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Preface

The widespread of modern information technologies to all spheres of society leads to a

dramatic increase of data flow, including formation of "big data" phenomenon. Big data

are data on a massive scale in terms of volume, intensity, and complexity that exceed the

ability of traditional statistical methods and standard tools. When the size of the data

becomes extremely large, it may be too long to run the computing task, and even infeasible

to store all of the data on a single computer. Therefore, it is necessary to turn to distributed

architectures and scalable statistical methods.

Big data vary in shape and call for different approaches. One type of big data is the tall

data, i.e., a very large number of samples but not too many features. Chapter 1 describes a

general communication-efficient algorithm for distributed statistical learning on this type of

big data. Our algorithm distributes the samples uniformly to multiple machines, and uses a

common reference data to improve the performance of local estimates. Our algorithm enables

potentially much faster analysis, at a small cost to statistical performance. The results in

this chapter are joint work with Trevor Hastie and Edgar Dobriban, and will appear in a

future publication.

Another type of big data is the wide data, i.e., too many features but a limited number of

samples. It is also called high-dimensional data, to which many classical statistical methods

are not applicable. Chapter 2 — based on Le and Hastie (2014) [1] — discusses a method of

dimensionality reduction for high-dimensional classification. Our method partitions features

into independent communities and splits the original classification problem into separate
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smaller ones. It enables parallel computing and produces more interpretable results.

For unsupervised learning methods like principle component analysis and clustering, the

key challenges are choosing the optimal tuning parameter and evaluating method performance.

Chapter 3 proposes a general cross-validation approach for unsupervised learning methods.

This approach randomly partitions the data matrix into K unstructured folds. For each fold,

it fits a matrix completion algorithm to the rest K − 1 folds and evaluates the prediction

on the hold-out fold. Our approach provides a unified framework for parameter tuning in

unsupervised learning, and shows strong performance in practice. The results in this chapter

are joint work with Trevor Hastie, and will appear in a future publication.
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Chapter 1

A General Algorithm for Distributed

Learning

1.1 Introduction

In the modern era, due to the explosion in size and complexity of datasets, a critical challenge

in statistics and machine learning is to design efficient algorithms for large-scale problems.

There are two major barriers for large-scale problems: 1) the data can be too big to be

stored in a single computer’s memory; and 2) the computing task can take too long to get

the results. Therefore, it is commonplace to distribute the data across multiple machines

and run data analysis in parallel.

Since communication can be prohibitively expensive when the dimensionality of the data is

high, a statistical literature on “one-shot” or “embarrassingly parallel” distributed approaches

has begun to emerge [2, 3, 4]. This literature has focused on distributed procedures which

obtain local estimates in parallel on local machines, and only use one round of communication

to send them to a center node and then combine them to get a final estimate. Within

this context, the simplest algorithm is the average mixture (AVGM) algorithm [5, 6, 7, 8],

which distributes the data uniformly, get local estimates and combine them by averaging.

1



CHAPTER 1. A GENERAL ALGORITHM FOR DISTRIBUTED LEARNING 2

AVGM is appealing as it is simple, general and communication-efficient. In classical setting

where the feature dimension p is fixed, Zhang et al. [5] show that the mean-squared error

of AVGM matches the rate of the global estimate when B ≤ n, where B is the number of

machines and n is the number of samples on each local machine. However, AVGM suffers from

several drawbacks. First, each local machine must have at least Ω(
√
N) samples to achieve

the minimax rate of convergence, where N is the total sample size. This is a restrictive

assumption because it requires B to be much smaller than
√
N . Second, AVGM is not

consistent in high-dimensional setting. Rosenblatt and Nadler [9] show that the mean-squared

error of AVGM decays slower than that of the global estimate when p/n→ κ ∈ (0, 1). Lee

et al. [4] improve on AVGM in high-dimensional sparse linear regression setting, but the

proposed estimate is only applicable to lasso. Third, AVGM can perform poorly when the

estimate is nonlinear [10].

There is also a flurry of research on distributed optimization [10, 11, 12]. For example,

Boyd et al. [11] review the alternating direction method of multipliers (ADMM) and show

that it is well suited to distributed convex optimization; Jordan et al. [10] propose the

communication-efficient surrogate likelihood (CSL) framework which uses a surrogate to

the global likelihood function to form the maximum likelihood estimator. However, these

methods are not friendly to black-box algorithms. Suppose we have a black-box algorithm

that we wanted to apply to the total N samples. In the distributed setting, both ADMM

and CSL require us to know what is inside the black box, such as the loss function or the

likelihood, and need to modify the black-box algorithm accordingly. Therefore, one has

to rebuild a distributed version for each black-box algorithm. This greatly increases the

workload and restricts the range of applications of such methods.

In this chapter, we propose a novel distributed algorithm, which we refer to as the

reference average mixture (RAM) algorithm. At a high level, RAM distributes samples

uniformly among B machines or processors, uses a common reference dataset that is shared

across all machines to encourage B local estimates to be the same, and then combines the
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local estimates by averaging. There are several major benefits of this algorithm:

1. Communication-efficient. The communication cost in each iteration is O(min(p,m)×B),

where m is the size of the reference dataset.

2. General and friendly to black-box algorithms. RAM can be applied to any black-box

algorithm without the need to know or modify what is inside the black box.

3. Asynchronous. In each iteration, the communication step of getting the average

predictions on the reference data can be asynchronous in practice.

As for the theoretical properties of RAM, we prove the convergence of RAM for a class of

convex optimization problems. We refer to the estimate by fitting all N samples on a single

machine as the global estimate. We also prove that RAM converges to the global estimate in

the general convex optimization setting when p = 1, and in the ridge regression setting for

general p ≥ 1. Our numerical experiments show that RAM provides substantial improvement

over AVGM, and can achieve a performance comparable to that of the global estimate.

The outline of this chapter is as follows. Section 2 describes the problem and setting of

this chapter. Section 3 presents the RAM algorithm. Section 4 discusses the properties of

the RAM algorithm, including algorithm convergence and stability. In section 5, we show

through simulations how RAM works in practice and how RAM are affected by various

factors. We extends RAM to allow for adaptive tuning parameter in section 6. Section 7

applies our method to a real massive dataset.

1.2 Problem

Let X ∈ Rp denote a random input vector, and Y ∈ R a random output variable, with joint

distribution P (X,Y ). We seek a function f(X) for predicting Y given values of the input X.

Let L(X,Y, f) be a loss function that penalizes errors in prediction, and assume that f is in
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some collection of functions F . This leads us to a criterion for choosing f ,

f∗ = arg min
f∈F

EP [L(X,Y, f)]. (1.1)

In practice, the population distribution P is unknown to us, but we have access to a

collection of N i.i.d. samples S = {(xi, yi)}Ni=1 from the distribution P . Thus, we can

estimate f∗ by minimizing the penalized empirical risk

f̂ = arg min
f∈F

1

N

N∑
i=1

L(xi, yi, f) + g(f), (1.2)

where g(f) is some penalty on f . If g(f) = 0, then f̂ is the estimate by empirical risk

minimization.

In the distributed setting, we are given a dataset of N = nB i.i.d. samples from P (X,Y ),

which we divide them uniformly amongst B processors. Denote f̂G as the global estimate, the

one we would get if all N samples are fitted on a single machine. The goal of this chapter is

to recover f̂G in the distributed setting.

1.3 Method

1.3.1 Motivation

Denote the dataset on machine b as Sb, for b = 1, . . . , B. Then the local estimate on machine

b is

f̂b = arg min
f∈F

1

|Sb|
∑

(x,y)∈Sb

L(x, y, f) + g(f). (1.3)
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Note that the global estimator f̂G is also the solution to the following constrained optimization

problem

min
f1,...,fB

B∑
b=1

|Sb|
N

 1

|Sb|
∑

(x,y)∈Sb

L(x, y, fb) + g(fb)


s.t. f1 = f2 = · · · = fB.

The term inside the parentheses is exactly the local penalized loss on machine b. This

suggests that we may recover the global estimate by encouraging the local estimates to be

the same.

One natural idea to encourage local estimates to be the same is to update f̂b by adding

a penalty on the distance between the local estimate f̂b and the average estimate f̄ =∑B
b=1 f̂b/B,

f̂new
b = arg min

f

1

|Sb|
∑

(x,y)∈Sb

L(x, y, f) + g(f) + ρ ·D(f, f̄), (1.4)

where D(f, f̄) is some distance function, and ρ is a tuning parameter. If ρ = 0, then there is

no penalty and f̂new
b = f̂b. If ρ =∞, then all the local estimates are forced to be the average

estimate f̂new
b = f̄ . However, for a general distance function D, this update is not friendly to

black-box algorithms because the distance penalty changes the structure of the optimization

problem. Thus, the original black-box algorithm used to solve (1.2) is invalid of solving (1.4).

Therefore, we need to maintain the structure of (1.2) when designing the distance function

D.

In our method, we design D(f, f̄) to be the average loss of f on a reference dataset for

which the output variable Y is set to be the average prediction on X, i.e., f̄(X). Specifically,

let A = {ai}mi=1 be a set of feature samples, where ai ∈ Rp. The reference dataset, A, can be

either specified by the user or a random subsample of the dataset {xi}Ni=1 . Then we define
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D(f, f̄) as

D(f, f̄) =
1

|A|
∑
a∈A

L(a, f̄(a), f). (1.5)

Note that D not only measures the distance between f and f̄ on the reference dataset A,

but also has been designed to maintain the structure of the original problem. Therefore we

can solve (1.4) using the original black-box algorithm, simply by updating the input dataset

as Sb ∪ {(ai, f̄(ai)}mi=1.

1.3.2 Algorithm

We propose an iterative distributed algorithm, called the reference average mixture (RAM)

algorithm. The algorithm is listed in Algorithm 1.1.

Algorithm 1.1 The Reference Average Mixture (RAM) Algorithm
1: for b = 1 to B do
2: Initialize f̂ (0)

b as the local estimate on machine b

f̂
(0)
b = arg min

f

1

|Sb|
∑

(x,y)∈Sb

L(x, y, f) + g(f)

3: end for
4: while not converged do
5: f̄ (k) =

∑B
b=1 |Sb|f̂

(k)
b /N

6: for b = 1 to B do
7:

f̂
(k+1)
b = arg min

f

1

|Sb|
∑

(x,y)∈Sb

L(x, y, f) + g(f) + ρ · 1

|A|
∑
a∈A

L(a, f̄ (k)(a), f)

8: end for
9: end while

10: Return: f̄ (k)

RAM has several important features:

1. Communication-efficient. In each iteration, the only communication step is to get the

average predictions on the reference dataset, i.e., {f̄ (k)(ai)}mi=1. This requires each local

machine b to pass its predictions {f̂ (k)
b (ai)}mi=1 to the master machine. The master
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machine then takes the average of the predictions and sends {f̄ (k)(ai)}mi=1 back to

every local machine. The communication cost in each iteration is therefore O(mB) . If

f ∈ F can be characterized by a p-dimensional vector β (for example, linear functions

f(x) = xTβ can be characterized by the parameter β), then the communication cost in

each iteration is O(min(p,m)×B). This is because we can either pass the estimated

parameter β̂(k)
b or the predictions on the reference dataset.

2. Friendly to black-box algorithms. Let Ψ denote a black-box algorithm that takes the

data S = {(xi, yi)}Ni=1 as input and outputs the global estimate f̂G = Ψ(S). Then

one can run RAM using Ψ, without the need to know or make changes to what is

inside Ψ. This is because both the initialization step and the updating step can be

achieved by only changing the input dataset to Ψ. Specifically, the initialization step

is f̂ (0)
b = Ψ(Sb), and the updating step is f̂ (k+1)

b = Ψ(Sb ∪ {(ai, f̄ (k)(ai)}mi=1) with

observation weights (
|Sb|+m

|Sb|
, . . . ,

|Sb|+m

|Sb|︸ ︷︷ ︸
|Sb|

,
ρ(|Sb|+m)

m
, . . . ,

ρ(|Sb|+m)

m︸ ︷︷ ︸
m

).

3. General. RAM is a general distributed algorithm that can work with any black-box

algorithm Ψ. Since RAM only involves running Ψ with updated local data, it is still

applicable even if Ψ is a general algorithm that does not necessarily solve a penalized

risk minimization problem.

4. Asynchronous. The communication step of getting the average predictions on the

reference data can actually be asynchronous in practice. Specifically, the master

machine stores the most up-to-date predictions of B local machines on the reference

data. When machine b completes the updating step, it sends its new predictions to the

master machine. The master machine updates the predictions of machine b, computes

the average predictions, and sends them back to machine b so that machine b can

proceed to the next iteration. In this way, the master machine computes the average

predictions using the most up-to-date local predictions, without the necessity of waiting
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all B machines to finish in each iteration.

1.4 Method Properties

In this section, we examine three key properties of RAM. First, we investigate the convergence

behavior of RAM - whether it converges and what the convergence rate is. Second, we study

the quality of RAM by comparing the RAM estimate with the global estimate. Third, we

discuss when RAM works well and when not.

1.4.1 Does RAM converge?

To examine the convergence property, we consider a general class of convex optimization

problems. Here we assume that the prediction function f ∈ F can be characterized by a

p-dimensional vector β ∈ D, i.e. f(·) = f(·;β). In this subsection, we show that for a given

ρ > 0, our algorithm converges to an estimate β̂(ρ). In the next subsection we’ll show that

as ρ→∞, the associated estimate β̂(ρ) converges to the global estimate β̂G.

We denote the original loss on machine b as

Lb(β) ,
1

|Sb|
∑

(xi,yi)∈Sb

L(xi, yi, β) + g(β) (1.6)

and the loss on the reference data as

L̃(β, β̂(k)) ,
1

|A|
∑
a∈A

L(a,b(β̂
(k)), β), (1.7)

where β̂(k) = (β̂
(k)
1 , . . . , β̂

(k)
B ) ∈ RBp and b(β̂(k)) =

∑B
b=1 f(a; β̂

(k)
b )/B is the average prediction

of β̂(k) at reference sample a. Therefore, at iteration k + 1, the optimization problem faced

by machine b is

β̂
(k+1)
b = arg min

β∈D
Lb(β) + ρ · L̃(β, β̂(k)). (1.8)
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We provide a sufficient condition for the convergence of RAM.

THEOREM 1.1. Given the dataset S = {(xi, yi)}Ni=1 and the reference dataset A = {ai}mi=1,

suppose there exist M0,M1 � 0 and C1 > 0 such that

• ∇2Lb(β) �M0 for b = 1, 2, . . . , B and any β;

• ∂2

∂β2 L̃(β, γ) �M1 for any β, γ;

• maxb=1,...,B ‖ ∂2

∂β∂γb
L̃(β, γ)‖2 ≤ C1 for any β, γ, where γ = (γ1, . . . , γB).

Then, we have

‖β̂(k+1) − β̂(k)‖2 ≤ C‖β̂(k) − β̂(k−1)‖2 (1.9)

where

C =
√
BC1‖(M0/ρ+M1)−1‖2. (1.10)

Proof. First, note that

∇βLb(β̂(k+1)) + ρ
∂

∂β
L̃(β̂

(k+1)
b , β̂(k)) = 0. (1.11)

This defines β̂(k+1)
b as an implicit function of β̂(k):

β̂
(k+1)
b = T (β̂(k)). (1.12)

Using the implicit differentiation, we have

∇T (γ) = (∇2Lb(β) + ρ
∂2

∂β2
L̃(β, γ))−1

(
−ρ ∂2

∂β∂γ1
L̃(β, γ), . . . ,−ρ ∂2

∂β∂γB
L̃(β, γ)

)
(1.13)

where β = T (γ). Therefore

‖∇T (γ)‖2 ≤ C1‖(M0/ρ+M1)−1‖2. (1.14)
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By the mean value theorem,

‖β̂(k+1)
b − β̂(k)

b ‖
2
2 = ‖∇T (ξ)(β̂(k) − β̂(k−1))‖22 (1.15)

≤
∑
b

C1‖(M0/ρ+M1)−1‖22‖β̂
(k)
b − β̂

(k−1)
b ‖22 (1.16)

= C1‖(M0/ρ+M1)−1‖22‖β̂(k) − β̂(k−1)‖22. (1.17)

Therefore, we have

‖β̂(k+1) − β̂(k)‖2 ≤ C‖β̂(k) − β̂(k−1)‖2 (1.18)

where

C =
√
BC1‖(M0/ρ+M1)−1‖2. (1.19)

The contraction factor C increases as B or ρ increases. This suggests that RAM converges

slower when B or ρ is larger. It can be shown by simple algebra that linear regression with

convex penalty, such as lasso and elastic net, has a contraction factor C < 1 for any ρ, S

and A.

1.4.2 What does RAM converge to?

For a given ρ, let β̂(ρ) = (β̂1(ρ), β̂2(ρ), . . . , β̂B(ρ)) denote the RAM estimate upon convergence.

Next, we show that β̂(ρ) converges to the global estimate when ρ→∞. To begin with, we

consider the special case where p = 1.

ASSUMPTION 1.1. L(x, y, β) and g(β) are strongly convex in β with parameter c0 and

twice continuously differentiable.

This assumption is usually satisfied with a broad class of optimization problems, including

ridge regression, elastic net, and generalized linear models among many others. Although the
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strong convexity may not be necessary in some application settings to ensure the convergence

behavior, the convex structure makes the convergence behavior tractable.

THEOREM 1.2. Under Assumption 1.1 and p = 1, as ρ→∞, the RAM estimate converges

to the global estimate. That is,

lim
ρ→∞

β̂b(ρ) = β̂G, for b = 1, . . . , B. (1.20)

In addition, there exists a constant C > 0 such that

|β̂b(ρ)− β̂G| ≤
C

ρ
. (1.21)

Proof. For a given ρ, the RAM estimate β̂(ρ) = (β̂1(ρ), β̂2(ρ), . . . , β̂B(ρ)). Within this proof,

we set γ = (γ1, . . . , γB) , β̂(ρ) for the ease of notation. Denote

h(β) ,
1

m

m∑
i=1

L(ai, bi(γ), β). (1.22)

Note that the reference data is chosen such that

h′(γ1) + h′(γ2) + . . .+ h′(γB) = 0. (1.23)

and we denote α as the minimum of h. On machine b, since γ is the limit, we have by the

first-order-condition

L′b(γb) + ρh′(γb) = 0. (1.24)

By summing the above equations up for over j, we have

B∑
j=1

L′j(γj) = 0. (1.25)
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The global optimum β0 satisfies
B∑
j=1

L′j(β0) = 0. (1.26)

Hence, we must have β0 ∈ [minj γj ,maxj γj ] because

B∑
j=1

L′j(min
j
γj) ≤ 0 (1.27)

and
B∑
j=1

L′j(max
j
γj) ≥ 0. (1.28)

For any γi and γj , we have

ρ(h′(γi)− h′(γj)) = (L′j(γj)− L′i(γi)). (1.29)

By mean value theorem, there exists some ξ ∈ [minj γj ,maxj γj ] such that

|γi − γj | ≤
1

ρ

|L′j(γj)− L′i(γi)|
c0

, (1.30)

where c0 = min
y∈[minj β̂

(0)
j ,maxj β̂

(0)
j ]

h′′(y) > 0 due to the strictly convexity of L̃. At the same

time, there exists a c1 > 0 such that

|L′j(γj)− L′i(γi)| ≤ c1 (1.31)

for all i, j, because γj lie in the fixed compact interval [minj β̂
(0)
j ,maxj β̂

(0)
j ]. Hence, we have

| 1
B

B∑
j=1

γj − β0| ≤ max
i,j
|γi − γj | ≤

1

ρ

c1

c0
. (1.32)

Note that c0, c1 do not depend on ρ. Hence the convergence to global optimum is proved by

setting ρ to ∞.
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Now, we consider the general case where p ≥ 1. To show what RAM converges to for

general p, we use ridge regression as a benchmark case, where the closed-form solutions can

be exploited to illustrate the convergence behaviors. In this case, we have

Lb(β) =
1

|Sb|
∑

(xi,yi)∈Sb

(yi − x>i β)2 + λ‖β‖22. (1.33)

THEOREM 1.3. In the setting of ridge regression, for any data {(xi, yi)}Ni=1, reference

data A and given ρ > 0, RAM converges to β̂(ρ) where

β̂(ρ) =

(
B∑
b=1

|Sb|
N

Qb

)−1 B∑
b=1

|Sb|
N

Qbβ̂
(0)
b (1.34)

and

Qb =

 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i +

ρ

|A|
∑
a∈A

aia
>
i + λIp

−1 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i + λIp

 . (1.35)

Proof. At iteration k, the estimate on machine b is

β̂
(k)
b =

 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i +

ρ

|A|
∑
a∈A

aia
>
i + λIp

−1 1

|Sb|
∑

(xi,yi)∈Sb

xiyi +
ρ

|A|
∑
a∈A

aia
>
i β̂

(k−1)

 ,

(1.36)

where β̂(k) =
∑B

b=1
|Sb|
N β̂

(k)
b represents the RAM estimate at iteration k.

Let

Qb =

 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i +

ρ

|A|
∑
a∈A

aia
>
i + λIp

−1 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i + λIp

 , (1.37)

then we get

β̂
(k)
b = Qbβ̂

(0)
b + (I −Qb)β̂(k−1). (1.38)
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Let Q̄ =
∑B

b=1
|Sb|
N Qb. The above equation leads to

β̂(k) =
B∑
b=1

|Sb|
N

Qbβ̂
(0)
b + (I − Q̄)β̂(k−1) (1.39)

=

B∑
b=1

|Sb|
N

Qbβ̂
(0)
b + (I − Q̄)

(
B∑
b=1

|Sb|
N

Qbβ̂
(0)
b

)
+ (I − Q̄)2β̂(k−2) (1.40)

· · · (1.41)

=
(
I + (I − Q̄) + . . .+ (I − Q̄)k−1

)( B∑
b=1

|Sb|
N

Qbβ̂
(0)
b

)
+ (I − Q̄)kβ̂(0) (1.42)

= Q̄−1
(
I − (I − Q̄)k

)( B∑
b=1

|Sb|
N

Qbβ̂
(0)
b

)
+ (I − Q̄)kβ̂(0). (1.43)

We claim that all the eigenvalues of I − Q̄ are in [0, 1). Then as k → ∞, I − Q̄ → 0.

Thus

β̂(ρ) = lim
k→∞

β̂(k) = Q̄

(
B∑
b=1

|Sb|
N

Qbβ̂
(0)
b

)
. (1.44)

To prove the claim, it suffices to show that the eigenvalues of I −Qb are in [0, 1) for all

b = 1, . . . , B. Let η be an eigenvalue of I −Qb for any given b. Then there exists an nonzero

vector u such that (I −Qb)u = ηu, i.e.,

 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i +

ρ

|A|
∑
a∈A

aia
>
i + λIp

−1(
ρ

|A|
∑
a∈A

aia
>
i

)
u = ηu. (1.45)

Therefore we have

(
ρ

|A|
∑
a∈A

aia
>
i

)
u = η

 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i +

ρ

|A|
∑
a∈A

aia
>
i + λIp

u, (1.46)

(1− η)

(
ρ

|A|
∑
a∈A

aia
>
i

)
u = η

 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i + λIp

u. (1.47)
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Multiplying both sides with u>, we get

(1− η)u>

(
ρ

|A|
∑
a∈A

aia
>
i

)
u = ηu>

 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i +

ρ

|A|
∑
a∈A

aia
>
i + λIp

u. (1.48)

Note that u>
(
ρ
|A|
∑

a∈A aia
>
i

)
u ≥ 0 and u>

(
1
|Sb|
∑

(xi,yi)∈Sb xix
>
i + ρ

|A|
∑

a∈A aia
>
i + λIp

)
u >

0. Thus η ∈ [0, 1).

THEOREM 1.4. In the setting of ridge regression, for any data {(xi, yi)}Ni=1 and reference

data A, as ρ→∞, the RAM estimate converges to the global estimate, i.e.,

lim
ρ→∞

β̂(ρ) = β̂G. (1.49)

Proof. According to Theorem 1.3, the RAM estimate for a given ρ is

β̂(ρ) =

(
B∑
b=1

|Sb|
N

Qb

)−1 B∑
b=1

|Sb|
N

Qbβ̂
(0)
b . (1.50)

Note that as ρ→∞,

ρQb (1.51)

=

 1

ρ|Sb|
∑

(xi,yi)∈Sb

xix
>
i +

1

|A|
∑
a∈A

aia
>
i +

λ

ρ
Ip

−1 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i + λIp

(1.52)
→

(
1

|A|
∑
a∈A

aia
>
i

)−1
 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i + λIp

 . (1.53)
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Therefore

β̂(ρ) =

(
B∑
b=1

|Sb|
N

ρQb

)−1 B∑
b=1

|Sb|
N

ρQbβ̂
(0)
b

→

( 1

|A|
∑
a∈A

aia
>
i

)−1(
1

N

N∑
i=1

xix
>
i + λIp

)−1(
1

|A|
∑
a∈A

aia
>
i

)−1(
1

N

N∑
i=1

x>i yi

)
= β̂G.

1.4.3 When does RAM work?

Now we discuss when RAM works well and when not, and explain the reason behind.

When B = 1, it’s expected that RAM is stable, i.e.,

f̂ (k) = f̂ (0), ∀k ≥ 0. (1.54)

Here we abbreviate the subscript that represents the machine index as there is only one

machine.

Since f̂ (1) is the solution to

min
f

1

|S|
∑

(x,y)∈S

L(x, y, f) + g(f) + ρ · 1

|A|
∑
a∈A

L(a, f̂ (0)(a), f) (1.55)

and f̂ (0) is the solution to

min
f

1

|S|
∑

(x,y)∈S

L(x, y, f) + g(f), (1.56)
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stability of RAM requires that f̂ (0) is also the solution to

min
f

1

|A|
∑
a∈A

L(a, f̂ (0)(a), f). (1.57)

The above condition holds in the cases where the data loss and the regularization penalty

are separated. For example, for generalized linear models with elastic net penalty, L is the

negative log likelihood and g is the elastic net penalty, and f̂ (0) satisfies the above condition.

However, for algorithms where regularization or smoothing cannot be clearly represented

or separated from data loss, the above condition fails. For example, for random forest and

gradient boosted trees, we cannot separate the data loss and the regularization/smoothing.

If we use L to represent the "internal objective function" that the algorithm tries to optimize,

then the solution to (1.57) will be more regularized or smoothed compared to f̂ (0).

We illustrate this fact with a simulation where there is only one machine, i.e. B = 1,

and the feature dimension p = 1. The feature vector xi is sampled from N (0, Ip) and the

response yi is generated from a linear model yi = xTi β0 + εi. The noise εi is sampled i.i.d.

from N (0, σ2), where σ is set such that the signal-to-noise ratio V ar(xTi β0)/V ar(εi) is 0.5.

The sample size is 50 and 100 for the random forest and the gradient boosted trees simulation

respectively.

Figure 1.1 shows the simulation result of RAM with random forest as the black-box

algorithm. The left figure suggests that RAM is not stable in this case, and the test R2

decreases as it runs. The right figure presents the scatter plots of fitted ŷi v.s. xi at four

different iterations of RAM when ρ = 10. From these plots we can see that the RAM fit gets

smoother as iteration increases.

Figure 1.2 shows the simulation result of RAM with gradient boosted trees as the black-

box algorithm. The left figure suggests that RAM is not stable in this case, although the

test R2 only decreases when the tuning parameter ρ is very large. The right figure presents
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Figure 1.1: RAM with random forest as the black-box algorithm, where B = 1, p = 1 and
N = 50. The left figure shows the test R2 of RAM versus the number of iterations. The
black dashed line indicates the test performance of the global estimate. The right figure
represents the scatter plots of RAM fits at different iterations when ρ = 10. The black points
are noiseless response xTi β0 versus xi, the red points are the global fits (i.e., RAM fits at
iteration 0) and the green points are the RAM fits at the current iteration. This simulation
shows that RAM is not stable with random forest, as the RAM fit gets smoother as iteration
increases.

the scatter plots of fitted ŷi v.s. xi at four different iterations of RAM when ρ = 100. From

these plots we can see that the RAM fit gets more shrunken as iteration increases.

1.5 Numerical Experiments

In this section, we study the performance of RAM and compare it with AVGM and the global

estimate in several simulated examples. Note that the estimate at iteration 0 of RAM is

equivalent to AVGM. The results show that RAM can significantly improve the performance

over AVGM, and achieve a performance comparable to that of the global estimate. Most of

the performance boost of RAM occurs within the first few iterations, so in practice we can
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Figure 1.2: RAM with random forest as the black-box algorithm, where B = 1, p = 1 and
N = 100. The left figure shows the test R2 of RAM versus the number of iterations. The
black dashed line indicates the test performance of the global estimate. The right figure
represents the scatter plots of RAM fits at different iterations when ρ = 100. The black
points are noiseless response xTi β0 versus xi, the red points are the global fits (i.e., RAM
fits at iteration 0) and the green points are the RAM fits at the current iteration. This
simulation shows that RAM is not stable with gradient boosted trees when ρ is very large,
as the RAM fit gets more shrunken as iteration increases.

only run RAM for a few iterations instead of running it until convergence.

We consider two common machine learning methods: logistic regression for classification,

and lasso for regression. For our simulated experiments, we fix the total number of training

samples to be N = 105, and vary the number of parallel splits B, the number of reference

samples m and the tuning parameter ρ. In all cases, the feature vector xi is sampled from

N (0, Ip). All estimates are evaluated and compared on a test dataset containing 105 samples.

For classification experiments, we choose logistic regression as the black-box algorithm.

The metric of test performance is test accuracy, i.e., the fraction of test samples with correct

class predictions. The feature dimension is set to be p = 180. The response yi is sampled

from Bernoulli(pi), where logit(pi) = xTi β0 + εi. Here β0 ∈ Rp is a sparse vector with p/5

nonzero entries, each equal to
√

2 log(p)/n, where n = N/B. The noise εi is sampled i.i.d.
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from N (0, σ2), where σ is set such that the signal-to-noise ratio V ar(xTi β0)/V ar(εi) is 0.5.

For regression experiments, we choose lasso as the black-box algorithm. The metric of

test performance is test R2, i.e., the proportion of variance explained in the test dataset.

The feature dimension is set to be p = 600. The response yi is generated from a linear model,

yi = xTi β0 + εi. Here β0 and εi are generated in the same way as in classification experiments.

1.5.1 Effect of tuning parameter ρ

First, we consider the effect of varying the tuning parameter ρ. We test ρ = 0.1, 1, 5 while

fixing the number of machines B = 50 and the reference data size m = p. In Figure 1.3, we

plot the test performance of RAM versus the number of iterations in the RAM algorithm,

with different ρ values. Remember that the performance at iteration 0 is equivalent to that

of AVGM. For the lasso case, we run our algorithm for a fixed grid of λ values, where λ is the

tuning parameter of the l1 penalty in lasso, and plot the maximum test R2 at each iteration

in the right figure.

From Figure 1.3, we can see that 1) RAM significantly improves the performance compared

to AVGM, and can almost achieve the performance of the global estimate; 2) RAM has most

of the performance boost in the first few iterations, so in practice we can run RAM for only a

few iterations instead of running it until convergence; 3) with larger ρ, RAM takes longer to

converge but also has a better performance upon convergence. The third point is expected,

as in the extreme case ρ = 0, RAM converges immediately and returns the AVGM estimate.

The third point also agrees with our theorem on the convergence rate of RAM.

1.5.2 Effect of reference data size m

Next, we vary the reference data size m. We test m = p/4, p/2, p, 3p/2 while fixing the

number of machines B = 50 and the tuning parameter ρ = 1. In Figure 1.4, we plot the test
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Figure 1.3: Comparing RAM, AVGM and the global estimate with varying tuning parameter
ρ. Here N = 105, B = 50, m = p, p = 180 for the left figure and p = 600 for the right figure.
The left figure shows the test accuracy of RAM with logistic regression as the black-box
solver versus the number of iterations. The right figure shows the test R2 of RAM with lasso
as the black-box solver versus the number of iterations. The black dashed line indicates the
test performance of the global estimate. Note that the performance of RAM at iteration 0 is
equivalent to that of AVGM.

performance of RAM versus the number of iterations in the RAM algorithm, with different

m values. Figure 1.4 shows that with larger m, RAM takes longer to reach the plateau but

achieves a better performance. This makes sense as larger m means that it’s harder to bring

consensus among local estimates on the reference dataset, but it also has a stronger force to

make the local estimates close to each other. In addition, when m ≥ p , increasing m helps

little in improving the performance.

1.5.3 Effect of number of machines B

Finally, we test the effect of the number of machines B. We set B = 10, 25, 50 while fixing

the tuning parameter ρ = 1 and the reference data size m = p. In Figure 1.5, we plot the test

performance of RAM versus the number of iterations in the RAM algorithm, with different

B values. Figure 1.5 shows that with larger B, AVGM has a poorer performance while RAM
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Figure 1.4: Comparing RAM, AVGM and the global estimate with varying reference data
size m. Here N = 105, B = 50, ρ = 1, p = 180 for the left figure and p = 600 for the
right figure. The left figure shows the test accuracy of RAM with logistic regression as the
black-box solver versus the number of iterations. The right figure shows the test R2 of RAM
with lasso as the black-box solver versus the number of iterations. The black dashed line
indicates the test performance of the global estimate. Note that the performance of RAM at
iteration 0 is equivalent to that of AVGM.

achieves a better performance. The fact that AVGM performances worse when B is larger

agrees with Theorem 1 in [5]. The reason why RAM performs worse when B is smaller could

be that we need to use larger ρ to achieve the same level of performance when B is smaller.

When B is smaller, the difference among local estimates is likely to be smaller, and thus

the average loss on the reference data is also smaller. Therefore, it needs a larger ρ to have

the same level of penalty in (1.4). Also, it takes longer to converge when B is larger, which

agrees with our theorem on the convergence rate.

1.5.4 Lasso path convergence

For the regression experiments with lasso as the black-box solver, we show that the test

performance of RAM converges to that of the global estimate uniformly over the entire grid

of λ values, as ρ increases or m increases. Here we set the number of machines B = 50
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Figure 1.5: Comparing RAM, AVGM and the global estimate with varying number of
machines B. Here N = 105, ρ = 1, m = p, p = 180 for the left figure and p = 600 for the
right figure. The left figure shows the test accuracy of RAM with logistic regression as the
black-box solver versus the number of iterations. The right figure shows the test R2 of RAM
with lasso as the black-box solver versus the number of iterations. The black dashed line
indicates the test performance of the global estimate. Note that the performance of RAM at
iteration 0 is equivalent to that of AVGM.

. In Figure 1.6, we plot the test performance of RAM versus λ, the tuning parameter of

the l1 penalty in lasso. In the left figure, we vary the tuning parameter ρ = 0.1, 1, 5 while

fixing the reference data size m = p. In the right figure, we vary the reference data size

m = p/4, p/2, p, 3p/2 while fixing the tuning parameter ρ = 1. Figure 1.6 shows that AVGM

performs very differently from the global estimate as λ varies, while the RAM estimate

performs similarly to the global estimate over the entire path.

1.6 Extension

In RAM algorithm, there is a tuning parameter ρ representing the magnitude of penalty on

reference data. We show in Section 1.4.2 that the RAM estimate converges to the global

solution as ρ → ∞. In this section, we want to extend RAM with an adaptive tuning
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Figure 1.6: Comparing the test performance of RAM, AVGM and the global estimate as a
function of lasso penalty parameter λ, with varying tuning parameter ρ and reference data
size m. Here N = 105, p = 600, m = p for the left figure and ρ = 1 for the right figure. Both
figures show the test R2 of RAM with lasso as the black-box solver versus the lasso penalty
parameter λ.

parameter ρk, where ρk depends on the iteration k. In ridge regression setting, we prove

that RAM converges to the global estimate when ρk → ∞ and ρk+1 − ρk → 0 as k → ∞.

We illustrate through simulations that this adaptive approach also performs well with lasso

and generalized linear models 1.

The adaptive RAM has two important advantages. First, it converges to the global

estimate directly, without the need of running RAM multiple times with increasing ρ. Second,

it requires no tuning, so it is easier to use in practice and much more computationally

efficient.

THEOREM 1.5. Consider the RAM algorithm for solving an OLS linear regression problem.

Set the regularization parameter at the k-th iteration as ρk, such that

1. ρk →∞ and ρk is increasing,

2. ρk+1 − ρk → 0.
1This section is an on-going work with Edgar Dobriban.
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Let β̂k be the value on the central machine at the k-th iteration, and let β̂G be the global OLS

solution. Then, the RAM iterates converge to the global solution

|β̂k − β̂G|2 ≤
C

ρk
,

for some constant C not depending on k. The same holds for ridge regression, as we can

rewrite ridge regression as an OLS problem with enlarged data.

Proof. By Theorem 1.3, the RAM estimate with fixed ρ at iteration k + 1 is

β̂(k+1)(ρ) = Q̄(ρ)β̂(ρ) + (I − Q̄(ρ))β̂(k)(ρ). (1.58)

where Q̄(ρ) =
∑

b |Sb|Qb(ρ)/N and

Qb(ρ) =

 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i +

ρ

|A|
∑
ai∈A

aia
>
i

−1 1

|Sb|
∑

(xi,yi)∈Sb

xix
>
i


.

Thus β̂(k+1)(ρ)− β̂(ρ) = [I − Q̄(ρ)] · [β̂(k)(ρ)− β̂(ρ)], so

β̂(k+1)(ρ)− β̂G = Q̄(ρ)[β̂(ρ)− β̂G] + [I − Q̄(ρ)] · [β̂(k) − β̂G].

Choose now ρ = ρk and let εk = |β̂(k)(ρk)− β̂G|. Then we have

εk+1 ≤ |Q̄(ρk+1)| · C0/ρk+1 + |I − Q̄(ρk+1)| · εk

Further we need a bound on the operator norm: |I − Q̄(ρ)|. We claim that |I − Q̄(ρ)| ≤

ρ/(C1 + ρ) and |Q̄(ρ)| ≤ C2/(C2 + ρ) for ρ large. Overall, with C ′ = C0C2

εk+1 ≤
C ′

ρk+1(C2 + ρk+1)
+

ρk+1

C1 + ρk+1
· εk
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Now we need to set ρk such that εk → 0. First, to get rk+1 = (C1 + ρk+1)εk+1 non-

increasing, we need

(C1 + ρk+1)εk+1 ≤
C ′(C1 + ρk+1)

ρk+1(C2 + ρk+1)
+ ρk+1 · εk ≤ (C1 + ρk)εk.

For ρk large enough, we have (C1+ρk+1)
(C2+ρk+1) ≤ C3 for some constant C3, and absorbing this

constant into C ′, we get that the last inequality is equivalent to

C ′ ≤ ρk+1(C1 + ρk − ρk+1)εk

Take ρk such that

1. ρk →∞ in an increasing way,

2. ρk+1 − ρk → 0.

Then for large enough k, the inequality is equivalent to C ′/C ′′ · 1/ρk+1 ≤ εk.

Thus, for each k, there are two possibilities: either rk+1 ≤ rk, or εk ≤ C ′/C ′′ · 1/ρk+1.

If the second inequality occurs infinitely often, then because the sequence rk is non-

increasing on the other indices, we get that εk = O(1/ρk). Therefore, it remains to consider

the case where εk ≥ C ′/C ′′ · 1/ρk+1 above some index k0. In that case, the sequence rk is

decreasing above that index, showing that εk+1 ≤ C ′′′/(C + ρk+1) for some constant, so that

the sequence converges. At least in the second case, this also shows that εk = Θ(1/ρk+1), at

an exact rate. In the first case, εk = O(1/ρk).

Now we prove our claim that on the operator norm bounds of |I − Q̄(ρ)|. Recall

Q̄(ρ) =
∑

bWb
|Sb|
N (ρ). Now, |Q̄(ρ)| ≤

∑
b |Sb||Qb(ρ)|/N , so it is enough to bound |Qb(ρ)|.

This matrix is of the form (V + ρU)−1V , for symmetric positive definite U, V . While the

matrix is not symmetric, it is similar to the symmetric matrix V 1/2(V + ρU)−1V 1/2 =

(I + ρV −1/2UV −1/2)−1. Since this matrix is symmetric and positive definite, its singular

values are equal to its eigenvalues. Therefore, |Qb(ρ)| = [1 + ρλp(V
−1/2UV −1/2)]−1.
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Similarly, |I − Q̄(ρ)| ≤
∑

b |Sb||I − Qb(ρ)|/N , so it is enough to bound |I − Qb(ρ)|.

This matrix is of the form I − (V + ρU)−1V = ρ(V + ρU)−1U , for symmetric positive

definite U, V , which agree with the ones in the previous example. As before, we get,

|I − Q̄(ρ)| = [1 + ρλp(U
−1/2V U−1/2)]−1.

To illustrate how this adaptive RAM works, we run RAM with ρk = k0.8 at iteration

k. The simulation setting is the same as in Section 1.5.1. In Figure 1.7, we plot the test

performance of the adaptive RAM versus the number of iterations, and compare it with the

RAM with fixed ρ = 5. Remember that the performance at iteration 0 is equivalent to that

of AVGM.
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Figure 1.7: Comparing RAM estimate with adaptive ρk, RAM estimate with fixed ρ = 5 and
the global estimate. Here N = 105, B = 50, m = p, p = 180 for the left figure and p = 600
for the right figure. The left figure shows the test accuracy of RAM with logistic regression
as the black-box solver versus the number of iterations. The right figure shows the test R2 of
RAM with lasso as the black-box solver versus the number of iterations. The black dashed
line indicates the test performance of the global estimate. Note that the performance of
RAM at iteration 0 is equivalent to that of AVGM.

From Figure 1.7, we can see that the adaptive RAM can achieve the same performance

as the RAM estimate in Figure 1.3 with large ρ, but with fewer iterations. Moreover, the
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adaptive RAM only takes one run and does not require parameter tuning. This shows

that the adaptive RAM performs well in practice, even though we do not have theoretical

guarantees in the setting of lasso and generalized linear models.

1.7 A Real Data Example

In this section, we apply our method to a real data example. The data contains 1586088

observations of beer ratings, and 738665 variables which are sparse document features. The

goal is to predict the beer rating based on the document features. Since the feature dimension

is high, we choose lasso as our prediction method. We divide the data randomly and equally

into the training dataset and the test dataset. On the training dataset, we implement

both the global algorithm, i.e. lasso on the entire training dataset, and the adaptive RAM.

For RAM, we randomly split the data into 64 folds and apply the adaptive RAM with

ρk = 100k0.9. The reference data A is a p× p identity matrix. Even though the dimension of

A is large, it is very sparse thus it requires little space for storage and does not increase the

computational time of local lasso estimates much. We only run RAM for a few iterations, as

RAM often benefits most from the first few iterations. We then apply the global estimate

and the adaptive RAM estimate to the test dataset, and compare their R2.

The results are in Figure 1.8. The left figure shows the test performance of the adaptive

RAM versus the number of iterations in the RAM algorithm. We run our algorithm for a

fixed grid of λ values, where λ is the tuning parameter of the l1 penalty in lasso, and plot

the maximum test R2 at each iteration. The right figure compares the test performance of

RAM, AVGM and the global estimate as a function of lasso penalty parameter λ.

From Figure 1.8, we see that the test R2 of RAM increases rapidly, with around 26%

improvement over AVGM, and can almost achieve the global performance in just four

iterations. The RAM test R2 as a function of λ looks quite differently from that of the global
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Figure 1.8: The adaptive RAM estimate with ρk = 100k0.9. The left figure shows the test
accuracy of RAM with logistic regression as the black-box solver versus the number of
iterations. The black dashed line indicates the test performance of the global estimate. Note
that the performance of RAM at iteration 0 is equivalent to that of AVGM. The right figure
compares the test performance of RAM, AVGM and the global estimate as a function of
lasso penalty parameter λ.

estimate. This is because we did not run RAM until convergence. But our interest is the

best R2 over a grid of λ values instead of the entire curve. The adaptive RAM works very

well in improving the best R2.

As for computational efficiency, for a given λ, running lasso on the entire training data

took 43 minutes, while the adaptive RAM took only around 30 secs per iteration.

Through the beer data example, we see that RAM can greatly improve the performance in

just a few iterations, and dramatically reduce the computational time by parallel computing.

1.8 Conclusion

We propose a general-purpose algorithm for distributed learning on large-scale data, called

the reference average mixture (RAM) algorithm. RAM is communication-efficient, applicable

to black-box algorithms, and can recover the global estimator, i.e., the estimator you would

get if you could fit the entire data on a single machine, for a class of convex problems.
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RAM is an iterative algorithm that distributes the N data samples uniformly to multiple

machines, and employs a common reference dataset shared by all machines to improve

the performance of local estimates. Larger weight on the reference data results in better

performance of RAM algorithm but slower convergence. Therefore, we propose an extension,

called adaptive RAM, which uses a sequence of increasing weights on the reference data to

achieve better performance with faster convergence.

RAM can have most of the performance boost in the first few iterations, so it does not

have to run until convergence in practice. RAM works well when the loss function can be

represented as the sum of the data loss and the regularization penalty. For example, it doesn’t

work well with local regression, random forest and gradient boosted trees, but it works well

with ridge regression, Lasso regression, generalized additive models with smoothing spline

penalties, and deep learning.



Chapter 2

Community Bayes for

High-Dimensional Classification

2.1 Introduction

In the generic classification problem, the outcome of interest G falls into K unordered classes,

which for convenience we denote by {1, 2, . . . ,K}. Our goal is to build a rule for predicting

the class label of an item based on p measurements of features X ∈ Rp. The training set

consists of the class labels and features for n items. This is an important practical problem

with applications in many fields.

Nonlinear classifiers are favored tools when there are some strong interactions and linear

boundaries cannot separate the classes. However, due to the large number of interaction

terms, they are often poorly posed when the sample size nk is not considerably larger than p

for any class k, and clearly ill-posed if nk ≤ p. One approach is to ignore any interactions

by assuming conditional independence of the features, which is called the naive Bayes

approach. Naive Bayes classifiers often outperform far more sophisticated alternatives when

the dimension p of the feature space is high , but the conditional independence assumption

may be too rigid in the presence of strong interactions.

31
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Another approach is to employ a regularization method [13, 14]. When data are from

Gaussian distributions, quadratic discriminant analysis (QDA) is often favored. QDA can be

derived as the maximum likelihood method for Gaussian populations with different means

and different covariance matrices. Although there already exist a number of proposals to

regularize linear discriminant analysis (LDA) [15, 16, 17, 18, 19, 20, 21, 22], few methods

have been developed to regularize QDA. [23] suggests applying a ridge penalty to within-class

covariance matrices, and [24] propose to add a ridge penalty and a ridge fusion penalty to the

log-likelihood. For both methods, no elements of the resulting within-class precision matrices

will be zero, leading to dense interaction terms in the discriminant functions and difficulties in

interpretation. Assuming sparse conditions on both unknown means and covariance matrices,

[25] propose to construct mean and covariance estimators by thresholding. [26] assume

block-diagonal structure for covariance matrices and estimate each block by l1 regularization.

The blocks are assumed to be of the same size, and are formed based on two sample t

statistics. However, both methods can only apply to two-class classification.

In this chapter we propose a method of interaction selection for nonlinear classifiers, for

both Gaussian data and non-Gaussian data. This method relaxes the strong independence

assumption of naive Bayes, but still allows us to regularize nonlinear classifiers and produce

more interpretable results.

In the Gaussian case, we develop a class of rules spanning the range between QDA and

naive Bayes by maximizing the penalized log likelihood. A group lasso penalty [27] is applied

to the (i, j)th element across all K within-class precision matrices, which forces the zeros

in the K estimated precision matrices to occur in the same places. This shared pattern

of sparsity results in a sparse estimate of interaction terms, making the classifier easy to

interpret. We refer to this classification method as Sparse Quadratic Discriminant Analysis

(SQDA).

When the data are from an unknown general distribution, we don’t know the data

log likelihood and thus cannot apply the idea of SQDA, i.e., maximizing a penalized log
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likelihood to get sparse estimates of interactions. However, the estimated precision matrices

of SQDA are block diagonal under suitable ordering of the features, and the blocks can be

derived by simple thresholding rules on the within-class sample covariance matrices [28].

This implies that the features can be partitioned into several communities that are mutually

independent within each class. If we can estimate such communities, then we will also get

a sparse estimate of interactions, as features in different communities have no interactions.

This feature partition idea also appears in [29, 30, 31].

Therefore, we propose the community Bayes model, an interaction selection method that

identifies and makes use of conditional independent communities of features. Furthermore,

it is a general approach applicable to unknown data distributions and any likelihood-based

classifiers. Specifically, the community Bayes works by partitioning features into several

communities, solving separate classification problems for each community, and combining the

community-wise results into one final prediction. We show that this approach can improve

the accuracy and interpretability of the corresponding classifier.

The chapter is organized as follows. In section 2.2 we discuss sparse quadratic discriminant

analysis and the sample covariance thresholding rules. In section 2.3 we discuss the community

Bayes idea. Simulated and real data examples appear in Section 2.4, concluding remarks in

Section 2.5 and the proofs are gathered in the Appendix.

2.2 Community Bayes for Gaussian Data via Sparse Quadratic

Discriminant Analysis

In this section, we discuss how to do interaction selection for Gaussian data. When the features

follow a Gaussian distribution in each class, it’s natural to use quadratic discriminant analysis

for the classification task. We propose a method, called Sparse Quadratic Discriminant

Analysis (SQDA), that can give sparse estimates of interactions and produce interpretable

models. The connected components in the resulting precision matrices correspond exactly to
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those obtained from simple thresholding rules on the within-class sample covariance matrices

[28]. This allows us to decompose the original classification problem into several independent

sub-problems and leads to a massive reduction in computational complexity.

Suppose we have training data (xi, gi) ∈ Rp×K, i = 1, 2, . . . , n, where xi’s are observations

with measurements on a set of p features and gi’s are class labels. We assume that the nk

observations within the kth class are identically distributed as N(µk,Σk), and the n =
∑

k nk

observations are independent. We let πk denote the prior for class k, and Θ(k) = Σ−1
k denote

the precision matrix for class k. Then the quadratic discriminant analysis estimates µ, π,Σ

by maximizing the log likelihood

K∑
k=1

nk
2

log det Θ(k) − 1

2

∑
gi=k

(xi − µk)TΘ(k)(xi − µk) + nk log πk

 (2.1)

and assign sample xi to the class k whose quadratic discriminant function valued at xi

δk(xi) =
1

2
log det Θk −

1

2
(xi − µk)TΘk(xi − µk) + log πk. (2.2)

is largest among all classes.

Note that the interaction terms in (2.2) are {xijΘ(k)
jj′xij′ , j 6= j′, k = 1, . . . ,K}. We

assume that the true interaction terms are sparse, which means that the precision matrices

have a similar pattern of sparsity across all classes.

Let θjj′ = (θ
(1)
jj′ , . . . , θ

(K)
jj′ ) denote the vector of the (j, j′)th element across all K precision

matrices. We propose to estimate µ, π,Θ by maximizing the penalized log likelihood

K∑
k=1

nk
2

log det Θ(k) − 1

2

∑
gi=k

(xi − µk)TΘ(k)(xi − µk) + nk log πk

− λ

2

∑
j 6=j′
‖θjj′‖2. (2.3)

The last term is a group lasso penalty, applied to the (j, j′)th element of each precision

matrix, which forces a similar pattern of sparsity across all K precision matrices. Hence, we



CHAPTER 2. COMMUNITY BAYES FOR HIGH-DIMENSIONAL CLASSIFICATION35

refer to this classification method as Sparse Quadratic Discriminant Analysis (SQDA).

Let Θ = (Θ(1), . . . ,Θ(K)). Solving (2.3) gives us the estimates

µ̂k =
1

nk

∑
gi=k

xi (2.4)

π̂k =
nk
n

(2.5)

Θ̂ =argmaxΘ(k)�0

K∑
k=1

nk

(
log det Θ(k) − tr(S(k)Θ(k))

)
− λ

∑
j 6=j′
‖θjj′‖2, (2.6)

where S(k) = 1
nk

∑
gi=k

(xi − µ̂k)(xi − µ̂k)T is the sample covariance matrix for class k.

This model has several important features:

1. λ is a nonnegative tuning parameter controlling the simultaneous shrinkage of all

precision matrices toward diagonal matrices. The value λ = 0 gives rise to QDA,

whereas λ =∞ yields the naive Bayes classifier. Values between these limits represent

degrees of regularization less severe than naive Bayes. Since it is often the case that

even small amounts of regularization can largely eliminate quite drastic instability,

smaller values of λ (smaller than ∞) have the potential of superior performance when

some features have strong partial correlations.

2. The group lasso penalty forces Θ̂(1), . . . , Θ̂(K) to share the locations of the nonzero

elements, leading to a sparse estimate of interactions. Therefore, our method produces

more interpretable results.

3. The optimization problem (2.6) can be separated into independent sub-problems of

the same form by simple screening rules on S(1), . . . ,S(K). This leads to a potentially

massive reduction in computational complexity.

The convex optimization problem (2.6) can be quickly solved by R package JGL [28]. Not

for the purpose of classification as here, [28] propose to jointly estimate multiple related
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Gaussian graphical models by maximizing the group graphical lasso

maxΘ(k)�0

K∑
k=1

nk

(
log detΘ(k) − tr(S(k)Θ(k))

)
− λ1

∑
j 6=j′
‖θjj′‖1 − λ2

∑
j 6=j′
‖θjj′‖2. (2.7)

They use the additional lasso penalty to further encourage sparsity within (θ
(1)
jj′ , . . . , θ

(K)
jj′ ).

However, for the purpose of classification, our goal is to identify interaction terms – that is,

we are interested in whether (θ
(1)
jj′ , . . . , θ

(K)
jj′ ) is a zero vector instead of whether each element

θ
(k)
jj′ is zero. Therefore, we only use the group lasso penalty to estimate precision matrices.

2.2.1 An illustrative example

We illustrate our method with a handwritten digit recognition example. Here we focus on

the sub-task of distinguishing handwritten 3s and 8s. We use the same data as [32], who

normalized binary images for size and orientation, resulting in 8-bit, 16 × 16 gray scale

images. There are 658 threes and 542 eights in our training set, and 166 test samples for

each. Figure 2.1 shows a random selection of 3s and 8s.

Figure 2.1: Examples of digitized handwritten 3s and 8s. Each image is a 8 bit, 16× 16 gray
scale version of the original binary image.

Because of their spatial arrangement the features are highly correlated and some kind of

smoothing or filtering always helps. We filtered the data by replacing each non-overlapping

2× 2 pixel block with its average. This reduces the dimension of the feature space from 256

to 64.

We compare our method with QDA, naive Bayes and a variant of RDA which we refer to

as diagonal regularized discriminant analysis (DRDA). The estimated covariance matrix of
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DRDA for class k is

Σ̂(k)(λ) = (1− λ)S(k) + λdiag(S(k)), with λ ∈ [0, 1]. (2.8)

The tuning parameters are selected by 5-fold cross validation. Table 2.1 shows the mis-

classification errors of each method and the corresponding standardized tuning parameters

s = P (Θ̂(λ))/P (Θ̂(0)), where P (Θ) = Σj 6=j′ ||θ
(1)
jj′ , . . . , θ

(K)
jj′ ||2. The results show that SQDA

outperforms DRDA, QDA and naive Bayes. In Figure 2.2, we see that the test error of SQDA

decreases dramatically as the model deviates from naive Bayes and achieves its minimum

at a small value of s, while the test error of DRDA keeps decreasing as the model ranges

from naive Bayes to QDA. This is expected since at small values of s, SQDA only includes

important interaction terms and shrinks other noisy terms to 0, but DRDA has all interactions

in the model once deviating from naive Bayes. To better display the estimated precision

matrices, we standardize the estimates to have unit diagonal (the standardized precision

matrix is equal to the partial correlation matrix up to the sign of off-diagonal entries). Figure

2.3 displays the standardized sample precision matrices, and the standardized SQDA and

DRDA estimates. From Figure 2.3, we can see that SQDA only includes interactions within

a diagonal band.

Table 2.1: Digit classification results of 3s and 8s. Tuning parameters are selected by 5-fold
cross validation.

SQDA DRDA QDA Naive Bayes
Test error 0.042 0.063 0.063 0.160
Training error 0.024 0.024 0.022 0.119
CV error 0.028 0.043 – –
Standardized tuning parameter 0.016 0.760 – –
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Figure 2.2: The 5-fold cross-validation errors (blue) and the test errors (red) of SQDA and
DRDA on 3s and 8s.

Figure 2.3: Heat maps of the sample precision matrices and the estimated precision matrices
of SQDA and DRDA. Estimates are standardized to have unit diagonal. The first line
corresponds to the precision matrix of 3s and the second line corresponds to that of 8s.

2.2.2 Independent communities of features

[28] establish a connection between the solution to (2.6) and the sample covariance matrices.

By simple thresholding rules on the sample covariance matrices S(1), . . . ,S(K), the features

can be divided into several independent communities, and thus the optimization problem (2.6)

can be separated into several sub-problems of the same form, which reduces the dimensionality
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of the original problem and leads to huge speed improvements.

Specifically, let Θ̂ = (Θ̂(1), . . . , Θ̂(K)) denote the solution to (2.6) with regularization

parameter λ, and define S̃jj′ = ||(n1S
(1)
jj′ , . . . , nKS

(K)
jj′ )||2. We can perform a thresholding on

the entries of S̃ and obtain a graph G(λ) = (V,E(λ)) defined by V = {1, 2, . . . , p} and

E
(λ)
jj′ =


1 if S̃jj′ > λ, i 6= j;

0 otherwise.
(2.9)

Suppose G(λ) admits a decomposition into k(λ) connected components

G(λ) = ∪k(λ)
l=1 G

(λ)
l , (2.10)

where G
(λ)
l = (V(λ)

l ,E
(λ)
l ) are the components of the graph G(λ). Then, the features can be

reordered in such a way that each Θ̂(k) is block diagonal

Θ̂(k) =



Θ̂
(k)
1 0 · · · 0

0 Θ̂
(k)
2 0 · · ·

...
...

. . .
...

0 · · · 0 Θ̂
(k)
k(λ)


, (2.11)

where the different components represent blocks of indices given by V(λ)
l , l = 1, . . . , k(λ).

This result allows us to quickly find out the block diagonal structure of the estimated

precision matrices by simple screening rules on S̃. Then one can simply solve the optimization

problem (2.6) on the features within each block separately, making problem (2.6) feasible

for certain values of λ although it may be impossible to operate on the p × p variables

Θ(1), . . . ,Θ(K) on a single machine.

Note that the block diagonal structure of the estimated precision matrices also implies

that the features can be partitioned into k(λ) communities {V(λ)
l , l = 1, . . . , k(λ)} that are
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mutually independent within each class. This important property motives us to propose a

more general method for interaction selection, which is discussed in the next section.

2.3 Community Bayes for General Data

When the data are from an unknown general distribution, we don’t know the data log

likelihood and thus cannot apply the idea of SQDA, i.e., maximizing a penalized log likelihood

to get sparse estimates of interactions. However, the estimated precision matrices of SQDA

are block diagonal under suitable ordering of the features, which implies that the features can

be partitioned into several communities that are mutually independent within each class. If

we can estimate such communities, then we will also get a sparse estimate of interactions, as

features in different communities have no interactions. This can greatly reduce the complexity

of the classification problem.

In this section, we generalize this idea to general data distributions and other classification

models, and refer to it as the community Bayes model. The main idea is to partition the

features into several independent communities, and separate the original classification problem

into several independent sub-problems. A related work in the regression setting is [30]. The

authors propose to split the lasso problem into smaller ones by estimating the connected

components of the sample covariance matrix. Their approach involves only one covariance

matrix and works specifically for the lasso.

2.3.1 Main idea

We let X ∈ Rp denote the feature vector and G ∈ {1, . . . ,K} denote the class variable.

Suppose the feature set V = {1, . . . , p} admits a partition V = ∪Ll=1Vl such that XV1 , . . . , XVL

are mutually independent conditional on G = k for k = 1, . . . ,K, where XVl is a subset of
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X containing the features in community Vl. Then the posterior probability has the form

log p(G = k|X) = log p(X|G = k) + log p(G = k)− log p(X) (2.12)

=
L∑
l=1

log p(XVl |G = k) + log p(G = k)− log p(X) (2.13)

=

L∑
l=1

log p(G = k|XVl) + (1− L) log p(G = k) + C(X) (2.14)

where C(X) =
∑L

l=1 log p(XVl)− log p(X) only depends on X and serves as a normalization

term.

The equation (2.14) implies an interesting result: we can fit the classification model on

each community separately, and combine the resultant posteriors into the posterior to the

original problem by simply adjusting the intercept and normalizing it. This result has three

important consequences:

1. The global problem completely separates into L smaller tractable sub-problems of the

same form, making it possible to solve an otherwise infeasible large-scale problem.

Moreover, the modular structure lends it naturally to parallel computation. That is,

one can solve these sub-problems independently on separate machines.

2. This idea is quite general and can be applied to any likelihood-based classifiers, including

discriminant analysis, multinomial logistic regression, generalized additive models,

classification trees, etc.

3. When using a classification model with interaction terms, (2.14) doesn’t involve inter-

actions across different communities. Therefore, it has fewer degrees of freedom and

thus smaller variance than the global problem.

The key part is how to find conditionally independent communities. In SQDA, we

use simple thresholding rules on sample covariance matrices. Moreover, [33] discover an
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interesting connection between thresholding on a similarity matrix and hierarchical agglom-

erative clustering. Therefore, to find conditionally independent communities for general data

distributions, we propose to use the Spearman’s rho, a robust nonparametric rank-based

statistics, to directly estimate the unknown correlation matrices, and then apply hierarchical

agglomerative clustering to the estimated correlation matrices to get the estimated communi-

ties. In the next section, we will show that this procedure consistently identify conditionally

independent communities when the data are from a nonparanormal family.

The community Bayes algorithm is summarized in Algorithm 2.1.

Algorithm 2.1 The community Bayes algorithm
1: Compute R̂(k), the estimated correlation matrix based on the Spearman’s rho for each

class k.
2: Perform average, single or complete linkage clustering with similarity matrix R̃, where

R̃ij = ||(n1R̂
(1)
ij , . . . , nKR̂

(K)
ij )||2, and cut the dendrogram at level τ to produce vertex-

partition V = ∪Ll=1V̂l.
3: For each community l = 1, . . . , L, estimate log p(G = k|XV̂l) using a classification method

of choice.
4: Pick τ and any other tuning parameters by cross-validation.

2.3.2 Community estimation

In this section we address the key part of the community Bayes model: how to find condition-

ally independent communities. We propose to derive the communities by applying average,

single or complete linkage clustering to the correlation matrices, which are estimated based

on nonparametric rank-based statistics. In the case where data are from a nonparanormal

family, we prove that given knowledge of L, this procedure consistently identify conditionally

independent communities.

We assume that X = (X1, . . . , Xp)
T |G = k follows a nonparanormal distribution

NPN(µ(k),Σ(k), f (k)) [34] and Σ(k) is nonsingular. That is, there exists a set of univariate
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strictly increasing transformations f (k) = {f (k)
j }

p
j=1 such that

Z(k) := f (k)(X)|G = k ∼ N(µ(k),Σ(k)), (2.15)

where f (k)(X) = (f
(k)
1 (X1), . . . , f

(k)
p (Xp))

T . Notice that the transformation functions f (k)

can be different for different classes. To make the model identifiable, f (k) preserves the

population mean and standard deviations: E(Xj |G = k) = E(f
(k)
j (Xj)|G = k) = µ

(k)
j ,

Var(Xj |G = k) = Var(f (k)
j (Xj)|G = k) = σ

(k)
j

2
. [34] prove that the nonparanormal

distribution is a Gaussian copula when the transformation functions are monotone and

differentiable.

Let R(k) denote the correlation matrix of the Gaussian distribution Z(k), and define

Eij =


1 if (R

(1)
ij , . . . ,R

(K)
ij ) 6= ~0, i 6= j;

0 otherwise.
(2.16)

Suppose the graph G = (V, E) admits a decomposition into L connected components G =

∪Ll=1Gl. Then the vertex-partition V = ∪Ll=1Vl induced by this decomposition gives us exactly

the conditionally independent communities we need. This is because

Gl and Gl′ are disconnected⇔ Z
(k)
Vl ⊥⊥ Z

(k)
Vl′
, ∀k ⇔ XVl ⊥⊥ XVl′ |G = k, ∀k. (2.17)

Let (xi, gi) ∈ Rp ×K, i = 1, . . . , n be the training data where xi = (xi1, . . . , xip)
T . We

estimate the correlation matrices using Nonparanormal SKEPTIC [35], which exploits the

Spearman’s rho and Kendall’s tau to directly estimate the unknown correlation matrices.

Since the estimated correlation matrices based on the Spearman’s rho and Kendall’s tau have

similar theoretical performance, we only adopt the ones based on the Spearman’s rho here.

In specific, let ρ̂(k)
jj′ be the Spearman’s rho between features j and j′ based on nk samples

in class k, i.e., {xi|gi = k, i = 1, . . . , n}. Then the estimated correlation matrix for class k is
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R̂
(k)
jj′ =


2 sin(π6 ρ̂

(k)
jj′ ) j 6= j′;

1 j = j′.

(2.18)

Notice that the graph defined by R(k) has the same vertex-partition as that defined by

(R(k))−1. Inspired by the exact thresholding result of SQDA, we define R̃jj′ = ||(n1R̂
(1)
jj′ , . . . , nKR̂

(K)
jj′ )||2

and perform exact thresholding on the entries of R̃ at a certain level τ , where τ is estimated

by cross-validation. The resultant vertex-partition yields an estimate of the conditionally

independent communities. Furthermore, there is an interesting connection to hierarchical

clustering. Specifically, the vertex-partition induced by thresholding matrix R̃ corresponds

to the subtrees when we apply single linkage agglomerative clustering to R̃ and then cut the

dendrogram at level τ [33]. Single linkage clustering tends to produce trailing clusters in

which individual features are merged one at a time. However, Theorem 2.1 shows that given

knowledge of the true number of communities L, application of single, average or complete

linkage agglomerative clustering on R̃ consistently estimates the vertex-partition of G.

THEOREM 2.1. Assume that G has L connected components and mink nk ≥ 21
log p + 2.

Define R̃0
ij = ||(n1R

(1)
ij , . . . , nKR

(K)
ij )||2 and let

min
i,j∈Vl;l=1,...,L

R̃0
ij ≥ 16πK

√
nk log p, for k = 1, . . . ,K. (2.19)

Then the estimated vertex-partition V = ∪Ll=1V̂l resulting from performing SLC, ALC, or

CLC with similarity matrix R̃ satisfies P (∃l : V̂l 6= Vl) ≤ K
p2
.

Proof. Let a = mini,j∈Vl;l=1,...,L R̃0
ij . First note that {maxij

∣∣∣R̃ij − R̃0
ij

∣∣∣ < a
2} ⇒ {V̂l =



CHAPTER 2. COMMUNITY BAYES FOR HIGH-DIMENSIONAL CLASSIFICATION45

Vl, ∀l} [33]. Then

P
(
∃l, V̂l 6= Vl

)
≤ P

(
max
ij

∣∣∣R̃ij − R̃0
ij

∣∣∣ ≥ a

2

)
≤ P

(
K∑
k=1

max
ij

nk

∣∣∣|R̂(k)
ij | − |R

(k)
ij |
∣∣∣ ≥ a

2

)

≤
K∑
k=1

P

(
max
ij

nk

∣∣∣|R̂(k)
ij | − |R

(k)
ij |
∣∣∣ ≥ a

2K

)

≤
K∑
k=1

P

(
max
ij

∣∣∣R̂(k)
ij −R

(k)
ij

∣∣∣ ≥ a

2nkK

)

The second inequality is because
∣∣∣√a2

1 + . . .+ a2
m −

√
b21 + . . .+ b2m

∣∣∣ ≤ |a1 − b1|+ . . .+

|am − bm|.

Since a ≥ 16πK
√
nk log p, we have P (maxij

∣∣∣R̂(k)
ij −R

(k)
ij

∣∣∣ ≥ a
2nkK

) ≤ 1
p2

by Theorem 4.1

of [35]. Therefore P (∃l, V̂l 6= Vl) ≤ K
p2
.

A sufficient condition for (2.19) is

min
i,j∈Vl;l=1,...,L

||(R(1)
ij , . . . ,R

(K)
ij )||2 ≥ 16πK

√
log p

nmax

nmax
nmin

, (2.20)

where nmin = mink nk and nmax = maxk nk. Therefore, Theorem 2.1 establishes the consis-

tency of identification of conditionally independent communities by performing hierarchical

clustering using SLC, ALC or CLC, provided that nmax = Ω(log p), nmax/nmin = O(1) as

nk, p→∞, and provided that no within-community element of R(k) is too small in absolute

value for all k.
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2.4 Examples

2.4.1 Sparse quadratic discriminant analysis

In this section we study the performance of SQDA in several simulated examples and a real

data example. The results show that SQDA achieves a lower misclassification error and

better interpretability compared to naive bayes, QDA and a variant of RDA. Since RDA

proposed by [23] has two tuning parameters, resulting in an unfair comparison, we use a

version of RDA that shrinks Σ̂(k) towards its diagonal:

Σ̂(k)(λ) = (1− λ)S(k) + λdiag(S(k)), with λ ∈ [0, 1] (2.21)

Note that λ = 0 corresponds to QDA and λ = 1 corresponds to the naive Bayes classifier.

For any λ < 1, the estimated covariance matrices are dense. We refer to this version of RDA

as diagonal regularized discriminant analysis (DRDA) in the rest of this chapter.

We report the test misclassification errors and its corresponding standardized tuning

parameters of these four classifiers. Let P (Θ) =
∑

i 6=j ||(θ
(1)
ij , . . . , θ

(K)
ij )||2. The standardized

tuning parameter is defined as s = P (Θ̂(λ))/P (Θ̂(0)), with s = 0 corresponding to the naive

Bayes classifier and s = 1 corresponding to QDA.

Simulated examples

The data generated in each experiment consists of a training set, a validation set to tune the

parameters, and a test set to evaluate the performance of our chosen model. Following the

notation of [36], we denote ././. the number of observations in the training, validation and

test sets respectively. For every data set, the tuning parameter minimizing the validation

misclassification error is chosen to compute the test misclassification error.

Each experiment was replicated 50 times. In all cases the population class conditional

distributions were normal, the number of classes was K = 2, and the prior probability of



CHAPTER 2. COMMUNITY BAYES FOR HIGH-DIMENSIONAL CLASSIFICATION47

each class was taken to be equal. The mean for class k was taken to have Euclidean norm√
tr(Σ(k))/p and the two means were orthogonal to each other. We consider three different

models for precision matrices and in all cases the K precision matrices are from the same

model:

• Model 1. Full model: θ(k)
ij = 1 if i = j and θ(k)

ij = ρk otherwise.

• Model 2. Decreasing model: θ(k)
ij = ρ

|i−j|
k .

• Model 3. Block diagonal model with block size q: θ(k)
ij = 1 if i = j, θ(k)

ij = ρk if i 6= j

and i, j ≤ q and θ(k)
ij = 0 otherwise, where 0 < q < p.

Table 2.2 and 3.1, summarizing the results for each situation, present the average test

misclassification errors over the 50 replications. The quantities in parentheses are the

standard deviations of the respective quantities over the 50 replications.

Example 1: Dense interaction terms

We study the performance of SQDA on Model 1 and Model 2 with p = 8, ρ1 = 0, and

ρ2 = 0.8. We generated 50/50/10000 observations for each class. Table 2.2 summarizes the

results.

In this example, both situations have full interaction terms and should favor DRDA.

The results show that SQDA and DRDA have similar performance, and both of them give

lower misclassification errors and smaller standard deviations than QDA or naive Bayes. The

model-selection procedure behaves quite reasonably, choosing large values of the standardized

tuning parameter s for both SQDA and DRDA.

Example 2: Sparse interaction terms

We study the performance of SQDA on Model 3 with ρ1 = 0, ρ2 = 0.8 and q = 4. We

performed experiments for (p, n) = (8, 50), (20, 200), (40, 800), (100, 1500), and for each p we
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Table 2.2: Misclassification errors and selected tuning parameters for simulated example 1.
The values are averages over 50 replications, with the standard errors in parentheses.

Full Decreasing
Misclassification error
SQDA
DRDA
QDA
Naive Bayes

0.129(0.021)
0.129(0.020)
0.238(0.028)
0.179(0.026)

0.103(0.011)
0.104(0.013)
0.170(0.031)
0.153(0.032)

Average standardized
tuning parameter
SQDA
DRDA

0.828(0.258)
0.835(0.302)

0.817(0.237)
0.781(0.314)

Table 2.3: Misclassification errors and selected tuning parameters for simulated example 2.
The values are averages over 50 replications, with the standard errors in parentheses.

p = 8,

n = 50

p = 20,

n = 200

p = 40,

n = 800

p = 100,

n = 1500

Misclassification error
SQDA
DRDA
QDA
Naive Bayes

0.079(0.010)
0.088(0.013)
0.092(0.011)
0.107(0.014)

0.091(0.007)
0.109(0.009)
0.114(0.006)
0.121(0.004)

0.086(0.006)
0.108(0.007)
0.127(0.002)
0.114(0.004)

0.153(0.007)
0.188(0.009)
0.230(0.025)
0.215(0.035)

Average standardized
tuning parameter
SQDA
DRDA

0.529(0.309)
0.688(0.314)

0.190(0.046)
0.293(0.345)

0.109(0.015)
0.194(0.230)

0.024(0.004)
0.073(0.059)

generated n/n/10000 observations for each class. Table 3.1 summarizes the results.

In this example, all situations have sparse interaction terms and should favor SQDA.

Moreover, the sparsity level increases as p increases. As conjectured, SQDA strongly

dominates with lower misclassification errors at all dimensionalities. The standardized tuning

parameter values for DRDA are uniformly larger than those for SQDA. This is expected

because in order to capture the same amount of interactions DRDA needs to include more

noises than SQDA.
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Real data example: vowel recognition data

This data consists of training and test data with 10 predictors and 11 classes. We obtained

the data from the benchmark collection maintained by Scott Fahlman at Carnegie Mellon

University. The data was contributed by Anthony Robinson [37]. The classes correspond to

11 vowel sounds, each contained in 11 different words. Here are the words, preceded by the

symbols that represent them:
Vowel Word Vowel Word Vowel Word

i heed a: hard U hood

I hid Y hud u: who’d

E head O hod 3: heard

A had C: hoard

The word was uttered once by each of the 15 speakers. Four male and four female

speakers were used to train the models, and the other four male and three female speakers

were used for testing the performance.

This paragraph is technical and describes how the analog speech signals were transformed

into a 10-dimensional feature vector. The speech signals were low-pass filtered at 4.7kHz

and then digitized to 12 bits with a 10kHz sampling rate. Twelfth-order linear predictive

analysis was carried out on six 512-sample Hamming windowed segments from the steady

part of the vowel. The reflection coefficients were used to calculate 10 log-area parameters,

giving a 10-dimensional input space. Each speaker thus yielded six frames of speech from

11 vowels. This gave 528 frames from the eight speakers used to train the models and 462

frames from the seven speakers used to test the models.

We implement our method on a subset of data, which consists of four vowels "Y",

"O", "U" and "u:". These four vowels are selected because their sample precision matrices

are approximately sparse, and SQDA usually performs well on such dataset. Figure 2.4

displays the standardized sample precision matrices, and the standardized SQDA and DRDA

estimates. In addition to DRDA, QDA and naive Bayes, we also compare our method with
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three other classifiers, namely the Support Vector Machine (SVM), k-nearest neighborhood

(kNN) and Random Forest (RF), in terms of misclassification rate. The SVM, kNN, and

Random Forest were implemented by the R packages of "e1071", "class" and "randomForest"

with default settings, respectively. The results of these classification procedures are shown in

Table 2.4.

Figure 2.4: Heat maps of the sample precision matrices and the estimated precision matrices
of SQDA and DRDA on vowel data. Estimates are standardized to have unit diagonal.

The SQDA performs significantly better than the other six classifiers. Compared with

the second winner DRDA, the SQDA has a relative gain of (19.7% - 17.2%)/19.7% = 12.7%.
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Table 2.4: Vowel speech classification results. Tuning parameters are selected by 5-fold cross
validation.

SQDA DRDA QDA Naive Bayes SVM kNN Random Forest
Test error 0.172 0.197 0.351 0.304 0.220 0.274 0.278
CV error 0.239 0.260 – – – – –

2.4.2 Community Bayes

In this section we study the performance of the community Bayes model using logistic regres-

sion as an example. We refer to the classifier that combines the community Bayes algorithm

with logistic regression as community logistic regression. We compare the performance

of logistic regression (LR) and community logistic regression (CLR) in several simulated

examples and a real data example, and the results show that CLR has better accuracy and

smaller variance in predictions.

Simulated examples

The data generated in each experiment consists of a training set, a validation set to tune the

parameters, and a test set to evaluate the performance of our chosen model. Each experiment

was replicated 50 times. In all cases the distributions of Z(k) were normal, the number of

classes was K = 3, and the prior probability of each class was taken to be equal. The mean

for class k was taken to have Euclidean norm
√

tr(Σ(k))/(p/2) and the three means were

orthogonal to each other. We consider three models for covariance matrices and in all cases

the K covariance matrices are the same:

• Model 1. Full model: Σij = 1 if i = j and Σij = ρ otherwise.

• Model 2. Decreasing model: Σij = ρ|i−j|.

• Model 3. Block diagonal model with q blocks: Σ = diag(Σ1, . . . ,Σq). Σi is of size

bpq c × b
p
q c or (bpq c+ 1)× (bpq c+ 1) and is from Model 1.

For simplicity, the transformation functions for all dimensions were the same f (k)
1 = . . . =
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f
(k)
p = f (k). Define g(k) = (f (k))−1. In addition to the identity transformation, two different

transformations g(k) were employed as in [34]: the symmetric power transformation and the

Gaussian CDF transformation. See [34] for the definitions.

We compare the performance of LR and CLR on the above models with p = 16, ρ = 0.5

and q = 2, 4, 8. We generated 20/20/10000 observations for each class and use average linkage

clustering to estimate the communities. Two examples were studied:

• Example 1: The transformations g(k) for all three classes are the identity transformation.

The population class conditional distributions are normal with different means and

common covariance matrix. The logits are linear in this example.

• Example 2: The transformations g(k) for class 1,2 and 3 are the identity transformation,

the symmetric power transformation with α = 3, and the Gaussian CDF transformation

with µg0 = 0 and σg0 = 1 respectively. α, µg0 and σg0 are defined in [34]. The power

and CDF transformations map a univariate normal distribution into a highly skewed

and a bi-modal distribution respectively. The logits are nonlinear in this example.

Table 2.5 summarizes the test misclassification errors of these two methods and the estimated

numbers of communities. CLR performs well in all cases with lower test errors and smaller

standard errors than LR, including the ones where the covariance matrices don’t have a

block structure. The community Bayes algorithm introduces a more significant improvement

when the class conditional distributions are not normal.

Real data example: email spam

The data for this example consists of information from 4601 email messages, in a study

to screen email for “spam”. The true outcome email or spam is available, along with the

relative frequencies of 57 of the most commonly occurring words and punctuation marks in
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Table 2.5: Misclassification errors and estimated numbers of communities for the two simulated
examples. The values are averages over 50 replications, with the standard errors in parentheses.

Full Decreasing Block
q = 2 q = 4 q = 8

Example 1
CLR test error
LR test error
Number of communities

0.253(0.041)
0.274(0.040)
5.220(4.292)

0.221(0.032)
0.286(0.036)
6.040(4.262)

0.227(0.033)
0.271(0.039)
4.700(3.882)

0.203(0.035)
0.278(0.041)
5.320(3.395)

0.262(0.030)
0.325(0.036)
7.780(3.935)

Example 2
CLR test error
LR test error
Number of communites

0.221(0.049)
0.255(0.061)
7.480(4.253)

0.227(0.040)
0.282(0.062)
7.320(3.977)

0.208(0.041)
0.263(0.062)
6.940(4.533)

0.203(0.036)
0.266(0.063)
6.220(3.627)

0.239(0.031)
0.309(0.057)
9.160(3.782)

the email message. Since most of the spam predictors have a very long-tailed distribution,

we log-transformed each variable (actually log(x+ 0.1)) before fitting the models.

We compare CLR with LR and four other commonly used classifiers, namely SVM, kNN,

Random Forest and Boosting. Same as in section 2.4.1, the SVM, kNN, Random Forest

and Boosting were implemented by the R packages of "e1071", "class", "randomForest" and

"ada" with default settings, respectively. The range of the number of communities for CLR

were fixed to be between 1 and 20, and the optimal number of communities were selected

by 5-fold cross validation. We randomly chose 1000 samples from this data, and split them

into equally sized training and test sets. We repeated the random sampling and splitting

20 times. The mean misclassification percentage of each method is listed in Table 2.6 with

standard error in parenthesis.

Table 2.6: Email spam classification results. The values are test misclassification errors
averaged over 20 replications, with standard errors in parentheses.

CLR LR SVM kNN Random Forest Boosting
0.068(0.019) 0.087(0.026) 0.070(0.011) 0.106(0.017) 0.071(0.010) 0.075(0.012)

The mean test error rate for LR is 8.7%. By comparison, CLR has a mean test error rate of

6.8%, yielding a 21.8% improvement. Figure 2.5 shows the test error and the cross-validation

error of CLR over the range of the number of communities for one replication. It corresponds
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to LR when the number of communities is 1. The estimated number of communities in

this replication is 6, and these communities are listed below. Most features in community

1 are negatively correlated with spam, while most features in community 2 are positively

correlated.

• hp, hpl, george, lab, labs, telnet, technology, direct, original, pm, cs, re, edu,

conference, 650, 857, 415, 85, 1999, ch;, ch(, ch[,

CAPAVE, CAPMAX, CAPTOT.

• over, remove, internet, order, free, money, credit, business, email, mail, receive,

will, people, report, address, addresses, make, all,

our, you, your, 000, ch!, ch$.

• font, ch#.

• data, project.

• parts, meeting, table.

• 3d.

Figure 2.5: The 5-fold cross-validation errors (blue) and the test errors (red) of CLR on the
spam data.
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2.5 Conclusions

In this chapter we have proposed sparse quadratic discriminant analysis, a classifier ranging

between QDA and naive Bayes through a path of sparse graphical models. By allowing

interaction terms into the model, this classifier relaxes the strict and often unreasonable

assumption of naive Bayes. Moreover, the resulting estimates of interactions are sparse and

easier to interpret compared to other existing classifiers that regularize QDA.

Motivated by the connection between the estimated precision matrices and single linkage

clustering with the sample covariance matrices, we present the community Bayes model, a

simple procedure applicable to non-Gaussian data and any likelihood-based classifiers. By

exploiting the block-diagonal structure of the estimated correlation matrices, we reduce the

problem into several sub-problems that can be solved independently. Simulated and real

data examples show that the community Bayes model can improve accuracy and reduce

variance in predictions.



Chapter 3

Cross-Validation for Unsupervised

Learning

3.1 Introduction

In unsupervised learning, we have a set of n observations (x1, x2, . . . , xn) of a random p-

dimensional vector X having joint density P (X). The goal of unsupervised learning is to

directly infer the properties of P (X). Many estimation problems can be cast as unsupervised

learning. One problem is to identify low-dimensional manifolds within the X-space that

represent high data density. This discovers the association among the variables and attempts

to represent them as functions of a smaller set of "latent" variables. Methods fall in this

category include principal component analysis, multidimensional scaling, self-organizing maps

and principal curves. Another common problem is to find multiple regions of the X-space

that contain models of P (X). This provides information about whether or not P (X) can be

represented by a mixture of simpler densities. Cluster analysis and mixture modeling are

examples in this category.

Many unsupervised learning problems involve model selection. Many manifold learning

methods require choosing a bandwidth or a kernel. In principal component analysis, we need

56
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to determine the number of components to keep. In cluster analysis, one need to choose the

number of clusters in the data. With supervised learning, there is a clear measure of model

performance, usually as the expected loss over the joint distribution P (X,Y ). This measure

can be used to evaluate the effectiveness of different models and conduct model selection.

However, due to the lack of the supervisor Y , it is very difficult to evaluate unsupervised

learning methods. Model selection is often done in an ad-hoc manner in these contexts, such

as rules of thumb and manual inspection. Such informal selection rules are problematic as

the model effectiveness is a matter of opinion and different people may come to different

conclusions.

We would like to have a general and well-specified procedure for model selection in

unsupervised learning. Cross-validation (CV) is probably the simplest and most widely used

method for model evaluation in supervised setting, as it is nonparametric and can work in a

variety of contexts. This method directly estimates the generalization error. It divides the

data into a training set and a test set, fits a model to the training set, and evaluates the

model error on the test set. It repeats the above procedure multiple times over different

partitions, and then averages the model error over all replicates.

However, cross-validation is not directly applicable in unsupervised learning. When

evaluating the model error on the test set, cross-validation uses Xtest to predict Ytest, and

compare the predictions with Ytest. But in unsupervised learning, there is no Y and thus

there is nothing to predict. Therefore, this requires us to consider more general way of

partitioning the data.

Several methods have been proposed to extend cross-validation to unsupervised learning.

Wold [38] suggests to partition the data by leaving out random elements of the data matrix

X as the test set. He treats the test set as the missing data, and uses an algorithm called

NIPALS to work with the incomplete data. However, his estimate of the missing entries is

dependent on the missing entries themselves, which makes the cross-validation error biased

downwards. In the field of collaborative filtering and matrix completion, a similar idea has
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also been used for model selection and parameter tuning – leaving out random observed

matrix elements as the test set and fitting the targeted matrix completion algorithm using the

remaining observed elements [39, 40, 41, 42, 43]. However, there is no study experimenting

and justifying this approach, and it has not been applied to unsupervised learning problems

with complete data. Gabriel [44] proposes another way to partition the data. He randomly

selects one variable as the response Y , and then apply the leave-one-out cross-validation.

The limitation of Gabriel’s approach is that each test set, also called holdout, is of size 1× 1,

which makes it very expensive for large problems. Owen and Perry [45] generalizes this

approach to r × s holdouts and call it bi-cross-validation (BCV). Specifically, suppose the

holdout set is the upper left submatrix, then X is partitioned as follows

X =

A B

C D

 , (3.1)

where A ∈ Rr×s, B ∈ Rr×(p−s), C ∈ R(n−r)×s and D ∈ R(n−r)×(p−s). Their estimate on the

holdout A relies on a truncated SVD of D. This makes it a natural approach for selecting the

number of components in principal component analysis and nonnegative matrix factorization,

but it is not clear how to apply it to other unsupervised learning problems. Moreover, the

validity of the estimate requires assuming X and D have the same rank. This assumption is

clearly violated when min(n− r, p− s) < rank(X), so their approach is not applicable when

X has a large rank.

In this section, we develop a cross-validation procedure that is generally applicable to

unsupervised learning methods. Here we focus on the scattered random holdout proposed by

Wold [38]. The K-fold cross-validation approach on the data matrix X is as follows. We

randomly partition the observed elements into K folds, where each fold is a set of scattered

matrix elements. For each of the K folds, we leave it out as the hold-out set, fit to the

remaining K− 1 folds using some matrix completion algorithm, and evaluate its performance

on the hold-out set. In general, the matrix completion algorithm used for estimating the
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hold-out set can be an expectation-maximization (EM) adaption of the unsupervised learning

algorithm that we are considering.

The outline of this section is as follows. Section 2 describes the assumptions and notations

that we will use in this chapter. Section 3 presents the cross-validation approach. Section

4 shows how to apply our approach to matrix denoising and principle component analysis,

and provides a computationally efficient approximation for leave-one-out cross-validation. In

section 5, we extends our approach to incomplete data matrix X, and applies it to matrix

completion problems. We looks at cross-validation for clustering analysis in section 6.

3.2 Assumptions and Notations

Suppose we have noisy data matrix X about an n× p matrix X0 of interest,

X = X0 + E, (3.2)

where we call X0 the signal part and E the noise part. Without loss of generality, we assume

n ≤ p and define the aspect ratio as β = n
p . In this chapter, we are concerned with situations

where the estimand has some structure, namely, X0 has low rank. Specifically, let

X0 =
√
pUDV T , (3.3)

where U ∈ Rn×k0 , V ∈ Rp×k0 , and D = diag(d1, d2, . . . , dk0), with UTU = Ik0 , V TV =

Ik0 , and d1 ≥ d2 ≥ · · · ≥ dk0 > 0.

Let Ω ⊂ {1, . . . , n}×{1, . . . , p} denote the indices of observed entries. We use the symbol

* to denote a missing value, and let R∗ = R ∪ {∗}. Define a matrix PΩ(X) ∈ Rn×p∗ with

elements

PΩ(X)(i, j) =


Xij if (i, j) ∈ Ω

∗ otherwise,
(3.4)
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which is a projection of the matrix Xn×p onto the observed entries. Similarly P⊥Ω (X) has

elements

P⊥Ω (X)(i, j) =


Xij if (i, j) /∈ Ω

∗ otherwise.
(3.5)

Finally, we define

||PΩ(X)||2F =
∑

(i,j)∈Ω

X2
ij . (3.6)

This notation allows us to describe matrices with missing entries.

We denote the estimate of X0 based on observations PΩ(X) as X̂. There are two types

of errors that we are interested in. The first one is the squared Frobenius model error

ME(X̂) = ||X0 − X̂||2F . (3.7)

Another one is the prediction error. We let E′ be a matrix independent of E but having

the same distribution conditionally on X0. We set X ′ = X0 + E′ and define the prediction

error

PE(X̂) = E||X ′ − X̂||2F . (3.8)

If E is independent of X0, then

PE(X̂) = E||X0 − X̂ + E′||2F

= E[ME(X̂)] + E||E||2F .

The prediction error is thus equal to the sum of the expected model error and an irreducible

error term.

When the estimator X̂(λ) is dependent on a tuning parameter λ, we have PE(λ) =
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PE(X̂(λ)) and denote its minimizer as

λ∗PE = arg min
λ

PE(λ). (3.9)

We denote the soft-thresholding operator on X as

Sλ(X) ≡ UDλV
T , (3.10)

with Dλ = diag[(d1 − λ)+, . . . , (dr − λ)+], UDV T is the singular value decomposition (SVD)

of X, D = diag[d1, . . . , dr] and t+ = max(t, 0).

3.3 Cross-Validation Approach

Let f(·) denote some unsupervised learning algorithm and X̂ = f (PΩ(X)) denote the

estimate of X0 based on PΩ(X). For certain unsupervised learning algorithms such as

principal component analysis and k-means clustering, f(·) can only be applied to complete

matrices, i.e. Ω = {1, . . . , n} × {1, . . . , p}. In this section we describe our hold-out approach

for getting a CV estimate of PE(X̂). It’s possible to get an estimate of ME(X̂) from the

estimate of PE(X̂) by substracting an estimate of the irreducible error. For now, though, we

choose to focus just on estimating PE(X̂).

The K-fold CV approach on the observed matrix PΩ(X) is as follows. We randomly

partition the observed elements Ω into K folds. For each of the K folds, we leave it out

as the hold-out set, fit to the remaining K − 1 folds, and evaluate its performance on the

hold-out set.

Specifically, denote the K folds as {Ω1, . . . ,ΩK} and Ω = ∪Kk=1Ωk. For each k = 1, . . . ,K,

we fit to the other K − 1 folds to get an estimate of X,

X̂(i) = f̃
(
PΩ\Ωk(X)

)
, (3.11)
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and compute its error in estimating the ith fold

erri = ‖PΩi(X − X̂(k))‖2F . (3.12)

Here f̃(·) is a matrix completion algorithm that behaves similarly to f(·). If f(·) can work

with incomplete matrices, then f̃(·) = f(·). Otherwise, we need to find an approximation to

f(·) that can be applied to incomplete matrices. More details on f̃(·) are discussed later in

this section.

Then the CV error is

errCV =
K∑
i=1

errk. (3.13)

Let Ŝ be a matrix filled with CV estimates, i.e., Ŝij = X̂
(k)
ij for any (i, j) ∈ Ωk and for

each fold Ωk. Then the CV error can be also expressed as

errCV = ‖PΩ(X − Ŝ)‖2F . (3.14)

If we assume that the elements of the noise matrix E are independent, then Xij and Ŝij are

independent for each entry (i, j) ∈ Ω. Thus we can use errCV as an estimate of the prediction

error PE(X̂), i.e.,

P̂E(X̂) = errCV. (3.15)

The CV approach is summarized in Algorithm 3.1.

The key problem in our CV approach is step 3 in Algorithm 3.1 – treating the hold-out

set as missing entries and imputing them with partially observed X. This requires us to

solve a matrix completion problem. If f(·) can only work with complete matrices, then we

need to propose a matrix completion algorithm f̃(·) that approximates f(·) well. There is a

rich literature on matrix completion [46, 47, 48, 49, 50, 51]. Using which matrix completion

algorithm depends on the unsupervised learning problem we are solving. In general, we can
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Algorithm 3.1 Cross-Validation Approach
1: Randomly partition the observed elements Ω into K folds {Ω1, . . . ,ΩK}
2: for k = 1 to K do
3: Leave out Ωk as the hold-out set, fit to the other K − 1 folds, and get the estimate

X̂(i) = f̃
(
PΩ\Ωk(X)

)
4: Compute the error in estimating the kth fold

erri = ‖PΩi(X − X̂(k))‖2F

5: end for
6: Compute the cross-validation error

errCV =

K∑
i=1

errk

7: Return: errCV

use an expectation-maximization (EM) procedure with f(·). This procedure first initializes

the missing entries using column means, and then iteratively estimates the missing entries

by applying f(·) to the imputed matrix. This algorithm is summarized in Algorithm 3.2.

Algorithm 3.2 Matrix Completion Algorithm f̃(·)
1: Input: PΩ(X)
2: Initialize the missing entries PΩ⊥(X) with column means and denote the imputed matrix

as X̃
3: while not converged do
4: Compute the estimate X̂ ← f(X̃)
5: Update the missing entries with the current estimate

X̃ ← PΩ(X) + PΩ⊥(X̂) (3.16)

6: end while
7: Return: X̂

In summary, we propose a general and data-driven CV approach. This CV approach can

give us an estimate of the prediction error, and guide us to perform model selection



CHAPTER 3. CROSS-VALIDATION FOR UNSUPERVISED LEARNING 64

3.4 Cross-Validation for Matrix Denoising

When the observed data matrix X is complete, i.e., Ω = {1, . . . , n}× {1, . . . , p}, the problem

of estimating the low-rank signal X0 from noisy data X is often refered as matrix denoising.

In this section we discuss how to apply our CV approach for matrix denoising and show

through extensive experiments that the CV approach can estimate both the prediction error

and the optimal rank well.

The most popular estimation technique for matrix denoising is Principal Component

Analysis (PCA), or Truncated Singular Value Decomposition (TSVD) [52, 53, 54]. Write

X =
n∑
i=1

d̂iûiv̂
T
i (3.17)

for the SVD of the data matrix X, where ûi ∈ Rn and v̂i ∈ Rp, i = 1, . . . , n are the left and

right singular vectors of X corresponding to the singular value d̂i. The PCA estimator with

rank k is

X̂(k) =

k∑
i=1

d̂iûiv̂
T
i . (3.18)

This is the best approximation of rank k to the data in the least square sense, and therefore

maximum likelihood estimator when E has independent Gaussian entries.

In this section, we focus on estimating the prediction error and the optimal rank k of

the PCA estimator with our CV approach. Note that the PCA estimator doesn’t apply to

incomplete matrices, thus we need a matrix completion algorithm for our CV approach. The

matrix completion algorithm should approximate PCA well. In particular, when there are

no missing entries, it should give the same estimate as PCA does.

Here we propose to use HARD-IMPUTE and SOFT-IMPUTE+. The latter is a post-

processing on SOFT-IMPUTE [46, 48].

• HARD-IMPUTE is an EM-algorithm that iteratively estimates the missing values of

PΩ(X) by the values from the first k terms of the SVD of the completed matrix. See
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Algorithm 3.3 for more details.

Algorithm 3.3 HARD-IMPUTE [46, 48]

1: Set the rank k and initialize X̂k = 0
2: while not converged do
3: Fill in the missing entries X̂ full ← PΩ(X) + PΩ⊥(X̂)
4: Compute SVD X̂ full =

∑n
i=1 d̂iûiv̂

T
i

5: Update the estimate X̂k ←
∑k

i=1 d̂iûiv̂
T
i

6: end while
7: Return: X̂k

• SOFT-IMPUTE computes the nuclear-norm regularization solution

X̂λ = arg min
Z

1

2
||PΩ(X − Z)||2F, + λ||Z||∗. (3.19)

This algorithm iteratively replaces the missing elements with those obtained from a

soft-thresholded SVD. See Algorithm 3.4 for more details.

Algorithm 3.4 SOFT-IMPUTE [46, 48]

1: Set the regularization parameter λ and initialize X̂λ = 0
2: while not converged do
3: Fill in the missing entries X̂ full ← PΩ(X) + PΩ⊥(X̂)
4: Update the estimate X̂λ ← Sλ(X̂ full)
5: end while
6: Return: X̂λ

• SOFT-IMPUTE+ is a post-pocessed version X̂u
λ , which “unshrinks” the singular values

of the matrix X̂λ. Let X̂λ =
∑k

i=1 d̂iûiv̂
T
i , where k is the rank of X̂λ . Then X̂u

λ is

obtained by

α̂ = argminαi≥0,i=1,...,k||PΩ(X −
k∑
i=1

αiûiv̂
T
i )||2F

X̂u
λ =

k∑
i=1

α̂iûiv̂
T
i .
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The estimation can be done via ordinary least squares. If the least squares solutions α̂

do not meet the positivity constraints, then the negative sign can be absorbed into the

corresponding singular vector.

3.4.1 Prediction error estimation

First we discuss the behavior of CV with HARD-IMPUTE and SOFT-IMPUTE+ as prediction

error estimators. Experiment results show that both HARD-IMPUTE and SOFT-IMPUTE+

cross-validations estimate PE(k) well, while SOFT-IMPUTE+ is more robust in scenarios

where the matrix denoising problem is challenging. Both methods estimate the predictor

error better when the matrix dimension p is larger and when the number of folds K is

larger. But the marginal gain decreases as K increases. In practice we find that 10-fold

cross-validation is sufficent to approximate PE(k) well.

Effect of matrix dimension and the number of CV folds

To examine the effect of matrix dimension p and the number of CV folds, we run a set of

simulation examples with β = 1, k0 = 6 and D = diag(10, 9, 8, 7, 6, 5). The dimension p for

each example is 20, 50, 100, and 200 respectively. E is a matrix of i.i.d. Gaussian noise with

Eij ∼ N(0, σ2). Here we set σ = 1. U and V are random orthonormal matrices independent

of E. We implement both algorithms with number of folds K = 5, 10, 40, 100. For better

illustration, we plot the estimated root mean prediction error, which is
√

PE(k)/np. Figure

3.1 shows the results.

Empirical results show that both HARD-IMPUTE and SOFT-IMPUTE+ cross-validations

estimate PE(k) well when k ≤ k∗PE. When k > k∗PE, SOFT-IMPUTE+ does a better job

at estimating PE(k), but tends to underestimate. HARD-IMPUTE, on the other hand,

increases steeply for k past the minimizer.

For a fixed true rank k0 and a fixed aspect ration β = n/p, both HARD-IMPUTE and

SOFT-IMPUTE+ estimate the predictor error better when the matrix dimension p is larger.



CHAPTER 3. CROSS-VALIDATION FOR UNSUPERVISED LEARNING 67

5 10 40 100 PCA sigma

0 5 10 15 20

1.
0

2.
0

3.
0

4.
0

p = 20

R
oo

t M
ea

n 
S

qu
ar

e 
E

rr
or

0 10 20 30 40 50

1.
0

1.
5

2.
0

2.
5

p = 50

0 20 40 60 80

1.
0

1.
4

1.
8

p = 100

0 50 100 150 200

1.
0

1.
2

1.
4

1.
6

p = 200

S
O

F
T

−
IM

P
U

T
E

+

0 5 10 15 20

1
2

3
4

5

rank

R
oo

t M
ea

n 
S

qu
ar

e 
E

rr
or

0 10 20 30 40 50

1
2

3
4

5

rank

0 20 40 60 80

1
2

3
4

5

rank

0 50 100 150 200

1
2

3
4

5

rank

H
A

R
D

−
IM

P
U

T
E

Figure 3.1: Estimated root mean prediction errors with SOFT-IMPUTE+ and HARD-
IMPUTE cross-validations. The true prediction error is in purple, the noise level is in black,
and the CV curves with fold K = 5, 10, 40 and 100 are in red, green, blue and light blue
respectively. The dotted vertical line indicates the true rank k0. Both HARD-IMPUTE
and SOFT-IMPUTE+ cross-validations estimate PE(k) well when k ≤ k∗PE. When k > k∗PE,
SOFT-IMPUTE+ does a better job at estimating PE(k), but tends to underestimate. Both
HARD-IMPUTE and SOFT-IMPUTE+ estimate the predictor error better when the matrix
dimension p is larger and when the number of folds K is larger. But the marginal gain
decreases as K increases.

For a given X, even though the performances of both algorithms are better when the number

of folds K is larger, the marginal gain decreases as K increases. In practice we find that

10-fold cross-validation is sufficent to approximate PE(k) well.

Robustness in challenging matrix denoising settings

Compared to SOFT-IMPUTE+ cross-validation, HARD-IMPUTE cross-validation is more

unstable when the underlying matrix completion problem is hard.

We examine the following four settings.

(a) Same non-zero singular values: rank k0 is 6, n is 20, and the singular values are all 5.

(b) Large rank k0: rank k0 is 9, n is 20, and the singular values are (10, 9, 8, 7, 6, 5, 4, 3, 2).
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(c) Low signal-to-noise ratio: rank k0 is 6 and n is 20. We scale the singular values such

that ||√pUDV T ||2F = E||E||2F . The singular values are 0.237 ∗ (10, 9, 8, 7, 6, 5).

(d) Small aspect ratio β: rank k0 is 1, n is 4, and the singular values are (10, 9).

For all settings, E is a matrix of i.i.d. Gaussian noise with Eij ∼ N(0, σ2), and σ = 1. U

and V are random orthonormal matrices independent of E. The dimension p is 20 and the

number of folds K is 10.
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Figure 3.2: Estimated root mean prediction errors with SOFT-IMPUTE+ and HARD-
IMPUTE cross-validations. The true prediction error is in purple, the noise level is in black,
and the CV curves are in red. The dotted vertical line indicates the true rank k0. The four
settings are (a) same non-zero singular values, (b) large rank k0, (c) low signal-to-noise ratio,
and (d) small the aspect ratio β. In all scenarios SOFT-IMPUTE+ cross-validation is more
robust than HARD-IMPUTE cross-validation.

The simulation results are shown in Figure 3.2. The results suggest that SOFT-IMPUTE+

cross-validation is more robust than HARD-IMPUTE cross-validation. This may be due to

the fact that HARD-IMPUTE can only converge to a local minimum.
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3.4.2 Rank Estimation

Second we see how well our CV approach works at estimating the optimal rank, especially as

compared to other rank-selection methods. We generate data in the same manner as [55],

and record how far off the minimizer of P̂E(k) is from the minimizer of PE(k).

Each simulation generates a data matrix X =
√
pUDV T +E. We fix the dimensions and

number of generating signals as n = 50, p = 100 and k0 = 6. We set D = diag(10, 9, 8, 7, 6, 5).

We generate U, V and E independently of each other, and the elements of E are uncorrelated

with each other.

We consider two types of factors. For “Gaussian” factors, we put the elements of U

distributed i.i.d. with U11 ∼ N(0, 1
n) and the elements of V i.i.d. with V11 ∼ N(0, 1

p). For

“Sparse” factors we use sparsity parameter s = 10% and set

P(U11 = 0) = 1− s,

P(U11 = − 1√
sn

) = P(U11 =
1√
sn

) =
s

2
.

Similarly, we put

P(V11 = 0) = 1− s,

P(V11 = − 1
√
sp

) = P(V11 =
1
√
sp

) =
s

2
.

The scalings in both cases are chosen so that E[UTU ] = E[V TV ] = Ik0 . Gaussian factors

are uniformly spread out in the observations and variables, while sparse factors are only

observable in a small percentage of the matrix entries (about 1%).

We use three types of noise. For “white” noise, we generate the elements of E i.i.d. with

E11 ∼ N(0, 1). For “heavy” noise, we use i.i.d. elements with E11 ∼ σ−1
ν tν , and ν = 3. Here

tν is a t random variable with ν degrees of freedom, and σν =
√
v/(v − 2) is chosen so

that E[E2
11] = 1. Heavy noise is so-called because it has a heavy tail. Lastly, for “colored”
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noise, we first generate σ2
1, . . . , σ

2
n ∼ Inverse − χ2(ν1) and τ2

1 , . . . , τ
2
p ∼ Inverse − χ2(ν2)

independently, with ν1 = ν2 = 3. Then we generate the elements of E independently as

Eij ∼ c−1
ν1,ν2 ·N(0, σ2

i + τ2
j ), where cν1,ν2 =

√
1/(v1 − 2) + 1/(ν2 − 2). Again, cν1,ν2 is chosen

so that E[E2
ij ] = 1. Colored noise simulates heteroscedasticity.

Both HARD-IMPUTE and SOFT-IMPUTE+ cross-validations are implemented with 5

folds. We compare their performance with those of eight other methods. They are as follows:

1. BCV: Owen and Perry’s (2,2)-fold Bi-Cross-Validation estimator [45].

2. AIC: Rao & Edelman’s AIC-based estimator [56].

3. BIC1, BIC2 and BIC3: Bai & Ng’s BIC-based estimators [57].

4. F : Faber & Kowalski’s modification of Malinowski’s F -test, with a significance level of

0.05 [58, 59].

5. MDL: Wax & Kailaith’s estimator based on the minimum description length principle

[60].

6. UIP: Kritchman & Nadler’s estimator based on Roy’s union-intersection principle and

their background noise estimator, with a significance level of 0.001 [61, 62].

In addition, an approximation to HARD-IMPUTE, called “Approx” in Table 3.1, is imple-

mented and compared with HARD-IMPUTE and SOFT-IMUTE+. We refer readers to

Section 3.4.3 for details on this approximation approach.

Table 3.1 summarize the results of 100 replicates. The results of comparison methods

are obtained from [55]. For the Gaussian factors, HARD-IMPUTE cross-validation seems

to be the clear winner. For the Sparse factors, SOFT-IMPUTE+ cross-validation performs

very well with white noise and heavy noise, and HARD-IMPUTE performs much better

than others with colored noise. HARD-IMPUTE cross-validation tends to underestimate

ranks, while SOFT-IMPUTE+ tends to overestimate. This is because SOFT-IMPUTE+
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only unshrinks singular values, and its singular vector estimations are the same as those of

SOFT-IMPUTE.
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Table 3.1: Rank Estimation with Gaussian factors and Sparse factors. The values are the average difference between the
estimated rank and the true minimizer of PE(k) for 100 replicates of Gaussian or Sparse factors with various types of
noise. The values in parentheses are the corresponding standard deviations. For the Gaussian factors, HARD-IMPUTE
cross-validation and its approximation are the clear winner. For the Sparse factors, SOFT-IMPUTE+ cross-validation
performs very well with white noise and heavy noise, and HARD-IMPUTE performs much better than others with colored
noise. HARD-IMPUTE cross-validation tends to underestimate ranks, while SOFT-IMPUTE+ tends to overestimate.
HARD-IMPUTE approximation beats HARD-IMPUTE in that it estimates the rank more accurately and more robustly. It
is also beats SOFT-IMPUTE+ in most cases except the setting of sparse factors and white noise.

Method HardImpute SoftImpute+ Approx BCV AIC BIC1 BIC2 BIC3 F MDL UIP
Gaussian Factors

White Noise .00 .00 .00 .47 -.01 -.75 -1.33 .01 .01 -.56 .01
(.00) (.00) (.00) (.70) (.22) (.72) (.87) (.10) (.10) (.61) (.10)

Colored Noise -.24 1.26 .23 2..44 7.46 2.06 1.31 7.05 3.99 2.10 4.81
(.81) (1.32) (.63) (1.78) (.88) (2.22) (1.91) (1.80) (2.02) (2.18) (1.92)

Heavy Noise -.03 .53 .00 1.26 2.65 .18 -.42 1.41 1.10 .25 1.49
(.17) (.67) (.00) (1.13) (1.58) (1.29) (1.33) (1.59) (1.35) (1.27) (1.42)

Sparse Factors
White Noise -1.16 .02 -.13 .17 -.12 -1.03 -1.54 .07 .15 -.86 .28

(1.74) (.14) (.35) (1.11) (.50) (.87) (1.11) (.41) (.36) (.79) (.47)
Colored Noise -1.66 2.02 .20 2.32 7.69 2.29 1.52 7.35 4.69 2.37 5.36

(1.99) (1.83) (.85) (2.32) (.71) (2.28) (2.11) (1.37) (1.95) (2.20) (1.77)
Heavy Noise -1.32 .71 .10 1.37 3.44 .20 -.59 1.89 1.68 .32 2.14

(1.48) (.78) (.40) (1.32) (1.97) (1.44) (1.38) (1.91) (1.73) (1.40) (1.83)
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3.4.3 Cross-Validation Approximation

The matrix completion algorithms HARD-IMPUTE and SOFT-IMPUTE+ are computation-

ally expensive. This makes the cross-validation strategy even more expensive in practice, as

it needs to run the matrix completion algorithm multiple times. In this section, we propose

an approximation to these matrix completion algorithms, which dramatically speeds up the

process. Given the SVD of X, this method only takes O(n) to impute X̂ij . Experiments on

matrix denoising show that although this approximation overestimates the prediction error,

it performs very well in finding the true rank.

Approximation to HARD-IMPUTE and SOFT-IMPUTE

HARD-IMPUTE iteratively updates the truncated SVD with the current estimate of the

missing values, while our approximation only does one-step update of the truncated SVD.

Specifically, let the SVD of X be X = UDV T , and denote A(k) = U (k)(D(k))1/2 and

B(k) = V (k)(D(k))1/2, where U (k), D(k), V (k) are the best rank-k approximations to U,D, V .

Then (A(k), B(k)) is the solution to

min
rank(A)=rank(B)=k

‖X −ABT ‖2F . (3.20)

Suppose Xij is left-out, then we update the ith row of A(k) and the jth row of B(k) with

Xij missing, i.e.,

α̂ = arg min
α
‖X[i,−j]−B(k)

−j α‖
2
2, (3.21)

β̂ = arg min
β
‖X[−i, j]−A(k)

−i β‖
2
2, (3.22)

where X[i,−j] denotes the ith row of X with entry Xij removed, B(k)
−j is B(k) with the jth

row removed, and similarly for X[−i, j] and A(k)
−i . Then we estimate Xij by multiplying the
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updated ith row of A(k) and the jth row of B(k),

X̂ij = α̂T β̂. (3.23)

We can generalize this approach and get an approximation to SOFT-IMPUTE as well.

SOFT-IMPUTE iteratively solves the nuclear norm regularization problem with the current

estimate of the missing values,

X̂new = arg min
Z

1

2
||PΩ(X) + PΩ⊥(X̂)− Z||2F, + λ||Z||∗. (3.24)

Hastie et al. [48] show that X̂new = ÂB̂T , where Â, B̂ are the solution to

min
A,B

1

2
‖PΩ(X) + PΩ⊥(X̂)−ABT ‖2F +

λ

2
(‖A‖2F + ‖B‖2F ), (3.25)

as long as we use enough columns on A and B. This motives us to approximate SOFT-

IMPUTE by solving (3.25) and updating A,B once.

Specifically, let A(λ), B(λ) minimizes 1
2 ||X −AB

T ||2F + λ
2 (||A||2F + ||B||2F ). Then A(λ) =

USλ(D)1/2 and B(λ) = V Sλ(D)1/2. Suppose Xij is left-out, then we update the ith row of

A(λ) and the jth row of B(λ) with Xij missing, i.e.,

α̂ = arg min
α

1

2
‖X[i,−j]−B(λ)

−j α‖
2
2 +

1

2
‖α‖22, (3.26)

β̂ = arg min
β
‖X[−i, j]−A(λ)

−i β‖
2
2 +

1

2
‖β‖22. (3.27)

Then the estimate of the missing value is X̂ij = α̂β̂T .

Due to the special structure of A(k) and B(k), we can simplify the expression of X̂ij such

that the computational cost is O(n).
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Proposition 3.4.1. For approximation to HARD-IMPUTE,

X̂ij =

(
U

(k)T
i D(k) +

(
X

(k)
ij −Xij(1 + 2c)

) V
(k)T
j

1 + c

)(
D(k)

)−1
(
D(k)V

(k)
j +

(
X

(k)
ij −Xij(1 + 2d)

) U
(k)
i

1 + d

)
,

(3.28)

where c = V
(k)T
j V

(k)
j , d = U

(k)T
i U

(k)
i , X(k)

ij is the (i, j) element of the best rank-k approx-

imation X(k) = U (k)D(k)V (k)T , and U (k)
i is the ith row of U (k) (as a column vector) and

similarly for V (k)
j .

For approximation to SOFT-IMPUTE,

X̂ij =

(
UTi DSλ(D)1/2 +

(
X

(λ)
ij −Xij(1 + 2c)

) B
(λ)T
j

1 + c

)
D̃−2

(
Sλ(D)1/2DVj +

(
X

(λ)
ij −Xij(1 + 2d)

) A
(λ)
i

1 + d

)
,

(3.29)

where D̃ = λ+ Sλ(D), c = B
(λ)T
j D̃−1B

(λ)
j , d = A

(λ)T
i D̃−1A

(λ)
i , X(λ)

ij is the (i, j) element of

X(λ) = U (λ)D(λ)V (λ)T , and A(λ)
i is the ith row of A(λ) (as a column vector) and similarly

for B(λ)
j .

Proof. For approximation to HARD-IMPUTE,

X̂ij = X[i,−j]TV (k)
−j

(
(V

(k)
−j )TV

(k)
−j

)−1
(D(k))−1

(
(U

(k)
−i )TU

(k)
−i

)−1
(U

(k)
−i )TX[−i, j] (3.30)

(V
(k)T
−j V

(k)
−j )−1 = (V (k)TV (k) − V (k)

j V
(k)T
j )−1

= (I − V (k)
j V

(k)T
j )−1

= I +
V

(k)
j V

(k)T
j

1 + V
(k)T
j V

(k)
j
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Therefore

X̂ij = UTi DV
T
−jV

(k)
−j (I +

V
(k)
j V

(k)T
j

1 + V
(k)T
j V

(k)
j

)(D(k))−1(I +
U

(k)
i U

(k)T
i

1 + U
(k)T
i U

(k)
i

)U
(k)T
−i U−iDVj

= (U
(k)T
i D(k) −XijV

(k)T
j )(I +

V
(k)
j V

(k)T
j

1 + V
(k)T
j V

(k)
j

)(D(k))−1(I +
U

(k)
i U

(k)T
i

1 + U
(k)T
i U

(k)
i

)(D(k)V
(k)
j −XijU

(k)
i )

=

(
U

(k)T
i D(k) +

1

1 + V
(k)T
j V

(k)
j

(
X

(k)
ij V

(k)T
j −XijV

(k)T
j (1 + 2V

(k)T
j V

(k)
j )

))
(D(k))−1

(
D(k)V

(k)
j +

1

1 + U
(k)T
i U

(k)
i

(
X

(k)
ij U

(k)
i −XijU

(k)
i (1 + 2U

(k)T
i U

(k)
i )
))

For approximation to SOFT-IMPUTE, we will use A = A(λ) and B = B(λ) for ease of

notation. Then

β̂ = (AT−iA−i + λI)−1AT−iX[−i, j]. (3.31)

Thus

X̂ij = X[i,−j]TB−j(BT
−jB−j + λI)−1(AT−iA−i + λI)−1AT−iX[−i, j] (3.32)

According to the Sherman-Morrison-Woodbury formula,

(A− uvT )−1 = A−1 +
A−1uvTA−1

1 + vTA−1u
(3.33)

So

(AT−iA−i + λI)−1 = (Sλ(D) + λ−AiATi )−1

= (λ+ Sλ(D))−1[λ+ Sλ(D) +
AiA

T
i

1 +ATi (λ+ Sλ(D))−1Ai
](λ+ Sλ(D))−1.

Let D̃ = λ+ Sλ(D). Then

β̂ = D̃−1[D̃ +
AiA

T
i

1 +ATi D̃
−1Ai

]D̃−1Sλ(D)1/2(I − UiUTi )DVj (3.34)
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Therefore

X̂ij =(UTi D −XijV
T
j )Sλ(D)1/2D̃−1[D̃ +

BjB
T
j

1 +BT
j D̃
−1Bj

] · D̃−2

· [D̃ +
AiA

T
i

1 +ATi D̃
−1Ai

]D̃−1Sλ(D)1/2(DVj − UiXij)

=

(
UTi DSλ(D)1/2 +

(
X

(λ)
ij −Xij(1 + 2c)

) BT
j

1 + c

)
· D̃−2

·
(
Sλ(D)1/2DVj +

(
X

(λ)
ij −Xij(1 + 2d)

) Ai
1 + d

)

Given the SVD of X, computing X̂ij takes only O(k) for HARD-IMPUTE approximation

and O(n) for SOFT-IMPUTE approximation. Therefore, the approximations dramatically

lowers the computational complexity.

Experiments

To illustrate how the approximation works in practice, we implement it in the same simulation

setting as in Section 3.4.2 and compare its performance with HARD-IMPUTE and SOFT-

IMPUTE+. Since SOFT-IMPUTE tends to overestimate the true rank, the approximation

to SOFT-IMPUTE is not considered.

Figure 3.3 shows the true PCA prediction error and the estimated error via cross-validation

with HARD-IMPUTE, SOFT-IMPUTE+ and HARD-IMPUTE approximation. The first row

is the setting of Gaussian factors, while the second row is sparse factors. The three columns

correspond to the setting of white, colored and heavy noise. The figure shows that SOFT-

IMPUTE+ best estimates the prediction error. HARD-IMUTE overestimates the prediction

error by a large margin and also has very large variance. HARD-IMPUTE approximation

partially solves the overestimation issue of HARD-IMPUTE, and has much smaller variance

than HARD-IMPUTE. Therefore in practice HARD-IMPUTE approximation is favorable to
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HARD-IMPUTE.
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Figure 3.3: Estimated mean prediction errors by cross-validation with HARD-IMPUTE,
SOFT-IMPUTE+ and HARD-IMPUTE approximation. The true prediction error, i.e. PCA
prediction error, is in red. The first row is Gaussian factors, while the second row is sparse
factors. SOFT-IMPUTE+ best estimates the prediction error. HARD-IMUTE overestimates
the prediction error by a large margin and also has very large variance. HARD-IMPUTE
approximation partially solves the overestimation issue of HARD-IMPUTE, and has much
smaller variance than HARD-IMPUTE.

As for estimating the rank of the signal matrix, Table 3.1 demonstrates that HARD-

IMPUTE approximation beats HARD-IMPUTE in that it estimates the rank more accurately

and more robustly. It is also beats SOFT-IMPUTE+ in most cases except the setting of

sparse factors and white noise.

3.5 Cross-Validation for Matrix Completion

When the observed data matrix X is incomplete, i.e., Ω 6= {1, . . . , n} × {1, . . . , p}, the

problem of estimating the low-rank signal X0 from the incomplete data X (with or without
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noise) is often refered as matrix completion.

Besides the matrix completion algorithms SOFT-IMPUTE, SOFT-IMPUTE+ and HARD-

IMPUTE mentioned in the last section, there is another algorithm called OptSpace [47],

which minimizes the cost function F (U, V ), defined by

F (U, V ) = min
S∈Rk×k

F(U, V, S),

F(U, V, S) =
1

2

∑
(i,j)∈Ω

(Xij − (USV T )ij)
2.

Here U ∈ Rn×k, V ∈ Rp×k are orthogonal matrices, and rank k is the tuning parameter.

In this section we examine the behavior of cross-validations with SOFT-IMPUTE, SOFT-

IMPUTE+, HARD-IMPUTE and OptSpace as prediction error estimators. Experiment

results show that cross-validations with all four matrix completion algorithms estimate their

corresponding PE(λ) well, except that CV with HARD-IMPUTE is not stable. All four

matrix completion algorithms estimate the predictor error better when the matrix dimension

p is larger and when the number of folds K is larger, although the marginal gain decreases

as K increases. Moreover, SOFT-IMPUTE and SOFT-IMPUTE+ cross-validations are

more robust than HARD-IMPUTE and OptSpace cross-validations in challenging matrix

completion settings.

3.5.1 Effect of matrix dimension and the number of CV folds

To examine the effect of matrix dimension p and the number of CV folds, we run a set of

simulation examples with β = 1, k0 = 6, |Ω|/np = 0.9, and D = diag(10, 9, 8, 7, 6, 5). The

dimension p for each example is 20, 50 and 100 respectively. E is a matrix of i.i.d. Gaussian

noise with Eij ∼ N(0, σ2). Here we set σ = 1. U and V are random orthonormal matrices

independent of E. We implement both algorithms with number of foldsK = 5, 10, 40, 100. For

better illustration, we plot the estimated root mean prediction error, which is
√

PE(k)/|Ω|.

Figure 3.4 shows the results.
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Empirical results show that cross-validations with all four matrix completion algorithms

estimate their corresponding PE(λ) well, except that CV with HARD-IMPUTE is not stable.

As the results of p = 20 shows, HARD-IMPUTE CV estimates the prediction well for folds

K = 5, 40, 100 but the CV error curve goes wildly for K = 10.

For a fixed true rank k0 and a fixed aspect ration β = n/p, cross-validations with all four

matrix completion algorithms estimate the predictor error better when the matrix dimension

p is larger. For a given X, even though the performances of both algorithms are better when

the number of folds K is larger, the marginal gain decreases as K increases. In practice we

find that 10-fold cross-validation is sufficent to approximate PE(λ) well.

3.5.2 Robustness in challenging matrix completion settings

Compared to SOFT-IMPUTE and SOFT-IMPUTE+ cross-validation, HARD-IMPUTE

and OptSpace cross-validations are more unstable when the underlying matrix completion

problem is hard.

We examine the following five settings.

(a) Same non-zero singular values: rank k0 is 6, n is 20, and the singular values are all 5.

(b) Large rank k0: rank k0 is 9, n is 20, and the singular values are (10, 9, 8, 7, 6, 5, 4, 3, 2).

(c) Low signal-to-noise ratio: rank k0 is 6 and n is 20. We scale the singular values such

that ||
√
nUDV T ||2F = E||E||2F . The singular values are 0.237 ∗ (10, 9, 8, 7, 6, 5).

(d) Small aspect ratio β: rank k0 is 1, n is 4, and the singular values are (10, 9).

(e) Large fraction of missing entries: rank k0 is 6, n is 20, and the singular values are

(10, 9, 8, 7, 6, 5). The fraction of observed entries is 0.6.

For all settings, E is a matrix of i.i.d. Gaussian noise with Eij ∼ N(0, σ2), and σ = 1. U

and V are random orthonormal matrices independent of E. The dimension p is 20 and the

number of folds K is 10.
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Figure 3.4: Estimated root mean prediction errors with SOFT-IMPUTE, SOFT-IMPUTE+,
HARD-IMPUTE and OptSpace cross-validations. The true prediction error is in purple,
the noise level is in black, and the CV curves with fold K = 5, 10, 40 and 100 are in red,
green, blue and light blue respectively. The dotted vertical line indicates the true rank k0.
Cross-validations with all four matrix completion algorithms estimate their corresponding
PE(λ) well, except that CV with HARD-IMPUTE is not stable. All four matrix completion
algorithms estimate the predictor error better when the matrix dimension p is larger and
when the number of folds K is larger, although the marginal gain decreases as K increases.
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Figure 3.5: Estimated root mean prediction errors with SOFT-IMPUTE, SOFT-IMPUTE+, HARD-IMPUTE and OptSpace
cross-validation. The true prediction error is in purple, the noise level is in black, and the CV curves are in red. The dotted
vertical line indicates the true rank k0. The four settings are (a) same non-zero singular values, (b) large rank k0, (c) low
signal-to-noise ratio, (d) small aspect ratio β, and (e) large fraction of missing entries. SOFT-IMPUTE and SOFT-IMPUTE+
cross-validations are more robust than HARD-IMPUTE and OptSpace cross-validations.
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The simulation results are shown in Figure 3.5. The results suggest that SOFT-IMPUTE

and SOFT-IMPUTE+ cross-validations are more robust than HARD-IMPUTE and OptSpace

cross-validations. This may be due to the fact that HARD-IMPUTE and OptSpace can only

converge to a local minimum. Even though OptSpace can go wildly when the specified rank

is near full-rank, the minimum prediction error is as good as those of SOFT-IMPUTE and

SOFT-IMPUTE+. Moreover, the CV error curve estimates the prediction error well for

OptSpace.

3.6 Cross-Validation for Clustering

In this section we apply our CV approach to another important unsupervised task – clustering.

The clustering problem is ubiquitous in exploratory data analysis. Given a collection of

objects, we wish to group them so that members within the same group are similar and

members in different groups are dissimilar. One of the key challenges in clustering is choosing

the number of clusters. In this section, we rewrite the clustering problem as a matrix

estimation problem, and use our CV approach to estimate the out-sample error and to choose

the number of clusters. Experiments show that the CV approach is favorable compared to

other commonly used methods.

Here we focus on one of the most basic and commonly used clustering methods – k-means

clustering. Given the number of clusters k, k-means seeks the partition C = (C1, . . . , Ck)

and centroids B = (b1, . . . , bk) that minimize the total within cluster sum of squares

min
C,B

k∑
i=1

∑
j∈Ci

‖xj − bi‖22. (3.35)

To fit k-means into the setting of matrix estimation, we write the above optimization

problem as

min
A∈H,B

‖X −ABT ‖2F , (3.36)
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where A encodes the cluster memberships and H =
{
A ∈ {0, 1}N×k : A1 = 1

}
. Therefore,

to find the optimal number of clusters, we can apply the cross-validation strategy in Section

3.3 to a grid of values of k and choose the one that minimizes the cross-validation error.

For each left-out fold, we need to solve

min
A∈H,B

‖PΩ(X −ABT )‖2F . (3.37)

Chi et al. [63] propose a method of k-means clustering on partially observed data, called

k-POD, which doesn’t require assumptions on the missingness pattern. The k-POD method

employs a majorization-minimization algorithm to identify a clustering that is in accord with

the observed data. This algorithm is very similar to HARD-IMPUTE, and the difference

is the additional constraint of A ∈ H in the matrix factorization step. The details of the

k-POD algorithm are in Algorithm 3.5.

Algorithm 3.5 k-POD
1: Initialize (A(0), B(0))
2: while not converged do
3: Fill in missing entries

X(i) ← PΩ(X) + PΩ⊥(A(i)B(i)T )

4: Update the clustering

(A(i+1), B(i+1))← k-means(X(i))

5: end while
6: Return: (A(i), B(i))

3.6.1 Experiments

We present results from a simulation study to compare the performance of the cross-validation

approach with six standard approaches.
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1. CH: Calinski and Harabasz [64] propose choosing the maximizer of

CH(k) =
B(k)/(k − 1)

W (k)/(N − k)
, (3.38)

where B(k) and W (k) are the between- and within- cluster sum of squares with k

clusters.

2. KL: Krzanowski and Lai [65] suggest choosing the maximizer of

KL(k) =

∣∣∣∣ DIFF(k)

DIFF(k + 1)

∣∣∣∣ , (3.39)

where DIFF(k) = (k − 1)2/pW (k − 1)− k2/pW (k).

3. Hartigan: Hartigan [66] chooses the smallest value of k such that H(k) ≤ 10, where

H(k) = (N − k − 1)

(
W (k)

W (k + 1)
− 1

)
. (3.40)

4. Silhouette: Kaufman and Rousseeuw [67] propose choosing the number of clusters that

maximizes the average value of s(i), where

s(i) =
b(i)− a(i)

max[a(i), b(i)]
(3.41)

is a measure of how well the ith point is clustered. Here a(i) is the average distance

between the ith point and all other observations in its cluster, and b(i) is the average

distance to points in the “nearest” cluster.

5. Jump: Sugar and James [68] choose the maximizer of

J(k) = d̂(k)−Y − d̂(k − 1)−Y , (3.42)
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where

d̂(k) =
1

p

1

N
min
C,B

k∑
i=1

∑
j∈Ci

‖xj − bi‖22. (3.43)

is the minimum distortion obtained by applying the k-means clustering algorithm to

the data. The transformation power parameter Y is positive, and a typical value is

Y = p/2.

6. Gap: Tibshirani et al. [69] use the gap statistics

Gap(k) =
1

B

∑
b

log(W ∗b (k))− log(W (k)), (3.44)

where B independent uniform datasets, each with the same range as the original data,

are produced, and W ∗b (k) is the within-cluster sum of squares for the bth uniform

dataset. They suggest choosing the smallest value of k such that

Gap(k) ≥ Gap(k + 1)− sk+1, (3.45)

where sk is the standard error of log(W ∗b (k)).

We examine the performance of our cross-validation approach in four different simulations.

For all simulations, the number of clusters is 5. The first simulation, which was designed to

test the effectiveness of the methods on low-dimensional data, used a basic two-dimensional

mixture of five Gaussian clusters, each with identity covariance, and with cluster means (0,

0), (2.5, 2.5), (5, 5), (-2.5, -2.5), and (-5,-5). The second simulation used a Gaussian mixture

with identity covariance, but in dimension 10, and the cluster centers are evenly spaced on

a line with separations of 3.5 in each dimension. The rest of the four simulations consider

multivariate data in dimension 10, and the cluster centers are generated randomly from

N(0, 4I10). The third simulation examined performance when there was dependence among

the dimensions and tested the effect of differing covariances. It used a distribution with five
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Gaussian clusters each with 10-by-10 covariance matrix with correlations of -0.1, 0, 0.1, 0.3,

and 0.5. In simulation four we produced five non-Gaussian clusters using t-distributions with

variance 1 independently in each dimension. Each simulation is repeated 20 times. All of the

simulated datasets contained 100 observations equally divided among the clusters. For each

of the four scenarios, we ran cross-validation with 10 folds on each.

The results are shown in Table 3.2. The cross-validation approach appears to be very

robust. It performs well in all of the scenarios, whereas each of the other approaches does

poorly in at least two.

Table 3.2: Simulation results for k-means clustering. Simulation 1 had cluster means of (0,
0), (2.5, 2.5), (5, 5), (-2.5, -2.5), and (-5,-5). Simulations 2 had clusters evenly spaced on a
line with separations of 3.5 in each dimension. Simulations 3-4 had cluster means generated
randomly from N(0, 4Ip). All simulations had within-cluster standard deviations of 1 in each
dimension. The values are the average difference between the estimated number of clusters
and the true number of clusters for 20 replicates of k-means clustering. The cross-validation
approach appears to be very robust. It performs well in all of the scenarios, whereas each of
the other approaches does poorly in at least two.

Simulation CV CH KL Hartigan Silhouette Jump Gap
1. Two dimensions, identity covariance

-1.00 -1.80 2.90 2.40 -3.00 .80 -2.35
(.65) (2.04) (2.07) (1.67) (.00) (2.07) (1.31)

2 . Ten dimensions, identity covariance
.05 -1.60 3.35 .00 .00 .00 -.85
(.51) (2.01) (1.31) (.00) (.00) (.00) (.67)

3. Ten dimensions, differing covariance
.20 -2.00 3.75 .20 -.90 1.50 -.65
(.62) (2.05) (.91) (.41) (1.41) (2.35) (.49)

4. Ten dimensions, t distribution clusters
.15 -2.00 3.30 .50 -.20 2.00 -.70
(.67) (2.05) (1.03) (.83) (.41) (2.13) (.73)
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3.7 Conclusion

We propose a general and well-specified procedure for model selection in unsupervised learning.

Our procedure is motivated by Cross-validation (CV), which is probably the simplest and

most widely used method for model evaluation in supervised setting, but uses a novel method

to partition data and estimate generalization error. Our procedure is nonparametric and can

work in a variety of contexts, including principal component analysis, clustering and matrix

completion. Moreover, we give a computationally efficient approximation to leave-one-out

cross-validation.

Specifically, our procedure randomly partitions the elements of the data matrix into K

folds. For each of the K folds, we leave it out as the hold-out set, fit to the remaining K − 1

folds using some matrix completion algorithm, and evaluate its performance on the hold-out

set. In general, the matrix completion algorithm used for estimating the hold-out set can be

an expectation-maximization (EM) adaption of the unsupervised learning algorithm that we

are considering. Then the average of model errors over all hold-out sets is our estimate of

the generalization error.

We conduct an extensive simulation analysis comparing our procedure with other state-

of-the-art model selection procedures for unsupervised learning. The results show that our

procedure is the most generally applicable one and has the best performance in most settings.
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