thresholds Ag as one moves across

the family of threshold operators from the soft to the hard threshold operator. Figure 2.4
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illustrates these phenomena for the MC+ penalty, before and after calibration.

Why the need for calibration? Because of the possibility of multiple stationary points
in a non-convex optimization problem, good warm-starts are essential for avoiding sub-
optimal solutions. The calibration assists in efficiently computing the doubly-regularized
(7, A) paths for the coefficient profiles. For fixed A we start with the exact LASSO solution
(large 7). This provides an excellent warm start for the problem with a slightly decreased
value for «v. This is continued in a gradual fashion as «y approaches the best-subset problem.

The df calibration provides a natural path across neighboring solutions in the (\,~) space:
e )\g increases slowly, decreasing the size of the active set;
e at the same time, the active coefficients are shrunk successively less.

We find that the calibration keeps the algorithm away from sub-optimal stationary points

and accelerates the speed of convergence.
2.4.3 Desirable properties for a family of threshold operators for non-
convex regularization

Consider the family of threshold operators

Sv(HA) R=R v € (v,m)

Based on our observations on the properties and irregularities of the different penalties
and their associated threshold operators, we have compiled a list of properties we consider

desirable:

1. v € (y0,7) should bridge the gap between soft and hard thresholding, with the

following continuity at the end points

Sy (B, A) = sgn(B)(B — N)4 and S5,(5;2) = BL(5| = A) (2.15)
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where A and Ay correspond to the shrinkage thresholds of the soft and hard threshold

operators respectively.

2. X should control the effective df in the family S, (-, A); for fixed A, the effective df of

S+ (-, A) for all values of v should be the same.

3. For every fixed A, there should be a strict nesting (increase) of the shrinkage thresholds

Ag as v decreases from v; to 7.
4. The map 8 — S,Y(ﬁ~ , A) should be continuous.

5. The univariate penalized least squares function Q) () (2.7) should be convex for
every BN . This ensures that coordinate-wise procedures converge to a stationary point.

In addition this implies continuity of 3 — S,Y(ﬁ~ ,A) in the previous item.

6. The function v — S, (-, A) should be continuous on v € (9,71 ). This assures a smooth
transition as one moves across the family of penalized regressions, in constructing the

family of regularization paths.

We believe these properties are necessary for a meaningful analysis for any generic non-
convex penalty. Enforcing them will require re-parametrization and some restrictions in
the family of penalties (and threshold operators) considered. In terms of the four families

discussed in Section 2.2:

e The threshold operator induced by the SCAD penalty does not encompass the entire

continuum from the soft to hard thresholding operators (all the others do).

e None of the penalties satisfy the nesting property of the shrinkage thresholds (item
3) or the degree of freedom calibration (item 2). In Section 2.5.1 we recalibrate the

MC+ penalty so as to achieve these.

e The threshold operators induced by ¢, and Log-penalties are not continuous (item 4);

they are for MC+ and SCAD.
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. Q(l)(ﬁ) is strictly convex for both the SCAD and the MC+ penalty. Q(l)(ﬁ) is non-
convex for every choice of (A > 0,~) for the £, penalty and some choices of (A > 0,7)

for the log-penalty.

In this chapter we explore the details of our approach through the study of the MC+
penalty; indeed, it is the only one of the four we consider for which all the properties above

are achievable.

2.5 Illustration via the MC+ penalty

Here we give details on the recalibration of the MC+ penalty, and the algorithm that results.

The MC+ penalized univariate least-squares objective criterion is

Lo 1 a Bl
Q'(B) = 18- B) +>\/0 <1 M>+dx. (2.16)

This can be shown to be convex for v > 1, and non-convex for v < 1. The minimizer for

~v > 1 is a piecewise-linear thresholding function (see Figure 2.4, middle) given by

0 if [B] < \;
.3, = § sen(d) (L52) it a <13 < do (217)
g if 8] > M.

Observe that in (2.17), for fixed A > 0,

as v — 1+, S+(B,A) = H(B, N),

asy =00,  Sy(B,A) = S(B,A). (2.18)

Hence 79 = 1+ and 1 = oo. It is interesting to note here that the hard-threshold operator,

which is conventionally understood to arise from a highly non-convex £y penalized criterion
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(2.9), can be equivalently obtained as the limit of a sequence {S,(8,\)},~1 where each
threshold operator is the solution of a convex criterion (2.16) for v > 1. For a fixed A, this

gives a family {S, (5, )}, with the soft and hard threshold operators as its two extremes.

2.5.1 Calibrating MC+ for df

For a fixed A, we would like all the thresholding functions Say(ﬁ~ , A) to have the same df; this
will require a reparametrization. It turns out that this is tractable for the MC+ threshold
function.

Consider the following univariate regression model

yi=aiBte i=1,...,n, &< N(0,0). (2.19)

Without loss of generality, assume the z;’s have sample mean zero and sample variance

one. The df for the threshold operator S, (-, A) is defined by (2.14) with

ll’y,)\ =X- S'Y(/Ba )‘) (220)

and 3 = S ziyi/ S 2. The following theorem gives an explicit expression of the df.

Theorem 1. For the model described in (2.19), the df of 1. \ (2.20) is given by:

df (1,) = 55 P13 < 18] < X9) + Pr(5] > ) (2.21)

where these probabilities are to be calculated under the law 5 ~ N(B,02%/n)

Proof. We make use of Stein’s unbiased risk estimation (Stein 1981, SURE) result. It states

that if & : R® — RN" is an almost differentiable function of y, and y ~ N(u,0?I,), then

3The z;’s are assumed to be non-random
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there is a simplification to the df (f) formula (2.14)

df(fr) = > Cov(jiy,y;) /o
i=1
— E(V-@), (2.22)
where V - it = > | 0f1;/0y;. Proceeding along the lines of proof in Zou et al. (2007), the
function fi., 5 : ¥ — R defined in (2.20) is uniformly Lipschitz (for every A > 0, > 1), and

hence almost everywhere differentiable. The result follows easily from the definition (2.17)

and that of 3, which leads to (2.21). O

As v — 00, f1, y = 1y, and from (2.21), we see that

df (fry,)) — Pr(|6] > ) (2.23)

= E (8 >0)
which corresponds to the expression obtained by Zou et al. (2007) for the df of the LASSO

in the univariate case.

Corollary 1. The df for the hard-thresholding function H(ﬁ,)\) s given by

df (fu14.0) = A$*(A) + Pr(|5] > A) (2.24)

where ¢* is taken to be the p.d.f. of the absolute value of a normal random variable with

mean 3 and variance o2 /n.

For the hard threshold operator, Stein’s simplified formula does not work, since the
corresponding function y — H(3, \) is not almost differentiable. But observing from (2.21)

that

df (1, 2) = A¢* () +Pr(|3] > X), and S,(B,\) — H(B,A) as v — 1+ (2.25)
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we get an expression for df as stated.
These expressions are consistent with simulation studies based on Monte Carlo estimates
of df. Figure 2.4[Left] shows df as a function of v for a fixed value A = 1 for the uncalibrated

MC+ threshold operators S, (-, A). For the figure we used 5 = 0 and o2 =1.

Re-parametrization of the MC+ penalty

We argued in Section 2.4.2 that for the df to remain constant for a fixed A and varying ~,
the shrinkage threshold Ag = Ag(\,) should increase as v moves from 7, to . Theorem
3 formalizes this observation.

Hence for the purpose of df calibration, we re-parametrize the family of penalties as

follows:

iy N
AP (|t]: \sy) = AS(M)/O <1 _ m>+ da. (2.26)

With the re-parametrized penalty, the thresholding function is the obvious modification

of (2.17):

SH(B,N) = argmﬁin{%(B—B)Q+AP*(\B!;>\;V)}

= S,(8,2s(\,7)) (2.27)

Similarly for the df we simply plug into the formula (2.21)

) = s P Prs(0,) < 18] < 3s(0 1) + Pr(] > As(0,)
(2.28)

e
where 15 x = By x5 ()

To achieve a constant df, we require the following to hold for A > 0:

e The shrinkage-threshold for the soft threshold operator is Ag(A,7 = o0) = A and

hence {1y = f1y, ( a boundary condition in the calibration).
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o df(p7 ) = df () Vv > 1.

The definitions for df depend on 3 and o2 /n. Since the notion of df centers around variance,
we use the null model with 3 = 0. We also assume without loss of generality that o2/n = 1,

since this gets absorbed into A.

Theorem 2. For the calibrated MC+ penalty to achieve constant df, the shrinkage-threshold

As = As(A,y) must satisfy the following functional relationship

P(yAs) = 7@(As) = —(y = )@(V), (2.29)

where @ is the standard normal cdf and ¢ the pdf of the same.

Theorem 2 is proved in the secondary Appendix 2.2.1, using (2.28) and the bound-
ary constraint. The next theorem establishes some properties of of the map (\,y) —

(As(A,7),7As(A, 7)), including the important nesting of shrinkage thresholds.
Theorem 3. For a fixed \,

(a) YAs(\, ) is increasing as a function of .

(b) As(\,7) is decreasing as a function of

Note that as v increases, we approach the LASSO; see Figure 2.4 (right). Both these
relationships can be derived from the functional equation (2.29). Theorem 3 is proved in

the secondary Appendix 2.2.1.

Efficient computation of shrinkage thresholds

In order to implement the calibration for MC+, we need an efficient method for evaluating
As (A, y)—i.e. solving equation (2.29). For this purpose we propose a simple parametric form

for Ag based on some of its required properties: the monotonicity properties just described,
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and the df calibration. We simply give the expressions here, and leave the details for the

secondary Appendix 2.2.2:
1—a*

/\S(A77) = >\H(

+a”) (2.30)

where

o = A7 (@(\y) — Apo(Am)), A= Aga* (2.31)

The above approximation turns out to be a reasonably good estimator for all practical
purposes, achieving a calibration of df within an accuracy of five percent, uniformly over
all (7,A). The approximation can be improved further, if we take this estimator as the
starting point, and obtain recursive updates for Ag(A,~). Details of this approximation
along with the algorithm are explained in the secondary Appendix 2.2.2. Numerical studies
show that a few iterations of this recursive computation can improve the degree of accuracy
of calibration up to an error of 0.3 percent; Figure 2.4 [Left] was produced using this
approximation. Figure 2.5 shows a typical pattern of recalibration for the example we

present in Figure 2.7 in Section 2.8.

o | B
g 4 B
F\

o

«

o
I I I I I
0.0 0.2 0.4 0.6 0.8

AS(’Ya A)

20

10

1.0 12 1.4

Figure 2.5: Recalibrated values of A\ via Ag(y,A) for the MC+ penalty. The values of A\ at the
top of the plot correspond to the LASSO. As v decreases, the calibration increases the shrinkage
threshold to achieve a constant univariate df.
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As noted below Algorithm 1 this leads to a lattice of values A .

2.6 Convergence Analysis

In this section we present results on the convergence of Algorithm 1. Tseng & Yun (2009)
show convergence of coordinate-descent for functions that can be written as the sum of a
smooth function (loss) and a separable non-smooth convex function (penalty). This is not
directly applicable to our case as the penalty is non-convex.

Denote the coordinate-wise updates ¢! = SCW(,Bk), k=1,2,... with

5;?4_1 = argmuin Q(ﬁ{“_lv ey ]]?j117u75§€+17 cee 755)7] = 17' -y P- (232)

Theorem 4 establishes that under certain conditions, SparseNet always converges to a min-
imum of the objective function; conditions that are met, for example, by the SCAD and

MC+ penalties (for suitable ).

Theorem 4. Consider the criterion in (2.6), where the given data (y, X) lies on a compact
set and no column of X is degenerate (ie multiple of the unit vector). Suppose the penalty
AP(t; \;y) = P(t) satisfies P(t) = P(—t), P'(|t|) is non-negative, uniformly bounded and
inf, P"(|t|) > —1; where P'(|t]) and P"(|t|) are the first and second derivatives (assumed to
exist) of P(|t|) wrt |t].

Then the univariate maps 8 — Q1) (B) are strictly convex and the sequence of coordinate-

updates {B*}), converge to a minimum of the function Q(8).

Note that the condition on the data (y,X) is a mild assumption (as it is necessary for
the variables to be standardized). Since the columns of X are mean-centered, the non-
degeneracy assumption is equivalent to assuming that no column is identically zero.

The proof is provided in Appendix 2.A.1. Lemma 1 and Lemma 3 under milder regularity

conditions, establish that every limit point of the sequence {,Bk} is a stationary point of
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QB)-

Remark 1. Note that Theorem 4 includes the case where the penalty function P(t) is convex

mn t.

2.7 Simulation Studies

In this section we compare the simulation performance of a number of different methods
with regard to a) prediction error, b) the number of non-zero coefficients in the model, and c)
“misclassification error” of the variables retained. The methods we compare are SparseNet,
Local Linear Approximation (LLA) and Multi-stage Local Linear Approximation (MLLA)
(Zou & Li 2008, Zhang 2009, Candes et al. 2008), LASSO, forward-stepwise regression and
best-subset selection. Note that SparseNet, LLA and MLLA are all optimizing the same
MC+ penalized criterion.

We assume a linear model Y = X + ¢ with multivariate Gaussian predictors X and
Gaussian errors. The Signal-to-Noise Ratio (SNR) and Standardized Prediction Error (SPE)
are defined as

VB's8

SNR=YZ =7 gpp—
g g

E(y —xB)?

. (2.33)

The minimal achievable value for SPE is 1 (the Bayes error rate). For each model, the
optimal tuning parameters — A for the penalized regressions, subset size for best-subset
selection and stepwise regression—are chosen based on minimization of the prediction error
on a separate large validation set of size 10K. We use SNR=3 in all the examples.

Since a primary motivation for considering non-convex penalized regressions is to mimic
the behavior of best subset selection, we compare its performance with best-subset for small
p = 30. For notational convenience (p; m) denotes a m x m matrix with 1’s on the diagonal,
and p’s on the off-diagonal.

We consider the following examples:
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Figure 2.6: Examples S; and M7. The three columns of plots represent prediction error, recovered
sparsity and zero-one loss (all with standard errors over the 25 runs). Plots show the recalibrated
MC+ family for different values of v (on the log-scale) via SparseNet, LLA, MLLA, LASSO (las),
step-wise (st) and best-subset (bs) (for S only)
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Si: n =35, p=30, £ = $(0.4;p) and B = (0.03,0.07,0.1,0.9,0.93,0.97, 01 x24).

M;y: n = 100, p = 200, ¥ = {0.77771};; i<, and B has 10 non-zeros such that

5%34-1 =1,4=0,1,...,9; and BiMl = 0 otherwise.

In example M, best-subset was not feasible and hence was omitted. The starting point for
both LLA and MLLA were taken as a vector of all ones (Zhang 2009). Results are shown
in Figure 2.6 with discussion in Section 2.7.1. These two examples, chosen from a battery
of similar examples, show that SparseNet compares very favorably with its competitors.

We now consider some larger examples and study the performance of SparseNet varying

Y.
M (5): n =500, p=1000, 2M®) = blockkdiag(SM1, ..., 2M) and gM10O) = (@M1 gM)
(five blocks).

M, (10): n =500, p = 2000 (same as above with ten blocks instead of five).

M (5): n =500, p=1000, £20) = blockdiag(¥(0.5,200), ..., 2(0.5,200)) and gM20) =
(BM2, ... BM2) (five blocks). Here B2 = (B, B, ..., B10,01x190) is such that the

first ten coefficients form an equi-spaced grid on [0, 0.5].
M5(10): n =500, p = 2000, and is like M2(5) with ten blocks.

The results are summarized in Table 2.1, with discussion in Section 2.7.1.

2.7.1 Discussion of Simulation Results

In both S7 and M, the aggressive non-convex SparseNet out-performs its less aggressive
counterparts in terms of prediction error and variable selection. Due to the correlation
among the features, the LASSO and the less aggressive penalties estimate a considerable
proportion of zero coefficients as non-zero. SparseNet estimates for v ~ 1 are almost iden-

tical to the best-subset procedure in S7. Step-wise performs worse in both cases. LLA and
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log(~) values

0 — 1 error

11371 536¢-3)

Example: M7 (5) 3.92 1.73 1.19 0.10
SPE 1'6344(9.1266*4) 1'3194(5.436674) 1'2015(4.374674) 1'1313(3.654674)
% of non-zeros [5] 16'370(0.1536) 13'255(0.1056) 8'195(0.0216) 5000(00)

-0825(1.056¢ - 3) 0319(.724¢-3) 0002 pg7e-3)

Example: M (5)
SPE

% of non-zeros [5]
0 — 1 error

1'3797(0.4866* 3)
21'435(0.1798)
0. 18445(1.636* 3)

1.467(0.531¢-3)

9-900(0.1156)
0.08810(1 425 3

1'7118(0.9186*3)
2.490(0'0224)
0.03530(0.5710- 3)

1.499(7.774¢-3)

6.74(0_097)
0.0592(0.841¢-3)

Example: M7 (10)
SPE

% of non-zeros [5]
0 — 1 error

3.68190.58¢-2)
22.987(0.103)

4.4838(0.9967 2)
11.9950(0.075)

4.653(1.033¢-2)
8.455(0.0485)
0.0577 (1,191 3)

5.4729 2 006¢- 2)
6.2625(0.0378)
0.0446(1.473673)

Example: M2(10)
SPE

% of non-zeros [5]
0 — 1 error

1'693(.9066* 3)
15.45750.128)
0. 1375(1.3846* 3)

1'893(.7566*3)
8.2875 0.066)
0.0870(; 1,3

2.631(1.638¢-2)
2.22(0.0214)
0.0470.486¢- 3)

2.318(1.383¢-3)
5.6625(0.05)

0.0678(0.55103)

Table 2.1: Table showing standardized prediction error (SPE), percentage of non-zeros and zero-

one error in the recovered model via SparseNet, for different problem instances.

Values within

parenthesis (in subscripts) denote the standard errors, and the true number of non-zero coefficients
in the model are in square braces. Results are averaged over 25 runs.
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MLLA show similar behavior in Sy, but are inferior to SparseNet in predictive performance
for smaller values of . This shows that MLLA and SparseNet reach very different local
optima. In My LLA/MLLA seem to show similar behavior across varying degrees of non-
convexity. This is undesirable behavior, and is probably because MLLA /LLA gets stuck in
a local minima. MLLA does perfect variable selection and shows good predictive accuracy.

In M;(5), (n = 500,p = 1000) the prediction error decreases steadily with decreasing
7, the variable selection properties improve as well. In M7 (10) (n = 500,p = 2000) the
prediction error increases overall, and there is a trend reversal — with the more aggressive
non-convex penalties performing worse. The variable selection properties of the aggressive
penalties, however, are superior to its counterparts. The less aggressive non-convex selec-
tors include a larger number of variables with high shrinkage, and hence perform well in
predictive accuracy.

In M2(5) and M>(10), the prediction accuracy decreases marginally with increasing
~. However, as before, the variable selection properties of the more aggressive non-convex
penalties are far better.

In summary, SparseNet is able to mimic the prediction performance of best subset
regression in these examples. In the high-p settings, it repeats this behavior, mimicking
the best, and is the out-right winner in several situations since best-subset regression is not
available. In situations where the less aggressive penalties do well, SparseNet often reduces
the number of variables for comparable prediction performance, by picking a « in the interior
of its range. The solutions of LLA and MLLA are quite different from the SparseNet and
they often show similar performances across 7 (as also pointed out in Candes et al. (2008)
and Zou & Li (2008)).

It appears that the main differences among the different strategies MLLA, LLA and
SparseNet lie in their roles of optimizing the objective Q(3). We study this from a well
grounded theoretical framework in Section 2.8, simulation experiments in Section 2.8.1 and

further examples in Section 2.2.3 in the secondary appendix.
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2.8 Other methods of optimization

We shall briefly review some of the state-of-the art methods proposed for optimization with
general non-convex penalties.

Fan & Li (2001) used a local quadratic approximation (LQA) of the SCAD penalty.
The method can be viewed as a majorize-minimize algorithm which repeatedly performs
a weighted ridge regression. LQA gets rid of the non-singularity of the penalty at zero,
depends heavily on the initial choice 3%, and is hence suboptimal (Zou & Li 2008) in
searching for sparsity.

The MC+ algorithm of Zhang (2010) cleverly tracks multiple local minima of the objec-
tive function and seeks a solution to attain desirable statistical properties. The algorithm is
complex, and since it uses a LARS-type update, is potentially slower than coordinate-wise
procedures.

Friedman (2008) proposes a path-seeking algorithm for general non-convex penalties.

Except in simple cases, it is unclear what criterion of the form “loss+penalty” it optimizes.

Multi-stage Local Linear Approximation. Zou & Li (2008), Zhang (2009) and Candes
et al. (2008) propose majorize-minimize (MM) algorithms for minimization of Q(3) (2.6),

and consider the re-weighted ¢; criterion

P
Q(B: 8") = Constant + 3y — XB|* + A Y _ P'(|5]]: \i7)15)] (2.34)
j=1

for some starting point B'. If 3! is obtained by minimizing (2.34)— we denote the update
via the map B*+! := My, (8%). There is currently a lot of attention payed to MLLA in the

literature, so we analyze and compare it to our coordinate-wise procedure in more detail.
We have observed (Sections 2.8.1 and 2.2.3) that the starting point is critical; see also
Candes et al. (2008) and Zhang (2010). Zou & Li (2008) suggest stopping at k = 2 after

starting with an “optimal” estimator, for example, the least-squares estimator when p < n.
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Choosing an optimal initial estimator B! is essentially equivalent to knowing a-priori the
zero and non-zero coefficients of 3. The adaptive LASSO of Zou (2006) is very similar in
spirit to this formulation, though the weights (depending upon a good initial estimator) are
allowed to be more general than derivatives of the penalty (2.34).

Convergence properties of SparseNet and MLLA can be analyzed via properties of fixed
points of the maps S¢y(+) and My, (+) respectively. If the sequences produced by My, () or
Sew(+) converge, they correspond to stationary points of the function Q. Fixed points of the
maps M, (-) and Scy(+) correspond to convergence of the sequence of updates.

The convergence analysis of MLLA is based on the fact that Q(3; 8*) majorizes Q(3).
If B* is the sequence produced via MLLA, then {Q(ﬁk)}kzl converges. This does not
address the convergence properties of {Bk}kzl nor properties of its limit points. Zou &
Li (2008) point out that if the map My, satisfies Q(3) = Q(Mya(8)) for limit points of
the sequence {,Bk}kzl, then the limit points are stationary points of the function Q(3).
It appears, however, that solutions of Q(8) = Q(Mj.(8)) are not easy to characterize by
explicit regularity conditions on the penalty P. The analysis does not address the fate of
all the limit points of the sequence {,Bk }k>1 in case the sufficient conditions of Proposition
1 in Zou & Li (2008) fail to hold true. Our analysis in Section 2.6 for SparseNet addresses
all the concerns raised above. Fixed points of the map Scy(-) are explicitly characterized
through some regularity conditions of the penalty functions as described in Section 2.6.
Explicit convergence can be shown under additional conditions — Theorem 4.

Furthermore, a fixed point of the map My, (-) need not be a fixed point of Sy (-) — for
specific examples see Section 2.2.3 in the secondary appendix. Every stationary point of
the coordinate-wise procedure, however, is also a fixed point of MLLA.

The formal framework being laid, we proceed to perform some simple numerical ex-
periments in Section 2.8.1. Further discussions and comparisons between coordinate-wise

procedures and MLLA can be found in Section 2.2.3 in the secondary appendix.
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2.8.1 Empirical performance and the role of calibration

In this section we show the importance of calibration and the specific manner in which
the regularization path is traced out via SparseNet in terms of the quality of the solution
obtained. In addition we compare the optimization performance of LLA/MLLA versus
SparseNet.

In Figure 2.7 we consider an example with n = p = 10, ¥ = {0.8=71}1 < i,j, < p,
SNR=1, 81 = 3, = 1, all other 8; = 0. We consider 50 values of v and 20 values of A\, and
compute the solutions for all methods at the recalibrated pairs (v, As(7y, \)); see Figure 2.5

for the exact Aj ¢ values used in these plots.

Sparsenet Type (a) Type(b) Type(c)
o o
2 > > >
v ="T0
— =13
Q| — N =
o — y= 1+

0.6

Obijective
0.4
|

0.0

I(v,\)

Figure 2.7: Top row: objective function for SparseNet compared to other coordinate-wise variants
— Type (a), (b) and MLLA Type (¢) — for a typical example. Plots are shown for 50 values of v
(some are labeled in the legend) and at each value of 7, 20 values of A. Bottom row: relative increase
I(7,\) in the objective compared to SparseNet, with the average I reported at the top of each plot.



CHAPTER 2. SPARSENET: NON-CONVEX COORDINATE DESCENT 36

o

n
g & °
G (o]
QL o o
g o |

o
O H
£ o :
@ (e} i
7] | o
g - o
S
g ‘
& —

o

-

Figure 2.8: Boxplots of I over 24 different examples. In all cases SparseNet shows superior perfor-
mance.

We compare SparseNet with

Type (a) Coordinate-wise procedure that computes solutions on a grid of A for every fixed
v, with warm-starts across A (from larger to smaller values). No df calibration is used

here.

Type (b) Coordinate-wise procedure “cold-starting” with a zero vector (She 2009) for

every pair (\,7).
Type (¢) MLLA with the starting vector initialized to a vector of ones (Zhang 2009).

In all cases SparseNet shows superior performance. For each (v, ) pair we compute the
relative increase I(y,\) = [Q(8")+0.05]/[Q(3°) 4+ 0.05], where Q(8") denotes the objective
value obtained for procedure * (types (a), (b) or (c) above), and Q(3°) represents SparseNet.
These values are shown in the second row of plots. They are also averaged over all values
of (7, \) to give I (shown at the top of each plot). This is one of 24 different examples, over
6 different problem set-ups with 4 replicates in each. Figure 2.8 summarizes I for these 24
scenarios. Results are shown in Figure 2.7% The figure shows clearly the benefits of using the

proposed calibration in terms of optimization performance. MLLA appears to get “stuck”

“We show the curves of the objective values, as in Figure 2.7, for all 24 scenarios in the secondary
Appendix.
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in local optima, supporting our claim in section 2.7.1. For larger values of = the different

coordinate-wise procedures perform similarly, since the problem is close to convex.

2.A Primary Appendix to Chapter 2

2.A.1 Convergence Analysis for Algorithm 1

To prove Theorem 4 we require Lemma 1.

Lemma 1. Suppose the data (y,X) lies on a compact set. In addition, we assume the

following

1. The penalty function P(t) (symmetric around 0) is differentiable on t > 0; P'(|t|)
is non-negative, continuous and uniformly bounded, where P'(|t|) is the derivative of

P(|t]) wrt [t].
2. The sequence generated {B*}}, is bounded

3. For every convergent subsequence {3"* }r C {,Bk}k the successive differences converge

to zero: B™ — B~ 0

If B is any limit point of the sequence {Bk}k, then B is a minimum for the function

Q(B); i.e. for any 6 = (61,...,9,) € kP

lim inf {
al0+

Qe o) - Q) -
In the secondary Appendix 2.2 we present the proof of Lemma 1. We also show via
Lemma 2 that assumption 2 is by no means restrictive. Lemma 3 gives a sufficient condition
under which assumption 3 of Lemma 1 is true.
It is useful to note here that assumptions 2, 3 of Lemma 1 follow from the assumptions
of Theorem 4 (we make a further note of this in the proof below).

We are now in a position to present the proof of Theorem 4:
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Proof. Proof of Theorem 4 We will assume WLOG that the data is standardized.

For fixed i and (51, ..., Bi—1, Bit1,-- -, Bp), we will write XZ(@7---752-7175”1,---,6;;) = x(u) for
the sake notational convenience.

The sub-gradient(s) (Borwein & Lewis 2006) of x(u) at u are given by
x(u) = Vif((Br,- - Bi—1,u, Biv1s- -+, Bp)) + P'(Jul) sgn(u) (2.36)
Also observe that

X(u+0) = x(u) ={f((Br;- -, Bimt,u+ 6, Bigr,s - Bp))—
F(By - Biry s Bigrs -5 Bp))} 4 {P(Ju +0]) — P(lul)} (2.37)
={Vif (B, Bir,w, i, -, Bp))d + 5 VEf8%)
HP'(|ul)(Ju+ 8] = Jul) + 3P (Ju*[) (Ju + 0] — |ul)*} (2.38)

Line (2.38) is obtained from (2.37) by a Taylor’s series expansions on f (wrt to the i*!
coordinate) and |t| + P(|t|). V2f is the second derivative of the function f wrt the 48
coordinate and equals 1 as the features are all standardized; |u*| is some number between

|u 4 ¢| and |u|. The rhs of (2.38) can be simplified as follows:

Vif (Br- s Bic1,u, Bivas - - Bp))0 + §V2f67
+P'(Jul)(Ju+ 8] = Jul) + 5P (lu*)(Ju + 8] — |u])?

= IV H{Vif(Brs-- - Bim1st Bip1s- - Bp))0 + P'(|ul) sgn(u)d}+
{P'(Jul)(Ju + 6] — |ul) = P'(|ul) sgn(u)d} + 5 P (|u*[)(ju + 6] — |ul)?

(2.39)

Since x(u) is minimized at ug; 0 € dx(up). Thus using (2.36) we get

vzf((ﬁlv oo 7ﬁi—17 ug, ﬁi-i—la oo 75;0))5 + Pl(|u0|) SgH(U0)5 =0 (240)
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if up = 0 then the above holds true for some value of sgn(up) € [—1,1].

By definition of sub-gradient of x +— |z| and P’(|z|) > 0 we have
P'(Jul)(|lu + 6] = |ul) — P'(Jul) sgn(u)d = P'(Ju]) ((Ju + 0| — |ul) — sgn(u)d) >0 (2.41)
Using (2.40,2.41) in (2.39,2.38) at u = up we have
(o + 8) — x(uo) > V262 + LP"(ju* |)(Juo + 8] — [uo])? (2.42)

Observe that (Jug + 6] — |ug|)? < 2.
It P"(ju*|) < 0 then 5P (Ju*[)(juo + 8| — [uo])* = 3 P"(Ju*])8>.
If P"(|u*|) > 0 then 1 P"(|u*|)(Jug + 8| — |uo|)? > 0.

Combining these two we get
X(uo +8) = x(uo) > 36 (Vi f + min{P"(ju"]),0}) (2.43)
By the conditions of this theorem, (V2f + inf, P”(|x|)) > 0. Hence there exists a § > 0,
0=3{Vif+ min{il;f P"(|z)),0}} = {1 + min{igf P"(|x]),0}} >0
which is independent of (51, ..., Bi—1,Bit1,---,Bp), such that
X(uo +6) — x(ug) > 65 (2.44)

(For the MC+ penalty, inf, P"(|z|) = —%; v > 1.
For the SCAD, inf, P"(|z|) = —%; v > 2.)
In fact the dependence on ug above in (2.44) can be further relaxed. Following the above

arguments carefully, we see that the function y(u) is strictly convex (Borwein & Lewis 2006)
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as it satisfies:

x(u+8) — x(u) — dx(u)d > 06> (2.45)

We will use this result to show the convergence of {3*} . Using (2.44) we have

QBN QBTN = 0BT — B)’
= 018" - B3 (2.46)
where 5;”—1 = (..., 0", ﬁ]l,...,ﬁg_l). (2.46) shows the boundedness of the se-
quence 8™, for every m > 1 since the starting point B! € RP.

Using (2.46) repeatedly across every coordinate, we have for every m

Q™) — (™) = 08™ — B™13 (2.47)

Using the fact that the (decreasing) sequence Q(3™) converges, it is easy to see from (2.47),
that the sequence 3* cannot cycle without convergence ie it must have a unique limit point.
This completes the proof of convergence of B.

Observe that, (2.47) implies that assumptions 2 and 3 of Lemma 1 are satisfied. Hence

using Lemma 1, the limit of ¥ is a minimum of Q(B) — this completes the proof. O

2.2 Secondary Appendix to Chapter 2

We will first address the boundedness of the sequence 3*. For this purpose we present the

following Lemma;:

Lemma 2. Suppose the data (y,X) lies on a compact set. For fized P(-; ;) and B, € RP
let H, = {B|Q(B) < Q(By)}. There exists a bounded set Hy C RP such that

{Q(B)I8 € 1.} = {Q(B)|B € Ho} (2.48)
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Proof. This lemma is trivially true if P(|t|; \;) is unbounded in [¢|.

The lemma requires a proof if P(|t|; A;) is uniformly bounded in |¢t| (MC+ penalty, for
example). We prove this part via contradiction.

Suppose there exists a sequence, {3}, C H, such that ||3"||2 — oc. This necessarily
implies that, there is a subset of indices (i1,...,%,) C {1,...,p} such that {(5;“1, e ,ﬁi’fn)}k
is an unbounded sequence. This sequence satisfies (passing on to a subsequence if necessary),

Xlity e sim)(BE o BE Y = Xty i (B, B Y

im

for some (87 ,...,8) ) € R™ independent of k and X[i1,... in] = [Xi, ..., X,,].
The sequence {Bk}k C H,, considered above is arbitrary. Hence the range of values
taken by the function Q(8) remains the same if one restricts to bounded subsets of . So

there exists a bounded set Ho C RP such that (2.48) holds true. O

Lemma 2, shows that the boundedness assumption on the coordinate-wise updates is
not by any means restrictive. If required, one can restrict ||3||oc < M, in the Algorithm for
some M > 0, sufficiently large.

Lemmas 1 and 3 characterize the fate of limit points of the sequence produced by the

coordinate-wise updates under milder conditions than those required by Theorem 4.
Proof of Lemma 1
Proof. For any B8 = (f1,...,0p) and §; = (0,...,0;,...,0) € RP,

Q(B+ad;) — Q(B)

(07

P(|Bi + adi|) — P(|8i])

(07

lim inf {
al0+

} = Vif (8)0; + lim Oi}rlf{ } (2.49)

where f(8) = i|ly — X3, V; is the partial derivative w.r.t. the i'" coordinate.
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Observe that the second term in (2.49) simplifies to

P(|8; + ads]) —P(|5z‘|)}

P(5;;9;) := liminf
OP(Bi; 6:) 133013{ "

P'(|; i)0; if | B ;
(1Bi]) sgn(Bi)di  if |Bi| > 0O (2.50)
P'(0)]04] if |Bi] = 0.
where
{1} ifx>0;
sgn(z) € ¢ {~1} ifz <0
[1,1] if2=0.

Assume 8" — 3% = (57°,...,8,°). Using (2.50) and Assumption 3, as k — o0

ﬁ?k_l ::( ?k7”’7 ?5175?1675?4]_61_17/8316_1) — (/8;)07.”752931752907 f—ihﬂ;o) (251)

If, B7° #0,0P(B;";0;) — OP(B°:6;); 1If, B7° =0,0P(B;°; ;) ZlimkinfaP(ﬁf’“;&)

By definition of a coordinate-wise minimum, using (2.49,2.50) we have

Vif (B 1o + OP(B™;6;) > 0 Yk (2.52)
The above imply Vi € {1,...,p}

£(3%)S; 0. 5. im (3 g. nk. §.
Vi (B)5; + OP(5%:6) = liminf {Vif (81 )6 + OP(B*:6) | = 0 (253)
by (2.52)

Using (2.49,2.50) the L.h.s. of (2.53) gives

lim inf

al0+ «

{Q(B"O +ad®) - Q(ﬂ"o)} >0 (2.54)
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For & = (61,...,6,) € RP, due to differentiability of f(8) = 1|ly — X|/3

- P P18+ ad;]) — P(18°))
lvjf(ﬁ )5j+j:10}ig}r "

e

lim inf {
al0+

QB + ad) — Q(B~) }

(07

J

- o P87 + ad;]) — P(185°])
=Z{f(ﬂ )0; + lim - }
7j=1
p 00 + o) — 00
:Z liminf{Q(ﬁ adf") ~ Q%) > 0
- al0+ [e% ~—
j=1 By (2.54)
(2.55)
This completes the proof. O

Lemma 3 gives a sufficient condition under which Assumption 3 of Lemma 1 is true.

Lemma 3. Suppose in addition to Assumption 1 of Lemma 1 the following assumptions

hold:

1. For everyi=1,...,p and (u1,...,Ui—1,Uit1,-..,Up) € RP~L the univariate function

X%ul,...,ui,l,ui+1,...,up)(') U Q(U1, sy Ui—1, Uy Uit 1,5 - - - 7up) (256)

has a unique global minimum.

2. If ug = ug(ui, ..., Ui—1,Uit1,...,Up) is the global minimum and
ur, = ur(Un, ..., Ui—1,Uit1, ..., Upy) any other local minimum of the function (2.56);
there exists € > 0, independent of the choice of (ui,...,ui—1,Uit1,...,up) such that
’UG(Ula sy Ug—1, Uit 1y - - 7up) - UL(ula sy Uj—15 Uit 1y - - - 7up)‘ > €

— that is ug and uy, are uniformly separated.

Then for every convergent subsequence {8}, C {B*}x, the successive differences 8™ —

B 0; i.e. Assumption 3 of Lemma 1 is true.
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Proof. Borrowing notation from (2.51), consider the sequence {,BZEII}
Bt = (B, By, By, Bk ) (2.57)

where BZﬁzl differs from 8™ at the p'™ coordinate. We will show ﬂ;’i Il — B™ — 0 by the
method of contradiction.
Writing 8" — 5;5;1 = Apr:=(0,...,0,A") we have

Q(B™ — Ap*) = Q(B™) L 0 as ny — oo

As k — oo, let 3™ — BT. Passing on to a subsequence (if necessary) we have ADF — A; #£0
(as Apk - 0) and
B — ADF — BT — A;’

Furthermore, the continuity of the function Q(-) implies
(Q(B™ —ApF) = Q(B™)) L (Q(BT —A)) —Q(B)) =0 (2.58)
By the definition of 8™ := (87'*,... , Bp*) we have

Vo f(B")8, + OP(B1*;6,) > 0, Vk

Passing on to the limit £ — oo we get (using arguments as in proof of Lemma 1)
Vol (B7)8p + OP(8,56p) = 0

where BT = (8], ... ,5;). This implies that X?Bf,...ﬁptl)(u) has a minimum at u = ﬁl‘f. By

Assumption 2 of this Lemma the global minimum u¢ is uniformly separated from other local

minima uy, — hence 8, is the global minimum. But (2.58) implies that X? ot gt (u) has
1 0Pp—1

)
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two distinct global minima at u = 8, and u = 8 — A} — a contradiction to Assumption
1. Hence A} =0 and ﬁgk_l — BpE — 0.

In the above spirit consider sequence (2.59) (differing from 8;* Il at (p—1)*" coordinate)

Bl = (BT, B, By, BT B (2.59)

We will show 3%, ! - Bk ! 0, which along with ByE1 1 — @™ — 0 (shown above) will

imply ,B"k ! — 8™ — 0. The proof of this part is similar to the above.
Write ,B"k ! ﬁ;ﬁ;l = AZEZI = (0,...,0, AZ’“DO) and suppose AZil -+ 0. We will

arrive at a contradiction.
By hypothesis, there is a subsequence of AZE , converging to A;’_l # 0. Passing onto a

further subsequence, if necessary and using AZEII — A;’_l we have
(@B — A — QB ) L (@B - Al —Q(Bh) =0 (2.60)

This essentially implies that the map x? ( ﬁ Bt (u) has two distinct global minima at
1 90

_2:8)

+ which is a contradiction — hence A k= 0.

u =

_jand u=f,; —Ap 5

We can follow the above arguments inductively for finitely many steps namely i =
p—3,p—4,...,1,p and show that A’* — 0 for every i. This shows gt — g 0,

thereby completing the proof. O

The uniform separation condition — Assumption 2 of Lemma 3 is a trivial consequence

of strict convexity of the univariate functions (Theorem 4) and are more general.

2.2.1 Calibration of MC+ and Monotonicity Properties of \g,v\g

Proof of Theorem 2 on page 25
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Proof. For convenience we rewrite Ag(\, ) in terms of a function fy(7) as

As(A,7) = Afa(v). (2.61)

Using (2.28) and the equality of effective df across all « for every A, f(y) can be defined

as a solution to the following functional equation

8
v—1

Pr(MA(Y) < 1Bl <yAA() + Pr(B] > yAfa(y) =Pr(|6] > ) (2:62)

Vy > 1, faly) > 1. (2.63)

Since we have assumed 0?/n = 1 and a null generative model, we have

ST @OARM) — AL + (- BOARM) = (L= 8()  (269)

or equivalently

DY) = @A fa(7) = —(v = 1)@(N) (2.65)

where @ is the standard normal cdf and ¢ the pdf of the same. Equation (2.29) is obtained

from (2.65) and (2.61). O

Proof of Theorem 3 on page 25 Before we begin the proof, we need a lemma.

Lemma 4. For § < Ay, where Agp = Ag(\,y = 1+4) the function h(9)
h(0) = ®(0) — ®(X) — d¢p(0) (2.66)

satisfies h(0) < 0, YAg >0 > A

Proof. Observe that for every fixed A > 0, h(\) = —0¢(0) < 0. In addition, the derivative
of h(-) satisfies

h'(8) = —6¢'(6) > 0 (2.67)
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since ¢(0) is the standard normal density and § > 0.

Also, from equation (2.64) it follows that (taking v — 1+4),

Ar¢(An) +1—2(Ag) =1-2())

which implies ®(Ag)—P®(AN)—Ag@(Amr) = 0 that is h(Ag) = 0. Since h(+) is strictly monotone
increasing on [\, Ay, with h(X) < 0 and h(Ag) = 0 it is necessarily negative on [, Agr).

This completes the proof. O

Proof. Proof of part [a]. Let A/ .. denote the partial derivative of A\pax = YAs(A,7) w.r.t

7.
Differentiating both sides of equation (2.29) w.r.t v, we get

Anax (@(7As) — 9(As)) = @(As) — @(A) — Asp(As) (2.68)

Observe that ¢(yAg) < ¢(Ag), since yYAg > Ag.
In order to complete the proof it suffices to show that ®(Ag) — ®(A) — Agp(Ag) < 0.
This follows from Lemma 4, which gives h(Ag) < 0 since A < A\g < Ag.

Proof of part [b]. Let X\

min

denote the partial derivative of A\pin = As(A,y) w.r.t 4.

Differentiating both sides of equation (2.29) w.r.t v, we get

AminV(@(YAs) = d(As)) = @(As) — ®(N) — Asd(yAs) (2.69)

Since ¢p(yAs) < ¢(Ag), it suffices to show that r.h.s of (2.69) is greater than zero. Define

for a fixed A > 0 the function

9(As,7) = ®(As) — p(vAs) (2.70)
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From (2.29) it follows that,
v—1
(Ag) = T‘I’()\) + ®(Asy)/v (2.71)

Using (2.71), g(As,7y) becomes

g(rs.7) = BN - ‘I’(f + @Qj’” H(As7)As (2.72)

Consider the function g(As,vy) — ®(\), for fixed A > 0.

By Theorem 3 (part [a]), we know that for fixed A, the map v — Apax = 7Ag is increasing
in 7. Hence, the function g(Ag,v) — ®(\) is greater than zero iff the function h(u) (with
u="7As)

h(u) = ®(u) — ugp(u) — ®(X)

satisfies

h(u) >0 onwu>Ag

Observe that h'(u) = —u¢’(u) > 0 on w > Ag. In addition, from (2.64), taking limits over
7 it follows that h(Ag) = 0.
This proves that h(u) > 0 on u > Ay. Consequently, g(Ag,v) > ®(\) Vv > 1. This

proves that the r.h.s of (2.69) is greater than zero. O

2.2.2 Parametric functional form for A\g(\,~)

We detail out the steps leading to the expressions (2.30,2.31) given in Section 2.5.1.
For every fixed A\ > 0 the following are the list of properties that the function fy(v) (see

Appendix 2.2.1) should have

1. monotone increase of shrinkage thresholds Ag from soft to hard thresholding, implies

Afa(7) should be increasing as 7 decreases.
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2. monotone decrease of bias thresholds yAg from soft to hard thresholding requires

YAfr(7) to be increasing as 7y increases.

3. The sandwiching property:

As(y) > AVy e (1,00) = fia(y)>1 Vye(1,00) (2.73)

4. The df calibration at the two extremes of the family: df (ft,—14 \) = df (fby—c 1)-

The above considerations suggest a nice parametric form for fy(v) given by
x(y) =1471/y forsome 7 >0 (2.74)

Let us denote A\g(\, 1+) = Ay

Equating the df’s for the soft and hard thresholding 7 is to be chosen as:
(1=2(N) = Agd(Am) + (1 — (Am))
which implies
(1+7)7" = Ay =14) = A5 27 (@(\n) — Aud(An))

Hence we get

1 T
Ag = A
s H<1+T+’y(l+7')>

In addition, observe that as v — oo, Ag(A,vy) — 1/\4_—HT = A. This gives expression (2.31).

Tightening up the initial approximation of \g

In order to get a better approximation of the mapping (\,v) — (As,¥As), we can define

a sequence of recursive updates based on equation (2.29). Theorem 5 gives a proof of the
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convergence of these updates and the algorithm for obtaining the better approximations are

given in Section (2.2.2).

Theorem 5. With reference to (2.29), define a sequence of estimates {zy}r>0 recursively

as

%‘I’(Wk) - %‘I’(z’kﬂ) =—o(}) (2.75)

where the variables {zi}r>0 are actually the iterative updates of As(y) for a fized (X,7).

Under the condition

o(c))
5|

where § € (min{yzg, Yzp41}, max{yzy, y2k41}) and § € (min{zpy1, 2x12}, max{zx 41, 2k12})

p<1 (2.76)

for all k > 0, the sequence {zj }r>0 converges to a fized point z* of the following equation:
() - (=) = () (277
v—1 vz v—1 )= ’
and hence provides a solution to (X,v) — (As(y) = 2", vAs(y) = vz*)

Proof. By the definition of the updates zj, in (2.75) we get for k = k, k + 1
1 gl
—P(va) - ﬁq)(zk—l—l) =-0(\) ke{kk+1}

v—1

Using the above two we get:
(yzk) — P(v2R41) = Y(P(2k41) — P(2142)) (2.78)
Applying the mean-value theorem on both sides of (2.78) we get:

(v2k — Y2e+1)B(Yk) = Y(2k11 — 2k42) (1) (2.79)

where 7, lies in between 2,211 and 7, lies in between zj1,2,42.
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Writing R, = ﬁ&%’“)), Vk > 0, we observe that

|Zm+1 — Zm42| < C(sgp | Ri|)™

for some C which does not depend upon m. Suppose supy, |Ri| < 1, then we observe that
the telescopic sum ), (zx4+1 — 2x) converges absolutely. Hence in particular the sequence
zp converges.

The condition (2.76) stated in this theorem, is a sufficient condition for sup, |Rg| < 1,
hence the sequence of updates converge. Observe that, the sufficient condition is very
plausible since v > 1, and the density ¢(-) decreases on the positive reals.

This completes the proof. O

Algorithm for tightening up the approximation of shrinkage thresholds

For a given (\,7) the re-parametrized MC+ penalty is of the form given in (2.26) where

As,YAg defined through (2.29) are obtained by the following steps:

1. Obtain fy(y) based on the starting proposal function as in (2.75). This gives an

estimate for Xmin and Xmax = vAg using (2.61).

2. With zy = j\min obtain recursively the sequence of estimates {zj};>1 using Theorem

(5) till convergence criterion is met, that is, |df (ft, ) — df (fiy=1+(y, A))| < tol.
3. If the sequence zp — z, then assign Ag = 2z, and YAg = Y24

Theorem 5 gives a formal proof of the convergence of the above algorithm.

2.2.3 Understanding the sub-optimality of LLA through examples

In this section, as a continuation to Section 2.8 we explore the reasons behind the sub-

optimality of LLA through two univariate problem instances.
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Example 1: log-penalty and the phase-transition phenomenon

Consider the log-penalized least-squares criterion (2.10)

QW(B) =1(B-p)+ log(7|] + 1) (2.80)

A
log(y + 1)

for some large value of v such that Q(l)(ﬁ) has multiple local minima, but a unique global

minimizer. The corresponding (multi-stage) LLA for this problem leads to a sequence

{B¥}k>1 defined by

gt = arg min (B —B)* +w"|p]

Ay
(7]B%[ 4 1) log(y + 1)

= S(B,w"), with w*= (2.81)

Convergence of the sequence of estimates ¥ corresponds to fixed points of the function

A" R o

My, = B+ sgn(B)(|5] - ~log(y+1)°

My, (B) on > 0, has multiple fixed points for certain choices of A, B.

For example, let v = 500, A = 74.6 and § = 10; here Q(3), # > 0 has two minima, with
the global minimum at zero. Figure 2.9[Right] shows the iteration map My,(3). It has two
fixed points, corresponding to the two local minima 0 = 8; < 2 of Q(fB), 5 > 0. There

exists a critical value r > 0 such that
Blar=p850=0, B'>r=p">p8 ask - oo (2.83)

This phase transition phenomenon is responsible for the sub-optimality of the LLA in the
one-dimensional case. Note that the coordinate-wise procedure applied in this context will

give the global minimum.
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The importance of the initial choice in obtaining “optimal” estimates via the re-weighted
/1 minimization has also been pointed out in an asymptotic setting by Huang et al. (2008);

our observations are non-asymptotic.

Phase Transition for Log—-penalty

O ] T
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1
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Figure 2.9: My,(8) for the univariate log-penalized least squares problem. The starting point 3!
determines which stationary point the LLA sequence will converge to. If the starting point is on
the right side of the phase transition line (vertical dotted line), then the LLA will converge to a
strictly sub-optimal value of the objective function. In this example, the global minimum of the
one-dimensional criterion is at zero.

Example 2: MC+ penalty and rate of convergence

Here we study the rate of convergence to the global minimum for the MC+ penalized least

squares problem (2.16). The multi-stage LLA for this problem gives the following updates

1 — argmin  1(8 = B)? + |8
g gmin - 3
5k . k |6%|
= S(B,w"), with w" = A(1-— 7—/\)+ (2.84)
The function 3 — S(ﬂ~ ,A(1— %)Jr) need not be a contraction mapping, hence one cannot

readily appeal to Banach’s Fixed Point Theorem to obtain a proof of the convergence and
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a bound on its rate. However, in this example we can justify convergence (see Lemma 5)

Lemma 5. Given 3,7 > 1,A > 0 the sequence {851}, defined in (2.84) converges to the

minimum of QW (B) for the MC+ penalized criterion at a (worst-case) geometric rate

|8 — argmin QW (8)| = O(1/4*)

Sketch of proof. Assume, for the sake of simplicity B> 0,8% > 0. The update SF*1 is given

explicitly by

B-A+385 iA(A-B) < B <M
0 if y (A= B) > g% < My
8 if BF > My

On iteratively expanding a particular case of the above expression, we obtain

k
B =B -NQ )+ L iy A =B B <Ay ViI<i<k  (285)

i=0
The proof essentially considers different cases based on where g lies wrt Ay, (A — 5)
and derives expressions for the sequence B*. The convergence of B* follows in a fairly
straightforward way analyzing these expressions. We omit the details for the sake of brevity.

The following corollary is a consequence of Lemma 5.

Corollary 2. The number of iterations required for the multi-stage LLA algorithm of the

univariate MC+ penalized least squares to converge within an € tolerance of the minimizer

of the objective Q(l)(ﬁ) is of the order of —llgg((fy)) The coordinate-wise algorithm applied in

this setting converges in exactly one iteration.
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Section 2.8.1, in the text describes empirical results and comparisons showing the per-
formance of SparseNet as an optimization algorithm. In the spirit of Figure 2.7, attached

below is a figure showing the objective value curves for all the 24 simulation examples.
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Chapter 3

Spectral Regularization Algorithms

Abstract: In this chaper, we use convex relaxation techniques to provide a sequence of regularized
low-rank solutions for large-scale matrix completion problems. Using the nuclear norm as a regular-
izer, we provide a simple and very efficient convex algorithm for minimizing the reconstruction error
subject to a bound on the nuclear norm. Our algorithm SOFT-IMPUTE iteratively replaces the miss-
ing elements with those obtained from a soft-thresholded SVD. With warm starts this allows us to
efficiently compute an entire regularization path of solutions on a grid of values of the regularization
parameter. The computationally intensive part of our algorithm is in computing a low-rank SVD
of a dense matrix. Exploiting the problem structure, we show that the task can be performed with
a complexity of order linear in the matrix dimensions. Our semidefinite-programming algorithm is
readily scalable to large matrices; for example SOFT-IMPUTE takes a few hours to compute low-rank
approximations of a 10 x 10° incomplete matrix with 107 observed entries, and fits a rank-95 ap-
proximation to the full Netflix training set in 3.3 hours. Our methods achieve good training and test

errors and exhibit superior timings when compared to other competitive state-of-the-art techniques.
This chapter is based on joint work with Trevor Hastie and Robert Tibshirani; and appears in

our paper Mazumder et al. (2010).

o7
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3.1 Introduction

In many applications measured data can be represented in a matrix X,,x., for which only
a relatively small number of entries are observed. The problem is to “complete” the matrix
based on the observed entries, and has been dubbed the matrix completion problem (Candeés
& Recht 2008, Candes & Tao 2009, Rennie & Srebro 2005). The “Netflix” competition
(SIGKDD & Netflix 2007, for example,) is a popular example, where the data is the basis
for a recommender system. The rows correspond to viewers and the columns to movies,
with the entry Xj; being the rating € {1,...,5} by viewer 4 for movie j. There are about
480K viewers and 18K movies, and hence 8.6 billion (8.6 x 10%) potential entries. However,
on average each viewer rates about 200 movies, so only 1.2% or 10® entries are observed.
The task is to predict the ratings that viewers would give to movies they have not yet rated.
These problems can be phrased as learning an unknown parameter (a matrix Z,, ) with
very high dimensionality, based on very few observations. In order for such inference to be
meaningful, we assume that the parameter Z lies in a much lower dimensional manifold.
In this chapter, as is relevant in many real life applications, we assume that Z can be well
represented by a matrix of low rank, that is, Z ~ V,,,xxGkxn, where k < min(n,m). In
this recommender-system example, low rank structure suggests that movies can be grouped
into a small number of “genres”, with G; the relative score for movie j in genre £. Viewer
i on the other hand has an affinity V;, for genre ¢, and hence the modeled score for viewer i
on movie j is the sum Eéf:l VieGy; of genre affinities times genre scores. Typically we view
the observed entries in X as the corresponding entries from Z contaminated with noise.
Srebro, Alon & Jaakkola (2005) studied generalization error bounds for learning low-
rank matrices. Recently Candes & Recht (2008), Candés & Tao (2009), and Keshavan et al.
(2009) showed theoretically that under certain assumptions on the entries of the matrix,
locations, and proportion of unobserved entries, the true underlying matrix can be recovered

within very high accuracy.
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For a matrix X« let Q@ C {1,...,m}x{1,...,n} denote the indices of observed entries.

We consider the following optimization problem:

minimize  rank(Z2)
subject to Z (Xij — Zij)? < 6, (3.1)
(1,5)€Q

where § > 0 is a regularization parameter controlling the tolerance in training error. The
rank constraint in (3.1) makes the problem for general Q combinatorially hard (Srebro
& Jaakkola 2003). For a fully-observed X on the other hand, the solution is given by
a truncated singular value decomposition (SVD) of X. The following seemingly small

modification to (3.1),

minimize || Z]|«
subject to Z (Xij — Zij)? < 6, (3.2)
(1.1)€Q

makes the problem convex (Fazel 2002). Here || Z]|, is the nuclear norm, or the sum of
the singular values of Z. Under many situations the nuclear norm is an effective convex
relaxation to the rank constraint (Fazel 2002, Candeés & Recht 2008, Candes & Tao 20009,
Recht et al. 2007). Optimization of (3.2) is a semi-definite programming problem (Boyd &
Vandenberghe 2004) and can be solved efficiently for small problems, using modern convex
optimization software like SeDuMi and SDPT3 (Grant & Boyd. 2009). However, since
these algorithms are based on second order methods (Liu & Vandenberghe 2009), they can
become prohibitively expensive if the dimensions of the matrix get large (Cai et al. 2010).

Equivalently we can reformulate (3.2) in Lagrange form

miniZmize% > (Xij = Zi)* + M2l (3.3)
(4,7)€Q
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Here A > 0 is a regularization parameter controlling the nuclear norm of the minimizer 7y
of (3.3); there is a 1-1 mapping between § > 0 and A > 0 over their active domains.

In this chapter we propose an algorithm SOFT-IMPUTE for the nuclear norm regularized
least-squares problem (3.3) that scales to large problems with m,n ~ 10°-10° with around
105-10% or more observed entries. At every iteration SOFT-IMPUTE decreases the value
of the objective function towards its minimum, and at the same time gets closer to the
set of optimal solutions of the problem (3.2). We study the convergence properties of this
algorithm and discuss how it can be extended to other more sophisticated forms of spectral
regularization.

To summarize some performance results’

e We obtain a rank-40 solution to (3.2) for a problem of size 105 x 10° and || = 5 x 10°

observed entries in less than 18 minutes.

e For the same sized matrix with |Q| = 107 we obtain a rank-5 solution in less than 21

minutes.

e For a 10% x 10° sized matrix with || = 10® a rank-5 solution is obtained in approxi-

mately 4.3 hours.

e We fit a rank-66 solution for the Netflix data in 2.2 hours. Here there are 108 observed
entries in a matrix with 4.8 x 10° rows and 1.8 x 10* columns. A rank 95 solution

takes 3.27 hours.

The chapter is organized as follows. In Section 3.2, we discuss related work and provide
some context for this chapter. In Section 3.3 we introduce the SOFT-IMPUTE algorithm and
study its convergence properties in Section 3.4. The computational aspects of the algorithm

are described in Section 3.5, and Section 3.6 discusses how nuclear norm regularization can

'For large problems data transfer, access and reading take quite a lot of time and is dependent upon the
platform and machine. Over here we report the times taken for the computational bottle-neck, that is, the
SVD computations over all iterations. All times are reported based on computations done in a Intel Xeon
Linux 3GHz processor using MATLAB, with no C or Fortran interlacing.
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be generalized to more aggressive and general types of spectral regularization. Section 3.7
describes post-processing of “selectors” and initialization. We discuss comparisons with
related work, simulations and experimental studies in Section 3.9 and application to the

Netflix data in Section 3.10.

3.2 Context and Related Work

Candes & Tao (2009), Cai et al. (2010), and Candes & Recht (2008) consider the criterion

minimize || Z]|«

subject to  Z;; = Xjj, V(i,7) € Q. (3.4)

With 6 = 0, the criterion (3.1) is equivalent to (3.4), in that it requires the training error to
be zero. Cai et al. (2010) propose a first-order singular-value-thresholding algorithm SVT
scalable to large matrices for the problem (3.4). They comment on the problem (3.2) with
0 > 0, but dismiss it as being computationally prohibitive for large problems.

We believe that (3.4) will almost always be too rigid and will result in over-fitting. If
minimization of prediction error is an important goal, then the optimal solution Z will
typically lie somewhere in the interior of the path indexed by § (Figures 3.2, 3.3 and 3.4).

In this chapter we provide an algorithm SOFT-IMPUTE for computing solutions of (3.3)
on a grid of A\ values, based on warm restarts. The algorithm is inspired by SVD-IMPUTE
(Troyanskaya et al. 2001)—an EM-type (Dempster et al. 1977) iterative algorithm that
alternates between imputing the missing values from a current SVD, and updating the
SVD using the “complete” data matrix. In its very motivation, SOFT-IMPUTE is different
from generic first order algorithms (Cai et al. 2010, Ma et al. 2011, Ji & Ye 2009). The
latter require the specification of a step size, and can be quite sensitive to the chosen value.

Our algorithm does not require a step-size, or any such parameter.
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The iterative algorithms proposed in Ma et al. (2011) and Ji & Ye (2009) require the
computation of a SVD of a dense matrix (with dimensions equal to the size of the matrix
X) at every iteration, as the bottleneck. This makes the algorithms prohibitive for large
scale computations. Ma et al. (2011) use randomized algorithms for the SVD computation.
Our algorithm SOFT-IMPUTE also requires an SVD computation at every iteration, but by
exploiting the problem structure, can easily handle matrices of very large dimensions. At

each iteration the non-sparse matrix has the structure:

Y =Ysp (Sparse) + Yrr (Low Rank). (3.5)

In (3.5) Ygp has the same sparsity structure as the observed X, and Y7 has rank 7 < m, n,
where 7 is very close to r < m,n the rank of the estimated matrix Z (upon convergence of
the algorithm). For large scale problems, we use iterative methods based on Lanczos bidiago-
nalization with partial re-orthogonalization (as in the PROPACK algorithm, (Larsen 1998)),
for computing the first 7 singular vectors/values of Y. Due to the specific structure of (3.5),
multiplication by Y and Y’ can both be achieved in a cost-efficient way. In decomposition
(3.5), the computationally burdensome work in computing a low-rank SVD is of an order
that depends linearly on the matrix dimensions. More precisely, evaluating each singular
vector requires computation of the order of O((m + n)7) + O(|2]) flops and evaluating 7/
of them requires O((m + n)7r’") + O(|Qr’) flops. Exploiting warm-starts, we observe that

~ r—hence every SVD step of our algorithm computes r singular vectors, with complexity

il

of the order O((m + n)r?) + O(|Q|r) flops. This computation is performed for the number
of iterations SOFT-IMPUTE requires to run till convergence or a certain tolerance.

In this chapter we show asymptotic convergence of SOFT-IMPUTE and further derive its
non-asymptotic rate of convergence which scales as O(1/k) (k denotes the iteration number).
However, in our experimental studies on low-rank matrix completion, we have observed

that our algorithm is faster (based on timing comparisons) than the accelerated version of
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Nesterov (Ji & Ye 2009, Nesterov 2007), having a provable (worst case) convergence rate
of O(Flg) . With warm-starts SOFT-IMPUTE computes the entire regularization path very
efficiently along a dense series of values for .

Although the nuclear norm is motivated here as a convex relaxation to a rank constraint,
we believe in many situations it will outperform the rank-restricted estimator (3.1). This is
supported by our experimental studies. We draw the natural analogy with model selection
in linear regression, and compare best-subset regression ({y regularization) with the LASSO
(Tibshirani 1996, Hastie et al. 2009, ¢; regularization,). There too the ¢; penalty can be
viewed as a convex relaxation of the ¢y penalty. But in many situations with moderate
sparsity, the LASSO will outperform best subset in terms of prediction accuracy (Friedman
2008, Hastie et al. 2009, Mazumder et al. 2011). By shrinking the parameters in the model
(and hence reducing their variance), the lasso permits more parameters to be included.
The nuclear norm is the ¢ penalty in matrix completion, as compared to the fg rank. By
shrinking the singular values, we allow more dimensions to be included without incurring
undue estimation variance.

Another class of techniques used in collaborative filtering problems are close in spirit
to (3.2). These are known as mazimum margin matriz factorization methods—in short
MMMF—and use a factor model for the matrix Z (Srebro, Rennie & Jaakkola 2005). Let

Z = UV’ where U,,x,» and V,,y,+, and consider the following problem

L A
migimize 3 3" (Xi; — (OV))? + S0 + VI3, (36)
It turns out that (3.6) is intimately related to (3.3), since (see Lemma 11)

1211, = minimize, & (JUI%+ V1)
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For example, if 7/ = min(m,n), the solution to (3.6) coincides with the solution to (3.3).2
However, (3.6) is not convex in its arguments, while (3.3) is. We compare these two criteria
in detail in Section 3.8, and the relative performance of their respective algorithms in

Section 3.9.2.

3.3 Soft-Impute—an Algorithm for Nuclear Norm Regular-
ization

We first introduce some notation that will be used for the rest of this article.

3.3.1 Notation

We adopt the notation of Cai et al. (2010). Define a matrix Po(Y) (with dimension m x n)

Pa(Y) (i) = (37)
0 if (4,5) € 9,

which is a projection of the matrix Y;,x, onto the observed entries. In the same spirit,
define the complementary projection P (V) via Pg (Y) + Po(Y) = Y. Using (3.7) we can
rewrite > ; »eq(Xij — Zi)% as | Po(X) — Po(Z)||%.

3.3.2 Nuclear Norm Regularization

We present the following lemma, which forms a basic ingredient in our algorithm.

Lemma 6. Suppose the matrizc Wy,x, has rank r. The solution to the optimization problem

minimize 5 |W — Z|[% + || Z]]. (3-8)

2We note here that the original MMMTF formulation uses r’ = min{m,n}. In this chapter we will consider
it for a family of r’ values.
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is given by Z = Sx(W) where
S\(W)=UD\V'  with Dy =diag[(di — N4, ..., (dyr — N\)4], (3.9)

UDV' is the SVD of W, D = diag[dy,...,d,], and t; = max(t,0).

The notation S)(W) refers to soft-thresholding (Donoho et al. 1995). Lemma 6 appears
in Cai et al. (2010) and Ma et al. (2011) where the proof uses the sub-gradient characteri-
zation of the nuclear norm. In Appendix 3.A.1 we present an entirely different proof, which
can be extended in a relatively straightforward way to other complicated forms of spectral
regularization discussed in Section 3.6. Our proof is followed by a remark that covers these

more general cases.

3.3.3 Algorithm

Using the notation in 3.3.1, we rewrite (3.3) as:
minimize  f5(Z) = §|Pa(X) ~ Po(Z) %+ Al 2. (3.10)

We now present Algorithm 2—SOFT-IMPUTE—for computing a series of solutions to
(3.10) for different values of A using warm starts.

The algorithm repeatedly replaces the missing entries with the current guess, and then
updates the guess by solving (3.8). Figures 3.2, 3.3 and 3.4 show some examples of solutions
using SOFT-IMPUTE (blue continuous curves). We see test and training error in the top
rows as a function of the nuclear norm, obtained from a grid of values A. These error curves

show a smooth and very competitive performance.
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Algorithm 2 SOFT-IMPUTE

1. Initialize Z°4 = 0.
2. Do for A\ > X\g > ... > Ag:

(a) Repeat:
i. Compute Z"% < S, (Po(X) + Pa(Z°4)).
T (i RPN
' ZoHZ, '
iii. Assign Z°d « Zvew,

(b) Assign ZAAk — Znev,

3. Output the sequence of solutions ZM, ey Z,\K.

3.4 Convergence Analysis

In this section we study the convergence properties of Algorithm 2. Unlike generic first-
order methods (Nesterov 2003) including competitive first-order methods for nuclear norm
regularized problems (Cai et al. 2010, Ma et al. 2011), SOFT-IMPUTE does not involve the
choice of any additional step-size. Most importantly our algorithm is readily scalable for
solving large scale semidefinite programming problems (3.2) and (3.10) as will be explained
later in Section 3.5.

For an arbitrary matrix Z, define
ON(Z|12) = 3|Pa(X) + Py (Z) = Z|IE + A Z |l (3.11)

as a surrogate of the objective function fy(z). Note that f)\(Z) = Qx(Z|Z) for any Z.

In Section 3.4.1, we show that the sequence Z;f generated via SOFT-IMPUTE converges
asymptotically, that is, as k& — oo to a minimizer of the objective function f\(Z). SOFT-
IMPUTE produces a sequence of solutions for which the criterion decreases to the optimal
solution with every iteration and the successive iterates get closer to the optimal set of

solutions of the problem 3.10. Section 3.4.2 derives the non-asymptotic convergence rate



CHAPTER 3. SPECTRAL REGULARIZATION ALGORITHMS 67

of the algorithm. The latter analysis concentrates on the objective values fA(Zéf). Due
to computational resources if one wishes to stop the algorithm after K iterations, then
Theorem 7 provides a certificate of how far Z f is from the solution. Though Section 3.4.1
alone establishes the convergence of f\(Z¥) to the minimum of f\(Z), this does not, in
general, settle the convergence of Zl)f unless further conditions (like strong convexity) are
imposed on f)(-).

3.4.1 Asymptotic Convergence

Lemma 7. For every fized A > 0, define a sequence Zf\“ by
25 = argmin Q1 (2]2)
with any starting point Zg. The sequence Z f satisfies
AZETY < QA (Z3 T ZE) < 1 (Z5).

Proof. Note that
Z8H = S\ (Pa(X) + P (Z5)). (3.12)
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By Lemma 6 and the definition (3.11) of Q,(Z|Z¥), we have:

W2y = a\zy)Z})
= HIPa(X) + PE(Z5) - 2513 + A 28,
> mind {[|Po(X) + P (Z5) - 21 | + A1 2.,
= Q\Z2yZ8)
= S{Pa(xX) — Pa(ZF)} +{Pa(2Zh) - P2 IR+ MIZE
= 3 {IPa(3) = Pa(ZE IR + 1P (25) - P (25713}
+A1 23 (3.13)
> 5 [Pa(X) = Pa(Zy ) F + AIZY (3.14)
= Q23 Zy

= f(Z3").
O
Lemma 8. The nuclear norm shrinkage operator Sx(:) satisfies the following for any
W1, Wy (with matching dimensions)

ISA(W7) — SA(W2)[|F < W1 — Wall7.

In particular this implies that Sx(W) is a continuous map in W.

Lemma 8 is proved in Ma et al. (2011); their proof is complex and based on trace

inequalities. We give a concise proof based on elementary convex analysis in Appendix 3.A.2.

Lemma 9. The successive differences || Z5 — Z;f—lH% of the sequence Z¥ are monotone
decreasing:

123" = 23N < 1125 — 237 HE k. (3.15)



CHAPTER 3. SPECTRAL REGULARIZATION ALGORITHMS 69

Moreover the difference sequence converges to zero. That is
Zf“—Zf\“—)Oask—)oo.

The proof of Lemma 9 is given in Appendix 3.A.3.

Lemma 10. Every limit point of the sequence Z f defined in Lemma 7 is a stationary point

of
3l Pa(X) = Pa(Z)|E + M| Z]l.

Hence it is a solution to the fixed point equation
Z = Sa(Po(X) + Py (2)). (3.16)

The proof of Lemma 10 is given in Appendix 3.A.4.

Theorem 6. The sequence Zf\“ defined in Lemma 7 converges to a limit Z3° that solves
minimize HPo(X) = Po(2)||7 + A Z]- (3.17)

Proof. 1t suffices to prove that Z ])‘f converges; the theorem then follows from Lemma 10.

Let Zy be a limit point of the sequence Z])f. There exists a subsequence my, such that
Z\" — 7. By Lemma 10, Z, solves the problem (3.17) and satisfies the fixed point equation
(3.16).

Hence

1Zy— Z5|7 = ISx(Pa(X) + Pa(£))) — Sa(Pa(X) + P (Z5))IF (3.18)
< [(Pa(X) + Py (2y) — (Pa(X) + Py (ZE )
= |Pa(Zy— 28 Y%

< N2a =25 (3.19)
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In (3.18) two substitutions were made; the left one using (3.16) in Lemma 10, the right
one using (3.12). Inequality (3.19) implies that the sequence || Z) — Zf\“_lH% converges as
k — oo. To show the convergence of the sequence Z ])‘f it suffices to prove that the sequence
A éf converges to zero. We prove this by contradiction.

Suppose the sequence Zf\C has another limit point Z;\r #+ Zy. Then Z, — Z’)‘f has two
distinct limit points 0 and Z;\' — 7y # 0. This contradicts the convergence of the sequence

125 — Z¥1||2.. Hence the sequence Z§ converges to Zy := Z5°. O

The inequality in (3.19) implies that at every iteration Zf\“ gets closer to an optimal
solution for the problem (3.17).> This property holds in addition to the decrease of the

objective function (Lemma 7) at every iteration.

3.4.2 Convergence Rate

In this section we derive the worst case convergence rate of SOFT-IMPUTE.

Theorem 7. For every fited A > 0, the sequence Zf; k > 0 defined in Lemma 7 has the
following non-asymptotic (worst) rate of convergence:

2|23 — Z°|I%

) = A2 < === (3.20)

The proof of this theorem is in Appendix 3.A.6.
In light of Theorem 7, a § > 0 accurate solution of f)(Z) is obtained after a maximum of
2|1 28 — Z3°||% iterations. Using warm-starts, SOFT-IMPUTE traces out the path of solutions

on a grid of X values \; > Ay > ... > A\x with a total of 4

K

2,5 00
Z EHZ)\ifl - ZAl- ”%“ (3.21)
i=1

3In fact this statement can be strengthened further—at every iteration the distance of the estimate
decreases from the set of optimal solutions.
*We assume the solution Zy at every A € {\1,..., Ak} is computed to an accuracy of § > 0.
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iterations. Here Z), = 0 and Z,, denotes the output of SOFT-IMPUTE (upon convergence)
for A= A; (i € {1,..., K —1}). The solutions Z§> and Z3° are likely to be close to each
other, especially on a dense grid of \;’s. Hence every summand of (3.21) and the total
number of iterations is expected to be significantly smaller than that obtained via arbitrary

cold-starts.

3.5 Computational Complexity

The computationally demanding part of Algorithm 2 is in S)(Po(X) + Pq(Z%)). This
requires calculating a low-rank SVD of a matrix, since the underlying model assumption is
that rank(Z) < min{m, n}. In Algorithm 2, for fixed A, the entire sequence of matrices Z¥
have explicit® low-rank representations of the form Ui DV} corresponding to Sy(Po(X) +
PH(ZEY).
In addition, observe that Pq(X) + Pq (Z5) can be rewritten as
Po(X)+ Py (Z8) = {Pa(X)—Pa(Z})} +  Z% (3.2
= Sparse + Low Rank. .

In the numerical linear algebra literature, there are very efficient direct matrix factorization
methods for calculating the SVD of matrices of moderate size (at most a few thousand).
When the matrix is sparse, larger problems can be solved but the computational cost de-
pends heavily upon the sparsity structure of the matrix. In general however, for large
matrices one has to resort to indirect iterative methods for calculating the leading singular
vectors/values of a matrix. There is a lot research in numerical linear algebra for develop-
ing sophisticated algorithms for this purpose. In this chapter we will use the PROPACK

algorithm (Larsen 2004, Larsen 1998) because of its low storage requirements, effective flop

5Though we cannot prove theoretically that every iterate of the sequence Z¥ will be of low-rank; this
observation is rather practical based on the manner in which we trace out the entire path of solutions based
on warm-starts. Our simulation results support this observation as well.
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count and its well documented MATLAB version. The algorithm for calculating the trun-
cated SVD for a matrix W (say), becomes efficient if multiplication operations Wby and
W'by (with by € R™, by € R™) can be done with minimal cost.

Algorithm SOFT-IMPUTE requires repeated computation of a truncated SVD for a matrix
W with structure as in (3.22). Assume that at the current iterate, the matrix Z ;f has rank
7. Note that in (3.22) the term Po(Z¥) can be computed in O(|Q|7) flops using only the
required outer products (i.e., our algorithm does not compute the matrix explicitly).

The cost of computing the truncated SVD will depend upon the cost in the operations
Wby and W'be (which are equal). For the sparse part these multiplications cost O(|9]).
Although it costs O(|Q|7) to create the matrix Po(Z¥), this is used for each of the 7 such
multiplications (which also cost O(|Q2|7)), so we need not include that cost here. The
Low Rank part costs O((m + n)7) for the multiplication by b;. Hence the cost is O(|€2]) +
O((m + n)7) per vector multiplication. Supposing we want a 7 rank SVD of the matrix
(3.22), the cost will be of the order of O(|Q|7) + O((m + n)(¥)?) (for that iteration, that
is, to obtain Z f“ from Z f) Suppose the rank of the solution Z ;f is r, then in light of our
above observations 7 ~ r < min{m,n} and the order is O(|Q|r) + O((m + n)r?).

For the reconstruction problem to be theoretically meaningful in the sense of Candeés &
Tao (2009) we require that || ~ nr - poly(logn). In practice often || is very small. Hence
introducing the Low Rank part does not add any further complexity in the multiplication
by W and W’. So the dominant cost in calculating the truncated SVD in our algorithm
is O(|€?]). The SVT algorithm (Cai et al. 2010) for exact matrix completion (3.4) involves
calculating the SVD of a sparse matrix with cost O(|€2|). This implies that the computational
order of SOFT-IMPUTE and that of SVT is the same. This order computation does not
include the number of iterations required for convergence. In our experimental studies we
use warm-starts for efficiently computing the entire regularization path. On small scale
examples, based on comparisons with the accelerated gradient method of Nesterov (Ji &

Ye 2009, Nesterov 2007, see Section 3.9.3;) we find that our algorithm converges faster than
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the latter in terms of run-time and number of SVD computations/ iterations. This supports
the computational effectiveness of SOFT-IMPUTE. In addition, since the true rank of the
matrix r < min{m,n}, the computational cost of evaluating the truncated SVD (with rank
~ r) is linear in matrix dimensions. This justifies the large-scale computational feasibility
of our algorithm.

The above discussions focus on the computational complexity for obtaining a low-rank
SVD, which is to be performed at every iteration of SOFT-IMPUTE. Similar to the total iter-
ation complexity bound of SOFT-IMPUTE (3.21), the total cost to compute the regularization

path on a grid of A values is given by:

_ 912, 5 o
>0 (8l + (302120, - I )
=1

Here 7y denotes the rank® (on an average) of the iterates Zf\C generated by SOFT-IMPUTE
for fixed A.

The PROPACK package does not allow one to request (and hence compute) only the
singular values larger than a threshold A—one has to specify the number in advance. So
once all the computed singular values fall above the current threshold A, our algorithm
increases the number to be computed until the smallest is smaller than A. In large scale

problems, we put an absolute limit on the maximum number.

3.6 Generalized Spectral Regularization: From Soft to Hard
Thresholding

In Section 3.1 we discussed the role of the nuclear norm as a convex surrogate for the rank
of a matrix, and drew the analogy with LASSO regression versus best-subset selection. We

argued that in many problems ¢; regularization gives better prediction accuracy. However,

5We assume, above that the grid of values A1 > ... Ak is such that all the solutions Zx, \ € {)\17 e )\K}
are of small rank, as they appear in Section 3.5.
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if the underlying model is very sparse, then the LASSO with its uniform shrinkage can both
overestimate the number of non-zero coefficients (Friedman 2008) in the model, and overly
shrink (bias) those included toward zero. In this section we propose a natural generalization
of SOFT-IMPUTE to overcome these problems.

Consider again the problem

minimize %HPQ(X) — Po(2)|%,
rank(z)<k

a rephrasing of (3.1). This best rank-k solution also solves
minimize §|Po(X) ~ Po(Z)|% + A 1(3(2) > 0)
J

where v;(Z) is the jth singular value of Z, and for a suitable choice of X that produces a
solution with rank k.
The “fully observed” matrix version of the above problem is given by the £y version of

(3.8) as follows:
minimize 3||W — Z|| + Al|Z]lo, (3.23)

where ||Z]|p = rank(Z). The solution of (3.23) is given by a reduced-rank SVD of W; for
every A there is a corresponding ¢ = ¢(\) number of singular-values to be retained in the
SVD decomposition. Problem (3.23) is non-convex in W but its global minimizer can be

evaluated. As in (3.9) the thresholding operator resulting from (3.23) is
S¥W)=UD,V' where D, =diag(dy,...,d,0,...,0).

Similar to SOFT-IMPUTE (Algorithm 2), we present below HARD-IMPUTE (Algorithm 3)

for the £y penalty. The continuous parameterization via A does not appear to offer obvious
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Algorithm 3 HARD-IMPUTE

1. Initialize ZAk k=1,...,K (for example, using SOFT-IMPUTE; see Section 3.7).
2. Do for A\ > o > ... > Mg

(a) Repeat:
i. Compute Z"V «— Si(PQ(X) + Pa(Z°4)).
i, 1 12220 oy
' [[ZoM]% ’
iii. Assign Z°d « znew,
(b) Assign Zp z, + 2"V,

3. Output the sequence of solutions ZAHAI, ceey ZAHv,\K.

advantages over rank-truncation methods. We note that it does allow for a continuum of
warm starts, and is a natural post-processor for the output of SOFT-IMPUTE (next section).
But it also allows for further generalizations that bridge the gap between hard and soft
regularization methods.

In penalized regression there have been recent developments directed towards “bridging”
the gap between the /1 and ¢j penalties (Friedman 2008, Zhang 2010, Mazumder et al. 2011).
This is done via using non-convex penalties that are a better surrogate (in the sense of
approximating the penalty) to ¢y over the ¢;. They also produce less biased estimates than
those produced by the ¢1 penalized solutions. When the underlying model is very sparse they
often perform very well, and enjoy superior prediction accuracy when compared to softer
penalties like £1. These methods still shrink, but are less aggressive than the best-subset
selection.

By analogy, we propose using a more sophisticated version of spectral regularization.

This goes beyond nuclear norm regularization by using slightly more aggressive penalties
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that bridge the gap between ¢; (nuclear norm) and ¢y(rank constraint). We propose mini-

mizing
for(2) = %IIPQ(X)—PQ(Z)H%JMZP(W(Z);M), (3.24)

where p(|t|; 1) is concave in |t|. The parameter p € [ping, ftsup] controls the degree of con-
cavity. We may think of p(|t|; uins) = [t| ({1 penalty) on one end and p(|t]; psup) = [/t|lo
(¢p penalty) on the other. In particular for the ¢y penalty denote fpA(Z) by fua(Z) for
“hard” thresholding. See Friedman (2008), Mazumder et al. (2011) and Zhang (2010) for
examples of such penalties.

In Remark 1 in Appendix 3.A.1 we argue how the proof can be modified for general
types of spectral regularization. Hence for minimizing the objective (3.24) we will look at

the analogous version of (3.8, 3.23) which is

miniZmize %HW — ZH% + )\Z P(7j(Z); ).
J

The solution is given by a thresholded SVD of W,
SS(W) =UDp V',

where Dy, » is a entry-wise thresholding of the diagonal entries of the matrix D consisting
of singular values of the matrix W. The exact form of the thresholding depends upon the
form of the penalty function p(+;-), as discussed in Remark 1. Algorithm 2 and Algorithm 3
can be modified for the penalty p(-; x) by using a more general thresholding function SK(-)

in Step 2(a)i. The corresponding step becomes:

77V + SR (Po(X) + Po (2°'9)).
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However these types of spectral regularization make the criterion (3.24) non-convex and
hence it becomes difficult to optimize globally. Recht et al. (2007) and Bach (2008) also

consider the rank estimation problem from a theoretical standpoint.

3.7 Post-processing of “Selectors” and Initialization

Because the ¢; norm regularizes by shrinking the singular values, the number of singular
values retained (through cross-validation, say) may exceed the actual rank of the matrix. In
such cases it is reasonable to undo the shrinkage of the chosen models, which might permit
a lower-rank solution.

If Z) is the solution to (3.10), then its post-processed version Z} obtained by “unshrink-

ing” the eigen-values of the matrix Z) is obtained by

P
o = argmin  [|[Po(X) =Y a;iPo(uiv)| (3.25)
i=1

;i 20, i=1,...,rx

Z¢ = UD,V',

where D, = diag(ay, ..., a,, ). Here ry is the rank of Zy and Zy = UD,V" is its SVD. The
estimation in (3.25) can be done via ordinary least squares, which is feasible because of
the sparsity of Pg(uivz’-) and that ry is small.” If the least squares solutions o do not meet
the positivity constraints, then the negative sign can be absorbed into the corresponding
singular vector.

Rather than estimating a diagonal matrix D, as above, one can insert a matrix M,

AXT N

between U and V' above to obtain better training error for the same rank. Hence given

"Observe that the Po (u;vi), i =1,...,7) are not orthogonal, though the wu;v; are.



CHAPTER 3. SPECTRAL REGULARIZATION ALGORITHMS 78

U, V (each of rank r)) from the SOFT-IMPUTE algorithm, we solve

M = argmin |Po(X)— Po(UMV")|?, (3.26)
M

where, Zy = UMV’

The objective function in (3.26) is the Frobenius norm of an affine function of M and
hence can be optimized very efficiently. Scalability issues pertaining to the optimization
problem (3.26) can be handled fairly efficiently via conjugate gradients. Criterion (3.26)
will definitely lead to a decrease in training error as that attained by Z = UD,V' for the
same rank and is potentially an attractive proposal for the original problem (3.1). However
this heuristic cannot be caste as a (jointly) convex problem in (U, M, V). In addition, this
requires the estimation of up to ri parameters, and has the potential for over-fitting. In
this chapter we report experiments based on (3.25).

In many simulated examples we have observed that this post-processing step gives a
good estimate of the underlying true rank of the matrix (based on prediction error). Since
fixed points of Algorithm 3 correspond to local minima of the function (3.24), well-chosen
warm starts Z are helpful. A reasonable prescription for warms-starts is the nuclear norm
solution via (SOFT-IMPUTE), or the post processed version (3.25). The latter appears to
significantly speed up convergence for HARD-IMPUTE. This observation is based on our

simulation studies.

3.8 Soft-Impute and Maximum-Margin Matrix Factorization

In this section we compare in detail the MMMF criterion (3.6) with the SOFT-IMPUTE
criterion (3.3). For ease of comparison here, we put down these criteria again using our P

notation.



CHAPTER 3. SPECTRAL REGULARIZATION ALGORITHMS 79

MMMF solves
e 1 _ 2 i 2 2
migimize  [[Pa(X — UV)|%+ S (U1 + VIR, (3:27)

where U, «,» and V,,«,+ are arbitrary (non-orthogonal) matrices. This problem formulation
and related optimization methods have been explored by Srebro, Rennie & Jaakkola (2005)
and Rennie & Srebro (2005).

SOFT-IMPUTE solves
miniZmize HIPo(X = 2)|5 + Al Z] s (3.28)

For each given maximum rank, MMMF produces an estimate by doing further shrinkage
with its quadratic regularization. SOFT-IMPUTE performs rank reduction and shrinkage at
the same time, in one smooth convex operation. The following theorem shows that this

one-dimensional SOFT-IMPUTE family lies exactly in the two-dimensional MMMF' family.
Theorem 8. Let X be m x n with observed entries indexed by €.

1. Let v" = min(m,n). Then the solutions to (5.27) and (3.28) coincide for all X > 0.

2. Suppose Z* is a solution to (3.28) for \* > 0, and let r* be its rank. Then for any
solution U, V to (8.27) with ' = r* and X = X\*, UVT is a solution to (3.28). The
SVD factorization of Z* provides one such solution to (3.27). This implies that the

solution space of (3.28) is contained in that of (3.27).
Remarks:

1. Part 1 of this theorem appears in a slightly different form in Srebro, Rennie & Jaakkola
(2005).

2. In part 1, we could use 7/ > min(m,n) and get the same equivalence. While this

might seem unnecessary, there may be computational advantages; searching over a
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bigger space might protect against local minima. Likewise in part 2, we could use
r’ > r* and achieve the same equivalence. In either case, no matter what r’ we use,

the solution matrices U and V have the same rank as Z.

3. Let Z(\) be a solution to (3.28) at . We conjecture that rank [Z(\)] is monotone non-
increasing in A. If this is the case, then Theorem 8, part 2 can be further strengthened
to say that for all A > A\* and r’ = r* the solutions of (3.27) coincide with that of

(3.28).

The MMMF criterion (3.27) defines a two-dimensional family of models indexed by (', A),
while the SOFT-IMPUTE criterion (3.28) defines a one-dimensional family. In light of Theo-

rem 8, this family is a special path in the two-dimensional grid of solutions [U(T,, A Vo, )\)].

Figure 3.1 depicts the situation. Any MMMF model at parameter combinations above the

o
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Figure 3.1: Comparison of the parameter space for MMMF (grey and black points), and SOFT-
IMPUTE (red squares) for a simple example. Since all MMMF solutions with parameters above the
red squares are identical to the SOFT-IMPUTE solutions at the red squares, all the grey points are
redundant.

red squares are redundant, since their fit is the same at the red square. However, in practice

the red squares are not known to MMMF, nor is the actual rank of the solution. Further

orthogonalization of U and V would be required to reveal the rank, which would only be
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approximate (depending on the convergence criterion of the MMMF algorithm).

Despite the equivalence of (3.27) and (3.28) when r = min(m,n), the criteria are
quite different. While (3.28) is a convex optimization problem in Z, (3.27) is a non-convex
problem in the variables U, V and has possibly several local minima, see also Abernethy et al.
(2009). It has been observed empirically and theoretically (Burer & Monteiro 2005, Rennie
& Srebro 2005) that bi-convex methods used in the optimization of (3.27) can get stuck in
sub-optimal local minima for a small value of v’ or a poorly chosen starting point. For a
large number of factors r’ and large dimensions m,n the computational cost may be quite
high (See also experimental studies in Section 3.9.2).

Criterion (3.28) is convex in Z for every value of A, and it outputs the solution Z in the
form of its soft-thresholded SVD, implying that the “factors” U,V are already orthogonal
and the rank is known.

MMMF has two different tuning parameters r’ and A, both of which are related to
the rank or spectral properties of the matrices U, V. SOFT-IMPUTE has only one tuning

parameter A. The presence of two tuning parameters is problematic:

e It results in a significant increase in computational burden, since for every given value
of 7/, one needs to compute an entire system of solutions by varying A (see Section 3.9

for illustrations).

e In practice when neither the optimal values of v’ and \ are known, a two-dimensional

search (for example, by cross validation) is required to select suitable values.

Further discussions and connections between the tuning parameters and spectral properties
of the matrices can be found in Burer & Monteiro (2005) and Abernethy et al. (2009).

The proof of Theorem 8 requires a lemma.

Lemma 11. For any matriz Z, the following holds:

12l = min (U1 +IVIE). (329)

Vi
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Ifrank(Z) = k < min{m,n}, then the minimum above is attained at a factor decomposition

Z =Upxr VL,

Note that in the decomposition Z = UV7 in (3.29) there is no constraint on the number
of columns r of the factor matrices Uy, x, and V,,«,. Lemma 11 is stronger than similar results
appearing in Rennie & Srebro (2005) and Abernethy et al. (2009) which establish (3.29) for
r = min{m, n}—we give a tighter estimate of the rank k of the underlying matrices. The

proof is given in Appendix 3.A.5.

3.8.1 Proof of Theorem 8

Part 1. For » = min(m,n), any matrix Z,,x, can be written in the form of Z = UV, The

criterion (3.27) can be written as

min 5| [Pa(X — UVI)IE + sUUIE +IVIE) (3.30)
:1[1]11‘51 HIPo(X —UVD)||Z + AUV, (by Lemma 11)
= min 3Pa(X = 2)[F + A 2] (3:31)

The equivalence of the criteria in (3.30) and (3.31) completes the proof of part 1.
Part 2. Note that if we know that the solution Z* to (3.28) with A = A\* has rank r*, then

Z* also solves

min slPa(X = 2)|F +AIZ]-
z, rank(z)=r~

We now repeat the steps (3.30)—(3.31), restricting the rank 7’ of U and V to be v/ = r*,

and the result follows.
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3.9 Numerical Experiments and Comparisons

In this section we study the performance of SOFT-IMPUTE, its post-processed variants,
and HARD-IMPUTE for noisy matrix completion problems. The examples assert our claim
that the matrix reconstruction criterion (3.4) (Cai et al. 2010) is too rigid if one seeks
good predictive models. We include the related procedures of Rennie & Srebro (2005) and
Keshavan et al. (2009) in our comparisons.

The reconstruction algorithm OPTSPACE, described in Keshavan et al. (2009) considers
criterion (3.1) (in the presence of noise). It uses the representation Z = USV’ (which
need not correspond to the SVD). OPTSPACE alternates between estimating S and U,V
(in a Grassmann manifold) for computing a rank-r decomposition Z = USV'. Tt starts
with a sparse SVD on a clean version of the observed matrix Pqo(X). This is similar to the
formulation of MMMF (3.27) as detailed in Section 3.8, without the squared Frobenius
norm regularization on the components U, V.

To summarize, we study the following methods:
1. SorT-IMPUTE-Algorithm 2; denoted by SOFTIMP in the figure labels.

2. SOFT-IMPUTE+—post-processing on the output of SOFT-IMPUTE, as in Section 3.7;

denoted by SOFTIMP—+ in the figure labels.

3. HARD-IMPUTE-Algorithm 3, starting with the output of SOFT-IMPUTE4. We denote

this by HARDIMP in the figure labels.
4. SVT-algorithm by Cai et al. (2010);
5. OPTSPACE-reconstruction algorithm by Keshavan et al. (2009);
6. MMMPF-algorithm for (3.6) as in Rennie & Srebro (2005).

In all our simulation studies we use the underlying model Z,,x,, = Upyxr Vi s, + €, where U

and V are random matrices with standard normal Gaussian entries, and ¢ is i.i.d. Gaussian.
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Q is uniformly random over the indices of the matrix with p% percent of missing entries.
These are the models under which the coherence conditions hold true for the matrix com-
pletion problem to be meaningful (Candes & Tao 2009, Keshavan et al. 2009). The signal

to noise ratio for the model and the test-error (standardized) are defined as

var(UV’)

1Pg (UV' = 2)|
var(e) '

SNR =
1P (TV)[3

; Test Error =

Training error (standardized) is defined as

|1Pa(Z — 2)|1%

Training Error = ,
1P (2)|1%

the fraction of the error explained on the observed entries by the estimate relative to a zero
estimate.

Figures 3.2, 3.3 and 3.4 show training and test error for all of the algorithms mentioned
above—both as a function of nuclear norm and rank—for the three problem instances.
The results displayed in the figures are averaged over 50 simulations, and also show one-
standard-error bands (hardly visible). In all examples (m,n) = (100,100). For MMMF
we use ' = min(m,n) = 100, the number of columns in U and V. The performance of
MMMEF is displayed only in the plots with the nuclear norm along the horizontal axis,
since the algorithm does not deliver a precise rank. SNR, true rank and percentage of
missing entries are indicated in the figures. There is a unique correspondence between A
and nuclear norm. The plots versus rank indicate how effective the nuclear norm is as a
rank approximation—that is whether it recovers the true rank while minimizing prediction
error.

For routines not our own we use the MATLAB code as supplied on webpages by the
authors. For SVT second author of Cai et al. (2010), for OPTSPACE third author of
Keshavan et al. (2009), and for MMMF first author of Rennie & Srebro (2005).
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50% missing entries with SNR=1, true rank =10
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Figure 3.2: Figure showing training/test error profiles for SOFT-IMPUTE+, SOFT-IMPUTE, HARD-
IMPUTE OPTSPACE, SVT, MMMF (with full rank 100). Values of test error larger than one are
not shown in the figure. OPTSPACE is evaluated for ranks < 30.



CHAPTER 3. SPECTRAL REGULARIZATION ALGORITHMS 86

50% missing entries with SNR=1, true rank =6
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Figure 3.3: SOFT-IMPUTE+ has the best prediction error, closely followed by SOFT-IMPUTE and
MMMFEF. Both HARD-IMPUTE and OPTSPACE have poor prediction error apart from near the true
rank. OPTSPACE is evaluated for a series of ranks < 35. SV'T has poor predictiion error with rank
of the solution being > 60.
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80% missing entries with SNR=10, true rank =5
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Figure 3.4: With low noise, the performance of HARD-IMPUTE improves and has the best prediction
error, followed by OPTSPACE. SVT did not converge within 1000 iterations, and the solution seems
to be different from the limiting solution of SOFT-IMPUTE
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3.9.1 Observations

The captions of each of Figures 3.2-3.4 detail the results, which we summarize here. For
the first two figures, the noise is quite high with SNR= 1, and 50% of the entries are miss-
ing. In Figure 3.2 the true rank is 10, while in Figure 3.3 it is 6. SOFT-IMPUTE, MMMF
and SOFT-IMPUTE+ have the best prediction performance, while SOFT-IMPUTE+ is bet-
ter at estimating the correct rank. The other procedures perform poorly here, although
OPTSPACE improves somewhat in Figure 3.3. SVT has very poor prediction error, sug-
gesting once again that exactly fitting the training data is far too rigid. SOFT-IMPUTE+
has the best performance in Figure 3.3 (smaller rank—more aggressive fitting), and HARD-
IMPUTE starts recovering here. In both figures the training error for SOFT-IMPUTE (and
hence MMMF) wins as a function of nuclear norm (as it must, by construction), but the
more aggressive fitters SOFT-IMPUTE+ and HARD-IMPUTE have better training error as a
function of rank.

Though the nuclear norm is often viewed as a surrogate for the rank of a matrix, we
see in these examples that it can provide a superior mechanism for regularization. This
is similar to the performance of LASSO in the context of regression. Although the LASSO
penalty can be viewed as a convex surrogate for the ¢y penalty in model selection, its ¢1
penalty provides a smoother and often better basis for regularization.

In Figure 3.4 with SNR= 10 the noise is relatively small compared to the other two
cases. The true underlying rank is 5, but the proportion of missing entries is much higher
at eighty percent. Test errors of both SOFT-IMPUTE+4 and SOFT-IMPUTE are found to
decrease till a large nuclear norm after which they become roughly the same, suggesting no
further impact of regularization. MMMF has slightly better test error than SOFT-IMPUTE
around a nuclear norm of 350, while in theory they should be identical. Notice, however,
that the training error is slightly worse (everywhere), suggesting that MMMF is sometimes

trapped in local minima. The fact that this slightly underfit solution does better in test error
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is a quirk of this particular example. OPTSPACE performs well in this high-SNR example,
achieving a sharp minima at the true rank of the matrix. HARD-IMPUTE performs the best
in this example. The better performance of both OPTSPACE and HARD-IMPUTE over SOFT-
IMPUTE can be attributed both to the low-rank truth and the high SNR. This is reminiscent
of the better predictive performance of best-subset or concave penalized regression often

seen over LASSO in setups where the underlying model is very sparse (Friedman 2008).

3.9.2 Comparison with Fast MMMF

In this section we compare SOFT-IMPUTE with MMMF (Rennie & Srebro 2005) in terms of
computational efficiency. We also examine the consequences of two regularization parame-
ters (', \) for MMMF over one for SOFT-IMPUTE.

Rennie & Srebro (2005) describes a fast algorithm based on conjugate-gradient descent
for minimization of the MMMF criterion (3.6). With (3.6) being non-convex, it is hard
to provide theoretical optimality guarantees for the algorithm for arbitrary r’, \—that is,
what type of solution it converges to or how far it is from the global minimizer.

In Table 3.1 we summarize the performance results of the two algorithms. For both
SOFT-IMPUTE and MMMF we consider a equi-spaced grid of 150 A € [Amin, Amax], With
Amin corresponding to a full-rank solution of SOFT-IMPUTE and Ap.x the zero solution. For
MMMEF, three different values of r’ were used, and for each (U , V) were solved for over
the grid of A values. A separate held-out validation set with twenty percent of the missing
entries sampled from Q were used to train the tuning parameter A (for each value of 1) for
MMMEF and SOFT-IMPUTE. Finally we evaluate the standardized prediction errors on a
test set consisting of the remaining eighty percent of the missing entries in Q1. In all cases
we report the training errors and test errors on the optimally tuned A\. SOFT-IMPUTE was
run till a tolerance of 10~* was achieved (fraction of decrease of objective value). Likewise

for MMMF we set the tolerance of the conjugate gradient method to 1074,
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Data Method (rank) Test error Training error | Time (secs)
(m,n) = (102,10%) | Sorr-ImpuTE (39) | 0.7238 (0.0027) 0.0720 4.1745
Q] = 5 x 103(50%) | MMMF (20) 0.7318 (0.0031) 0.2875 48.1090
SNR= 3 MMMEF (60) 0.7236 (0.0027) 0.1730 62.0230
rank (R)= 30 MMMF (100) 0.7237 (0.0027) 0.1784 96.2750
(m,n) = (102,10%) | Sort-ImMPUTE (37) | 0.5877 (0.0047) 0.0017 4.0976
Q| = 2 x 103(20%) | MMMF (20) 0.5807 (0.0049) 0.0186 53.7533
SNR= 10 MMMF (60) 0.5823 (0.0049) 0.0197 62.0230
rank(R)= 10 MMMF (100) 0.5823 (0.0049) 0.0197 84.0375
(m,n) = (102,10%) | Sorr-ImpuTE (59) | 0.6008 (0.0028) 0.0086 3.8447
1 = 8 x 103(80%) | MMMF (20) 0.6880 (0.0029) 0.4037 33.8685
SNR= 10 MMMEF (60) 0.5999 (0.0028) 0.0275 57.3488
rank(R)= 45 MMMEF (100) 0.5999 (0.0028) 0.0275 80.4525

Table 3.1: Performances of SOFT-IMPUTE and MMMTF for different problem instances, in terms
of test error (with standard errors in parentheses), training error and times for learning the models.
SOFT-IMPUTE, “rank” denotes the rank of the recovered matrix, at the optimally chosen value of
A. For the MMMF, “rank” indicates the value of 7' in Up,xsr, Viuxr . Results are averaged over 50
simulations.

In Table 3.1, for every algorithm total time indicates the time required for evaluating so-
lutions over the entire grid of A\ values. In these examples, we used direct SVD factorization
based methods for the SVD computation, since the size of the problems were quite small.
In all these examples we observe that SOFT-IMPUTE performs very favorably in terms of
total times. For MMMF the time to train the models increase with increasing rank r’; and
in case the underlying matrix has rank which is larger than 7/, the computational cost will
be large in order to get competitive predictive accuracy. This point is supported in the
examples of Table 3.1. It is important to note that, the prediction error of SOFT-IMPUTE

as obtained on the validation set is actually within standard error of the best prediction

error produced by all the MMMF models.

In addition we also performed some medium-scale examples increasing the dimensions of the
matrices. To make comparisons fair, SOFT-IMPUTE made use of direct SVD computations

(in MATLAB) instead of iterative algorithms exploiting the specialized Sparse+ Low-Rank
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structure (3.22). We report our findings on one such simulation example:

e For (m,n) = (2000, 1000), |2|/(m-n) = 0.2, rank = 500 and SNR=10; SOFT-IMPUTE
takes 1.29 hours to compute solutions on a grid of 100 A values. The test error on the
validation set and training error are 0.9630 and 0.4375 with the recovered solution

having a rank of 225.

For the same problem, MMMF with ' = 200 takes 6.67 hours returning a solution
with test-error 0.9678 and training error 0.6624. With r’ = 400 it takes 12.89 hrs with

test and training errors 0.9659 and 0.6564 respectively.

We will like to note that DeCoste (2006) proposed an efficient implementation of MMMF
via an ensemble based approach, which is quite different in spirit from the batch optimization

algorithms we are studying in this paper. Hence we do not compare it with SOFT-IMPUTE.

3.9.3 Comparison with Nesterov’s Accelerated Gradient Method

Ji & Ye (2009) proposed a first-order algorithm based on Nesterov’s acceleration scheme
(Nesterov 2007), for nuclear norm minimization for a generic multi-task learning problem
(Argyriou et al. 2008, Argyriou et al. 2007). Their algorithm (Liu et al. 2009, Ji & Ye 2009)
can be adapted to the SOFT-IMPUTE problem (3.10); hereafter we refer to it as NESTEROV.
It requires one to compute the SVD of a dense matrix having the dimensions of X, which
makes it prohibitive for large-scale problems. We instead would make use of the structure
(3.22) for the SVD computation, a special characteristic of matrix completion which is
not present in a generic multi-task learning problem. Here we compare the performances of
SOFT-IMPUTE and NESTEROV on small scale examples, where direct SVDs can be computed
easily.

Since both algorithms solve the same criterion, the quality of the solutions—objective
values, training and test errors—will be the same (within tolerance). We hence compare

their performances based on the times taken by the algorithms to converge to the optimal
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solution of (3.10) on a grid of values of A. Both algorithms compute a path of solutions

using warm starts. Results are shown in Figure 3.5, for four different scenarios described

in Table 3.2.
Example (m,n) |Q2/(m -n) | Rank | Test Error
i| (100,100) 0.5 5 0.4757
i | (100,100) 0.2 5 0.0668
i | (100,100) 0.8 5 0.0022
iv | (1000, 500) 0.5 30 0.0028

Table 3.2: Four different examples used for timing comparisons of SOFT-IMPUTE and (accelerated)
NESTEROV. In all cases the SNR= 10.

Figure 3.5 shows the time to convergence for the two algorithms. Their respective
number of iterations are not comparable. This is because NESTEROV uses a line-search
to compute an adaptive step-size (approximate the Lipschitz constant) at every iteration,
whereas SOFT-IMPUTE does not.

SOFT-IMPUTE has a rate of convergence given by Theorem 7, which for large k is worse
than the accelerated version NESTEROV with rate O(1/k?). However, timing comparisons
in Figure 3.5 show that SOFT-IMPUTE performs very favorably. We do not know the exact
reason behind this, but mention some possibilities. Firstly the rates are worst case conver-
gence rates. On particular problem instances of the form (3.10), the rates of convergence in
practice of SOFT-IMPUTE and NESTEROV may be quite similar. Since Ji & Ye (2009) uses an
adaptive step-size strategy, the choice of a step-size may be time consuming. SOFT-IMPUTE
on the other hand, uses a constant step size.

Additionally, it appears that the use of the momentum term in NESTEROV affects the
Sparse+Low-rank decomposition (3.22). This may prevent the algorithm to be adapted for

solving large problems, due to costly SVD computations.
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Figure 3.5: Timing comparisons of SOFT-IMPUTE and (accelerated) NESTEROV over a grid of A
values for examples i-iv. The horizontal axis corresponds to the standardized nuclear norm, with

C = max, || Zx||«. Results are averaged over 10 simulations.
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3.9.4 Large Scale Simulations for Soft-Impute

Table 3.3 reports the performance of SOFT-IMPUTE on some large-scale problems. All com-
putations are performed in MATLAB and the MATLAB implementation of PROPACK
is used. Data input, access and transfer in MATLAB take a sizable portion of the total
computational time, given the size of these problems. However, the main computational
bottle neck in our algorithm is the structured SVD computation. In order to focus more
on the essential computational task, Table 3.3 displays the total time required to perform
the SVD computations over all iterations of the algorithm. Note that for all the examples
considered in Table 3.3, the implementations of algorithms NESTEROV (Liu et al. 2009, Ji
& Ye 2009) and MMMF (Rennie & Srebro 2005) are prohibitively expensive both in terms
of computational time and memory requirements, and hence could not be run. We used the
value A = ||Po(X)||2/K with SOFT-IMPUTE, with K = 1.5 for all examples but the last,
where K = 2. Ao = ||Pa(X)||2 is the largest singular value of the input matrix X (padded
with zeros); this is the smallest value of A for which Sy,(Pn(X)) = 0 in the first iteration
of SOFT-IMPUTE (Section 3.3).

The prediction performance is awful for all but one of the models, because in most cases
the fraction of observed data is very small. These simulations were mainly to show the

computational capabilities of SOFT-IMPUTE on very large problems.

3.10 Application to the Netflix Data Set

The Netflix training data consists of the ratings of 17,770 movies by 480,189 Netflix cus-
tomers. The resulting data matrix is extremely sparse, with 100,480,507 or 1% of the entries
observed. The task was to predict the unseen ratings for a qualifying set and a test set
of about 1.4 million ratings each, with the true ratings in these data sets held in secret

by Netflix. A probe set of about 1.4 million ratings was distributed to participants, for
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(m,n) |2 |2]/(m -n) | Recovered | Time (mins) | Test error | Training error
x100% rank
(10%,10%) | 10° 0.1 40* 0.2754 0.9946 0.6160
(10%,10%) | 10° 0.1 40* 0.3770 0.9959 0.6217
(10%,10%) | 10° 0.1 50* 0.4292 0.9962 0.3862
(10%,10%) | 106 1.0 5 1.6664 0.6930 0.6600
(10°,10%) | 5 x 105 0.05 40* 17.2518 0.9887 0.8156
(10°,10%) | 107 0.1 5 20.3142 0.9803 0.9761
(106,10%) | 108 0.1 5 259.9620 0.9913 0.9901
(108,106) | 107 0.001 20* 99.6780 0.9998 0.5834

Table 3.3: Performance of SOFT-IMPUTE on different problem instances. All models are generated
with SNR=10 and underlying rank=>5. Recovered rank is the rank of the solution matrix Z at the
value of A used in (3.10). Those with stars reached the “maximum rank” threshold, and option in
our algorithm. Convergence criterion is taken as “fraction of improvement of objective value” less
than 10~% or a maximum of 15 iterations for the last four examples. All implementations are done
in MATLAB including the MATLAB implementation of PROPACK on a Intel Xeon Linux 3GHz
processor.

calibration purposes. The movies and customers in the qualifying, test and probe sets are
all subsets of those in the training set.

The ratings are integers from 1 (poor) to 5 (best). Netflix’s own algorithm has an RMSE
of 0.9525, and the contest goal was to improve this by 10%, or an RMSE of 0.8572 or better.
The contest ran for about 3 years, and the winning team was “Bellkor’s Pragmatic Chaos”,
a merger of three earlier teams (see http://www.netflixprize.com/ for details). They
claimed the grand prize of $1M on September 21, 2009.

Many of the competitive algorithms build on a regularized low-rank factor model similar
to (3.6) using randomization schemes like mini-batch, stochastic gradient descent or sub-
sampling to reduce the computational cost over making several passes over the entire data-
set (Salakhutdinov et al. 2007, Bell & Koren. 2007, Takacs et al. 2009, see,for example). In
this paper, our focus is not on using randomized or sub-sampling schemes.

Here we demonstrate that our nuclear-norm regularization algorithm can be applied in

batch mode on the entire Netflix training set with a reasonable computation time. We note

however that the conditions under which the nuclear-norm regularization is theoretically
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A Rank | Time (hrs) | RMSE
)\0/250 42 1.36 0.9622
)\0/300 66 2.21 0.9572
Ao/500 81 2.83 0.9543
)\0/600 95 3.27 0.9497

Table 3.4: Results of applying SOFT-IMPUTE to the Netflix data. A\g = ||Pa(X)]|2; see Section 3.9.4.
The computations were done on a Intel Xeon Linux 3GHz processor; timings are reported based on
MATLAB implementations of PROPACK and our algorithm. RMSE is root-mean squared error, as
defined in the text.

meaningful (Candes & Tao 2009, Srebro, Alon & Jaakkola 2005) are not met on the Netflix
data set.

We applied SOFT-IMPUTE to the training data matrix and then performed a least-
squares unshrinking on the singular values with the singular vectors and the training data
row and column means as the bases. The latter was performed on a data-set of size 10°
randomly drawn from the probe set. The prediction error (RMSE) is obtained on a left out
portion of the probe set. Table 3.4 reports the performance of the procedure for different
choices of the tuning parameter A (and the corresponding rank); times indicate the total
time taken for the SVD computations over all iterations. A maximum of 10 iterations were
performed for each of the examples. Again, these results are not competitive with those of
the competition leaders, but rather demonstrate the feasibility of applying SOFT-IMPUTE

to such a large data set.

3.A Appendix to Chapter 3

We begin with the proof of Lemma 6.
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3.A.1 Proof of Lemma 6

Proof. Let Z = UpysnDpxn V.,

nxn

be the SVD of Z. Assume without loss of generality, m > n.

We will explicitly evaluate the closed form solution of the problem (3.8). Note that
HNZ-W|E+MZ). =3 {HWH% — 2 daWo; + Zd?} +AD d; (3.32)
i=1 i=1 i=1

where

D:diag[dl,...,dn], U= lan,... a0, V=[01...,5].

Minimizing (3.32) is equivalent to minimizing

n n n
—2) AW+ Y dF+ > 2Ny wrt. (i, 05, di), i =1,...,n,

i=1 i=1 i=1

under the constraints U'U = I,,, V'V = I, and d; > 0 Vi.
Observe the above is equivalent to minimizing (w.r.t. U, V) the function Q(U,V):
B _ n 5 n _ n 5
QU,V)=min 1 {—2 > diaW + ) d?} +AY di (3.33)
D=0 i=1 i=1 i=1

Since the objective (3.33) to be minimized w.r.t. D, is separable ind;,i = 1,...,n; it suffices
to minimize it w.r.t. each d; separately.

The problem

minimize 5 {—ZJZ&;W@Z + CZ?} + Ad; (3.34)
d;>0

can be solved looking at the stationary conditions of the function using its sub-gradient
(Nesterov 2003). The solution of the above problem is given by Sy(u,W ;) = (@,W; — )4,
the soft-thresholding of @,W?; (without loss of generality, we can take @,W?; to be non-

negative). More generally the soft-thresholding operator (Friedman, Hastie, Hoefling &
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Tibshirani 2007, Hastie et al. 2009) is given by Sy(z) = sgn(z)(Jz| — A\)4+. See Fried-
man, Hastie, Hoefling & Tibshirani (2007) for more elaborate discussions on how the
soft-thresholding operator arises in univariate penalized least-squares problems with the
{1 penalization.

Plugging the values of optimal d;,i = 1,...,n; obtained from (3.34) in (3.33) we get

QU,V) =3 {IIWII% — 2> (@W o — N (BWo; — \) + (X0 — A)i} . (33p)
i=1

Minimizing Q(U, V) w.r.t. (U, V) is equivalent to maximizing

> 2w = N (@Wo; — A) — (W — N3} = Y (@Wo; — M), (3.36)
i=1 AW D>\

It is a standard fact that for every ¢ the problem

maximize «'Ww; such that u L {dy,..., %1}, v L {01,..., %1}
[ull3<1,[l0]5<1

is solved by ;,;, the left and right singular vectors of the matrix W corresponding to
its ¢*® largest singular value. The maximum value equals the singular value. It is easy
to see that maximizing the expression to the right of (3.36) wrt (u;,v;),s = 1,...,n is
equivalent to maximizing the individual terms a,W ;. If r(\) denotes the number of singular
values of W larger than A then the (u;,?;),7 = 1,... that maximize the expression (3.36)
correspond to [ul, . ,uT(A)] and [1)1, e ,vr()\)] ; the 7(\) left and right singular vectors of W
corresponding to the largest singular values. From (3.34) the optimal D = diag [Jl, e ,Jn]
is given by D) = diag[(d1 — A)+,..., (dn — A)4].

Since the rank of W is 7, the minimizer Z of (3.8) is given by UD,\V’ as in (3.9). O

Remark 1. For a more general spectral reqularization of the form XY, p(vi(Z)) (as com-

pared to Y, \vi(Z) used above) the optimization problem (3.34) will be modified accordingly.
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The solution of the resultant univariate minimization problem will be given by SE(QQW@)

for some generalized “thresholding operator” SE('), where

SY (4;Wo;) = arg min 5 { 2d; U, W o + d2} + Ap(d;).
di>0

The optimization problem analogous to (3.35) will be

mlnlmlze —{\|W\|F—2Zdquz+Zd?}+AZp (3.37)

where d; = SY(W;W;), Vi. Any spectral function for which the above (3.87) is monotonically
increasing in W,Wv; for every i can be solved by a similar argument as given in the above
proof. The solution will correspond to the first few largest left and right singular vectors
of the matriz W. The optimal singular values will correspond to the relevant shrinkage/
threshold operator Sf(-) operated on the singular values of W. In particular for the indicator
function p(t) = A1(t # 0), the top few singular values (un-shrunk) and the corresponding

singular vectors is the solution.

3.A.2 Proof of Lemma 8

This proof is based on sub-gradient characterizations and is inspired by some techniques

used in Cai et al. (2010).

Proof. From Lemma 6, we know that if Z solves the problem (3.8), then it satisfies the

sub-gradient stationary conditions:
0e—(W —2)+ || Z]|». (3.38)

Sx(W7) and Sy (W3) solve the problem (3.8) with W = W and W = Wj, respectively, hence
(3.38) holds with W = Wy, Z; = Sx(W1) and W = W, Zy = Sx(W)).
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The sub-gradients of the nuclear norm ||Z||, are given by
NZ|e = {UV' +w: wsen, U'w =0, wV =0, w2 < 1},

where Z = UDV"’ is the SVD of Z.

Let p(Z;) denote an element in 9||Z;|. Then
Zi = Wi+ Ap(Zi) =0, i=1,2.

The above gives

A

(Z1 — Zo) — (W1 — Wa) + A(p(Z1) — p(Z2)) = 0,
from which we obtain
(Zy = Zy, Z) — Zo) — (W1 — Wa, Zy — Za) + MNp(Z1) — p(Za), Z1 — Zo) = 0,

where (a,b) = trace(a’b).

Now observe that

A A~ A~ A~ A A~ A A A

(0(21) = p(22), 21 = Z2) = (p(21), 1) — (p(21), Z2) — (p(22), 1) + {p(Z2), Za2).
By the characterization of subgradients as in (3.39), we have
(p(Zi), Zi) = | Zill« and |Ip(Z)]2 <1, i=1,2,

This implies

(p(Z:), Zj)| < llp(Z0) 2| Zjll < 112511 for i # j € {1,2}.

100

(3.39)

(3.40)

(3.41)
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Using the above inequalities in (3.41) we obtain:

((Z1), Z1) + (p(Z2), Z2)

~(p(21), Z2) — (0(Z2). 21)

1Z1lx + 1122 (3.42)

v

~Zall = 1 Z2 s (3.43)

Using (3.42,3.43) we see that the r.h.s. of (3.41) is non-negative. Hence

A~

(P(Z1) — p(Za), Z1 — Zs) > 0.
Using the above in (3.40), we obtain:
HZl — ZQH%:‘ = <21 — 22,21 — 22> < <W1 — WQ,Zl — 22> (3.44)

Using the Cauchy-Schwarz Inequality, |21 — Zo||p||W1 — Wallp > (Z1 — Zo, Wy — Wa)
in (3.44) we get

121 = Zo||% < (21 — Zo, Wh — Wa) < ||Z1 — Zs||p||W1 — Wal|F

and in particular

121 = Zo|[3 < |21 — Zs||p||W1 — Wa||p.

The above further simplifies to

W1 = Wall3 > (121 = Zal[f = [ISA(W1) = SA(Wa) 13
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3.A.3 Proof of Lemma 9

Proof. We will first show (3.15) by observing the following inequalities:

1Z5T = 28 = [ISA(Pa(X) + Pa(28)) — Sa(Pa(X) + Po (Zy ) I1%
(by TLemma 8) < || (Pa(X) + P(2})) — (Pa(X) + PH(ZEY) I3

= |Pa(ZY - 257 Y% (3.45)

IN

12y — 2513 (3.46)

The above implies that the sequence {||Z§ — Zf_1||%} converges (since it is decreasing and
bounded below). We still require to show that {||Z§ — Z¥~![|%.} converges to zero.

The convergence of {||Z5 — Z ])f_lH%} implies that:
128+ = ZE% — 124 — 23— 0 ask— oo.
The above observation along with the inequality in (3.45,3.46) gives
1P (25 = 2y OIF = 125 = 23717 = 0 = Po(28 - 257") =0, (3.47)

as k — oc.
Lemma 7 shows that the non-negative sequence f)(Z f) is decreasing in k. So as kK — oo
the sequence f(Z5¥) converges.

Furthermore from (3.13,3.14) we have
QANZYTHZE) — Q25T ZETY) = 0 as k — o0,

which implies that

| P (Z5) — Pﬁ(Zf_H)H% —0as k — oo.
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The above along with (3.47) gives
Zf—Zf*—)Oask—)oo.

This completes the proof. O

3.A.4 Proof of Lemma 10

Proof. The sub-gradients of the nuclear norm ||Z||, are given by
ONZ|« ={UV'+ W : Wysen, UW =0, WV =0, [|[W]2 < 1}, (3.48)
where Z = UDV" is the SVD of Z. Since Z§ minimizes QA(Z\Zf_l), it satisfies:
0 € —(Po(X) + P4 (25") - 2) + 011 2§l V. (3.49)

Suppose Z* is a limit point of the sequence Z ])‘f . Then there exists a subsequence {n;} C
{1,2,...} such that Z\* — Z* as k — oc.

By Lemma 9 this subsequence Z\* satisfies
ZW — Z 0

implying
Py (Z3 1) = 23 — P (Z3) — Z5 = —Pa(Z").

Hence,
(Po(X) + Py (Z371) = Z3%) — (Pa(X) — Pa(Z3)). (3.50)

For every k, a sub-gradient p(Zf) IS 8HZ§||* corresponds to a tuple (uy, vk, wy) satisfying
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the properties of the set 9| Z5||. (3.48).
Consider p(Zy*) along the sub-sequence ny. As nj — oo, Z\* — Z3.
Let

N / * *, /!
Zy —unankvnk, 7" = UooD v

denote the SVD’s. The product of the singular vectors converge uj,, v, — U5, Voo. Further-
more due to boundedness (passing on to a further subsequence if necessary) wy,, — Weo.
The limit uxvl, + we clearly satisfies the criterion of being a sub-gradient of Z*. Hence
this limit corresponds to p(Z3) € 0[|Z%]|«.

Furthermore from (3.49, 3.50), passing on to the limits along the subsequence ny, we

have
0 € —(Po(X) — Pa(Z3)) + Ol Z3 ||+

Hence the limit point Z} is a stationary point of f\(Z).

We shall now prove (3.16). We know that for every ny
Z3* = S\(Pa(X) + Py (Z3+71)). (3.51)

From Lemma 9, we know Z\* — Z;k_l — 0. This observation along with the continuity of
Sa(+) gives
SA(Pa(X) + Pa(Z3*71) = Sa(Pa(X) + Py (Z3)).

Thus passing over to the limits on both sides of (3.51) we get
Z3 = S\(Pa(X) + Pa (23));

therefore completing the proof. O
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3.A.5 Proof of Lemma 11

The proof is motivated by the principle of embedding an arbitrary matrix into a positive
semidefinite matrix (Fazel 2002). We require the following proposition, which we prove

using techniques used in the same reference.

Proposition 1. Suppose matrices Winxms Wixns Zmxn satisfy the following:

w  Z
=0

zr W

Then trace(W') + trace(W) > 2[|Z||..

Proof. Let Zyxn = LimxrSrxrRY., denote the SVD of Z, where 7 is the rank of the matrix

nXr

Z. Observe that the trace of the product of two positive semidefinite matrices is always

non-negative. Hence we have the following inequality:

LLT —LRT w  Z
trace = 0.

—RLT RRT 7T w
Simplifying the above expression we get:
trace(LLTW) — trace(LRT ZT) — trace(RL Z) + trace(RRTW) > 0. (3.52)
Due to the orthogonality of the columns of L, R we have the following inequalities:
trace(LLTW) < trace(W) and trace(RRTW) < trace(WW).

Furthermore, using the SVD of Z:

trace(LRT Z1) = trace(X) = trace(LRT Z7T).
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Using the above in (3.52), we have:

trace(W) + trace(W) > 2trace(X) = 2||Z]|«.

O

Proof of Lemma 11. For the matrix Z, consider any decomposition of the form Z = Umxr‘zfxr
and construct the following matrix
vtz U\ ...
= @rvh, (3.53)
zt  vvT Vv
which is positive semidefinite. Applying Proposition 1 to the left hand matrix in (3.53), we

have:

trace(UUT) + trace(VVT) > 2| Z]..

Minimizing both sides above w.r.t. the decompositions Z = Umwffgﬂw; we have

__min__ {trace(ﬁﬁT) + trace(f/f/T)} > 2 Z|«. (3.54)
U,V; Z=U0VT

Through the SVD of Z we now show that equality is attained in (3.54). Suppose Z is of rank
1
k < min(m,n), and denote its SVD by Z,,xn = mekzkkagxk. Then for U = LkaZI?xk
1

and V = Rnxkﬁgxk the equality in (3.54) is attained.

Hence, we have:

IZll, = _ min {trace(ﬁUT)—i-trace(Vf/T)}
0,V;:2=0vT

= _ min _ {trace(UUT) +trace(‘~/f/T)}.
U7V§Z:Um><k:v:,3;<k

Note that the minimum can also be attained for matrices with » > k or even r > min(m,n);
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however, it suffices to consider matrices with » = k. Also it is easily seen that the minimum

cannot be attained for any r < k; hence the minimal rank r for which (3.29) holds true is

r==k. O

3.A.6 Proof of Theorem 7

There is a close resemblance between SOFT-IMPUTE and Nesterov’s gradient method (Nesterov
2007, Section 3). However, as mentioned earlier the original motivation of our algorithm is
very different.

The techniques used in this proof are adapted from Nesterov (2007).

Proof. Plugging Z¥ = Z in (3.11), we have

QNZ|1ZY) = fZY)+ i Py(Zk - 2)|% (3.55)

> fA(ZF).

Let Z¥(6) denote a convex combination of the optimal solution (Z§°) and the k'} iterate
(Z5):
ZK0) =02 4+ (1 —0)Z%. (3.56)

Using the convexity of f\(-) we get:
AZ3(0) < (1= 0 F(Z3) + 0£2(25). (3.57)
Expanding Z¥(6) using (3.56), and simplifying Pg (Z¥ — Z5(0)) we have:

1Pa (2 = ZXO)E = 0%1Pa (2} - Z2)IIE

IN

0°\|Z5 — Z3||% (3.58)

IN

0°\Z3 — Z3° || (3.59)
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Line 3.59 follows from (3.58) by observing that ||Z§" — Z°|2 < [|Z7 — Z5°||%, Ym—a
consequence of the inequalities (3.19) and (3.18), established in Theorem 6.
Using (3.55), the value of f\(Z) at the (k + 1)™ iterate satisfies the following chain of

inequalities:

N < min{f(2) + 3IPE(ZE - 2)1:

< min {A(Z80) + 311 P (2 - 200 | (3.60)

< min {A(20) + 0(A(ZE) ~ 1(ZD) + 30°0 28 - Z0F ) 360

Line 3.61 follows from Line 3.60, by using (3.57) and (3.59).

~

The r.h.s. expression in (3.61), is minimized at 6(k + 1) given by

~

0(k+1) = min{l, 60} €[0,1], where,

INZE) — I(Z)

O,
123 — Z3°|I3

If || 20 — Z5°||% = 0, then we take 6 = oco.
Note that 0, is a decreasing sequence. This implies that if 05, <1 then 6,, <1 for all
m > k?(].

~

Suppose, 0y > 1. Then 6(1) = 1. Hence using (3.61) we have:
INZ3) = WZX) <5128 - Z80M% = 61 < 5.

Thus we get back to the former case.

Hence 0, <1 for all k£ > 1.

In addition, observe the previous deductions show that, if 8y > 1 then (3.20) holds true
for k =1.

Combining the above observations, plugging in the value of 6 in (3.61) and simplifying,



CHAPTER 3. SPECTRAL REGULARIZATION ALGORITHMS

we get:
(Fr(Z8) = A(Z))?
20123 - Z°N%

A2 = f(25) < -

109

(3.62)

For the sake of notational convenience, we define the sequence oy, = fA(Z¥) — £1(Z5°). It is

easily seen that ay is a non-negative decreasing sequence.

Using this notation in (3.62) we get:

2
ap 2> S — + Q41
— 2028 -z
. o
(Since oy, ) ROkt + agaq-

2 = -
2123 = Z5E %

Dividing both sides of the inequality in (3.63), by agagy1 we have:

1

—1 -1

o > .
k+1 = 2||Z§\] Z§o||2 k

Summing both sides of (3.64) over 1 < k < (k — 1) we get:

. k-1

> _1.
% E oz

(3.63)

(3.64)

(3.65)

Since 61 < 1, we observe ay/(2[|ZY — Z°||3%) < 1/2—using this in (3.65) and rearranging

terms we get, the desired inequality (3.20)—completing the proof of the Theorem.

O
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This part of the thesis is dedicated to studying properties of the £; penalized negative
log-likelihood for learning undirected Gaussian graphical models, popularly dubbed as the
Graphical Lasso (Friedman, Hastie & Tibshirani 2007, Banerjee et al. 2008) or GLASSO . It

is divided into two chapters:

Chapter 4: Ezact Covariance Thresholding for GLASSO :
This is about a previously unknown and interesting property of GLASSO which es-
tablishes the equivalence between the connected components of the sparse precision

graph and the same of a thresholded version of the sample covariance matrix.

Chapter 5: GLASSO New Insights and Alternatives :
This chapter highlights some of the properties of the GLASSO algorithm that appear
mysterious and providing explanations to them. In the process of our analysis, we
propose new and superior algorithm(s) on the primal : P-GLASSO and DP-GLASSO and

justify their usefulness.



Chapter 4

FEzxact Covariance Thresholding for

GLASSO

Abstract: We consider the sparse inverse covariance regularization problem or graphical lasso with
regularization parameter \. Suppose the sample covariance graph formed by thresholding the entries
of the sample covariance matrix at \ is decomposed into connected components. We show that the
vertex-partition induced by the connected components of the thresholded sample covariance graph
(at A) is ezactly equal to that induced by the connected components of the estimated concentration
graph, obtained by solving the graphical lasso problem for the same A. This characterizes a very
interesting property of a path of graphical lasso solutions. Furthermore, this simple rule, when used
as a wrapper around existing algorithms for the graphical lasso, leads to enormous performance
gains. For a range of values of A, our proposal splits a large graphical lasso problem into smaller
tractable problems, making it possible to solve an otherwise infeasible large-scale problem. We

illustrate the graceful scalability of our proposal via synthetic and real-life microarray examples.
This chapter is based on joint work with Trevor Hastie and appears in our paper Mazumder &

Hastie (2012).
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4.1 Introduction

Consider a data matrix X,,x, comprising of n sample realizations from a p dimensional
Gaussian distribution with zero mean and positive definite covariance matrix 3,y, (un-
known), i.e. x; id MVN(0,X), i = 1,...,n. The task is to estimate the unknown X%
based on the n samples. ¢; regularized Sparse Inverse Covariance Selection also known as
graphical lasso (Friedman, Hastie & Tibshirani 2007, Banerjee et al. 2008, Yuan & Lin 2007)
estimates the covariance matrix 3, under the assumption that the inverse covariance matrix
i.e. 37! is sparse. This is achieved by minimizing the regularized negative log-likelihood

function:

minimize — log det(®) + tr(S®) + A ZZJ: 16551, (4.1)

where S is the sample covariance matrix and 6;; is the (i, j)th entry of the matrix ©.
Problem (4.1) is a convex optimization problem in the variable ® (Boyd & Vandenberghe
2004). Let " denote the solution to (4.1). We note that (4.1) can also be used in a
more non-parametric fashion for any positive semi-definite input matrix S, not necessarily
a sample covariance matrix of a MVN sample as described above.

A related criterion to (4.1) is one where the diagonals are not penalized—by substituting
S <= S+ M xp in the “unpenalized” problem we get (4.1). In this chapter we concentrate
on problem (4.1).

Developing efficient large-scale algorithms for (4.1) is an active area of research across
the fields of Convex Optimization, Machine Learning and Statistics. Many algorithms have
been proposed for this task (Friedman, Hastie & Tibshirani 2007, Banerjee et al. 2008, Lu
2009, Lu 2010, Scheinberg et al. 2010, Yuan 2009, for example). However, it appears that
certain special properties of the solution to (4.1) have been largely ignored. This chapter
is about one such (surprising) property—namely establishing an equivalence between the

Y

vertez-partition induced by the connected components of the non-zero pattern of © " and
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the thresholded sample covariance matrix S. This chapter is not about a specific algorithm
for the problem (4.1)—it focuses on the aforementioned observation that leads to a novel
thresholding/screening procedure based on S. This provides interesting insight into the path
of solutions {@(A) }a>0 obtained by solving (4.1), over a path of A values. The behavior of the
connected-components obtained from the non-zero patterns of {@()\)} A>0 can be completely
understood by simple screening rules on S. This can be done without even attempting to
solve (4.1)—arguably a very challenging convex optimization problem. Furthermore, this
thresholding rule can be used as a wrapper to enormously boost the performance of existing
algorithms, as seen in our experiments. This strategy becomes extremely effective in solving
large problems over a range of values of A—sufficiently restricted to ensure sparsity and the
separation into connected components. Of course, for sufficiently small values of A there
will be no separation into components, and hence no computational savings.

At this point we introduce some notation and terminology, which we will use throughout

the chapter.

4.1.1 Notations and preliminaries

For a matrix Z, its (i,7)"" entry is denoted by z;;.

We also introduce some graph theory notations and definitions (Bollobas 1998, ) suffi-
cient for this exposition. A finite undirected graph G on p vertices is given by the ordered
tuple G = (V, €), where V is the set of nodes and £ the collection of (undirected) edges. The
edge-set is equivalently represented via a (symmetric) 0-1 matrix! (also known as the ad-
jacency matrix) with p rows/columns. We use the convention that a node is not connected
to itself, so the diagonals of the adjacency matrix are all zeros. Let |V| and |€| denote the

number of nodes and edges respectively.

We say two nodes u,v € V are connected if there is a path between them. A maximal

10 denotes absence of an edge and 1 denotes its presence.
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connected subgraph? is a connected component of the graph G. Connectedness is an equiva-
lence relation that decomposes a graph G into its connected components {(Vy, E¢) h<i<rx—
with G = Uf: 1 Ve, Ep), where K denotes the number of connected components. This de-
composition partitions the vertices V of G into {Vy}1<¢<k. Note that the labeling of the
components is unique upto permutations on {1,..., K}. Throughout this chapter we will
often refer to this partition as the vertex-partition induced by the components of the graph
G. If the size of a component is one i.e. |Vy| = 1, we say that the node is isolated. Suppose a
graph G defined on the set of vertices V admits the following decomposition into connected
components: G = Uf; 1(9@,?4). We say the vertex-partitions induced by the connected
components of G and G are equal if K = K and there is a permutation 7 on {1,...,K}
such that 97r(g) =Veforalte{l,...,K}.

The chapter is organized as follows. Section 4.2 describes the covariance graph thresh-
olding idea along with theoretical justification and related work, followed by complexity
analysis of the algorithmic framework in Section 4.3. Numerical experiments appear in
Section 4.4, concluding remarks in Section 4.5 and the proofs are gathered in the Appendix

4.A.

4.2 Methodology: Exact Thresholding of the Covariance Graph

~ (A
The sparsity pattern of the solution 9( ) to (4.1) gives rise to the symmetric edge ma-
trix/skeleton € {0,1}P*P defined by:

16 #£0,i# j;

W _
£N = (4.2)

0 otherwise.

The above defines a symmetric graph G = W, & (’\)), namely the estimated concentration

graph (Cox & Wermuth 1996, Lauritzen 1996) defined on the nodes V = {1,...,p} with

2G' = (V', &) is a subgraph of Gif V' C V and £ C £.
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edges EW.

Suppose the graph G admits a decomposition into k(A) connected components:
PY RGP O]
¢ =g, (4.3)

where gﬁ) = (1755)‘),8?)) are the components of the graph GV, Note that x()\) € {1,...,p},
with k(A) = p (large A) implying that all nodes are isolated and for small enough values of
A, there is only one component i.e. k(A) = 1.

We now describe the simple screening/thresholding rule. Given A, we perform a thresh-

olding on the entries of the sample covariance matrix S and obtain a graph edge skeleton

EW € {0,1}P*? defined by:

1 if |si| > A, i # g;
()\) . 1] ’ I
W= (4.4)
0 otherwise.
The symmetric matrix EW defines a symmetric graph on the nodes V = {1,...,p} given

by GX = (v, E()‘)). We refer to this as the thresholded sample covariance graph. Similar
to the decomposition in (4.3), the graph G® also admits a decomposition into connected

components:

a® =uyap, (4.5)

where Gé)‘) = (Vy), EEA)) are the components of the graph G®.

(A)—the solution to (4.1).

Note that the components of G® require knowledge of e)
Construction of G and its components require operating on S—an operation that can
be performed completely independent of the optimization problem (4.1), which is arguably
more expensive (See Section 4.3). The surprising message we describe in this chapter is

that the vertex-partition of the connected components of (4.5) is exactly equal to that of

(4.3).
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This observation has the following consequences:

~ (A
1. We obtain a very interesting property of the path of solutions {@( )} A>0—the behavior
of the connected components of the estimated concentration graph can be completely

understood by simple screening rules on S.

2. The cost of computing the connected components of the thresholded sample covariance
graph (4.5) is orders of magnitude smaller than the cost of fitting graphical models
(4.1). Furthermore, the computations pertaining to the covariance graph can be done

off-line and are amenable to parallel computation (See Section 4.3).

3. The optimization problem (4.1) completely separates into k(\) separate optimization
sub-problems of the form (4.1). The sub-problems have size equal to the number of
nodes in each component p; := |V;|,i = 1,...,k(\). Hence for certain values of A,
solving problem (4.1) becomes feasible although it may be impossible to operate on

the p x p dimensional (global) variable ® on a single machine.

4. Suppose that for Ao, there are k(o) components and the graphical model compu-
tations are distributed®. Since the vertex-partitions induced via (4.3) and (4.5) are
nested with increasing A (see Theorem 10), it suffices to operate independently on

these separate machines to obtain the path of solutions {@()\)} a forall A > Xo.

5. Consider a distributed computing architecture, where every machine allows operating
on a graphical lasso problem (4.1) of maximal size pypax. Then with relatively small

effort we can find the smallest value of A = A\ such that there are no connected

‘Pmax ?
components of size larger than ppax. Problem (4.1) thus ‘splits up’ independently
into manageable problems across the different machines. When this structure is not

exploited the global problem (4.1) remains intractable.

3Distributing these operations depend upon the number of processors available, their capacities, com-
munication lag, the number of components and the maximal size of the blocks across all machines. These
of-course depend upon the computing environment. In the context of the present problem, it is often
desirable to club smaller components into a single machine.
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The following theorem establishes the main technical contribution of this chapter—the
equivalence of the vertex-partitions induced by the connected components of the thresholded

sample covariance graph and the estimated concentration graph.

Theorem 9. For any A > 0, the components of the estimated concentration graph GW, as
defined in (4.2) and (4.3) induce exactly the same vertex-partition as that of the thresholded
sample covariance graph GW, defined in (4.4) and (4.5). That is k(\) = k(\) and there
exists a permutation ™ on {1,...,k(\)} such that:

PO )

e ¥i=1,.. k(). (4.6)

Proof. The proof of the theorem appears in Appendix 4.A.1. O

Since the decomposition of a symmetric graph into its connected components depends

upon the ordering/ labeling of the components, the permutation 7 appears in Theorem 9.

Remark 2. Note that the edge-structures within each block need not be preserved. Under
a matching reordering of the labels of the components of G and GW :

for every fized £ such that %)‘) = VéA) the edge-sets 89) and EéA) are not necessarily equal.

Theorem 9 leads to a special property of the path-of-solutions to (4.1), i.e. the vertex-
partition induced by the connected components of GO are nested with increasing A. This

is the content of the following theorem.

Theorem 10. Consider two values of the regularization parameter such that X\ > X > 0,
with corresponding concentration graphs G and G as in (4.2) and connected compo-
nents (4.3). Then the vertex-partition induced by the components of G™ are nested within
the partition induced by the components of GX). Formally, k(\) > k(X) and the vertez-

partition {1755*)}1S5SK(A) forms a finer resolution of {17?')}@9(”.

Proof. The proof of this theorem appears in the Appendix 4.A.2. O
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Remark 3. [t is worth noting that Theorem 10 addresses the nesting of the edges across
connected components and not within a component. In general, the edge-set EWV of the
estimated concentration graph need not be nested as a function of A:

for A > X, in general, EXN ¢ €N

See Friedman, Hastie & Tibshirani (2007, Figure 3), for numerical examples demon-

strating the non-monotonicity of the edge-set across A, as described in Remark 3.

Node-Thresholding
A simple consequence of Theorem 9 is that of node-thresholding. If X > max;; |S;;|, then the
i*" node will be isolated from the other nodes, the off-diagonal entries of the i*" row/column

are all zero i.e. max;; @;‘)] = 0. Furthermore, the i diagonal entries of the estimated

covariance and precision matrices are given by (s;; + A\) and ﬁ, respectively. Hence,
kX3
as soon as A > maxX;—i,. p{Max;x;|s;j|}, the estimated covariance and precision matrices

obtained from (4.1) are both diagonal.

4.2.1 Related Work

Witten et al. (2011) independently discovered block screening as described in this chapter.
At the time of our writing, an earlier version of their chapter was available (Witten &
Friedman 2011); it proposed a scheme to detect isolated nodes for problem (4.1) via a
simple screening of the entries of S, but no block screening. Earlier, Banerjee et al. (2008,
Theorem 4) made the same observation about isolated nodes. The revised manuscript
(Witten et al. 2011) that includes block screening became available shortly after our chapter
was submitted for publication.

Zhou et al. (2011) use a thresholding strategy followed by re-fitting for estimating Gaus-
sian graphical models. Their approach is based on the node-wise lasso-regression procedure

of Meinshausen & Bithlmann (2006). A hard thresholding is performed on the ¢;-penalized
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regression coefficient estimates at every node to obtain the graph structure. A restricted
MLE for the concentration matrix is obtained for the graph. The proposal in our chapter

differs since we are interested in solving the GLASSO problem (4.1).

4.3 Computational Complexity

The overall complexity of our proposal depends upon (a) the graph partition stage and
(b) solving (sub)problems of the form (4.1). In addition to these, there is an unavoidable
complexity associated with handling and/or forming S.

The cost of computing the connected components of the thresholded covariance graph is
fairly negligible when compared to solving a similar sized graphical lasso problem (4.1)—see
also our simulation studies in Section 4.4. In case we observe samples x; € RP,i =1,....,n
the cost for creating the sample covariance matrix S is O(n - p?). Thresholding the sample
covariance matrix costs O(p?). Obtaining the connected components of the thresholded
covariance graph costs O(\E()‘)\ + p) (Tarjan 1972). Since we are interested in a region
where the thresholded covariance graph is sparse enough to be broken into smaller connected
components—]E()‘)] < p?. Note that all computations pertaining to the construction of the
connected components and the task of computing S can be computed off-line. Furthermore
the computations are parallelizable. Gazit (1991, for example) describes parallel algorithms
for computing connected components of a graph—they have a time complexity O(log(p))
and require O((JEM| + p)/log(p)) processors with space O(p + [EM|).

There are a wide variety of algorithms for the task of solving (4.1). While an exhaustive
review of the computational complexities of the different algorithms is beyond the scope of
this chapter, we provide a brief summary for a few algorithms below.

Banerjee et al. (2008) proposed a smooth accelerated gradient based method (Nesterov

4.5
2005) with complexity O(2—) to obtain an € accurate solution—the per iteration cost being

€

O(p?). They also proposed a block coordinate method which has a complexity of O(p?).
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The complexity of the GLASSO algorithm (Friedman, Hastie & Tibshirani 2007) which
uses a row-by-row block coordinate method is roughly O(p?) for reasonably sparse-problems
with p nodes. For denser problems the cost can be as large as O(p*).

The algorithm sMACS proposed in Lu (2010) has a per iteration complexity of O(p?®)
and an overall complexity of O(pTi) to obtain an € > 0 accurate solution.

It appears that most existing algorithms for (4.1), have a complexity of at least O(p®)
to O(p*) or possibly larger, depending upon the algorithm used and the desired accuracy of
the solution—making computations for (4.1) almost impractical for values of p much larger
than 2000.

It is quite clear that the role played by covariance thresholding is indeed crucial in
this context. Assume that we use a solver of complexity O(p”) with J € {3,4}, along
with our screening procedure. Suppose for a given A, the thresholded sample covari-
ance graph has k() components—the total cost of solving these smaller problems is then
Zfﬁi) O(|VZ-(>‘)|J ) < O(p?), with J € {3,4}. This difference in practice can be enormous—
see Section 4.4 for numerical examples. This is what makes large scale graphical lasso

problems solvable!

4.4 Numerical examples

In this section we show via numerical experiments that the screening property helps in
obtaining many fold speed-ups when compared to an algorithm that does not exploit it.
Section 4.4.1 considers synthetic examples and Section 4.4.2 discusses real-life microarray

data-examples.

4.4.1 Synthetic examples

Experiments are performed with two publicly available algorithm implementations for the

problem (4.1):
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GLASSO: The algorithm of Friedman, Hastie & Tibshirani (2007). We used the MATLAB
wrapper available at http://www-stat.stanford.edu/~tibs/glasso/index.html
to the Fortran code. The specific criterion for convergence (lack of progress of the
diagonal entries) was set to 107> and the maximal number of iterations was set to

1000.

SMACS: denotes the algorithm of Lu (2010). We used the MATLAB implementation smooth_covsel
available at http://people.math.sfu.ca/~zhaosong/Codes/SMOOTH_COVSEL/. The
criterion for convergence (based on duality gap) was set to 107° and the maximal

number of iterations was set to 1000.

We will like to note that the convergence criteria of the two algorithms GLASSO and SMACS
are not the same. For obtaining the connected components of a symmetric adjacency
matrix we used the MATLAB function graphconncomp. All of our computations are done
in MATLAB 7.11.0 on a 3.3 GhZ Intel Xeon processor.

The simulation examples are created as follows. We generated a block diagonal matrix
given by S = blkdiag(gl, e ,SK), where each block S; = 1,,xp,—a matrix of all ones and
> ¢ pe = p. In the examples we took all pys to be equal to p; (say). Noise of the form o-UU’
(U is a p x p matrix with i.i.d. standard Gaussian entries) is added to S such that 1.25
times the largest (in absolute value) off block-diagonal (as in the block structure of S) entry
of o - UU’ equals the smallest absolute non-zero entry in S i.e. one. The sample covariance
matrix is S =S+ o - UU'.

We consider a number of examples for varying K and p; values, as shown in Table 4.1.
Sizes were chosen such that it is at-least ‘conceivable’ to solve (4.1) on the full dimensional
problem, without screening. In all the examples shown in Table 4.1, we set A\; := (Apax +
Amin)/2, where for all values of A in the interval [Apin, Amax| the thresh-holded version of
the sample covariance matrix has exactly K connected components. We also took a larger

value of A i.e. Ar; := Amax, which gave sparser estimates of the precision matrix but the
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number of connected components were the same.

The computations across different connected blocks could be distributed into as many
machines. This would lead to almost a K fold improvement in timings, however in Table
4.1 we report the timings by operating serially across the blocks. The serial ‘loop’ across
the different blocks are implemented in MATLAB.

Table 4.1 shows the rather remarkable improvements obtained by using our proposed
covariance thresholding strategy as compared to operating on the whole matrix. Timing
comparisons between GLASSO and SMACS are not fair, since GLASSO is written in Fortran
and sMACS in MATLAB. However, we note that our experiments are meant to demonstrate
how the thresholding helps in improving the overall computational time over the baseline
method of not exploiting screening. Clearly our proposed strategy makes solving larger
problems (4.1), not only feasible but with quite attractive computational time. The time
taken by the graph-partitioning step in splitting the thresholded covariance graph into its

connected components is negligible as compared to the timings for the optimization problem.

4.4.2 Micro-array Data Examples

The graphical lasso is often used in learning connectivity networks in gene-microarray data
(Friedman, Hastie & Tibshirani 2007, see for example). Since in most real examples the
number of genes p is around tens of thousands, obtaining an inverse covariance matrix
by solving (4.1) is computationally impractical. The covariance thresholding method we
propose easily applies to these problems—and as we see gracefully delivers solutions over a
large range of the parameter A. We study three different micro-array examples and observe
that as one varies A from large to small values, the thresholded covariance graph splits
into a number of non-trivial connected components of varying sizes. We continue till a
small/moderate value of A when the maximal size of a connected component gets larger
than a predefined machine-capacity or the ‘computational budget’ for a single graphical

lasso problem. Note that in relevant micro-array applications, since p > n (n, the number
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Algorithm Timings (sec) Ratio Time (sec)
K p1/Dp A Algorithm  with without Speedup graph
screen screen factor partition
2200 / 400 \ GLASSO 11.1 25.97 2.33 0.04
I SMACS 12.31 137.45 11.16 ‘
GLASSO 1.687 4.783 2.83
Arr SMACS 10.01 42.08 4.20 0.066
2 500 /1000 A GLASSO 305.24 735.39 2.40 0.247
I SMACS 175 2138* 12.21 :
GLASSO 29.8 121.8 4.08
Arr SMACS 272.6 1247.1 4.57 0-35
5 300 /1500 A GLASSO 210.86 1439 6.82 0.18
I SMACS 63.22 6062+ 95.88 ‘
GLASSO 10.47 293.63 28.04
Arr SMACS  219.72 6061.6 27.58 0-123
5 500 /2500 A GLASSO  1386.9 - - 071
SMACS 493 - -
GLASSO 17.79 963.92 54.18
ALt SMACS 354.81 - - 0.018
8 300 /2400 GLASSO  692.25 - -
AL SMACS 185.75 - - 0.713
GLASSO 9.07 842.7 92.91
Arr SMACS  153.55 - - 0.023

Table 4.1: Table showing (a) the times in seconds with screening, (b) without screening i.e. on
the whole matrix and (c) the ratio (b)/(a) — ‘Speedup factor’ for algorithms GLASSO and SMACS.
Algorithms with screening are operated serially—the times reflect the total time summed across
all blocks. The column ‘graph partition’ lists the time for computing the connected components

of the thresholded sample covariance graph. Since A;; > Aj, the former gives sparser models.

ko

denotes the algorithm did not converge within 1000 iterations. ‘-’ refers to cases where the respective
algorithms failed to converge within 2 hours.
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of samples is at most a few hundred) heavy regularization is required to control the variance
of the covariance estimates—so it does seem reasonable to restrict to solutions of (4.1) for
large values of A.

Following are the data-sets we used for our experiments:

(A) This data-set appears in Alon et al. (1999) and has been analyzed by Rothman
et al. (2008, for example). In this experiment, tissue samples were analyzed using
an Affymetrix Oligonucleotide array. The data were processed, filtered and reduced
to a subset of p = 2000 gene expression values. The number of Colon Adenocarcinoma

tissue samples is n = 62.

(B) This is an early example of an expression array, obtained from the Patrick Brown
Laboratory at Stanford University. There are n = 385 patient samples of tissue
from various regions of the body (some from tumors, some not), with gene-expression

measurements for p = 4718 genes.

(C) The third example is the by now famous NKI dataset that produced the 70-gene
prognostic signature for breast cancer van de Vijver et al. (2002). Here there are

n = 295 samples and p = 24481 genes.

Among the above, both (B) and (C) have few missing values—which we imputed by the
respective global means of the observed expression values. For each of the three data-
sets, we took S to be the corresponding sample correlation matrix. The exact thresholding
methodolgy could have also been applied to the sample covariance matrix. Since it is a
common practice to standardize the “genes”, we operate on the sample correlation matrix.

Figure 4.1 shows how the component sizes of the thresholded covariance graph change
across A\. We describe the strategy we used to arrive at the figure. Note that the connected

components change only at the absolute values of the entries of S. From the sorted absolute

/

values of the off-diagonal entries of S, we obtained the smallest value of A, say A/, for
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which the size of the maximal connected component was 1500. For a grid of values of
A till X ., we computed the connected components of the thresholded sample-covariance
matrix and obtained the size-distribution of the various connected components. Figure 4.1
shows how these components change over a range of values of A for the three examples
(A), (B) and (C). The number of connected components of a particular size is denoted
by a color-scheme, described by the color-bar in the figures. With increasing A: the larger
connected components gradually disappear as they decompose into smaller components; the
sizes of the connected components decrease and the frequency of the smaller components
increase. Since these are all correlation matrices, for A > 1 all the nodes in the graph
become isolated. The range of A values for which the maximal size of the components is
smaller than 1500 differ across the three examples. For (C) there is a greater variety in
the sizes of the components as compared to (A) and (B). Note that by Theorem 9, the
pattern of the components appearing in Figure 4.1 are exactly the same as the components
appearing in the solution of (4.1) for that .

For examples (B) and (C) we found that the full problem sizes are beyond the scope of
GLASSO and SMACS—the screening rule is apparently the only way to obtain solutions for

a reasonable range of A-values as shown in Figure 4.1.

4.5 Conclusions

In this chapter we present a novel property characterizing the family of solutions to the
graphical lasso problem (4.1), as a function of the regularization parameter A\. The prop-
erty is fairly surprising—the vertex partition induced by the connected components of the
non-zero pattern of the estimated concentration matrix (at A) and the thresholded sample
covariance matrix S (at \) are ezactly equal. This property seems to have been unobserved
in the literature. Our observation not only provides interesting insights into the properties

of the graphical lasso solution-path but also opens the door to solving large-scale graphical
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Figure 4.1: Figure showing the size distribution (in the log-scale) of connected components arising
from the thresholded sample covariance graph for examples (A)-(C). For every value of A (vertical
axis), the horizontal slice denotes the sizes of the different components appearing in the thresholded
covariance graph. The colors represent the number of components in the graph having that specific
size. For every figure, the range of A values is chosen such that the maximal size of the connected
components do not exceed 1500.

lasso problems, which are otherwise intractable. This simple rule when used as a wrapper

around existing algorithms leads to enormous performance boosts—on occasions by a factor

of thousands!

4.A Appendix to Chapter 4

4.A.1 Proof of Theorem 9

Proof. Suppose e) (we suppress the superscript A for notational convenience) solves problem
(4.1), then standard KKT conditions of optimality (Boyd & Vandenberghe 2004) give:
(4.7)

S — Wi < A \7@--:0; and
B il J

@ij:sij+)\ Vé\ij>0; ’L/L}ij:Sij—)\Vé\ij<0; (4.8)
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where W = (@)_1. The diagonal entries satisfy wy; = s; + A, for i = 1,...,p.

Using (4.4) and (4.5), there exists an ordering of the vertices {1, ..., p} of the graph such
that EV is block-diagonal. For notational convenience, we will assume that the matrix is
already in that order. Under this ordering of the vertices, the edge-matrix of the thresholded

covariance graph is of the form:

EY o - 0
)
0 E 0 .
EVN = | 2 ' (4.9)
()
0 e 0 Ek(A)

where the different components represent blocks of indices given by: Vé/\),f =1,...,k(\).
We will construct a matrix W having the same structure as (4.9) which is a solution to

(4.1). Note that if W is block diagonal then so is its inverse. Let W and its inverse © be

given by:
Wl 0 0 @1 0 0
_ 0 Wy 0 - _ 0 © 0 -
W=| . ' , = ' ' (4.10)
0 - 0 Wiy 0 .- 0 @k(k)

Define the block diagonal matrices \/7\\/'( or equivalently @g via the following sub-problems
O, = argmin {—logdet(0y) + tr(S,O;) + )\Z [ (00);; 1} (4.11)
o, —
ij

for ¢ =1,...,k()\), where Sy is a sub-block of S, with row/column indices from Vé)‘) X Vé)‘).
The same notation is used for ®,. Denote the inverses of the block-precision matrices by

{0, = W,. We will show that the above © satisfies the KKT conditions—(4.7) and
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(4.8).
Note that by construction of the thresholded sample covariance graph,

ifi € Vé)‘) and j € V(,A)

with ¢ # ¢/, then |s;;| < .
Hence, for i € vlf” and j € V(,)‘) with £ # ¢; the choice @j = w;; = 0 satisfies the KK'T
conditions (4.7)

|85 — Wij| < A

for all the off-diagonal entries in the block-matrix (4.9).

By construction (4.11) it is easy to see that for every ¢, the matrix @g satisfies the KKT
conditions (4.7) and (4.8) corresponding to the ¢** block of the p x p dimensional problem.
Hence © solves problem (4.1).

The above argument shows that the connected components obtained from the estimated
precision graph G leads to a partition of the vertices {%)‘)}Kggﬁ( ) such that for every
e {l,...,k(\)}, thereis a ¢’ € {1,...,k(\)} such that \A/é,)‘) C Vlg)‘). In particular k(\) <
K(A).

Conversely, if © admits the decomposition as in the statement of the theorem, then it
follows from (4.7) that:
for i € lA)éA) and j € PV with ¢ # U |s;j — wi;| < A. Since w;; = 0, we have |s;;| < A. This
proves that the connected components of G leads to a partition of the vertices, which is
finer than the vertex-partition induced by the components of G (N In particular this implies
that k(\) > k().

Combining the above two we conclude k(A) = x(\) and also the equality (4.6). The
permutation 7 in the theorem appears since the labeling of the connected components is

not unique. O
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4.A.2 Proof of Theorem 10

Proof. This proof is a direct consequence of Theorem 9, which establishes that the vertex-
partitions induced by the the connected components of the estimated precision graph and
the thresholded sample covariance graph are equal.

Observe that, by construction, the connected components of the thresholded sample co-
variance graph i.e. G®™ are nested within the connected components of G*'). In particular,
the vertex-partition induced by the components of the thresholded sample covariance graph
at A, is contained inside the vertex-partition induced by the components of the thresholded
sample covariance graph at \. Now, using Theorem 9 we conclude that the vertex-partition
induced by the components of the estimated precision graph at A, given by {%)\)}IS 1<r()) 18
contained inside the vertex-partition induced by the components of the estimated precision

graph at \', given by {1755)‘/)}&@,{( »)- The proof is thus complete. O



Chapter 5

GLASSO New Insights and

Alternatives

Abstract: The graphical lasso (Friedman, Hastie & Tibshirani 2007) is an algorithm for learning
the structure in an undirected Gaussian graphical model, using ¢; regularization to control the
number of zeros in the precision matrix ® = X! (Banerjee et al. 2008, Yuan & Lin 2007). The R
package GLASSO (Friedman, Hastie & Tibshirani 2007) is popular, fast, and allows one to efficiently
build a path of models for different values of the tuning parameter. Convergence of GLASSO can
be tricky; the converged precision matrix might not be the inverse of the estimated covariance, and
occasionally it fails to converge with warm starts. In this chapter we explain this behavior, and
propose new algorithms that appear to outperform GLASSO.

By studying the “normal equations” we see that, GLASSO is solving the dual of the graphical
lasso penalized likelihood, by block coordinate ascent; a result which can also be found in (Banerjee
et al. 2008). In this dual, the target of estimation is X, the covariance matrix, rather than the
precision matrix @. We propose similar primal algorithms P-GLASSO and DP-GLASSO, that also
operate by block-coordinate descent, where ® is the optimization target. We study all of these
algorithms, and in particular different approaches to solving their coordinate sub-problems. We

conclude that DP-GLASSO is superior from several points of view.

131
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This chapter is based on joint work with Trevor Hastie and appears in our article Mazumder &

Hastie (2011).

5.1 Introduction

We consider the same set-up as introduced in Chapter 4, where X,,,, the data matrix
denotes a a sample of n realizations from a p-dimensional Gaussian distribution with zero
mean and positive definite covariance matrix 3. The focus of this chapter is to analyze the
Graphical Lasso (Friedman, Hastie & Tibshirani 2007) algorithm and understand some of
the apparent mysteries associated with it. Our algorithms focus either on the restricted ver-
sion of @ or its inverse W = @', The graphical lasso problem minimizes a ¢;-regularized
negative log-likelihood:

mi(naigize f(®) := —logdet(®) + tr(SO) + A||®]|;. (5.1)

In this chapter we revisit the GLASSO algorithm proposed by Friedman, Hastie & Tib-
shirani (2007) for solving (5.1); we analyze its properties, expose problems and issues, and
propose alternative algorithms more suitable for the task.

Some of the results and conclusions of this chapter can be found in (Banerjee et al. 2008),
both explicitly and implicitly. We re-derive some of the results and derive new results,

insights and algorithms, using a unified and more elementary framework.

Notation As in Chapter 4, we denote the entries of a matrix A, x, by a;;. ||Alj1 denotes
the sum of its absolute values, || Al|o the maximum absolute value of its entries, ||A|F is its
Frobenius norm, and abs(A) is the matrix with elements |a;;|. For a vector u € R4, |jul
denotes the ¢; norm, and so on.

From now on, unless otherwise specified, we will assume that A > 0.
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5.2 Review of the GLASSO algorithm.

We use the frame-work of “normal equations” as in (Hastie et al. 2009, Friedman, Hastie &
Tibshirani 2007). Using sub-gradient notation, we can write the optimality conditions (aka

“normal equations”) for a solution to (5.1) as

@ '+ S+AT =0, (5.2)

where T is a matrix of component-wise signs of ©:

ik € [~1,1]if 6, =0

(5.3)

(we use the notation v, € Sign(f;x)). Since the global stationary conditions of (5.2) require

tj; to be positive, this implies that

wy; =S+ AN 1=1,...,p, (5.4)

where W = @71,
GLASSO uses a block-coordinate method for solving (5.2). Consider a partitioning of ©
and I':

o ©; 012 r- 'y v (5.5)

021 02 Yor V22

where ©®11 is (p—1) X (p—1), 812 is (p — 1) x 1 and 0y is scalar. W and S are partitioned

the same way. Using properties of inverses of block-partitioned matrices, observe that
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W = O ! can be written in two equivalent forms:

_ 612021 \—1 _ 010

W11 W19 (611 022 ) Wll 022
_ (5.6)

Wa1 W22 . 1 021W1161p
022 603,
ol + @f11912921(19f11 . (9;119121
11 (022—621017 012) 0220—02107, 612

_ .5

-1
(022—6210711612)

GLASSO solves for a row/column of (5.2) at a time, holding the rest fixed. Considering the
pth column of (5.2), we get

—W12 + S12 + A‘YIQ =0. (58)

Reading off wiy from (5.6) we have
wig = —W11012/0s2 (5.9)
and plugging into (5.8), we have:
WHZ—; 4812+ Mg = 0. (5.10)

GLASSO operates on the above gradient equation, as described below.

As a variation consider reading off wis from (5.7):

©.; 01 +s12+ Ay =0 (5.11)
(022 — 62107 012) 12
The above simplifies to
O] 012waz + 512 + N0 = 0, (5.12)

where wog = 1/(622 — 921@1_11012) is fixed (by the global stationary conditions (5.4)). We
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will see that these two apparently similar estimating equations (5.10) and (5.12) lead to
very different algorithms.

The GLASSO algorithm solves (5.10) for 3 = 6012/699, that is
W18 +s12+ Ay =0, (5.13)

where 7,5 € Sign(8), since a2 > 0. (5.13) is the stationarity equation for the following ¢,

regularized quadratic program:

minimize {%B'WH,@ + B's12 + /\Hﬁ”l} , (5.14)
Berr—1

where W1; > 0 is assumed to be fixed. This is analogous to a lasso regression problem of
the last variable on the rest, except the cross-product matrix Sq; is replaced by its current
estimate Wqy. This problem itself can be solved efficiently using elementwise coordinate
descent, exploiting the sparsity in 8. From B, it is easy to obtain Wiy from (5.9). Using

the lower-right element of (5.6), fas is obtained by

1 A7
= = Wy — ﬁ Wi92. (5.15)
22

Finally, 615 can now be recovered from [3 and 0as. Notice, however, that having solved for 8
and updated w2, GLASSO can move onto the next block; disentangling €15 and 2 can be
done at the end, when the algorithm over all blocks has converged. The GLASSO algorithm
is outlined in Algorithm 4. We show in Lemma 14 in Section 5.8 that the successive updates
in GLASSO keep W positive definite.

Figure 5.1 (left panel, black curve) plots the objective f (@(k)) for the sequence of solu-
tions produced by GLASSO on an example. Surprisingly, the curve is not monotone decreas-
ing, as confirmed by the middle plot. If GLASSO were solving (5.1) by block coordinate-

descent, we would not anticipate this behavior.
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Algorithm 4 GLASSO algorithm
1. Initialize W =S + AL

2. Cycle around the columns repeatedly, performing the following steps till convergence:

(a) Rearrange the rows/columns so that the target column is last (implicitly).

(b) Solve the lasso problem (5.14), using as warm starts the solution from the pre-
vious round for this column.

(c¢) Update the row/column (off-diagonal) of the covariance using wia (5.9).
(d) Save B3 for this column in the matrix B.

3. Finally, for every row/column, compute the diagonal entries éjj using (5.15), and
convert the B matrix to ©.

© o
} - 3 S
—— Primal Objective o [S)
o —— Dual Objective <
o =) _
= 3
) IS)
7 BN o
8 © g 3 -
c qc) e c o
g 9 5 g
8 R = ke |
£ | o 8
o B =T 9
£ © 2 8 4 ---
a 9 e s
o
—
R _
© o
g g
T T T T T T T T T T T ? T T T T T T
100 200 300 400 500 100 200 300 400 500 0 100 200 300 400 500
Iteration Index Iteration Index Iteration Index

Figure 5.1: [Left panel] The objective values of the primal criterion (5.1) and the dual crite-
rion (5.19) corresponding to the covariance matrix W produced by GLASSO algorithm as a function
of the iteration index (each column/row update). [Middle Panel] The successive differences of the
primal objective values — the zero crossings indicate non-monotonicity. [Right Panel] The succes-
sive differences in the dual objective values — there are no zero crossings, indicating that GLASSO
produces a monotone sequence of dual objective values.
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A closer look at steps (5.9) and (5.10) of the GLASSO algorithm leads to the following

observations:

(a) We wish to solve (5.8) for 812. However 615 is entangled in W1, which is (incorrectly)

treated as a constant.

(b) After updating 012, we see from (5.7) that the entire (working) covariance matrix W

changes. GLASSO however updates only wis and woj.

These two observations explain the non-monotone behavior of GLASSO in minimizing f(©).
Section 5.3 shows a corrected block-coordinate descent algorithm for @, and Section 5.4
shows that the GLASSO algorithm is actually optimizing the dual of problem (5.1), with the

optimization variable being W.

5.3 A Corrected GLASSO block coordinate-descent algorithm

Recall that (5.12) is a variant of (5.10), where the dependence of the covariance sub-matrix
Wi, on 0, is explicit. With a = 015w9s (with wag > 0 fixed), @11 = 0, (5.12) is equivalent
to the stationary condition for

minimize {1a/© o + o's12 + A e[|1 } . (5.16)
achr—1

If & is the minimizer of (5.16), then 912 = & /wyy. To complete the optimization for the

entire row/column we need to update f99. This follows simply from (5.7)
. 1 . s
O = — + 921@11 612, (5.17)
w22

with wog = S99 + A.
To solve (5.16) we need @1_11 for each block update. We achieve this by maintaining

W = ©! as the iterations proceed. Then for each block
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e we obtain @1_11 from

O = W11 — Wiowa /wa; (5.18)

e once 6015 is updated, the entire working covariance matrix W is updated (in particular

the portions W13 and wis), via the identities in (5.7), using the known ('-)1_11.

Both these steps are simple rank-one updates with a total cost of O(p?) operations.
We refer to this as the primal graphical lasso or P-GLASSO, which we present in Algo-

rithm 5.

Algorithm 5 P-GLASSO Algorithm
1. Initialize W = diag(S) + A\, and ® = W1,

2. Cycle around the columns repeatedly, performing the following steps till convergence:

(a) Rearrange the rows/columns so that the target column is last (implicitly).
b) Compute ©7 using (5.18).
(b) p 11 g

(c) Solve (5.16) for c, using as warm starts the solution from the previous round of
row/column updates. Update 812 = &/wag, and 029 using (5.17).

(d) Update ® and W using (5.7), ensuring that @©W = I,.

3. Output the solution @ (precision) and its exact inverse W (covariance).

The P-GLASSO algorithm requires slightly more work than GLASSO, since an additional
O(p?) operations have to be performed before and after each block update. In return we
have that after every row/column update, ® and W are positive definite (for A > 0) and

OW =1,

5.4 What is GLASSO actually solving?

Building upon the framework developed in Section 5.2, we now proceed to establish that
GLASSO solves the convex dual of problem (5.1), by block coordinate ascent. We reach

this conclusion via elementary arguments, closely aligned with the framework we develop
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in Section 5.2. The approach we present here is intended for an audience without much of
a familiarity with convex duality theory (Boyd & Vandenberghe 2004).

Figure 5.1 illustrates that GLASSO is an ascent algorithm on the dual of the problem 5.1.
The red curve in the left plot shows the dual objective rising monotonely, and the rightmost
plot shows that the increments are indeed positive. There is an added twist though: in

solving the block-coordinate update, GLASSO solves instead the dual of that subproblem.

5.4.1 Dual of the /; regularized log-likelihood

We present below the following lemma, the conclusion of which also appears in (Banerjee

et al. 2008), but we use the framework developed in Section 5.2.
Lemma 12. Consider the primal problem (5.1) and its stationarity conditions (5.2). These

are equivalent to the stationarity conditions for the boz-constrained SDP

maximize g(T') :=logdet(S+T)+p (5.19)
T: [ Tleo <A

under the transformation S + r=0"

Proof. The (sub)gradient conditions (5.2) can be rewritten as:

—(S+A)t+@=0 (5.20)

where T' = sgn(@®). We write T' = AT and observe that |||, < A. Denote by abs(®) the
matrix with element-wise absolute values.

Hence if (©,T) satisfy (5.20), the substitutions

I' =)I'; P =abs(®) (5.21)
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satisfy the following set of equations:

—(S+T) ' +Pxsgn(l) = 0
P (abs(T) — A\1,1)) = 0 (5.22)
Tl < A

In the above, P is a symmetric p X p matrix with non-negative entries, 1p1;, denotes a
p X p matrix of ones, and the operator ‘x’ denotes element-wise product. We observe that
(5.22) are the KKT optimality conditions for the box-constrained SDP (5.19). Similarly,
the transformations ® = P * sgn(I') and T' = T'/\ show that conditions (5.22) imply
condition (5.20). Based on (5.20) the optimal solutions of the two problems (5.1) and

(5.19) are related by S+ T' = ©~1. O

Notice that for the dual, the optimization variable is T', with S+ T' = ® ' = W. In
other words, the dual problem solves for W rather than @, a fact that is suggested by the

GLASSO algorithm.

Remark 2. The equivalence of the solutions to problems (5.19) and (5.1) as described above
can also be derived via convex duality theory (Boyd & Vandenberghe 2004 ), which shows that
(5.19) is a dual function of the {1 regularized negative log-likelihood (5.1). Strong duality

holds, hence the optimal solutions of the two problems coincide (Banerjee et al. 2008).

We now consider solving (5.22) for the last block 4,5 (excluding diagonal), holding the

rest of T' fixed. The corresponding equations are

—012 + p12 *sgn(yp) = 0
P12 * (abs(¥12) = ALp—1) = 0 (5.23)
[F12lloc < A

The only non-trivial translation is the @19 in the first equation. We must express this in

terms of the optimization variable 45. Since s12 + 419 = W12, using the identities in (5.6),
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we have Wl_ll(slg + 1) = —012/022. Since a9 > 0, we can redefine P12 = p12/6a2, to get

Wi (s12 + 12) + P12 #sgn(¥y) = 0
f)12 * (abs(:)’lg) — )\lp_l) =0 (524)

Fizlle < A

The following lemma shows that a block update of GLASSO solves (5.24) (and hence (5.23)),
a block of stationary conditions for the dual of the graphical lasso problem. Curiously,
GLASSO does this not directly, but by solving the dual of the QP corresponding to this

block of equations.

Lemma 13. Assume W11 = 0. The stationarity equations
Wll,é + 812 + Ay =0, (5.25)
where 419 € Sz'gn(,@), correspond to the solution of the £1-reqularized QQP:
minimize %,B/WHB + B/Slg + )\H,@Hl (526)
Berp—1
Solving (5.26) is equivalent to solving the following box-constrained (QQP:

min&emilze $(s12 + V) Wilt(si2 +7) subject to ||v]leo < A, (5.27)
yERPT

with stationarity conditions given by (5.24), where the B and 71y are related by
B=-Wi(si2+1). (5.28)

Proof. (5.25) is the KKT optimality condition for the ¢; regularized QP (5.26). We rewrite

(5.25) as

B+ Wil (s12 + My2) = 0. (5.29)
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Observe that 3; = sgn(B;)|3i| Vi and [|[915]lsc < 1. Suppose B, 4o satisfy (5.29), then the

substitutions

Y12 =M1z, D12 = abs(B) (5.30)

in (5.29) satisfy the stationarity conditions (5.24). It turns out that (5.24) is equivalent to
the KKT optimality conditions of the box-constrained QP (5.27). Similarly, we note that

if 419, P12 satisfy (5.24), then the substitution

Y12 = Y12/ N IB = P12 *sgn(vyq2)

satisfies (5.29). Hence the B and 41, are related by (5.28). O

Remark 3. The above result can also be derived via convez duality theory(Boyd & Vandenberghe
2004), where (5.27) is actually the Lagrange dual of the {1 reqularized QP (5.26), with (5.28)
denoting the primal-dual relationship. (Banerjee et al. 2008, Section 3.3) interpret (5.27)
as an ¢y penalized regression problem (using convex duality theory) and explore connections

with the set up of (Meinshausen & Biihlmann 2006).

Note that the QP (5.27) is a (partial) optimization over the variable wia only (since
s12 is fixed); the sub-matrix Wy; remains fixed in the QP. Exactly one row/column of
W changes when the block-coordinate algorithm of GLASSO moves to a new row/column,
unlike an explicit full matrix update in W1, which is required if 15 is updated. This again
emphasizes that GLASSO is operating on the covariance matrix instead of ®@. We thus arrive

at the following conclusion:

Theorem 11. GLASSO performs block-coordinate ascent on the boz-constrained SDP (5.19),
the Lagrange dual of the primal problem (5.1). Each of the block steps are themselves boz-

constrained QPs, which GLASSO optimizes via their Lagrange duals.

In our annotation perhaps GLASSO should be called DD-GLASSO, since it performs dual

block updates for the dual of the graphical lasso problem. (Banerjee et al. 2008), the paper
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that inspired the original GLASSO article (Friedman, Hastie & Tibshirani 2007), also operates
on the dual. They however solve the block-updates directly (which are box constrained QPs)

using interior-point methods.

5.5 A New Algorithm — DP-GLASSO

In Section 5.3, we described P-GLASSO, a primal coordinate-descent method. For every
row/column we need to solve a lasso problem (5.16), which operates on a quadratic form

corresponding to the square matrix @1_11. There are two problems with this approach:

e the matrix @1_11 needs to be constructed at every row/column update with complexity
O(p?);
° @1_11 is dense.

We now show how a simple modification of the ¢;-regularized QP leads to a box-constrained
QP with attractive computational properties.

The KKT optimality conditions for (5.16), following (5.12), can be written as:
O 'a+ sz + Asgn(a) = 0. (5.31)

Along the same lines of the derivations used in Lemma 13, the condition above is equivalent
to
qi2 *sgn(y) + Oqi(si2+7) = 0
qiz2 * (abs(y) —A1,-1) = 0 (5.32)
[l < A

for some vector (with non-negative entries) qi2. (5.32) are the KKT optimality conditions

for the following box-constrained QP:

minﬁ;l%milze 2(s12 +79)'O11(s12 +7); subject to [|v[lso < A (5.33)
yERPT
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The optimal solutions of (5.33) and (5.31) are related by
&= —@11(512 + ’N)/), (5.34)

a consequence of (5.31), with & = 912 - w9 and woy = S99 + A. The diagonal A9 of the

precision matrix is updated via (5.7):

~

b 1— (s12 +7)'012
22 =
w2

(5.35)

By strong duality, the box-constrained QP (5.33) with its optimality conditions (5.32)
is equivalent to the lasso problem (5.16). Now both the problems listed at the beginning
of the section are removed. The problem matrix @1 is sparse, and no O(p?) updating is

required after each block.

Algorithm 6 DP-GLASSO algorithm
1. Initialize ©® = diag(S + AI)~L.

2. Cycle around the columns repeatedly, performing the following steps till convergence:

(a) Rearrange the rows/columns so that the target column is last (implicitly).
(b) Solve (5.33) for 4 and update

012 = —O11(s12 +7) /w2

(¢c) Solve for 655 using (5.35).

(d) Update the working covariance wia = s12 + 4.

The solutions returned at step 2(b) for 012 need not be exactly sparse, even though
it purports to produce the solution to the primal block problem (5.16), which is sparse.
One needs to use a tight convergence criterion when solving (5.33). In addition, one can
threshold those elements of 612 for which 4 is away from the box boundary, since those

values are known to be zero.
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Note that DP-GLASSO does to the primal formulation (5.1) what GLASSO does to the dual.
DP-GLASSO operates on the precision matrix, whereas GLASSO operates on the covariance

matrix.

5.6 Computational Costs in Solving the Block QPs

The ¢; regularized QPs appearing in (5.14) and (5.16) are of the generic form

minimize fu’Au+a'u+ Afull;, (5.36)
uch?

for A > 0. In this chapter, we choose to use cyclical coordinate descent for solving (5.36), as
it is used in the GLASSO algorithm implementation of Friedman, Hastie & Tibshirani (2007).
Moreover, cyclical coordinate descent methods perform well with good warm-starts. These
are available for both (5.14) and (5.16), since they both maintain working copies of the
precision matrix, updated after every row/column update. There are other efficient ways
for solving (5.36), capable of scaling to large problems — for example first-order proximal
methods (Beck & Teboulle 2009, Nesterov 2007), but we do not pursue them in this chapter.
The box-constrained QPs appearing in (5.27) and (5.33) are of the generic form:

miniré}g}ize (v + b)'A(v + b) subject to [|[v]jeo < A (5.37)
ve

for some A = 0. As in the case above, we will use cyclical coordinate-descent for optimiz-
ing (5.37).

In general it is more efficient to solve (5.36) than (5.37) for larger values of A. This is
because a large value of A in (5.36) results in sparse solutions 0; the coordinate descent
algorithm can easily detect when a zero stays zero, and no further work gets done for
that coordinate on that pass. If the solution to (5.36) has x non-zeros, then on average k

coordinates need to be updated. This leads to a cost of O(gk), for one full sweep across all
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the ¢ coordinates.

On the other hand, a large A\ for (5.37) corresponds to a weakly-regularized solution.
Cyclical coordinate procedures for this task are not as effective. Every coordinate update
of v results in updating the gradient, which requires adding a scalar multiple of a column of
A. If A is dense, this leads to a cost of O(q), and for one full cycle across all the coordinates
this costs O(g?), rather than the O(gk) for (5.36).

However, our experimental results show that DP-GLASSO is more efficient than GLASSO,
so there are some other factors in play. When A is sparse, there are computational savings.
If A has kq non-zeros, the cost per column reduces on average to O(kq) from O(g?). For
the formulation (5.33) A is ©11, which is sparse for large X\. Hence for large \, GLASSO and
DP-GLASSO have similar costs.

For smaller values of A, the box-constrained QP (5.37) is particularly attractive. Most
of the coordinates in the optimal solution v will pile up at the boundary points {—X, A},
which means that the coordinates need not be updated frequently. For problem (5.33)
this number is also k, the number of non-zero coefficients in the corresponding column of
the precision matrix. If x of the coordinates pile up at the boundary, then one full sweep
of cyclical coordinate descent across all the coordinates will require updating gradients
corresponding to the remaining g — x coordinates. Using similar calculations as before, this
will cost O(q(q — x)) operations per full cycle (since for small A, A will be dense). For the
/1 regularized problem (5.36), no such saving is achieved, and the cost is O(q?) per cycle.

Note that to solve problem (5.1), we need to solve a QP of a particular type (5.36) or
(5.37) for a certain number of outer cycles (ie full sweeps across rows/columns). For every
row/column update, the associated QP requires varying number of iterations to converge.
It is hard to characterize all these factors and come up with precise estimates of conver-
gence rates of the overall algorithm. However, we have observed that with warm-starts,
on a relatively dense grid of As, the complexities given above are pretty much accurate for

DP-GLASSO (with warmstarts) specially when one is interested in solutions with small /
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moderate accuracy. Our experimental results in Section 5.9.1 and Appendix Section 5.B
support our observation.
We will now have a more critical look at the updates of the GLASSO algorithm and study

their properties.

5.7 GLASSO: Positive definiteness, Sparsity and Exact Inver-
sion

As noted earlier, GLASSO operates on W — it does not explicitly compute the inverse
WL It does however keep track of the estimates for 815 after every row/column update.
The copy of © retained by GLASSO along the row/column updates is not the exact inverse
of the optimization variable W. Figure 5.2 illustrates this by plotting the squared-norm
[(©@ — W™)||2 as a function of the iteration index. Only upon (asymptotic) convergence,

will ® be equal to WL, This can have important consequences.
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Figure 5.2: Figure illustrating some negative properties of GLASSO using a typical numerical ex-
ample. [Left Panel] The precision matrix produced after every row/column update need not be the
exact inverse of the working covariance matrix — the squared Frobenius norm of the error is being
plotted across iterations. [Right Panel] The estimated precision matrix © produced by GLASSO need
not be positive definite along iterations; plot shows minimal eigen-value.

In many real-life problems one only needs an approximate solution to (5.1):
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e for computational reasons it might be impractical to obtain a solution of high accuracy;

e from a statistical viewpoint it might be sufficient to obtain an approximate solution

for ® that is both sparse and positive definite

It turns out that the GLASSO algorithm is not suited to this purpose.

Since the GLASSO is a block coordinate procedure on the covariance matrix, it main-
tains a positive definite covariance matrix at every row/column update. However, since
the estimated precision matrix is not the exact inverse of W, it need not be positive defi-
nite. Although it is relatively straightforward to maintain an exact inverse of W along the
row/column updates (via simple rank-one updates as before), this inverse W~ need not
be sparse. Arbitrary thresholding rules may be used to set some of the entries to zero, but
that might destroy the positive-definiteness of the matrix. Since a principal motivation of
solving (5.1) is to obtain a sparse precision matrix (which is also positive definite), returning
a dense W1 to (5.1) is not desirable.

Figures 5.2 illustrates the above observations on a typical example.

The DP-GLASSO algorithm operates on the primal (5.1). Instead of optimizing the ¢;
regularized QP (5.16), which requires computing @1_11, DP-GLASSO optimizes (5.33). After
every row/column update the precision matrix © is positive definite. The working covari-
ance matrix maintained by DP-GLASSO via wig := S12 + % need not be the exact inverse
of ®. Exact covariance matrix estimates, if required, can be obtained by tracking @' via
simple rank-one updates, as described earlier.

Unlike GLASSO, DP-GLASSO (and P-GLASSO) return a sparse and positive definite preci-

sion matrix even if the row/column iterations are terminated prematurely.

5.8 Warm Starts and Path-seeking Strategies

Since we seldom know in advance a good value of A, we often compute a sequence of solutions

to (5.1) for a (typically) decreasing sequence of values Ay > Ay > ... > A\g. Warm-start
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or continuation methods use the solution at \; as an initial guess for the solution at A;11,
and often yield great efficiency. It turns out that for algorithms like GLASSO which operate
on the dual problem, not all warm-starts necessarily lead to a convergent algorithm. We
address this aspect in detail in this section.

The following lemma states the conditions under which the row/column updates of the

GLASSO algorithm will maintain positive definiteness of the covariance matrix W.

Lemma 14. Suppose Z is used as a warm-start for the GLASSO algorithm. If Z > 0 and
|1Z — S|looc < A, then every row/column update of GLASSO maintains positive definiteness of

the working covariance matrix W.
Proof. Recall that the GLASSO solves the dual (5.19). Assume Z is partitioned as in (5.5),
and the pth row/column is being updated. Since Z > 0, we have both

Z11 > 0 and (Z22 — Z21(Z11)_1Z12) > 0. (538)

Since Z1; remains fixed, it suffices to show that after the row/column update, the expression
(g — ng(le)_lwlg) remains positive. Recall that, via standard optimality conditions
we have gy = S92 + A, which makes g > 299 (since by assumption, |z90 — s92| < A\ and
299 > 0). Furthermore, Wo; = s91 + %, where ¥ is the optimal solution to the corresponding
box-QP (5.27). Since the starting solution zs; satisfies the box-constraint (5.27) i.e. ||z —

S91|loc < A, the optimal solution of the QP (5.27) improves the objective:
Wo1(Z11) MW < 221(Z11) 'z
Combining the above along with the fact that wes > 290 we see

g — Wa1(Z11) Wi > 0, (5.39)
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which implies that the new covariance estimate W = 0. ]

Remark 4. If the condition ||Z — S||cc < X\ appearing in Lemma 14 is violated, then the

row/column update of GLASSO need not maintain PD of the covariance matriz W.

We have encountered many counter-examples that show this to be true, see the discus-
sion below.

The R package implementation of GLASSO allows the user to specify a warm-start as a
tuple (®g, Wy). This option is typically used in the construction of a path algorithm.

If (C:) A,WA) is provided as a warm-start for \’ < A, then the GLASSO algorithm is not
guaranteed to converge. It is easy to find numerical examples by choosing the gap A — X to
be large enough. Among the various examples we encountered, we briefly describe one here.
Details of the experiment/data and other examples can be found in the Appendix 5.A.1. We
generated a data-matrix X,,x,, with n = 2, p = 5 with iid standard Gaussian entries. S is the
sample covariance matrix. We solved problem (5.1) using GLASSO for A = 0.9 X max;; |s;;|.
We took the estimated covariance and precision matrices: WA and © ) as a warm-start for
the GLASSO algorithm with M = X x 0.01. The GLASSO algorithm failed to converge with
this warm-start. We note that HWA — Slloc = 0.0402 £ X (hence violating the sufficient
condition in Lemma 15) and after updating the first row/column via the GLASSO algorithm
we observed that “covariance matrix” W has negative eigen-values — leading to a non-
convergent algorithm. The above phenomenon is not surprising and easy to explain and
generalize. Since W)\ solves the dual (5.19), it is necessarily of the form \/7\\/',\ — S+T,
for |T|joc < A. In the light of Lemma 14 and also Remark 4, the warm-start needs to
be dual-feasible in order to guarantee that the iterates W remain PD and hence for the
sub-problems to be well defined convex programs. Clearly \/7\\/',\ does not satisfy the box-
constraint ||\/7\\7)\ —S|leec < N, for ' < A. However, in practice the GLASSO algorithm is
usually seen to converge (numerically) when )\ is quite close to .

The following lemma establishes that any PD matrix can be taken as a warm-start for
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P-GLASSO or DP-GLASSOto ensure a convergent algorithm.

Lemma 15. Suppose ® > 0 is a used as a warm-start for the P-GLASSO (or DP-GLASSO)
algorithm. Then every row/column update of P-GLASSO (or DP-GLASSO ) maintains positive

definiteness of the working precision matrix ©.

Proof. Consider updating the pth row/column of the precision matrix. The condition ® > 0

is equivalent to both
@11 - 0 and (dag — o1 (P11) ' P12) > 0.

Note that the block ®;; remains fixed; only the pth row/column of @ changes. ¢, gets

updated to 921, as does 912. From (5.7) the updated diagonal entry égg satisfies:

~ « A 1
022 — 021 (®11) "0 = Gt N > 0.

Thus the updated matrix © remains PD. The result for the DP-GLASSO algorithm follows,
since both the versions P-GLASSO and DP-GLASSO solve the same block coordinate problem.

O

Remark 5. A simple consequence of Lemmas 14 and 15 is that the QPs arising in the
process, namely the {1 reqularized QPs (5.14), (5.16) and the box-constrained QPs (5.27)
and (5.33) are all valid convex programs, since all the respective matrices Wy, @1_11 and

Wl_ll, ©®11 appearing in the quadratic forms are PD.

As exhibited in Lemma 15, both the algorithms DP-GLASSO and P-GLASSO are guaran-
teed to converge from any positive-definite warm start. This is due to the unconstrained
formulation of the primal problem (5.1).

GLASSO really only requires an initialization for W, since it constructs ® on the fly.

Likewise DP-GLASSO only requires an initialization for ®. Having the other half of the
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tuple assists in the block-updating algorithms. For example, GLASSO solves a series of lasso
problems, where @ play the role as parameters. By supplying ® along with W, the block-
wise lasso problems can be given starting values close to the solutions. The same applies
to DP-GLASSO. In neither case do the pairs have to be inverses of each other to serve this
purpose.

If we wish to start with inverse pairs, and maintain such a relationship, we have described
earlier how O(p?) updates after each block optimization can achieve this. One caveat for
GLASSO is that starting with an inverse pair costs O(p®) operations, since we typically start
with W = S + M. For DP-GLASSO, we typically start with a diagonal matrix, which is

trivial to invert.

5.9 Experimental Results & Timing Comparisons

We compared the performances of algorithms GLASSO and DP-GLASSO (both with and with-
out warm-starts) on different examples with varying (n,p) values. While most of the results
are presented in this section, some are relegated to the Appendix 5.B. Section 5.9.1 describes
some synthetic examples and Section 5.9.2 presents comparisons on a real-life micro-array

data-set.

5.9.1 Synthetic Experiments

In this section we present examples generated from two different covariance models — as
characterized by the covariance matrix 3 or equivalently the precision matrix ®. We create
a data matrix X,,«, by drawing n independent samples from a p dimensional normal distri-
bution MVN(0, X). The sample covariance matrix is taken as the input S to problem (5.1).

The two covariance models are described below:

Type-1 The population concentration matrix ® = X! has uniform sparsity with approx-

imately 77 % of the entries zero.
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We created the covariance matrix as follows. We generated a matrix B with iid
standard Gaussian entries, symmetrized it via %(B + B’) and set approximately 77%
of the entries of this matrix to zero, to obtain B (say). We added a scalar multiple of
the p dimensional identity matrix to B to get the precision matrix ® = B + NLpxp,

with 1 chosen such that the minimum eigen value of ©® is one.

Type-2 This example, taken from (Yuan & Lin 2007), is an auto-regressive process of order

two — the precision matrix being tri-diagonal:

05, if [j—i=1,i=2,...,(p—1);
0.25, if |j—i|=2,i=3,....(p—2);
1, if t=4,¢=1,...,p;and

0 otherwise.

For each of the two set-ups Type-1 and Type-2 we consider twelve different combinations
of (n,p):

(a) p = 1000, n € {1500, 1000, 500}.
(b) p =800, n € {1000, 800,500}
(c) p =500, n € {800, 500,200}
(d) p =200, n € {500,200, 50}.

For every (n,p) we solved (5.1) on a grid of twenty A values linearly spaced in the
log-scale, with \; = 0.8" x {0.9Amax}, 7 = 1,...,20, where A\pay = max;; |si;|, is the off-
diagonal entry of S with largest absolute value. A is the smallest value of A for which
the solution to (5.1) is a diagonal matrix.

Since this article focuses on the GLASSO algorithm, its properties and alternatives that

stem from the main idea of block-coordinate optimization, we present here the performances
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of the following algorithms:

Dual-Cold GLASSO with initialization W = S + AI,« ), as suggested in (Friedman, Hastie

& Tibshirani 2007).

Dual-Warm The path-wise version of GLASSO with warm-starts, as suggested in (Friedman,
Hastie & Tibshirani 2007). Although this path-wise version need not converge in gen-
eral, this was not a problem in our experiments, probably due to the fine-grid of A

values.
Primal-Cold DP-GLASSO with diagonal initialization © = (diag(S) + AI)~.
Primal-Warm The path-wise version of DP-GLASSO with warm-starts.

We did not include P-GLASSO in the comparisons above since P-GLASSO requires additional
matrix rank-one updates after every row/column update, which makes it more expensive.
None of the above listed algorithms require matrix inversions (via rank one updates). Fur-
thermore, DP-GLASSO and P-GLASSO are quite similar as both are doing a block coordinate
optimization on the dual. Hence we only included DP-GLASSO in our comparisons. We used
our own implementation of the GLASSO and DP-GLASSO algorithm in R. The entire program

is written in R, except the inner block-update solvers, which are the real work-horses:

e For GLASSO we used the lasso code crossProdLasso written in FORTRAN by (Friedman,

Hastie & Tibshirani 2007);
e For DP-GLASSO we wrote our own FORTRAN code to solve the box QP.

An R package implementing DP-GLASSO will be made available in CRAN.

In the figure and tables that follow below, for every algorithm, at a fixed A we report the
total time taken by all the QPs — the ¢1 regularized QP for GLASSO and the box constrained
QP for DP-GLASSO till convergence All computations were done on a Linux machine with

model specs: Intel(R) Xeon(R) CPU 5160 @ 3.00GHz.
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Convergence Criterion: Since DP-GLASSO operates on the the primal formulation and
GLASSO operates on the dual — to make the convergence criteria comparable across exam-
ples we based it on the relative change in the primal objective values i.e. f(®) (5.1) across

two successive iterations:
[(O) — f(Or_1)
| f(Or-1)]

< TOL, (5.40)

where one iteration refers to a full sweep across p rows/columns of the precision matrix (for
DP-GLASSO ) and covariance matrix (for GLASSO ); and TOL denotes the tolerance level or
level of accuracy of the solution. To compute the primal objective value for the GLASSO
algorithm, the precision matrix is computed from W via direct inversion (the time taken
for inversion and objective value computation is not included in the timing comparisons).
Computing the objective function is quite expensive relative to the computational cost
of the iterations. In our experience convergence criteria based on a relative change in the
precision matrix for DP-GLASSO and the covariance matrix for GLASSO seemed to be a
practical choice for the examples we considered. However, for reasons we described above,

we used criterion 5.40 in the experiments.

Observations: Figure 5.4 presents the times taken by the algorithms to converge to an
accuracy of TOL = 10~ on a grid of X\ values.

The figure shows eight different scenarios with p > n, corresponding to the two different
covariance models Type-1 (left panel) and Type-2 (right panel). It is quite evident that
DP-GLASSO with warm-starts (Primal-Warm) outperforms all the other algorithms across all
the different examples. All the algorithms converge quickly for large values of A\ (typically
high sparsity) and become slower with decreasing A. For large p and small A\, convergence
is slow; however for p > n, the non-sparse end of the regularization path is really not
that interesting from a statistical viewpoint. Warm-starts apparently do not always help in
speeding up the convergence of GLASSO ; for example see Figure 5.4 with (n, p) = (500, 1000)

(Type 1) and (n,p) = (500,800) (Type 2). This probably further validates the fact that
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warm-starts in the case of GLASSO need to be carefully designed, in order for them to speed-
up convergence. Note however, that GLASSO with the warm-starts prescribed is not even
guaranteed to converge — we however did not come across any such instance among the
experiments presented in this section.

Based on the suggestion of a referee we annotated the plots in Figure 5.4 with locations
in the regularization path that are of interest. For each plot, two vertical dotted lines are
drawn which correspond to the As at which the distance of the estimated precision matrix
©, from the population precision matrix is minimized wrt to the | - ||; norm (green) and
|- || norm (blue). The optimal A corresponding to the || - ||; metric chooses sparser models
than those chosen by || - ||r; the performance gains achieved by DP-GLASSO seem to be more
prominent for the latter A.

Table 5.1 presents the timings for all the four algorithmic variants on the twelve dif-
ferent (n,p) combinations listed above for Type 1. For every example, we report the to-
tal time till convergence on a grid of twenty A values for two different tolerance levels:
TOL € {107%,107°}. Note that the DP-GLASSO returns positive definite and sparse preci-
sion matrices even if the algorithm is terminated at a relatively small/moderate accuracy
level — this is not the case in GLASSO . The rightmost column presents the proportion of
non-zeros averaged across the entire path of solutions e) A, where e) A is obtained by solv-
ing (5.1) to a high precision i.e. 1079, by algorithms GLASSO and DP-GLASSO and averaging
the results.

Again we see that in all the examples DP-GLASSO with warm-starts is the clear winner
among its competitors. For a fixed p, the total time to trace out the path generally decreases
with increasing n. There is no clear winner between GLASSO with warm-starts and GLASSO
without warm-starts. It is often seen that DP-GLASSO without warm-starts converges faster
than both the variants of GLASSO (with and without warm-starts).

Table 5.2 reports the timing comparisons for Type 2. Once again we see that in all the

examples Primal-Warm turns out to be the clear winner.
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For n < p = 1000, we observe that Primal-Warm is generally faster for Type-2 than
Type-1. This however, is reversed for smaller values of p € {800,500}. Primal-Cold is has a
smaller overall computation time for Type-1 over Type-2. In some cases (for example n <
p = 1000), we see that Primal-Warm in Type-2 converges much faster than its competitors
on a relative scale than in Type-1 — this difference is due to the variations in the structure

of the covariance matrix.

relative Total time (secs) to compute a path of solutions Average %
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Table 5.1: Table showing the performances of the four algorithms GLAssO (Dual-Warm/Cold)
and DP-GLASSO (Primal-Warm/Cold) for the covariance model Type-1. We present the times (in
seconds) required to compute a path of solutions to (5.1) (on a grid of twenty A values) for different
(n,p) combinations and relative errors (as in (5.40)). The rightmost column gives the averaged
sparsity level across the grid of A values. DP-GLASSO with warm-starts is consistently the winner
across all the examples.
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Figure 5.3: The timings in seconds for the four different algorithmic versions: GLASSO (with and
without warm-starts) and DP-GLASSO (with and without warm-starts) for a grid of A values on the
log-scale. [Left Panel] Covariance model for Type-1, [Right Panel] Covariance model for Type-2.
The horizontal axis is indexed by the proportion of zeros in the solution. The vertical dashed lines
correspond to the optimal A values for which the estimated errors ||©@—©||; (green) and ||@,—O||
(blue) are minimum.
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Table 5.2: Table showing comparative timings of the four algorithmic variants of GLASSO and DP-
GLASSO for the covariance model in Type-2. This table is similar to Table 5.1, displaying results for

Type-1. DP-GLASSO with warm-starts consistently outperforms all its competitors.
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5.9.2 Micro-array Example

We consider the data-set introduced in (Alon et al. 1999) and further studied in Rothman
et al. (2008) and Mazumder & Hastie (2012). In this experiment, tissue samples were
analyzed using an Affymetrix Oligonucleotide array. The data was processed, filtered and
reduced to a subset of 2000 gene expression values. The number of Colon Adenocarcinoma
tissue samples is n = 62. For the purpose of the experiments presented in this section, we
pre-screened the genes to a size of p = 725. We obtained this subset of genes using the idea
of exact covariance thresholding introduced in our paper (Mazumder & Hastie 2012). We
thresholded the sample correlation matrix obtained from the 62 x 2000 microarray data-
matrix into connected components with a threshold of 0.00364' — the genes belonging to
the largest connected component formed our pre-screened gene pool of size p = 725. This
(subset) data-matrix of size (n,p) = (62,725) is used for our experiments.

The results presented below in Table 5.3 show timing comparisons of the four different
algorithms: Primal-Warm/Cold and Dual-Warm/Cold on a grid of fifteen A values in the
log-scale. Omnce again we see that the Primal-Warm outperforms the others in terms of

speed and accuracy. Dual-Warm performs quite well in this example.

relative Total time (secs) to compute a path of solutions
error (TOL) Dual-Cold Dual-Warm Primal-Cold Primal-Warm
1073 515.15 406.57 462.58 334.56
1074 976.16 677.76 709.83 521.44

Table 5.3: Comparisons among algorithms for a microarray dataset with n = 62 and p = 725, for
different tolerance levels (TOL). We took a grid of fifteen A values, the average % of zeros along the
whole path is 90.8.

Lthis is the largest value of the threshold for which the size of the largest connected component is smaller
than 800
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5.10 Conclusions

This chapter explores some of the apparent mysteries in the behavior of the GLASSO al-
gorithm introduced in (Friedman, Hastie & Tibshirani 2007). These have been explained
by leveraging the fact that the GLASSO algorithm is solving the dual of the graphical lasso
problem (5.1), by block coordinate ascent. Each block update, itself the solution to a convex
program, is solved via its own dual, which is equivalent to a lasso problem. The optimization
variable is W, the covariance matrix, rather than the target precision matrix ®. During the
course of the iterations, a working version of ® is maintained, but it may not be positive
definite, and its inverse is not W. Tight convergence is therefore essential, for the solution
© tobea proper inverse covariance. There are issues using warm starts with GLASSO, when
computing a path of solutions. Unless the sequence of As are sufficiently close, since the
“warm start”s are not dual feasible, the algorithm can get into trouble.

We have also developed two primal algorithms P-GLASSO and DP-GLASSO. The former
is more expensive, since it maintains the relationship W = ®~! at every step, an O(p?)
operation per sweep across all row/columns. DP-GLASSO is similar in flavor to GLASSO
except its optimization variable is @. It also solves the dual problem when computing its
block update, in this case a box-QP. This box-QP has attractive sparsity properties at both
ends of the regularization path, as evidenced in some of our experiments. It maintains a
positive definite ® throughout its iterations, and can be started at any positive definite
matrix. Our experiments show in addition that DP-GLASSO is faster than GLASSO.

An R package implementing DP-GLASSO will be made available in CRAN.

5.A Appendix to Chapter 5

This section complements the examples provided in the chapter with further experiments

and illustrations.
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5.A.1 Examples: Non-Convergence of GLASSO with warm-starts

This section illustrates with examples that warm-starts for the GLASSO need not converge.

This is a continuation of examples presented in Section 5.8.

Example 1:
We took (n,p) = (2,5) and setting the seed of the random number generator in R as
set.seed(2008) we generated a data-matrix X,,x, with iid standard Gaussian entries. The

sample covariance matrix S is given below:

0.03597652  0.03792221  0.1058585  —0.08360659  0.1366725

0.03597652  0.03792221  0.1058585  —0.08360659  0.1366725

0.10585853  0.11158361  0.3114818  —0.24600689  0.4021497
—0.08360659 —0.08812823 —0.2460069 0.19429514 —0.3176160

0.13667246  0.14406402  0.4021497 —0.31761603  0.5192098

With ¢ denoting the maximum off-diagonal entry of S (in absolute value), we solved (5.1)
using GLASSO at A = 0.9 x ¢q. The covariance matrix for this A was taken as a warm-start for
the GLASSO algorithm with A = Ax0.01. The smallest eigen-value of the working covariance
matrix W produced by the GLASSO algorithm, upon updating the first row/column was:
—0.002896128, which is clearly undesirable for the convergence of the algorithm GLASSO .

This is why the algorithm GLASSO breaks down.

Example 2:

The example is similar to above, with (n, p) = (10, 50), the seed of random number generator
in R being set to set.seed(2008) and X, x, is the data-matrix with iid Gaussian entries.
If the covariance matrix W, which solves problem (5.1) with A = 0.9 x max;; |s;;| is

taken as a warm-start to the GLASSO algorithm with M = X x 0.1 — the algorithm fails
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to converge. Like the previous example, after the first row/column update, the working

covariance matrix has negative eigen-values.

5.B Further Experiments and Numerical Studies

This section is a continuation to Section 5.9, in that it provides further examples comparing
the performance of algorithms GLASSO and DP-GLASSO . The experimental data is generated
as follows. For a fixed value of p, we generate a matrix Ay, with random Gaussian entries.
The matrix is symmetrized by A <+ (A + A’)/2. Approximately half of the off-diagonal
entries of the matrix are set to zero, uniformly at random. All the eigen-values of the
matrix A are lifted so that the smallest eigen-value is zero. The noiseless version of the
precision matrix is given by ® = A + 7L,%,. We generated the sample covariance matrix
S by adding symmetric positive semi-definite random noise N to ®~!: ie. S = O~! + N,
where this noise is generated in the same manner as A. We considered four different values
of p € {300, 500, 800,1000} and two different values of 7 € {1,4}.

For every p, 7 combination we considered a path of twenty A values on the geometric
scale. For every such case four experiments were performed: Primal-Cold, Primal-Warm,
Dual-Cold and Dual-Warm (as described in Section 5.9). Each combination was run 5 times,
and the results averaged, to avoid dependencies on machine loads. Figure 5.4 shows the
results. Overall, DP-GLASSO with warm starts performs the best, especially at the extremes
of the path. We gave some explanation for this in Section 5.6. For the largest problems
(p = 1000) their performances are comparable in the central part of the path (though

DP-GLASSO dominates), but at the extremes DP-GLASSO dominates by a large margin.
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